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1. Introduction:

As a sequel to the January 9 meeting of the Mid-West Technical
Group, Dr. Kerst suggested that i1t would be deslrable to record
equations which have been used in discussion of space-charge
effects and to exhlbit some of the grave consequences suggested
by use of these equations. The present report 1s in compliance
with this suggestion, but is written with the following reservations
in mind,

(1) Concentration of attention on space-charge effects, which
wlll be most prominent at_low energy, should not cause one to
overlook other phenomenahlgg,not readily analyzed, which may play
important réles at injection.

(11) Analysis of space-charge effects on the basis of an
assumed form for the charge distribution may be seriously in
error 1f the particles of the group considered can execute oscillg-
tions which result in a distribution differing from that assumed.

It 18 suggested, however, that applicatlion of the present
formulas to a group of particles moving non-coherently will provide
an approximate indicatlon of dangerous values for design para-
meters. .

2. Statement of Formulas:

A. Effective Change of "n", Rudimentary Derivation--

For a beam of constant charge density L throughout a
cross-sectional area of constant radius A , the total charge 2 is
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where R, represents the orbit radlus.



The net defocusing electric and magnetic force experienced, as
a result of the space-charge, by a particle within the beam at a
distance y from the axis, is
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The focusing and defocusing forces produced by the magnetic field
of the accelerator are
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with Eq representlng the total energy of the particle.

The force indicated in equation (2) 1s thus equivalent to a
reduction of n 1n the equation of axial motlon, and an lncrease
In n 1in the radial equation, by
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If this analysis 1s accepted, 1t can be seen that the result of
the space-charge 1s equivalent to effecting a translatign of thﬁ-
operating point at right angles to the dlagonal of the "necktie
dlagram.

For comparison with similar results stated elsewhere, it 1s
also of interest to write the assoclated "current"

1 5 q (/sc/circumference)
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B, Comparison with Previous Results --

Equation &5) is consistent with a non-relativistic result
glven by Kerst*® for a conventional betatron, if we identify |énl
with the limiting tolerance (1l-n) for radial stagility. Again
in application to a conventlonal synchrotron, Judd-’ conslders
unequal radial and axlal focusing and derives the aperture
requirements for a beam of ellliptical cross-section. Hls results
also agree with our equagion (5) in the case n = l-n = 1/2 = |én\
Similarly, J. P. Blewett® has also consldered an elliptlical beam
in a conventiongl betatron with n = 3/4 and Ro = 0.833 Meter.
Finally, Barden! originated the equation (5) in the form cited

here and has suggested consldering its application to an alternate-
gradlent accelerator in terms of the permissible varia?}on of n.

C. Estimate of a Tolerable |énl --

In application of equation (5) to an alternate-gradient acceler-
ator, Barden/ originally suggested that one require

2 =

16nl < 0.006 Ng°, (7)

where Ng represents the number of magnet sectors. This suggested
limitation was possibly motivated by the observation that the
overall wldth of the necktie dlagram, projlected ontg the n; or N,
axIs, corresponds approximately to \8nl = 0.03 Ng°. Thus a
variation of about the amount suggested by Barden would carry the
operation point from the diagonal almost half-way towards the

edge of the stable region. '

In view, however, of the present concern about integral and
half-integral resonances (as well as sum resonances), 1t appears
more prudent to allow variations of n only within one of the .
small diamonds situated along the diagonal of the necktie diagram.
Slnce the characteristic solutions for the particle trajectorles




involve a factor exp(+ik) for traversal of a sector pair, the
separation of integral resonances corresponds’ to
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similarly, movement from the center of a small dia?g?d, bounded
by integral and half-integral resonances, half way towards
the edge corresponds to
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With the 1lndex n altgrnating between n; and ny = -m
in sectors of equal length,
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For variations such that &n,= -8m, and in the neighborhood of
the dlagonal,
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A conservative 1llmlt to the acceptable |&nl thus appears to be
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(P)1o arford some latitude for other possible variations of the acceler-
ator characteristiecs, as would arise for Tﬁample from remanence.
It may also be noted that, as J. B. Adams has pointed out, particles

with momentum different from the equilibrium momentum are presented
with a dif eren% n vatl:ue ?tsnlzng-ap%og. P




Accordingly, near the center of the necktie where nl/z/'NS = 0.25,
sin k ¥ 1 and

nl/2/2 = 0.0919 nl/2 = 0.0230 Ng; (13a)
nlg /2 + (B/r) sinh 7/2 919 m 8 '

similarly at an operation point for which nl/Q/NS % 0.1778, sin k
2 0.671 and

|§nl < @l/i/gi 0.671 = 0.078 n}/2 = 0.0138 N. (13b)
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The above criteria suggest, as a typical tolerance in an
accelerator with n in the range of 400 to 500,

[énl =~ 1.8.

Livingston9 appears to have considered a similar approach to
the problem of estlmating space-charge limitations.

3. Numerical Results:

In application of equation (5) to estimate the beam which can
be held in an alternate-gradient synchrotron at the time of inJjectlon,
two alternative view-polnts may be conslidered. If one conslders
that the injected beam spirals inward, 10,1l due to the rising
magnetic fileld, equation (5) may be considered as giving the
maxlmum charge per turn and 4 might be taken as one-half of the
pltch required for the spiral to clear the inflector comfortably;(c)
in this case the acceptable injection current is the limiting charge
per turn divided by the perliod of revolution and the total charge
is the charge per turn times the number of turns accepted. If, on
the other hand, the details of the injectlion process are ignored,
equation (5) might be regarded as glving the total possible charge,
with A4 representing the useful semi-aperture of the accelerator,
and the acceptable injectlon current would be this charge divided
by the estimated duration of the useful inJjectlion interval. In
elther case, the expected useful beam from the accelerator will be
no more than about one-half of that successafully injected, due to
(for example) incomplete capture into the synchrotron phase.

In estimatling the manner in whlch the acceptable injection
currents will depend on injection energy, one must take account
(In The non-relativistic case) of the energy dependence of the
period of revolution. The bunchling action of a R.F. linear
accelerator has been su%éeigedlz as aggravating the space-charge
effects, but 1t appears+<s that a slight inherent energy
inhomogenelty suffices to smooth out the charge distribution
within a distance less than one clircumference.

(C)Supposedly thls pitch would be at least twice the beam radius
plus the radlal thickness of the deflecting electrode.



A numerical exaTgle of space-charge limitations has been
given by J. B. Adams in connection with: a proposed CERN
accelerator deslgn., Adams states his conclusions 1n terms of
maximum current, which 1is presumably 1 = q(pc/bircumference).
With n = 302, we expect [6nl.® 3 to carry the operating point to
near the edge of a dlamond, d) If, following Adams, we take
A = 0.4 Tm (the radius of the injected beam), Ry = 8600 cm,
Kinetic Energy = 50 Mev, and ,B = 0.314, we find from equation (6)
that

1=1.2 x 10°3 - |én| amperes

constitutes a limiting current (for one-turn injection) similar to
the 3 ma clted by Adams.

We glve below a table of permissible values, calculated (e)
from equation (5), for a circular accelerator of 8650 cm radius

and with the permissible 1&n| 1limited to 1.8. Kinetlc

energles for proton injection of 4% Mev and 50 Mev are considered.

In addition, we flrst conslder an inJected beam of 0.3 cm radius,
spiraling inward so that injection continues for slx turns; secondly
we consider a total beam of 4.0 em radius, without regard to the
detalls of the inJection process. It 1s noted that the estimated
acceptable injection currents for 50 Mev injection are about 45
times those for 4 Mev (proportional non-relativistically to the
three-halves power of the kinetic energy).

4, Conclusions:

From the foregolng examples 1t 18 clear that space-charge may
seriously limit the beam currents 1n certaln of the accelerator
designs presently under consideration. It 1s important, therefore,
to be as certain as possible concerning the following points§

gi) Is the conventlonal analysis presented here valld?

11) Are the integral and half-integral resonances so important
that space-charge should not be permitted to displace
the operating point across such resonances?

(111) If the present analysis 1s considered adequate, 1s 1t
best to assoclate 4 wigh Rhe radial width of the
proposed injected beam, s1% with the plteh of the
spirall0,1l described by the injected beam, or with
the seml-aperture of the accelerator?

The advantage of injectlon at high energy is apparent, 1f the
Injector supply can deliver the currents desired. It would be
unfortunate to have an Injector system incapable of delivering
the desired currents, but 1t would also be frustrating to have
designed an accelerator which could not accept the Injectlon

(dJor see dlagram VI of Adams' paper.14

(e)Such a radilus would permit, for exam %e, attainment of 25 Gev
in a fleld of 10,000 gauss (1 weber/ﬁ ).




EXAMPLES OF ESTIMATED SPACE-CHARGE LIMITATIONS

R, = 8650 cm, 1nl = 1.8

4 = 0.3 cm 4 = 4.0 ¢m |

1 (ma), Particles
Kinetic Revolution| Charge 1 Charge Pzg:s;iis' Total if agsuming ’

Engggy /9 Period Revolution | (pgq) b Rev, 50% € | charge inject 50%
s ulombs b Coulombs £

Protons Msec (ecoulombs) (coulombs) capture Ko ombs) . RengRev capture
50 Mev[l0.314 5.76 7.1 x 1079 (1.2 |42 x 109 |13 x 1010 26x107% | 220 |36 [3.9 x 1012
4 Mev]0.00d 19.7 5.3 x 1072°]0.027/3.2 x 10°9]1.0 x 10*°os x 108 | 4.8 |080 0.3 x 1012

The computed acceptable charge 18 rather considerably greater for electrons (which one could
easlly inject at high energy from a linear accelerator of the Stanford type) than for protons of

the same energy.

relativistic for protons, the ratilo

For injection energies which
Qelectrons

protons

(Total Electron Energy)3

e relativistic for electrons and non-
7§ appears to be approximately

or about 5000 for 50 Mev inJjection.

2 (Proton Kinetic Energy) (Electron Rest Energy)a’
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currents which 1t was planned to attain., Attentlion should be given,
moreover, to the avoidance of R.F. voltages which would bunch

the beam to an extent that space-charge would cause the beam to
expand beyond the bounds of the effectlve aperture. The space-
charge effects appear to be considerably less serious in comparable
electron accelerators.
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