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1 
The high momentum spread allowed i n  Symonls r i n g  

magnet, where the a l t e r n a t i n g  g rad ien t  i s  provided by f i e l d  

reversa l  i n  a l t e r n a t e  magnet segments, allows acce le ra t ion  

from a  low momentum to high momentum within a  r e l a t i v e l y  small 

r a d i a l  span, without change i n  the magnetic f i e l d  exc i t a t ion .  

The disadvantage of this design i s  t h a t  the  r e su l t i ng  accelera-  

t o r  has  a  circumference about f i v e  times t h a t  of an equivalent  

acce le ra to r  of the same maximum f i e l d .  The s p i r a l l y  ridged 

po le  magnet described here i s  an attempt to  r e t a i n  the des i rab le  

f e a t u r e s  of Symon's design (D.c. magnet exc i t a t i on ,  h igh 

momentum content ,  l a rge  i n j e c t i o n  aper tu re )  .nd a t  t he  same 

time t o  reduce the circumference by el iminat ing the regions 

of reverse f i e l d .  

This i s  acconplished by const ruct ing  a  magnet pole contour 

of h lgh pos i t i ve  n  (high f i e l d  a t  the  outer  r ad ius )  and super- 

imposing on it  s p i r a l  r idges  t o  provide the a l t e r n a t e  gradient  

focussing. Thus the  f i e l d  i n  the median plane might be 

described as: 
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whereh: 2 ~ 5 .  i s  the r a d i a l  separat ion of r idges and i s  the 

number of r idges passed per  revolut ion.  

The v e r t i c a l  focussing may be thought of a s  provided 

by the a l t e rna t i ng  gradient  r e s u l t i n g  from passage from one 

side t o  the o ther  s ide of t he  s p i r a l  r idges ,  while r ad i a l  

focussing and momentum compaction a r e  mainly provided by the 

e x p o n e n t i a l A  governing the average f i e l d .  The p i t ch  of 

the s p i r a l s  i s  made small so tha t  p a r t i c l e s  i n  c i r c u l a r  o r b i t s  

c ross  them a t  small angles. A p a r t i c l e  i n  a  c i r c u l a r  o rb i t  

then f e e l s  a  s inuso ida l ly  varying gradient .  The e f f e c t  of 

t h i s  gradient on v e r t i c a l  focussing i s  then s imi lar  t o  t h a t  

i n  a  conventional A.G. design. 

Two examples of how these r i ghes  m i g h t  be used w i l l  be 

given. The f i r s t  example ( A )  g ives  the case of a v e r t i c a l  

f i e l d  which i s  sharply  peaked i n  space so the  p a r t i c l e  ex- 

periences an abrupt ly  reversing gradient  a s  i t  passes over 

the ridge i n  the  f i e l d .  

The second example ( B )  developes t he  approximate 
I 

Mathieu d i f f e r e n t i a l  equations i n  the  more gen t ly  ridged 

s inusoidal ly  varying f i e l d  a s  i n  ( I ) ,  and app l i e s  them t o  

the case of converting a  466 Mev. synchrocyclotron t o  a  f ixed  

frequency cyclotron. 

These analyses are  very incomplete and preliminary, but 

they a r e  ?eing d i s tp ibu ted  immediately t o  the MURA t echn ica l  

group f o r  information and ass i s t ance  i n  considering these 

p o s s i b i l i t i e s ,  

( A )  Sharply ridged f i e l d :  

We know t h a t  i n  a  Mark I b  FFAG magnet w i t h  a l t e r n a t i n g  

g rad ien t s  provided'by revers ing the f i e l d s  i n  the r a d i a l l y  



a~ a H~ 
defocussing sec to rs  so t h a t  & =  - we can haxre 

s t a b i l i t y  i f  s2/!, = i s  the r a t i o  of a rc  lengths.  

The cos formula i s  wr i t t en  f o r  a rc  lengths w i t h  H? con- 

t inuous from sector  t o  sec to r  f o r  our cases,  and it gives 

X i s  r a d i a l .  

Thus it  a p a r t i c l e  VALLEY 

approaches a ridge top f o r  

2 u n i t s  of a r c  l eng th  

which i n  gradient  a 
i 

i s  negative and then crosses  

and t r a v e l s  f o r  3 u n i t s  , , 

of a r c  length while it goes 

from r idge  t o  va l l ey  with 

=- '& , then we should 

have focussing condit ions s imi la r  -.- . -- 
t o  those i n  the Mark I b  FFAG 

magnet w i t h  reversed f i e l d s .  

However,now we do not  reverse the f l e l d ,  ins tead  the p a r t i c l e  

follows a scal loped path  through the r idged f i e l d .  This type 

of magnet evolved from an attempt t o  arrange concentr ic  r i ngs  

of AG magnets with weak f i e l d  magnets ins ide  and strong 

f i e l d  magnets outside so t ha t  the beam could be passed out- 

ward t o  the higher  f i e l d s  continuously a s  it i s  accel lera t ingb 

Our d i f f e r e n t i a l  equation is: 



where H P  i s  constant although H changes along the  path. For 

ca lcu la t ing  the  f i e l d  v a r i a t i o n  i n  a  narrow r i n g  magnet w e  take 

# / @ I  constant.  I f a f i e l d e a n b e s h a p e d t o g l v e  

t h i s ,  and i f  from the  outs ide  radius  the f i e l d  Foes down t o  

r a t i o  of A / H ~  = 1hS0 f o r  i n j e c t i o n  I 

- /nx 
H = ~ , e "  f o r  3 u n i t s  

I 
i n t o  a  20 Bev acce le ra to r  we have P 

SF r a d i a l  and thYn r i s e s  l i k e  e +%! 
f o r  two r a d i a l  u n i t s  of x, we have 

-&A a  drop H / H ~  = e f o r  

each r idge of width so f o r  a  

-5 
Ri/H0 = e and ++ M =5 

I+ 

where M i s  the 

number of r i dges  across  the  magnet. If we must choose 

/* = 500, then Id = -05. And s ince  R lo4 cm, the r a d f a l  
R 

aperture ~h 500. om- 

However, t he  amount of f l u x  i s  

where i s  the f i e l d  averaged around the  circumference a t  

, a  f i f t h  of t h e  r ad i a l  aperture.  

So the e f f ec t i ve  width of the magnet i s  about 100.cm a t  f l u x  - 
densi ty  Ho . Thus whereas Symon's Kark I magnet has  several  

times t he  circumference of a  un id i rec t iona l  f i e l d  magnet, the 

s p i r a l l y  ridged f i e l d  has  severa l  times the r a d i a l  width of 

an A.G. magnet of the type contemplated by Brookhaven and CERN. 

The leakage f l u x  i s  n o t  a  b ig  f r a c t i o n  of the t o t a l  f l u x  i n  

t h i s  new magnet. 



I f  the  f i e l d  i s  t o  change by a  f a c t o r  of 1.2 between 

successive peaks, then l . Z M  = 150. 

M = 27 r idges  on the magnet c ro s s  sect ion.  

A f i e l d  of t h i s  shape may r equ i r e  cur ren t  car ry ing  copper on 

i t s  pole f a ce s  t o  provide the f i e l d  r idges  and t o  allow the 

gap a t  low f i e l d  t o  be only about 10 t imes the gap a t  the 

h igh  f i e l d  radius.  The f a c t o r  10  i s  t he  ad iaba t i c  damping 

of v e r t i c a l  o s c i l l a t i o n s  expected during acce le ra t ion .  

A 25 Bev acce le ra to r  might have the following parameters. 

f l  = 25 r idges  ac ross  pole 

/3 = 50 s ec to r s  ( r i dges )  around pole 

= 5 meters r a d i a l  ape r tu re  

R = 100 meters 

M = 500 

k/lb = 150 

- ri. The s p i r a l s  would make an angle -- - lo. 
ZPL 

If higher  va lues  of could be used,the extreme r a d i a l  

aperture of t h i s  type of machine could be decreased. The 

f i e l d  would be d i f f i c u l t  t o  design so t h a t  % and Y 
remained const ant  throughout acce le ra t ion ,  and the  f i e l d  

would have non- l inea r i t i e  s. Much theore t i c a l  knowledge and 

computational experience wi th  non - l i nea r i t i e s  would be needed 

t o  be confident of these  f i e l d s ,  o r  working model t e s t s ,  such 

a s  those contemplated on the I l l i n o i s  80 Mev betatron, would 

be needed. 
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(B)  Sinusoidal r idges  and t h e  example of the  cyclotron: 

Using X c p - f i  i n  equation (1) expand about as 

a u n i t  c i r c l e  

? 

, L e t  A$ = 7jhy 8 since i s  smaller then 1 ordinar- 

i l y .  

Comparing w i t h  Powell 1 s  MAC JLP-1 where 

Z ~ + ~ - ~ ~ ~ - [ ~ C + / / ) Y - + ( L A + ~ ' ~ X ~  

- t ( c  c + ~ ' ~ ) s y + q 6 ~ - p ' ' J y ~  

+ 3. ' ( m / / s 4 e ) ~ ~ - 1  2 (m c&>yL 

f I b ID rC&t b " ~ ) y J 6  



We have 

- , f SIN &&-a,) P - 

using @ c f "  from (41 we, f ind  

h = - f [ . !  f,.tq&&?) +$4 [d 5 fl@-@d] 

and F(e, = - f [& 2 ~ , d / d { (  ~4 *A c~J&(& 44 
K 

so i n  ( 3 )  Hy(sb"j 
should have added t o  it 

I /  
There are  no xy terms because q) .)- C may be chosen 
- 
zero. Thus we see the presence of a quadrat ic  fo*in both 

x and y which i s  caused by the s p i r a l l i n g  angle of the  

r idges.  

In the l i n e a r  approximation our equations of motion 

a re  (MAC JLP-1) 

X " +L/ + x S ~  ~ar,w(d -&+J)x = f ~nr#(B-@9) 
% 

( 9 )  

These a re  Mathieu d i f f e r e n t i a l  equations which w i l l  be t r ea t ed  

a t  t h i s  po in t  without the  inhomogeneity i n  (9),.1f we use 



t h e  form 

then  (11)  

t h e  f i g u r e  shows the  s t a b i l i t y  l i m i t s  w i t h  

- 4 ax -2, ( I  +A) f o r  x D.E. 

av=- $2 4 f o r  t h e  y D.E. 

f o r  bo th  D.E.'s 

Taking t h e  case  o f  a 466 Mev synchrocyc lo t ron  which 

we would l i k e  t o  conve r t  t o  a c o n s t a n t  f requency machine t o  

i n c r e a s e  the  c u r r e n t  we have 

t o  g e t  t he  r a d i a l  dependence of f i e l d  d i f f e r e n t i a t e  

So /Y) 1.25 a t  t he  o u t e r  edge of t h e  po le  

and bg (12)  we have - 

= = = 7 r-idges ( s ec to r s ) .  around circumference.  

- 
Take - . O l  

This gives f = $ 13.8% v a r i a t i o n  of t h e  f i e l d  above the  



average f i e l d  and below t h e  average f i e l d .  The r a d i a l  

separation of the  ridges is = -0628 of the outer  radius  since 

f i  i s  a  u n i t  c i r c l e .  

with 4 = 1.25 we would be on a r a d i a l  ha l f  i n t e g r a l  

resonance, i.f the r a d i a l  focussing r e su l t ed  only from the 

( ~ ~ 1 '  shape of the f i e l d .  The f a c t o r s  cont r ibut ing  t o  

r a d i a l  focussing are not y e t  determined. The inhomogeneous 

term on the r i g h t  of equation (9) must be considered. 

It may he poss ib le  t o  use negative momentum compaction 

with these poles  and thus  t o  el iminate the t r a n s i t i o n  energy. 

The high energy o r b i t  would be on the ins ide  of the  magnet. 

Application of FFAG poles  of t h i s  type t o  a  be ta t ron 

f o r  purposes of i n t e n s i t y  would requ i re  A very l a rge  t o  

provide a  hole f o r  t he  c e n t r a l  f lux .  




