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ABSTRACT 

The coupled equa t ions  f o r  r a d i a l  p o s i t i o n ,  momentum, 

and phase o s c i l l a t i o n s  i n  a synchrotron a r e  t r e a t e d  by use  of 

d i f f e r e n c e  equa t ions .  The e f f e c t  of a r a d i a l  v a r i a t i o n  i n  

t h e  a c c e l e r a t i n g  radio-frequency vo l t age  i s  inc luded  i n  t h e  

t r ea tmen t ;  any r e s u l t a n t  damping of one type of o s c i l l a t i o n  

i s  shown n e c e s s a r i l y  t o  be accompanied by equa l  anti-damping 

of o s c i l l a t i o n s  of t h e  o t h e r  type.  A simple t rea tment  of 9 

t h e  a d i a b a t i c  v a r i a t i o n  of parameters  f o r  systems of l i n e a r  

d i f f e r e n t i a l  o r  d i f f e r e n c e  equa t ions  i s  given.  
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Coupling of Be ta t ron  and Phase O s c i l l a t i o n s  i n  a  Synchrotron 

The equa t ions  of motion i n  a  synchro t ron  have been 

t r e a t e d  by many au tho r s .  The a c c e l e r a t i n g  rad iof requency  

vo l t age ,  which i s  a p p l i e d  a c r o s s  one o r  more narrow gaps,  

i s  Fourier-analyzed and on ly  the synchronous component consid- 

e red .  I n  a d d i t i o n ,  t h e  s e p a r a t i o n  of the  motion i n t o  b e t a t r o n  

and synchro t ron  o s c i l l a t i o n s  appears  r a t h e r  a r b i t r a r y .  

We f e l t  i t  worthwhile t o  t r e a t  t h e  problem i n  a  more d i r e c t  

fash lon .  We cons ide r ,  f o r  s i m p l i c i t y ,  a  machine i n  which t h e  

a c c e l e r a t i n g  rf vo l t age  i s  a p p l i e d  a c r o s s  a  narrow gap a t  

some azimuth,  say 8 = 0. The a p p l i e d  v o l t a g e  v a r i e s  s inuso i -  

d a l l y  i n  t ime,  bu t  can a l s o  va ry  r a d i a l l y .  The magnetic 

f i e l d  Bo a t  t he  f i x e d  nequ i l i b r iumn  r a d i u s  R o y  and t h e  

rad iof requency  WS, w i l l  be t r acked  t o  f i t  an  i d e a l  p a r t i c l e  

which i s  cont inuous ly  a c c e l e r a t e d  s o  t h a t  i t s  momentum p 
S 

(speed vS and t o t a l  energy Es) j u s t  match t o  g i v e  a c i r c u l a r  

o r b i t  of r a d i u s  Ro a t  a l l  t imes .  S ince  t h e  p a r t i c l e s  i n  t h e  

a c t u a l  machine a r e  g iven  impulses a t  8 = 0 ,  none of t h e  ac- 

t u a l  p a r t i c l e s  w i l l  f o l l o w  the  i d e a l  c i r c u l a r  o r b i t .  

Except a t  8 = 0, t he  equa t ions  of motion a r e  just 

t hose  of f r e e  o s c i l l a t i o n :  
2 - A P  dx + (1-n)x - - (11 

d e2 PS 
A p  = P-P s 

( l a  

' l l R . Q .  Twiss and N. H. Drank, RSI 20, 1 (1949) 



where x  i s  t h e  r a t i o  of t he  r a d i a l  d i s ~ l a c e m e n t  from the  
P 

equ i l i b r ium o r b i t  t o  Ro, n  i s  :he f i e l d  index,  and p  i s  t b e  

nomenti~rr of t h e  p a r t i c l e .  Ne have l i m l t e d  ou r se lves  t o  t h e  

l i n e a r  approximation.  Ae a l s o  have f o r  the  speed: 

Zr= r6 ( 2  

T s f  Au g =zr= --. 9 3 (l+ a-2.r 
r R o  ( 1 ~ x 1  

( 2 a )  
Ro v s  

The radiofrequencv w i : l  be t racked  t o  equa l  as ' 7J-s s o  n o  
t h a t  t he  i d e a l  p a r t i c l e  always r eaches  t h e  gap  a t  t h e  same 

phase ys. From 2s: 

~ 2 0  A P  
Wsdt.= dQ (1- t x )  = dQ (1- -- t x )  

7Js  
( 3 )  

F s  
where Eo i s  t h e  r e s t  energy.  equa t ion  3 over Q 

from 0 t o  2 T  , t h e  l e f t  s i d e  g i v e s  5 7 t he  i ~ y c r e a s e  i n  

phase (P f o r  one turn:  
2  r 

E P, 
S 

We denote x  and x '  = dx j u s t  a f t e r  pas s ing  t h e  gap on the  
dQ 

d l t h  t u r n  hg x,) , x.')). By i n t e g r r t i n g  Equat ion 1, we f i n d  t h e i r  

v a l u e s  a f t e r  one t u r n  around the  machine, Xg 4-1 * xfd+l, 
which a r e  l i n e a r  f u n c t i o n s  of x 3 ,  x;l . 

s o l u t i o n  of Equa 

b l e  l i n e n r l p  i n  

i s  g iven  by Equat ion  4. Using f o r  x t h e  

t l o n  1 f o r  t he  d ' t h  t u r n ,  % +l  i s  e r p r e s s i -  

terms of x j ,  A P x y  , y9. F i n a l l y ,  

we m u s t :  o b t a i n  an equa t ion  f o r  t he  momentum. The p a r t i c l e  

w i l l  r e c e i v e  an incrgment of enerEy a f t e r  i t  has  completed the  

d ' t h  t u r n .  The a ~ o u n t  i t  then  r e c e i v e s  w i l l  depend on 

the  r ~ ~ i u s  x  d t l  
a t  which it c r o s s e s  t he  gap, a?d t h e  phase 
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9 +l. Up t o  l i n e a r  terms i n  the displacement, t h i s  

energy increment i s  e(Vo ) V' x ) 
0 

J+, sin % 71 where Vo 

and V; a r e  the voltage and voltage gradient  a t  Ro. Mean- 

while, the  i d e a l  p a r t i c l e  rece ives  the energy increment 

e  Vo. s i n  
s p a  

. Thus the change i n  the  energy e r r o r  

R E  = E - ES is: 

( A  E)d +1-(@E)3 = e(v,-VA xy, +1) 

-e v0 (5  1 

Expanding the s i n  funct ion  (we assume small o s c i l l a t i o n s ,  

93- y's LC 1) and dropping products of small quan t i t i e s ,  

we have : 

t (eV; s i n  'ps .drl (5a)  
2  2  
Ps dp ~ e a s u r i n g  from ys, and using A E = we can 
s  ps 

write: 

p2 AP -(- c2 PZ 9) = (eve C O S ~ J ~ ) ~ + ~  I-  (vx$+l  S Es S 9 

+ (eV; s i n  (P s)  x , ~  +l 

Our discussion show's t h a t  we obta in  four  coupled - l inea r  d i f f e r -  

ence equations f o r  the four q u a n t i t i e s  x j  

(7)'  

We now do the  de t a i l ed  problem f o r  the ordinary synchrotron, 

where n  i s  independent of azimuth. The solu t ions  of Equa- 

t i o n  l 



have the betatron frequency 1 The general solution 

of Equ~tion 8 for initial conditions x)/ , xtJ  is 

a) cos F n  +$L sin G'Q X = t (xy- l-n 
1-n -n (9  

Setting 0 = 271, = 2 TT we have 

- 1-cos 
X+ +I 1-n 

Substituting Equation 9 in Equation 4 and integrating 
& 
(1-n)3/3~ '9 t 

Equations 6, 10, 11, 12 are the coupled diffef6nce equations 

describing the system. They can be simplified by the 

following scale changes. Replace 

'Il-n xy----+ x j 

%(I-n1 4 yd 
Our set of equations becomes 

X J +  I = cosp x)+ sinpx; + (1-COS? pY (13) 

X > +  I = - sin(,Uxyt cosy x> + sin? p d  (14) 

c2 ~2 (+a 1 - PI, = ev: sin % xgtl t - 
s s 1-n 



= sin y) x,, +(I-cos $U ) x1 + C,, p j  (16) 9 
where 

First we neglect the slow veriation of the coeffi- 

cients in Equations 15-17, drop the subscription CJ and 

replace 15 by 

where 

A = ev6 sin 4' SES , 
= e+ czs cp ;S2 c2 P; (1-n) P, (1-n) (18) 

Both A and B are of order energy gain per turn/total energy 

5 1. We find the eigenfrequencies and eigenvectors of 

the system 13, I&, lsa, 16. 

Let 

= <'hY 9 P g = n A  d 9 % =fhY (19) 

wh'ere < , , , f are the components of the eigenvector 

beloncing to the eigenvalue-h , and substitute in the equa- 
tions. The secular matrix is 

sin 1-ccs 4, 

-sin cos Cy -X :I;; 0 

1- sin A L,V B x  

1-cos cy C 1- 7-b 1 (2.1 
Since A and B are small, we can find the roots of the secular 

equation by successive approximation. If we set A = B = 0 Y 



we f i n d  h= 1, 1, e 
+ ill . For t h e  r o o t s  i n  t h e  neigh- 

bor hood of t h e  double r o o t  1, we s e t  >= 1 + e i n  t h e  

s e c u l a r  equat ion.  Keeping only the  lowest  power of E ,  

A, D,  we f i n d  

where 

C Y  = c + s i n q  = 2 i ~ Y ( l - n ) 3 / ~  (22)  

The lowest  o rde r  equa t ion  would be 

E~ = BC' , E = k m  

Thus t h e  o s c i l l a t i o n s  w i l l  be s t a b l e  i f  B C f d  0 ,  i .e . ,  

ycos y s 
C 0. S u b s t i t u t i n g  23 back i n t o  21, we f i n d  

t h e  nex t -  approxima t ion:  

o r  ?- " 1 + F f  - BC + - T ~ e x p  A 
2 

From 18 and 22. 

w h e r e a i s  t h e  synchro t ron  frequency.  Thus t h e  e igenso lu-  

t i o n s  nea r  % =  1 correspond t o  synchro t ron  o s c i l l a t i o n s  i n  

the  l i m i t  of ze ro  coupl ing.  From 25 i t  would appear  t h a t  

by choosing A < O ,  t h e s e  o s c i l l a t i o n s  could be damped exponent- 

i a l l y .  However, we s h a l l  now show t h a t  t h e  o s c i l l a t i o n s  

f o r  t h e  o t h e r  p a i r  of e igen f r equenc ie s  w i l l  be antidamped 

by t h e  same f a c t o r .  For  t h e  r o o t s  n e a r  e f i(/'we l e t  

>= e t f q  ( l t E ) .  Again expanding t h e  s e c u l a r  equa t ion  t o  

lowest  terms,  we f i n d  E = - ~ / 2  - + iB/2 so  t h a t  t he  r o o t s  a r e  



From Equat ions  25 and 27 we conclude thafa r a d i a l  v a r i a t i o n  

of the  a c c e l e r a t i n g  v o l t a g e  (which l e a d s  t o  t h e  term +A/2) 

w i l l  cause damping of one p a i r  of o s c i l l a t i o n s  and an  equal  

antidamping of t h e  o t h e r  p a i r .  This  e f f e c t  was f i r s t  d i s -  

cuseed by Garren,  e t  a l ?  From 27 we see  t h o t  t h e  second 

p a i r  of r o o t s  correspond i n  t h e  l i m i t  of  ze ro  coupl ing  

t o  the  b e t a t r o n  o s c i l l a t i o n s .  

The components of t he  e igenvec to r s  a r e  e a s i l y  found 

from Equat icn  20: 

cosyl -& s i n ?  0 Oosry-% s i n ?  1-cos 

s IT: - s i n q  c o s p ?  9 . q : -  I:smV c o s y - ~ s i n ~ ~ 2 8 1  . 
s i n  ly 1-cosy I- s,i) q 1-cosy C 

x :  

Eva lua t ing  t h e  determinants:  

E - 4 /  I -IT - - 
(1-cos ly)  (1-h2) - s i n q  ( 1 - ~ ) ~  ( I -&) (  >2 -2 % c o s W + l )  

s i n  (V 1 - c o s y  o CUS y- 'h 1-cos (Y 

~ 0 ~ y - i  s i n p  o 1 - s in  (/J s i n 0  

For t h e  r o o t s  nea r  u n i t y  we s e t  h= I+ E. Keeping on ly  t h e  

1-cos Ly C 1- ?- s in  yl C 

l e ad ing  terms,  we f i n d  

For E  L C  1, we see  t h a t  on ly  t h e  phase h a s  a  s i z a b l e  o s c i l l a -  

t i o n  ampli tude;  i .e . ,  we have a  synchro t ron  o s c i l l a t i o n .  
~'. 

S i m i l a r l y  f o r  %= e k i q  (1)E) we f ind :  
( 2 )  

A.A. Garren,  e t  a l ,  UCRL-547, Dec., 1949. 



so t h a t  t h e  b e t a t r o n  o s c i l l a t i o n s  a r e  n e c e s s a r i l y  accornpa- 

n ied  by comparable changes i n  y. 
We must now t a k e  account  of t h e  slow v a r i a t i o n  of tb 

c o e f f e c i e n t s  i n  our  coupled equa t ions .  The 'WKB method 

can  be extended eas i?y t o  systems of l i n e a r  d i f f e r e n t i a l  

o r  d i f f e r e n c e  equa t ions .  The d e r i v a t i o n s  a r e  g i ~ s n  i n  t h e  

Appendix. Applying th is  technique ,  we f i n d  ( a )  f o r  t h e  

r o o t s  nea r  u n i t y  

A- n2 with E = i  in t - 
2 

--Qj = -1 Vjm1 
( b )  f o r  the  r o o t s  l e a r  eti(Y 



Appendix 

WKB Method f o r  systems of l i n e a r  d i f f e r e n t i a l  o r  

d i f f e r e n c e  equa,t ions.  

1. D i f f e r e n t i a l  Equat ions .  

cons ide r  t he  system 

where t h e  c o e f f i c i e n t s  a a r e  s lowly vary ing  f u n c t i o n s  of 1 5  
t. L e t  n 

Yi =Xi e  i Ydt J 
where x i  and y a r e  slowly ,- varying.  D i f f e r e n t i a t i n g .  

i Ydt ki; t i i  + iYxi)e J 
S u b s t i t b t i n g  i n  A. l :  

* z  - 
X i  = j a i j x j  - IYXI - j - i y J i j ) x j  (*.3) z 

j  
F i r s t  we n e g l e c t  t h e  time d e r i v a t i v e s  &: 

The Y  and xi determined from t h i s  f i r s t  approximat ion w i l l  - 
be denoted by Y, xi i.e., 

* 
Thus Y i s  a  r o o t  of t h e  equa t ion  

where A = ( a i j ) ,  I i s  t h e  u n i t  m a t r i x  and 1) means determi-  

nan t  = I). The Xi a r e  p r o p o r t i o n a l  t o  t he  c o f a c t o r s  of any 

row, say t h e  k'th: 
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where Mkj is the cofactor of the kj element in D(?). 

Differentiating ~ . 6 ,  

%kt -fb + "//Y+ 

Now we USF. this first approximation for the < in A.3 and 
8 

find 

- 
Let Y = Y t E. Then 

The secular equation for E is: . 

e3(f and kj/sj  are small auantities; expanding to 
lowest order we get: , 

The first term is zero according to Equation A.5. Solving 

(A.11) 

Y= 7 + E . Substituting d and 6 in Equation A2: 

t ib%2,L4j = Mc [y~j'V&Iw -& 
N4 / d ( A .  2) 



-11- EAC -MH/MAC - 1 
Note t h a t  t h e  f a c t o r  f drops  ou t .  The r e s u l t  i s  independent 

of t he  index k, s i nce  a change of k i s  e q u i v a l e n t  t o  mu l t i -  

p ly ing  by a common f a c t o r  f. 

A s  examples, we t r e a t  some simple cases .  (We omit 

conunent, bu t  l a b e l  equa t ions  wi th  t h e i r  numbers i n  t h e  

gene ra l  d e r i v e t i o n ) .  

11 ' - & ~ a p ,  ~3 = 1 

-3, - -A y4 - a,& i2 

Using t h e  minors of tha f i r s t  row i n  3 - - 
X I  = QI a ,  )(&id y = S d 1103,  (6) 

$I?, = "lk/d1 a j ?%/y3 = /a(a$, 2 + 

( 7  1 
- (fi&,& + L Y ) ~ ,  - 1 G1&7'% : a 

0 -% I - ( ~ ~ ~ + ~ [ a l ~ , z +  "a4a l ] )~2  = (8, 

0 

Expanding t h e  de terminanz . 4, 
;f ~ ~ ~ ' f ) + ~ Y f / ~  h a  &a 0 (10) 

(11 1 
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Another example 

, i , , +a2= va 
i,= i a . , - ~ ~ ) x , + a , , r ,  

Substitute in 3 to ge; 

la, -2 y-* B - X,, X2 =O - 
X , + ( L , ~ - ,  Y - i  e - M * 3 / m a z ) x l s ~  (aa )  

Expand. 
fG.a-- 

€ =L a& (11) 

a,, - 2 A  y 
Substitute for Y from 5: 



P 

T2 
If d--20, t h e  e x t r a  term i n  t h e  exponent contributes only 

4 
a phase change. If all - a22y t h e  e x t r a  t e rm drops  out .  

- a  
/ 2 

'f - - = - E3/ 
2L 

-+ ( a 1 1  - Q 2 2 )  

@,,Q23 TiJd-  
From 5 and6 

T.L 
%a. - A 

Ma fl ,a 

11. Di f f e rence  Equat ions .  

Consider a svstem of d i f f e r e n c e  equa t ions  

(ri 
where J)  t he  s u p e r s c r i p t s  

d i s t i n g u i s h  t h e  v a r i a b l e s .  The a 9  i j  a r e  s lowly vary ing  

f u n c t i o n s  of 2). Le t  

(A2') 

S u b s t i t u t e  i n  1': 

I, Y ( 83 '  ) 

Neglect  t he  f i r s t  d i f f e r ences :  

- 
C ~ l l  t he  r o o t  Yy 
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(A7') 

V (A10 ' 

(All') 
F 

1 

Again, we take an example: 




