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1. The Der iva t i on  of Magnetic F i e l d s  from S c a l a r  P o t e n t i a l s :  

We i n d i c a t e  below methods whereby a  two-dimensional magnetic 

f i e l d  may be de r ived  from s c a l a r  " p o t e n t i a i "  f u n c t i o n s  i n  ca se s  

such t h a t ,  where c u r r e n t s  a r e  p r e s e n t ,  t h e  c u r r e n t - d e n s i t y  is  

a  func t ion  of x on ly  o r  of y  only.  For each of t h e  methods 

a t t e n t i o n  should a l s o  be d i r e c t e d  t o  t h e  c o n t i n u i t y  c o n d i t i o n s  

a t  t h e  boundar ies  of t h e  c u r r e n t - c a r r y i n g  r eg ion  and t o  t h e  need 

f o r  a  " cu tn  t o  avoid encounte r ing  m u l t i p l e  valued f u n c t i o n s .  
v 

I n  each ca se  it i s  r e q u i r e d  t h a t  d i v  B = 0 everywhere 

and t h a t  c u r l  7= 4 Z ' T a t  p o i n t s  where c u r r e n t  i s  p r e s e n t  

( u n r a t i o n a l i z e d  emu). We c o n s i d e r  t h e  p e r m e a b i l i t y  t o  be u n i t y  

a t  a l l  p o i n t s  occupied by c u r r e n t .  
3 n 

( a )  j = j ( ~ )  e,: 

( i )  I f  one w r i t e s  

H =--ZI 
X AX 

+? dp and H = -- + 4  '%? ( x  + c )  j ( y ) .  
d 9  

t h e  c u r l  c o n d i t i o n  on T i s  s a t i s f i e d  i d e n t i c a l l y  and t h e  

divergence c o n d i t i o n  is  s a t i s f i e d  by r e q u i r i n g  
dd' v.(,P v 1 = 4 9 ( x  + c ) - .  
J u 

( i i )  A l t e r n a t i v e l y ,  i f  one w r i t e s  -4 

J +  - '?k - 4 l  f y j ( y )  dy and Hy = - -  Hx - - 
J 2  r t h e  c u r l  c o n d i t i o n  i s  aga in  s a t i s f i e d  and t h e  divergence c o n d i t i o n  

r e q u i r e s  

( i )  I f  one w r i t e s  

- Hx - - - 4 + c )  j x  and Hy = - 
> x  Fq 

t h e  c u r l  c o n d i t i o n  i s  a u t o m a t i c a l l y  s a t i s f i e d  and t h e  d ivergence  

cond i t i on  r e q u i r e s  



- - 
( i f )  A l t e r n a t i v e l y ,  i f  one  w r i t e s  

d?J- 
X 

- Hx - - . and H = - - '* + 4 T /  j ( x )  d x l  
J x 

t h e  c u r l  c o n d i t i o n  i s  a g a i n  t h e  d i v e r g e n c e  c o n d i t i o n  

r e q u i r e s  

v . ( A  v q- 3 = 0 .  

A s  mentioned above,  boundary  c o n d i t i o n s  would have t o  be  

examined f o r  a n y  p a r t i c u l a r  method a d o p t e d ,  A d d i t i o n a l  methods 

of  employing a  s c a l a r  p o t e n t i a l  might  a l s o  be  c o n t r i v e d  -- a s  by  

s u p e r p o s i t i o n .  We c o n s i d e r  below t h e  boundary  c o n d i t i o n s  f o r  

t h e  s p e c i f i c  c a s e  a  - i f .  

2. The Boundary C o n d i t i o n s :  

We c o n s i d e r  h e r e  i n  some d e t a i l  t h e  n a t u r e  o f  t h e  boundary  

c o n d i t i o n  f o r  a  s p e c i f i c  c a s e .  O u t s i d e  t h e  r e g i o n  occup ied  by 

c u r r e n t ,  t h e  m a g n e t i c  f i e l d  may be  e x p r e s s e d  s i m p l y  a s  t h e  

n e g a t i v e  g r a d i e n t  of  a  s c a l a r  p o t e n t i a l  f u n c t i o n  V, s a v e  f o r  

t h e  n e c e s s a r y  i n t r o d u c t i o n  of  a  - c u t  ( e x t e n d i n g  t o  t h e  c u r r e n t -  

c a r r y i n g  r e g i o n )  a c r o s s  which t h e r e  must  be  a  d i s c o n t i n u i t y  of  V 

g i v e n  by 4 5 I o r  4 T j ( A r e a )  : * 
- Jv H y - - -  - g o u t s i d e .  

Hx - --  9 

J V  
J x  .J 3 

With in  t h e  c u r r e n t - c a r r y i n g  r e g i o n  we w r i t e  

- - 4% f \ ( Y )  d y ,  H = -  
Y 

JP- - 9 

3tc+ 
w i t h  ( c f .  S e c t ,  a - i f  J 5 

v.(pg-sF) = 0 .  

S i n c e ,  w i t h  d i s t r i b u t e d  c u r r e n t s ,  T f s  c o n t i n u o u s  (away from 

t h e  boundary o f  a  magne t i c  medium, where o n l y  H t  and Bn a r e  

c o n t i n u o u s ) ,  it f o l l o w s  t h a t  

* I t  i s  s e e n  t h a t  I r e p r e s e n t s  t h e  number o f  abampere- turns ,  



a t  a  boundary o f  a  

c u r r e n t  r e g i o n ;  

i f  j i s  independen t  o f  y  a s  w e l l  a s  b e i n g  i n d e p e n d e n t  of  x ,  

SL' -* A - a t  a boundary. 

From t h e  i o n s  between t h e  d e r i v a t i v e s  of  V and 

t h e  d e r i v a t i v e s  of  @ it i s  c l e a r  t h a t  a t  a boundary  (be tween 

a  c u r r e n t - c a r r y i n g  r e g i o n  and a  r e g i o n  f r e e  o f  c u r r e n t )  t h e r e  

w i l l  be  a  d i s c o n t i n u i t y  be tween /kFC and V which augments by 

4 7E: I a s  one  p r o g r e s s e s  a round  t h e  boundary.  S p e c i f i c a l l y ,  

c o n t i n u i n g  f o r  s i m p l i c i t y  w i t h  t h e  c a s e  j = c o n s t . ,  i f  we have 

a  d i s c o n t i n u i t y  V - = K a t  t h e  c u t ,  t h e  d i s c o n t i n u i t y  e l s e -  

where on t h e  boundary  i s  g i v e n  by P 
~ ( p )  = ( P I  + K + 4 n jf' ( Y  - ~ r e f I d x ;  

c v t  
upon p r o g r e s s i n g  c o u n t e r - c l o c k w i s e  c o m p l e t e l y  a round t h e  boundary 

t o  t h e  o t h e r  s i d e  o f  t h e  c u t  t h e  d i f f e r e n c e  V - grows t o  a t t a i n  

t h e  v a l u e  K - 47t. j . ( a r e a )  o r  K - 4 7 C  I, 

With r e s p e c t  t o  h i g h e r  o r d e r  d e r i v a t i v e s ,  t h e  r e l a t i o n s h i p s  

between t h e  f i r s t  p a r t i a l  d e r i v a t i v e s  of  V and 4 a r e  

i d e n t i t i e s  i n  y  a l o n g  a  v e r t i c a l  boundary,  p e r m i t t i n g  d i f f e r e n t i a t i o n  

w i t h  r e s p e c t  t o  y ,  and a r e  i d e n t i t i e s  i n  x a l o n g  a  h o r i z o n t a l  

boundary,  p e r m i t t i n g  d i f f e r e n t i a t i o n  w i t h  r e s p e c t t o  x.  One 

c o n c l u d e s  in t h i s  manner t h a t  

J = J2P - 
J3& T 

+ 4% a t  a  v e d i c a l  boundary 

- a t  a h o r i z o n t . a l  boundary. J x2 " 



( 1 t  w i l l  be n o t e d  from t h i s  l a s t  r e l a t , i o n  t h a t  t h e r e  i s  an  

ambegui ty  c n n c e r n i n g  t h e  c r o s s  d e r i v a t i v e  a t  a  c o r n e r ,  which 

i s  d i r e c t l y  connec ted  t o  t h e  f a c t  t h a t  ( d e s p i t e  t h e  c o n t i n u i t , y  

o f  H x ,  i n  p a r t i c u l a r ,  on a  v e r t i c a l  boundary  and of  H on a  
Y 

JHx h o r i z o n t a l  boundary)  it i s  i n c o n s i s t e n t  t o  a s s e r t  t h a t -  and 
J3 'h e x i s t  a s  c o n t i n u o u s  q u a n t i t i e s  a t  a  c o r n e r  where c u r l  H 

J x 
i s  d i s c o n t i n u o u s .  T h i s  d i f f i c u l t y  i s  n o t  o f  g r e a t  impor tance  

i n  what f o l l o w s ,  b u t  i f  one w i s h e s  t o  employ t h e  c r o s s  d e r i v a t i v e  

i n  a fo rma l  way a t  a  c o r n e r  it may be  c o n s i d e r e d  l e a s t  o b j e c t l o n -  

a b l e  t o  t a k e  ='a+ + 2 n j . )  
Jx J3 ~ r h y  

Example : 

We g i v e  h e r e  an  i l l u s t r a t i o n  o f  t h e  d i s c o n t i n u i t y  between 

V & 4 f o r  a  r e c t a n g u l a r  c o i l  o f  w i d t h  3h and h e i g h t  48, We 

d e n o t e  4 7 1  1 = 47L: j . ( a r e a )  = 4 32 j (12k4) by A. . The 

p o i n t s  a l o n g  t h e  boundary  a t  which t h e  " p o t e n t i a l n  migh t  c o n v e n i e n t l y  

be  c o n s i d e r e d  i n  a  r e l a x a t i o n  ~ r o b l e m  a r e  d e n o t e d  bv  x i n  F f s ,  1, - 
The q u a n t i t i e s  a f f i x e d  t o  t h e s e  

p o i n t s  d e n o t e  t h e  v a l u e s  of V - 
if y r e f .  i s  t a k e n  a s  t h e  o r d i n a t e  

of  t h e  l o w e r  boundary o f  t h e  c o i l ,  

K rl - - - -  ,. x 
K K L K  3 ,  

Fig .  1. I l l u s t r a t i o n  o f  

P r o g r e s s i v e  D i s c o n t i n u i t y  

of  V -  ?p . 
3. M o d i f i c a t i o n  o f  Algorfsms f o r  t h e  P o t e n t i a l :  

For  a  harmonic p o t e n t i a l  one  of  t h e  f o l l o w i n g  s t a n d a r d  

a l g o r i s m s  i s  n o r m a l l y  employed: 



h o r i z o n t a l  i n t e r v a l  between a d j a c e n t  mesh p o i n t s .  

I n  t h e  p r e s e n t  problem s u c h  r e l a t i o n s  must  be  re-examined 

f o r  t h o s e  c a s e s  i n  which b o t h  f u n c t i o n s ,  V and &, a r e  i n v o l v e d .  

A s  an  i l l u s t r a t i v e  c a s e  w e  may c o n s i d e r  t h e  a l g o r i s m  f o r  t h e  po ten -  

t i a l  ( V )  a t  t h e  p o i n t  i n  F i g .  1 which l i e s  on t h e  t o p  boundary  

one u n i t  ( h )  t o  t h e  r i g h t  o f  t h e  c u t .  By M a c l a u r i n  e x p a n s i o n s  

and u s e  of  t h e  c o n t i n u i t y  r e l a t i o n s  one  o b t a i n s  t h e  f o l l o w i n g  

MURA-211 
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4 - P o i n t  Algor ism:  
/ 

a(,+ P a )  VQ I 
n2 

V0~=[+.-, ,,. / + a a  KfJ 
+ a F )  -/ 

8 - P o i n t  Algor ism:  
2 

+ .*) I 4 25 g, 

e q u a t i o n s  i n  which t h e  d e r i v a t i v e s  a r e  e v a l u a t e d  a t  t h i s  p o i n t :  

5 r  a-/ 
+ -//-Cr3;1 V- /d 

f .  
/b ( I +  r a) / o 

5- I-" / 

+ /O) vo-/ f-z v/- /  

Lo 5 e  V'. -R !i- 

0 
where r = j / h  w i t h 1  d e n o t i n g  t h e  v e r t i c a l  i n t e r v a l  and h  i h e  



By m u l t i p l y i n g  t h e  above e x p r e s s i o n s  f o r  , * - I  

o r  f o r  ' ,  V./. 9 V./ 7 %,. v Ln * I 9  G- I  by t h e  

a p p r o p r i a t e  w e i g h t s  a p p e a r i n g  i n  t h e  c o r r e s p o n d i n g  a l g o r i s m ,  

one f i n d s  

Vb6 = ( s t d .  4 - p o i n t  a l g o r i s m )  + 

fi/- P ~ ) $  - 2 A g, = ( s t d .  % - p o i n t  a l g o r i s m )  + a6 
/ t r Z  

The c o n s t a n t  t e r m  which must  be appended t o  t h e  a l g o r i m s  f o r  

o t h e r  p o i n t s  may be  o b t a i n e d  s i m i l a r l y ,  w i t h  a t t e n t i o n  g i v e n  t o  

p o s s i b l e  d i s c o n t i n u i t i e s  i n  t h e  c r o s s  d e r i v a t i v e  e n t e r i n g  i n t o  

d e r i v a t i o n  o f  t h e  8 - p o i n t  a l g o r i s m .  

Upon f u r t h e r  e x a m i n a t i o n  it a p p e a r s  t h a t  a r e l a t i v e l y  s i m p l e  

r e c e i p t  may be  g i v e n  f o r  o b t a i n i n g  t h e  s u p p l e m e n t a l  t e r m ,  deno ted  

(cv), f o r  a n y  p a r t i c u l a r  p o i n t .  We w r f t e  t h i s  formula  below 

f o r  t h e  c a s e  j = c o n s t a n t :  

[CY]= 2 ?rg. [AO 6- 3 4)  ( A X ) -  humps 
% Area tc d o f i g  p a t h  

I n  t h i s  e q u a t i o n  w i  r e p r e s e n t s  t h e  weight which t h e  a l g o r i s m  i n  
- 

q u e s t i o n  a t t a c h e s  t o  t h e  p o i n t  P i ,  y d e n o t e s  t h e  a v e r a g e  v a l u e  of 

y  and A x t h e  x -d i sp lacemen t  a l o n g  each  o f  t h o s e  s t r a i g h t  l i n e s  

which t r a v e r s e  t h e  c u r r e n t  r e g i o n  i n  g o i n g  from t h e  c e n t r a l  p o i n t  

(0,O) t o  Pi, and t h e  sum o f  sudden jumps o f  p o t e n t i a l  r e p r e s e n t f n g  

d i s c o n t i n u i t i e s  between V and @ i s  t.o be  formed a l o n g  t h e  same 



p a t h s  and s h o u l d  a l s o  i n c l u d e  any e f f e c t  of  t h e  c u t  i n  t h e  e x t e r i o r  

~2 0 
r e g i o n .  The e x p r e s s i o n  - represenT.s 4 ;'tj and s h o u l d  c a r r v  Arc, 
t h e  s i g n  of  t h e  c u r r e n t  ( p o s i . t l \ f e  i f  j i s  d i r e c t e d  o u t  of !.he 

Example : - 
By way of i l l u s t r a t i o a ,  .?:his furmu13 would i n v o l v e ,  i n  , the 

example f o r  whic,h t h e  M a c l a u r i n  e x p a n s i o n s  were  made, t h e  p o i n t s  

- 1 -  ( 0 , - I ) ,  and (I , - : )  i n  t h e  8 - p o i n t  a l g o r i s m ;  t h u s  

- 
4. A D e t a i l e d  Example: 

I n  t h e  p r e c e d i n g  p a r a g r a p h s  we have emphas ised  t h e  method 

o f  S e c t ,  1 a , - i i  i n  t h e  b e l i e f  t h a t  t h i s  method may be  a  good 

p r o c e d u r e  on which t o  s t a n d a r d i z e  f o r  t h e  i n t r o d u c t i o n  o f  c u r r e n t s  

( i n  8 two, -d imens ional  a p p r o x i m a t i o n )  i n t o  t h e  FOROCYL computa-. 

t f o n a l  program, The program, a s  w r i t t e n  by  D r .  J ,  N. Snyder ,  i s  

p r e p a r e d  t o  a c c e p t  c u r r e n t  :;slues i n  t h e  form o f  p r e s c r i b e d  

c o n s t a n t s  whereby t h e  s t a n d a r d  a l g o r i s m  i s  modi f i ed  a t  s p e c i f i e d  

p o i n t s ,  It may. t h e r e f o r e ,  be  o f  i n t . e r e s t  Lo i . l i u , s . t r a t e  this 

method below i n  some d e t a i l .  f o r  t h e  c a s e  o f  a  3 x 6 c o i l  

( r  = 1) i n t e n d e d  t o  p r o v i d e  t h e  magnetomotance f o r  a  magnet p o l e  

a g a i n s t  which it i s  l o c a t e d .  

S i n c e  t h e  IBM c o m p u t a t i o n a l  program i s  d e s i g n e d  t o  work w i t h  

"poten.f . ia isV'  l e s s  t h a n  1/2, we a r b i t r a r i l y  t a k e  t h e  



magnetomotance to be 0.36 units, corresponding to 0.02 units geI 

each basic square mesh cell of the coil. The discontinunities 

of potentia1,AS V-$ , are indicated along the top of the coi; 

Loca 

'3h3 For the configuration 
tion of 

of Fig. 

Current-Carryi 

2 application 

Coil. 

our receipt 

gives the following "current values", which should supplement the 

standard algorism, for points associated with each of the coils: 

Point 

- .036 
- 00055 
+ .072 

+. 036 

- .024 

-. 018 



For a  s f m i l a r  

magnet ( f i e l d  d i r e c t e d  UJ i n t o  t h e  i r o n ) ,  t h e  c u r r e n t  v a l u e s  

1 5  

16 

17  

18  

would, of cou r se ,  be of o p p o s i t e  s i g n .  

Some t r i a l  FOROCYL computat,ions were made f o r  c o i l s  of t h e  

type  i l l u s t r a t e d ,  wi th  c u r r e n t  va lues  de r ived  from t h e  

By use  of an e x t e n s i v e  (90  x  52 )  mesh t h e  ca se  of a  c o i l  on an 

i n f i n i t e l y  long po l e  could be c l o s e l y  s imula ted  and t h e  i n t e r -  

f e r ence  of one c o i l  w i t h  t h e  f i e l d  produced by t h e  o t h e r  could be 

regarded a s  smal l .  (Fo r  convenience i n  preparing t h e  computations,  

I 

t h e  f i e l d s  and consequent ly  t h e  c u r r e n t  v a l u e s  were r eve r sed  

from t h e  case  i l l u s t r a t e d  i n  Fig.  2 ( & = . 3 6  -%,cb=-e$, ja = -j, ) 

The c o i l  extended from j = 23  t o  j = 29. The va lue  of 4 
en te red  a t  j = 51 was shaded o f f  somewhat i n  t h e  expected way 

from 0.36 t o  0.2696 3s one approched t h e  c e n t e r  of t h e  space 

between t h e  po l e s  ( i = 45)  and va lues  ex tend ing  from 0  t o  0.0904 

were similarly en te r ed  a t  j = 1. Along t h e  v e r t i c a l  pole-  

s u r f a c e s  /L had t h e  value  0  f o r  1 4 j 28 and t h e  -vpalue 

0.36 f o r  29 < j < 51. I n  FOROCYL run  104 on ly  t h e  pure Laplace  

I - ,006 

19  0 0 

phase,  wi th  t h e  4 - p o i n t  a lgo r i sm was used;  i n  run  105 t h e  main 

phase was used but  i n  an a lmost  Lap lac ian  manner, s i n c e  t h e  
/ 

cons t an t s  l / w  = 0 ,  k = 0.5 and N = 3850 were employed. I n  

-. 01 I -. 012 

20 0 

2 1 1 0  
t 

0 

0  

- 00005 

0  

For a  s f m i l a r  c o i l  p rov id ing  magnetomotance f o r  a  "nega t ive"  
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MURA-211 
( 1 1 )  

c i t i n g  t h e  r e s u l t s  of  t h e s e  computa t ions  we s h a l l ,  f o r  conven ience ,  

r e c o n v e r t  t h e  p o t e n t i a l s  t o  t h o s e  a p p r o p r i a t e  t o  t h e  more con- 

v e n t i o n a l  f i e l d - p o l a r i t y  i l l u s t r a t e d  i n  F i g .  2 . )  

The r e s u l t s  o f  t h e  FOROCYL computa t ions  may be  compared w i t h  

t h e  image c a l c u l a t i o n s  o f  M r .  Weinberg ( ~ l l i o t  Weinberg, MURA 

n o t e s  d t d .  6/30/56 and r e v i s e d  g raph  s u b s e q u e n t l y  d i s t r i b u t e d )  

f o r  a  s i n g l e  c o i l  s i t u a t e d  on an  i n f i n i t e l y  l o n g  po le .  F o r  t h i s  

c a s e  t h e  e x t e r i o r  p o t e n t i a l  i s  found t o  v a r y  v e r y  n e a r l y  l i n e a r l y  

a s  one p r o c e e d s  a round t h e  exposed p e r i p h e r y  o f  t h e  c o i l  and ,  

i d  p a r t i c u l a r ,  t o  conform e x a c t l y  t o  t h i s  l i n e a r  r e l a t i o n s h i p  

a t  t h e  p o i n t s  deno ted  @ @, and @ i n  F ig .  2. The r e s u l t s  

a r e  summarized below: 



S i m i l a r l y ,  i f  t h e  c o n f i g u r a t i o n  of F ig .  2  i s  r ep re sen t ed  

The r e s u l t s  of such a  run  a r e  summarized below: 

by a  mesh wi th  r = 2/3, so  t h a t  a  s i n g l e  c o i l  would be 3h wide 

by 9 e  high,  t h e  a p p r o p r i a t e  c u r r e n t  v a l u e s  would be 

-.099 692 3077 

-. 049 846 1538 

-.005 666 6667 

+.099 692 3077 

+.049 846 1538 

-.013 692 3077 

I 
( I n  t h e  computat ional  examples, convergence of t h e  i t e r a t i o n  prbcess  was 

no t  n e c e s s a r i l y  complete. Thus, i n  t h e  l a s t  example ( w i t h  r = 2/3 

and a  "90 x 77" mesh) t h e  p o t e n t i a l  f o r  p o i n t  "6" would be . lo92 

8 

9  

10 

a f t e r  393 main i t e r a t i o n s  and ,1081 a f t e r  781 main i t e r a t i o n s  
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( r e q u i r i n g  about 6 h r s . ) .  The agreement w i t h  t h e  expected va lue  

appeared s u f f i c i e n t l y  goad f o r  t.he p r e s e n t  purpose ,  however, t h a t ,  

i n  t h e  i n t e r e s t  of sav ing  computer t ime ,  t h e  problem was no t  c a r r i e d  

f u r t h e r .  ) 

5. Conclusfon Concerninq App l f ca t i on  of Two-Dimensional Ana lys i s "  

From t h e  a n a l y s i s  and examples g iven ,  t h e  method desc r ibed  i n  

t.he preceding s e c t i o n s  appears  t o  p rov ide  an adequate  and convenient  

means f o r i n c l u d i n g  s p a t i a l l y - e x t e n d e d  c u r r e n t s ,  of uniform c u r r e n t  

d e n s i t y ,  i n  s u b s t a n t i a l l y  two-dimensional problems f o r  t h e  determina- 

t i o n  of magnetic f i e l d s  by r e l a x a t i o n  methods. The poss ib . l e  a p p i i -  

c a t i o n  of s imLlar  t e chn iques  t o  t h e  s c a l i n g  f i e l d  of  FFAG a c c e l e r a t o r s  

( c f .  MURA-LJL-8, Revised) remains t o  be i n v e s t i g a t e d .  Because of 

t h e  r e l a t i v e l y  minor r b l e  commonly played by t h e  c u r r e n t - d i s t r i b u -  

t i o n  ( s ave  t o  d e t e n i n e  t h e  magnetomotive p o t e n t i a l  developed i n  

t h e  p o l e s )  and t h e  compar i t i ve ly  s imple  form of t h e  r e s u l t s  f o r  a  

s t r i c t l y  two-dimensional c o n f i g u r a t i o n ,  one may i n  any c a s e  be i n c l i n e d  

t o  e x p l o i t  t h e  c l o s e  s i m i l a r i t y  between FFAG and two-dimensional 

probLems t o  r e t a i n  the procedure  desc r ibed  he re  i n  fo rmula t ing  

FOROCYL agenda. 

6. Extension t o  a  Sca l ing  Three-Dimensional F i e l d :  

It appears  p o s s i b l e  aga in  t o  employ a  s c a l a r  " p o t e n t i a l '  f u n c t i o n  

i n  c e r t a i n  probiems invo lv ing  three-dimensional magnet.ic f i e l d s  which 

s c a l e  i n  t h e  s ense  of MURA-LJL-8 (Rev.) .  The problem i s  n o t  un ique ly  

de f ined ,  however, u n l e s s  in format ion  i s  a v a i l a b l e  concerning t h e  

d i r e c t i o n  of t h e  c u r r e n t s  which a r e  in t roduced  t o  augment t h e  main 

magnetizing c u r r e n t  a s  one proceeds t o  l a r g e r  and l a r g e r  r a d i i .  

I f  one supposes t h a t  t h e  magnetic f i e l d  i s  given i n  t h e  u sua l  

way from t h e  g r a d i e n t  of a  s c a l a r - p o t e n t i a l  p l u s  supplementing terms 



which a r e  o n l y  r e q u i r e d  i n  t h e  p r e s e n c e  o f  c u r r e n t s ,  one w r i t e s  

The c u r r e n t - d e n s i t y  i s  d e r i v e d  from H by t a k i n g  t h e  c u r l  and w i l l ,  

o f  c o u r s e ,  be  d i t e r g e n c e - f r e e  s i n c e  d i v  c u r l  v a n i s h e s  i d e n t i c a l l y .  

" d It may be  n o t e d  t h a t  t h e  v e c t o r  l i n e - e l e m e n t  associated w i t h  

changes  i n  t h e  c o o r d i n a t e s  x ,  , and /y i s  

hence t h e  u n i t  v e c t o r  i n  s u c h  a  d i r e c t i o n  t h a t  and remain 

c o n s t d n t  i s  

I n  d e t e r m i n i n g  t h e  f u n c t i o n s  f ,  g  and h  it would be  d e s i r a b l e  ( i )  

t o  a r r a n g e  f o r  t h e  c o n t r i b u t i o n  t o  d i v  H which a r i s e s  from t h e s e  



6 
s u p p l e m e n t a l  t e rms ,be  z e r o ,  i n  o r d e r  t h a t ,  A s a t i s f y  . the d i f f e r e n -  

t i a l  e q u a t i o n  which p r e v a i l s  i n  t h e  absence  of  c u r r e n t s ,  

~ ~ + ~ ~ ~ ~ ~ ' ~ = 6  
a ~ w " -  J7 

and (ii) t o  is  s u b s t a n t i a l l y  i n -  

7 
dependen t  of  f and j . w i t h  J i t s e l f  d i r e c t e d  p r i m a r i l y  i n  t h e  

4 
d i r e c t i o n  N. 

An example o f  t h e  t y p e  of  f u n c t i o n s  which might  be  c o n s i d e r e d  

t o  meet t h e s e  c o n d i t i o n s  i s  
A- a 

where t h e  c o n s t a n t  fat" i s  r e l a t e d  t o  t h e  s p a t i a l  d e n s i t y  o f  t h e  

c u r r e n t  i n  t h e  m a g n e t i z i n g  wind ings  and hence  t o  t h e  magnetomotance 

which t h e s e  wind ings  d e v e l o p .  With t h e  f o r e g o i n g  form f o r  t h e  f u n c t i o n s  

4 ,  g ,  and h ,  t h e  c o n d i t i o n  d i v ?  = 0 l e a d s  t o  t h e  customary 

d i f f e r e n t i a l  e q u a t i o n  f o r  4 , namely t h a t  which p r e v a i l s  i n  t h e  

absence  o f  c u r r e n t s .  The c u r r e n t - d e n s i t i e s  a r e  o f  t h e  form 

T h i s  c u r r e n t  i s  d i v e r g e n c e  f r e e ,  w i t h  t h e  s t r o n g e s t  components 
A 

Jr and t h e  7 - independen t  p a r t  of  J8 i n  t h e  r a t i o  I: w~ . The 



component of  c u r r e n t - d e n s i t y  7 h: i s  independent of 9 through 

terms i n  

I f  t h i s  o r  some s i m i l a r  c u r r e n t  c o n f i g u r a t i o n  i s  regarded a s  

r e p r e s e n t a t i v e  of t h e  c u r r e n t  d i s t r i b u t i o n  of i n t e r e s t ,  t h e  c o i l  

geometry must t hen  be s p e c i f i c a l l y  cons idered  i n  o r d e r  to assoc ' ia te  

t h e  s c a l e - f a c t o r  "ctt  wi th  t h e  t o t a l  magnetomotance developed by t h e  

c o i l ,  t o  determine t h e  boundary relationships, and t o  develop s u i t a b l e  

a lgor i sms  f o r  t h e  p o t e n t i a l  f u n c t i o n  which a r e  of  t h e  s t anda rd  

form save  f o r  an a d d i t i v e  term. These d e t a i l e d  s t e p s  have n o t ,  

however, a s  y e t  been c a r r i e d  through f o r  any p a r t i c u l a r  ca se  and 

may involve  some annoying complexity.  


