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MAC-DWK 5
CHARACTERISTICS OF NON-LINEAR LOCK-IN CAUSED
BY FIELD INHOMOGENEITY
D. W. Kerst, February 11, 1954

UNIVERSITY OF ILLINOIS

1 about locked-in motions pertained

Crane's early suggestions
to the hunting about the locked+in stable orbit »eing driven by a
field inhomogeneity. The study of these has not yet been carried
out on the Illiac, but they have been seen by Courant using a 5%
deviation in n in one out of 50 sectors. The special case at the
tip of the necktie (¢ =y ) has been under investigation with the
Illiac beceuse without inhomogeneities of field (i.e. with the
homogeneous differential equation) it was easy to find the charac-
teristic throbbing which goes with lock-in. In this case the
sectors themselves act as inhomogeneities which put energy into
end which take energy out of the oscillation depending on the
location of the peak of the osecillation in the focussing sector.
An epproximate calculation of throbbing frequency and other
characteristics was mede for this case.2

A similar primitive estimate using the method of MAC-DWK L
follows for the case in which (577 7Tand the energy addition or
substraction is caused by an inhomogeneity, A F, occurring in
some sector., We cen be operating on an integral resonance or

with a closed orbit fixed in the machine with a kink at the

inhomogeneity..

1. MAC 8 and Memo H.R. Crane "Locked-In Motion".
2. MAC-DWK li "Approx. Calculation of Non-Linear Lock-In at (5 -p "



-2 - MAC-DWK 5

. AF|

~ — ; B }

A e

- .. S,
2 § 1 . , P~ ‘\
/:'y—-" @ !»6._/_\,3 -y })( 7 - \\»;.
/7 ' . :
11 l' ‘3‘; X ‘N\\
/ Loz 0

The energy added to the peak of the oscillation by the action of

the bump is:

. 1 \ - AN )
(1) — rF’ ¥ )(};. =z I ,7:’.:(. !.ﬁ’si
where [~ . . L. . 7. . occurs in a focussing sector

and 59yp is the change in amplitude as a result of one passage

over the bump. [/ 5! 1s the circumferential length of the

inhomogeneity, in the sketch this is a sector length.

rfn )

}53,4\5} is the net displacement of the particle in the direction

of or opposed to the driving inhomogeneity,£. F . éé% is
[
not the slope of the actual trajectory, but it is X37X where
PAY
/Kn is orbit position at exit of inhomogeneity XQ is orbit

position at entrance of 1lnhomogeneity; 1t 1s the slope of the
dotted and approximately sinusoldal curve about which the scalloped
motion due to alternating gradients occurs. This sinusocidal motion
is: .
X- %, Cust, s
and it is a closed orbit in the machine; 1.e,, it fits integrally

or is an integral resonance except for the slight kink at the

inhomogeneity.
(X - - . : ; \ S
(2) ‘5%45 = i, /j,ﬁhvﬁil& 2 Gy, 4an‘J for small hunting.,

If?) is the number of passages over the bump, (1) gives:
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\S is the displacement of the bump from the peak of the sine

curve. (This is the negative of the 5 used in the MAC-DWK l)

but e 4
-jfi - j;%’ (as in (2) MAC-DWK L) gives the change of
.

i; per passage over the bump due to a deviation from the equili-

brium frequency of oscillation Q’)O .

/P is the distance travelled betweén passages over the bump.

So 'L,i/ {’ P .
(5) A5 . Ao iU gy
J/f ~/'.'"' .,A’ )R l”
where 55( is the sévay from the equilibrium AK (0J _/bﬁ}
p A,

because the restoring forces are non-linear.,
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Differentiating (5) and remewbering fgz'C)/;> - -
Wi

i \
- by ¥ b/ L.}’/ 5 /

= - R indy T i Soa N

(6) T ) z A U ’v)l )(\ ) l r A
which is a second crder differential equation within oscillatory

solution if &fF &" Lo, wvemewver [
s:p =F¥f o d
iy
. ' Ir S’K‘ < o ¥ . then tilﬁ s, constant and
oy T (A
.7 "
Sl Coi o
- .
where e et s et o e
,..-—-—"""" ' \
(8) ' ‘ ! "‘1;)',- i j’ A8 )(
ri D g A
“"[7 - V‘J '( b =y ,&
d/(/(.,' = "‘t, {‘/‘:J«: _{_’
but -F;{A - = ;Z*‘ 1 is known to be roughly true from
I’j:’ [N l/ o D .
digital computor observation.
;f: = < xﬁ_ is the fractional cublc force at peak displace~-
2 e
PAA

ment giving regard to sign of e and /s} and where our differential

equation 1is: - »

Yo Epy oy T Ee
A R (Powell MAC-JLP =~ 1)
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If"?}j is the number of bﬁmp passages‘psr throb or wow and !/L 1s
VI :

the wavelength of the oscillation,
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or the number of wavelengths per wow 1is:
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A hunting orbit in the machine can be found whether 7L Q\{; or
71 >»f; by just inverting the oscillation so Lffi has the
S -

e

proper sign. Thus there is no question of the existence of s
stable oscillation. An oscillation which fits half integrally

around the machine will lock in with an erroneous s,y 1n one sector

-

gs Courant has found; forg[ﬂi and f}, reverse sign together at an
/Yy bump. Oscillations which take more than two revolutions to

repeat were also found locked into an 7\ bump by Courant. This is
understandable because the bump action goes to zero for trajectories
crossing the ideal closed orbit in the sector with the erroneous /r, .
The main lock=~in sction is still greatest for the lobe of the orbit
with its peak hunting around the bump.

The two dimensional case with coupling and the case of random

bumps must be investigated for the actual sccelerator. Also the

limits of /.7 and/ A;eni.b) before lock-in is broken should be

gsought by closer examination of the problem. For example, large

' ;'{\' L)
negative CSZKP will cause ;%>” to vary and then (6) has an added
Xk

term which weakens the restoring force for the,SA oscillation.
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This cranilac motion 18 an example of a special type of oscillation
ebout the kinked closed orbit in an accelerastor with en inhomo=-
genelty. The stability of thls behavior in the presence of
secular changes in n and larger inhomogenelties which would

produce pronounced kinks asre additional problems.



