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Abstract. Electromagnetic fields carry a linear and an angular momentum, the
first being responsible for the existence of the radiation pressure and the second
for the transfer of torque from electromagnetic radiation to matter. The angular
momentum is considered to have two components, one due to the polarization
state of the field, usually called Spin Angular Momentum (SAM), and one due
to existence of topological azimuthal charges in the field phase profile, which
leads to the Orbital Angular Momentum (OAM). For non-paraxial fields these
two contributions are not independent of each other, something which is de-
scribed as spin-orbit coupling. It has been recently proved that electromagnetic
fields necessarily carry also invariant radial charges that, as discussed in this
work, play a key role in the angular momentum. Here we show that the total
angular momentum consists in fact of three components: one component only
dependent on the spin of the field, another dependent on the azimuthal charges
carried by the field and a third component dependent on the spin and the radial
charges contained in the field. By properly controlling the number and coupling
among these radial charges it is possible to design electromagnetic fields with
a desired total angular momentum. In this way it is also possible to discover
fields with no orbital angular momentum and a spin angular momentum typical
of spin-3/2 objects, irrespective of the fact that photons are spin-1 particles.

1 Introduction

Electromagnetic fields carry an angular momentum which is responsible for the transfer of
torque from light to matter. After the work by Allen et. al [1] the interest on the angular
momentum of light, its origin and effect on matter, has gradually grown through the years and
currently represents an active area of investigation, especially in view of possible applications
to high-capacity optical communications, novel metrology techniques, classical and quantum
imaging [2–5]. There are essentially two sources the angular momentum: one due to the
polarization state of the field (spin angular momentum or SAM, for short) and the other due to
the presence of a helical wavefront in the electromagnetic field (orbital angular momentum or
OAM)[6–15]. In this work we discuss an insightful expression of the total angular momentum
(TAM) in terms of the s and p components of the angular spectra of the field. We then use that
expression of the TAM and combine it with the recently introduced representation of a field
in terms of Helmholtz Natural Modes which allows us to identify two types of topological
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charges carried by a field: an azimuthal charge and a radial charge. The existence of azimuthal
charges has been known for long as they are linked to the orbital angular momentum of a
field. On the other hand, the existence of topological radial charges seemed to have remained
unnoticed to the scientific community. Interestingly, as we are going to present in this work,
radial topological charges are responsible for the orbit-spin coupling in non-paraxial fields.
Once the main mechanism behind the generation of the Total Angular Momentum (TAM) of
a field is clear, we can show the existence of fields endowed with only a SAM contribution,
which however corresponds to spin-3/2 particles, something surprising when dealing with
electromagnetic fields. In this work we will consider the time-averaged TAM, which can be
written in the following way

J =
ε0µ0

2
Re

{∫ [
r ×

(
E ×H?

)]
dr

}
(1)

where the ? symbol stands for complex conjugation. We will show that for a beam propa-
gating along the z-direction, the z-component of the TAM per unit length can be expressed in
Fourier space as

Jz = Re
{
ε0

2iω

∫ [(
A?

s
∂As

∂ϕ
+ A?

p
∂Ap

∂ϕ

)
−

(2π)2

k
ρ2

kz
A?

s Ap

]
ρdρdϕ

}
(2)

Eq.2 shows that TAM can in fact be expressed in terms of the sum of a s-polarized con-
tribution (which we will call S-TAM), a p-polarized contribution (which we will denote as
P-TAM) and a s-p cross-term (which we can denote as SP-TAM). A lot can be learned on the
physics governing the TAM by expressing any field in terms of vectorial Helmholtz Natural
Modes (HNMs) [16, 17]. As we will show in this paper, this allows us to write the angular
momentum per unit energy as made of three parts (n denotes the azimuthal charge carried by
the field and m the radial one)
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Eq.3 tells us that the TAM has three main contributions: a first term only dependent on the
spin σz, a second one dependent on the azimuthal charges n present in the field (the orbital
part) and a last term which depends on the spin σz and the radial charges m contained in
the field. Jz/W can be interpreted as if each photon in the field contributes to the angular
momentum through a term σz~ due to its spin, a term n~ due to its orbital angular momentum
and a third term, again proportional to the spinσz and function of the radial charges carried by
the field. The last contribution, which is absent within the paraxial regime, is a special trait of
the electromagnetic theory. In the talk we will discuss on the coupling among radial charges,
identify cases when such coupling is absent and the interesting case where no azimuthal
charge is present. [18].
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Figure 1. Panel a: Absolute value of the coupling function f (m,m′) = 1/[2iπ(m−m′)]+1/[2π2(m−m′)2]
among neighbouring radial modes. The curve refers to the coupling of the 0-th order radial charge
(shown close to the origin of the x-axis in the graph) with the neighbouring radial charges, of order
m ∈ [−5, 5]. On the x-axis the order of each charge is reported, while the phase profile of each charge
is used as marker on the curve. Only radial charges corresponding to HNMs of same azimuthal charge
n can couple to each other.
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