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NUMERICAL STUDIES OF ION-LOADED ELECTRON RINGS

J. W. POUKEY and J. R. FREEMAN

Sandia Laboratories, Albuquerque, New Mexico 87115, USA

and

M. REISER

University ofMaryland, College Park, Maryland 20742, USA

(Received December 5,1974,. infinalform March 14,1975)

A 2t-dimensional particle simulation code is used to study a ring of relativistic (3.5-MeV) electrons which is circulating in
an applied uniform magnetic field. The ring is seeded with a small percentage ofpositive ions. Axial symmetry is assumed,
and the transverse focusing conditions are investigated as a function of ring geometry, fraction of ions, and conducting
boundaries. The mean radii of the electron and ion subrings are oscillating and electron loss occurs under some condi
tions. We discuss two methods which are effective in combating this loss: the inclusion of an inner conductor, and the
elimination of magnetic images.
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I PROBLEM

Several laboratories are attempting to use circulat
ing rings of electrons to trap and accelerate ions
to high energies.1- 5 Among the theoretical prob
lems associated with these experiments are the
oscillations and electron loss from a ring seeded
with ions.

Ivanov et al.,6 Laslett,7 and Reiser8 used a
linear analysis to calculate the small-amplitude
'''betatron'' oscillation frequencies about an equi
librium orbit in such a system. Davidson, Lawson
and Mahajan9 studied the equilibrium properties
of such rings within the framework of the steady
state Vlasov-Maxwell equations. The problem
of resonances due to coupling between the trans
verse oscillations in the electron and ion subrings
was first treated by Koshkarev and Zenkevich.10

Boris and Lee11 performed some preliminary
computer simulations of ion-loaded rings in a
uniform applied magnetic field; they found that
due to radial separation of the electron and ion
subrings, as well as an apparent lack of axial
focusing,beam blowup and particle loss occurred.

In the present paper we discuss the results of our
own simulations of this problem, and we reach the
following conclusions. (1) Although we confirm
the results of Boris and Lee for the conditions
studied by them, through the addition of an inner
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radial conducting boundary the electron loss may
be reduced, or even stopped entirely, and in typical
cases a substantial electron core will be retained.
(2) By designing the radial boundaries to eliminate
magnetic image forces ("squirrel cage" windings),12
the electron loss may be reduced even further.

A schematic of the initial conditions for the
problem is shown in Figure 1. We use cylindrical
coordinates r, (), z and assume ()-symmetry; thus
our independent variables are r, z and time t.
We use periodic boundary conditions in the z
direction; thus in Figure 1 there are also rings at
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FIGURE 1 Schematic of initial conditions for the problem.
Boundaries at r = 2 and 12.5 cm are conductors; periodic
boundary conditions are used in z. Azimuthal symmetry about
the z-axis is assumed.
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z == -10 and +30 cm. The z-separation of 20 cm
between rings is much larger than the (average
initial) ring radius of 5 cm, so that we are in effect
solving the problem of a ring by itself between
infinitely long radial boundaries. To check that
this is so, several ofour solutions were also obtained
with a ring separation of 40 cm, and no significant
differences were observed.

The assumption of axial symmetry in our system
implies that any effects that result from, or lead to,
variations in charge and current distribution
with azimuth angle 8 are excluded in the computer
simulation. Examples of effects which we do not
treat are coherent off-centering of one or both
particle subrings, electron-ion coupling resonances,
and the negative mass instability. Our main ob
jective is a self-consistent study of the equilibrium
problem; in particular, the effects of beam di
mensions, positive ions and conducting boundaries.

The parameter values in this paper were chosen
to be relevant to the Maryland electron ring
experiments.4,s Thus in Figure 1 the inner and
outer radial conducting boundaries (both at zero
potential) are at a == 2 cm and b == 12.5 cm. The
average initial ring radius of R == 5 cm was
chosen so that R 2 == ab, which is the condition
that the radial position ofa thin-shell electron
beam be chosen to minimize the potential. 13,14

The only applied field is an axial magnetic
field Bo == 0.266 T, chosen for equilibrium of a
y == 7.85 beam (thus the initial kinetic energy, all
8-directed, of the beam electrons is 3.5 MeV). The
beam self-fields are obtained from the equations
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where A(J is vector potential (O-component),
(jr' j(J, jz) is electron current density, ¢ is electric
potential, and (Er , E(J, Ez ) and (Br , B(J, Bz ) are the
electric and magnetic self-fields, caused by space
charge and induction. Note that radiation fields
and induction fields due to aB(J/8t have been
neglected, which can be justified by estimating

their magnitudes.
The charge density p == e(ni - ne ), where ni

is ion density and ne is beam (electron) density.
In Figure 1 the ions are assumed to be already
present in the ring; we define f as the initial
number N i of ions, divided by the initial number
N e of electrons in the ring:

f == Ni/Ne •

The equation of motion for the electrons is

dV == _ ~ (E _ V· E V + V x B)
dt my c2

where m, e are electron rest-mass and charge,
c is the speed of light, Y == (1 - V 2/c 2

) - 1/2, and
V == (v:., VO, ~) is the electron velocity. For the
nonrelativistic ions we have

dV i == ~E
dt mi

where mi' Vi are ion mass and velocity, and we
neglect magnetic forces and O-motion of the ions.
This is justified since the dominant effects in
regard to the focusing problem are the radial
Coulomb forces between electrons and ions.

II CODE

The simulati6n particles, each of which represents
a ring of real particles, are initialized by distributing
them (both electrons and ions) uniformly over the
cross section indicated in Figure 1. The electrons
are given initial velocity VO == 2.97556 X 108 m/sec,
the ions start at rest. The basic cycle in the code is
then to solve in turn for (1) densities, (2) potentials
and fields, and (3) new particle velocities and
positions. The densities are found by standard
area weighting techniques. 1S- 17 The solvers for
Eqs. (1) and (2) are based on the fast Fourier
transform method of Hockney.18 The "particle
pusher" step in the cycle is similar to that used
recently in solving diode problems19; given the
fields at time step n, the particles are advanced
to step n + 1 via a predictor-corrector method.

Our typical r-z mesh is 33 x 33, time step
5 x 10- 12 sec (cyclotron period is about 10- 9 sec),
number of simulation electrons and ions 2000
and 400, respectively. That these choices are
adequate for the problem at hand was checked by
trial-and-error variation. Our scheme is second
order accurate in the time and space steps, except
for Eoin Eq. (3), which is first-order. Fortunately,
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III THEORETICAL CONSIDERATIONS

we find Eo to be relatively small (but not negligible).
Since it is costly to use the full mJm value, we

have generally used artificially light ions, with
mJm = 100. As a check, one case was repeated
with mJm = 400. Thus in the results presented
below, the ion behavior occurs on a time scale at
least 4 times faster than in reality, and in giving
times for electron loss, etc., our computed results
will always err on the pessimistic side.

The boundary conditions used are periodic in z,
and perfectly conducting at r = a and r = b
(cjJ = Ao = 0, where Aodoes not include the applied
Bo). The exception is the several cases to be dis
cussed below in which it was desired to have the
radial boundaries be electrically, but not mag
netically, conducting. In these cases the cjJ = 0
condition was still used, but the· Ao boundary
values were determined self-consistently (every
few hundred time steps is sufficient) by integrating
over the internal current loops.

Before presenting the results of our numerical
simulation studies, let us briefly examine the
problem of an ion-loaded ring from the point of
view of the linear analyses mentioned above.
The betatron oscillation frequencies, vr and vz

(normalized to eBo/my), of the electrons about the
equilibrium orbit are a measure for the radial
and axial force balance in the toroidal beam; in
fact, v; and v; are directly proportional to the
focusing forces in each direction. If the effects of
self-fields are neglected, the radial and axial
betatron frequencies in a uniform magnetic field
are Vr = 1 and Vz = 0, respectively. Thus, the
major problem is the absence of focusing forces
in axial direction. If self-fields are included, one
obtains the following formulas:

2 4tl
R2

( 1 ) tlP
V7 = - ()b(()a + ()b)/32 y2 - f - 2· (8)

R is the major radius of the ring, 2l5a and 2l5b

are the minor dimensions in the radial and axial
directions. The parameters tl and P are defined as

J1 = 4.58 X 10- 14
:; , (9)

where R is measured in cm, and

16R
P = 2 In l5 l5

a + b

(10)

The first term in Eq. (8) represents the "linear
beam" effect, i.e., the balance between Coulomb
repulsion and magnetic attraction present in a
straight beam of relativistic electrons with station
ary positive ions. It is defocusing as long as
f < 1/y2. The second term in Eq. (8) represents the
"toroidal" effect, i.e., the forces acting on an electron
due to the toroidal shape of the beam. This term
is always defocusing. Thus, in order to obtain a
net focusing force in the axial direction (v; > 0),
the fraction f of stationary positive ions must
exceed the Budker limit20 (f = 1/y2) by an amount
large enough to compensate for the toroidal
defocusing effect.

If conducting boundaries are present, the image
fields due to induced charges and currents produce
additional terms in the equations for v; and v;
which were discussed by Laslett. 7 With regard to
v;, the electric image for,ces due to coaxial con
ducting boundaries outside and/or inside of the
ion-loaded ring are focusing while the magnetic
image forces have a defocusing effect. The magnetic
image forces can be suppressed by preventing
azimuthal current flow in the conducting boundary.
This is accomplished by use of long, thin metallic
rods or strips in a squirrel-cage-type arrange
ment. 12 The "squirrel-cage" effect alleviates the
focusing problem and allows the use of a smaller
number of positive ions which is desirable for more
efficient acceleration by the expansion method
employed in electron ring accelerator experiments.
Detailed studies of the "squirrel-cage" focusing
method were made by Hofmann,21 and the effect
was confirmed in recent experiments at Garching.2

The linear analysis on which the previous
discussion of focusing forces is based is possible
only for thin rings in which the minor dimensions
are small compared to the major radius. In addi
tion, the assumptions inherent in such a theory
provide only a rough approximation to the be
havior of the actual system. In actual experiments,
the situation may differ significantly from these
models. At the University of Maryland, for
instance, the electron ring is being formed from a
long rotating sheet beam with axial dimensions
initially much larger than the radial width. These
facts motivated the numerical simulation studies
reported in this paper. Apart from the important
problem of axial focusing in beams with different
cross sections, we were also interested in the radial
motion. In particular, we wanted to see if the use
of an inner conductor would reduce the radial
separation of electron and ion subrings found in
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and the subscript "re," for example, refers to
"radial" and "electron." (Note that the ion times
are for the mass-ratio-100 ions.) For comparison,
the betatron frequency formulas of Ref. 8 [see also
Eq. (8) above] give Tre = 1.01 and Lze = 13 nsec
(or Vr = 1.04, Vz = 0.081), leading to a not un
reasonable comparison considering that the analytic
formulas apply only to small, linear oscillations
and involve several simplifying assumptions, such
as stationary ions and absence of conducting
boundaries.

In addition to the incoherent particle oscillations,
there are coherent oscillations of the mean radii of
the electron and ion subrings as a function of time.

4.8~

the simulation studies by Boris and Lee mentioned
earlier.!!

IV NUMERICAL RESULTS

We begin the discussion of our computer results
with the case shown in Figure 1. The initial ring
cross section was assumed to be rectangular with
~rb = 2ba = ~Zb = 2bb = 2 cm, the total number
of electrons was Ne = 1013 and the fraction of
ions was f = 0.1. We should note that in the
absence of image effects due to the boundaries
these parameters would yield a value of Vz ~

0.0815, from Eq. (8), i.e., a very weak focusing force
in the axial direction.

Figure 2 shows Bz(r) through the center of the
ring (i.e., at z = 10 cm) at t = O. Note that the
current in the ring (value is 1.5 kA here) is only
able to reduce the Bz field slightly below the vacuum
value (2.66 kG).
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FIGURE 4 Electrons at 7 nsec for the same cases as Fig. 3.
Left side: with inner conductor. Right side: no inner conductor.

Figure 3 shows the average electron and ion radii
vs. time. Note that the electrons tend to remain
slightly outside the ions. Also shown are the results
obtained from the code by running a case which is
identical in all respects to the one under discussion,
except that the inner radial conductor has been
removed (as in Ref. 11). In this latter case, the oscilla
tions of the mean radii are much more pronounced,
and the separation of the electron and ion sub
rings is considerably larger. Thus one would
expect the beam to hold together better when an
inner conductor is present, and this expectation is
verified by Figure 4, which shows particle movie
frames (electrons only) for the two cases at 7 nsec.
With an inner conductor the beam is still intact,
whereas without an inner conductor the beam is
slowly evaporating away.

FIGURE 3 Average electron and ion radii vs. time for case
f = 0.1, N e = 1013

, ~rb = ~Zb = 2 cm. Solid dots: electrons,
with inner conductor; +: ions, with inner conductor. Open
circles: electrons, no inner conductor; x: ions, no inner con
ductor. Electron cyclotron period is 1.05 nsec.
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The potential well made by the electrons was
found to oscillate slightly about a mean value of
1.8 x 105 V. If this value is multiplied by 2/bb =
2 x 102 [m- 1 ] one gets a maximum electric field
("holding power") of 36 MV/m. The positive ions
will oscillate in this potential well. The electrons, on
the other hand, will oscillate or be lost from the
ring depending upon the parameters. For the case
under consideration, VoB r ~ Ez , or v; > 0, initially
for all electrons, so the beam pinches inward in z.
The periods of oscillation for a randomly selected
ion and electron are Lre = 1.03, Lze = 8.1, Lri =
4.36, LZi = 5.9 where the times are in nanoseconds

FIGURE 2 Bz(r) at z = 10 cm, t = 0 for the case f = 0.1,
N e = 1013

, ~rb = ~Zb = 2 cm, inner conductor present. The
applied Bo is 2.66 kG.

2.52
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FIGURE 5 Electrons at t = 0 (left side) and 7 nsec (right side)
for case f = 0.1, N e = 1013

, inner conductor present, initial
r-z cross section rotated by 45°.

Note that the beam cross sections at 7 nsec are no
longer rectangular. In fact, the particle oscillations
discussed above cause a constantly changing enve
lope of both the electron and ion subrings. To the
extent that one may separate "oscillations in mean
radius" from "envelope changes," loss of electrons
seems to be associated more with the latter,
because the radial restoring forces are stronger
(v; > v;) than the z-forces, i.e., beam loss is always
in z, never in r. We note that attempts to reduce
oscillations in this case by shifting the initial ring
center outward to the "correct" equilibrium radi
US!1 (we tried ~R = 0.2 cm, with and without
inner conductor) gave no substantial difference
from the above results.

Next we consider the effect of shape. If we repeat
the above case (Ne = 1013

, f = 0.1, with inner
conductor, 2 x 2 cm cross section) but rotate the
initial beam by,45° in the r-z plane, we obtain the
solution shown in Figure 5. This shows the r-z

cross section' of the electrons at t = 0 and t = 7
nsec. The results are similar to the previous
solution (compare the right side of Figure 5 with
the left side of Figure 4) except for the loss of a small
fringe of the beam. This suggests that the depen
dence on initial shape is rather weak, at least as long
as this "thin-ring" geometry is used.

Next we consider beams which are initially
elongated in the z-direction, which is the case in the
Maryland experiment, since the ring is formed there
by beam injection through a cusp magnetic field. 4 ,s
If we start with ~rb = 1 cm, ~Zb = 4 cm, f = 0.1,
N e = 1013

, and use an inner conductor, we find that
initially J/oBr > Ez so the beam begins by pinching
in z. However, the envelope variations referred to
above cause considerable beam loss after this first
inward z-pinching, and at t = 17 nsec the situation
is as shown in Figure 6. Here, the electrons are on
the left and the ions are on the right. We note that
although the electrons are spread over the system
length, there is an apparent core at the center which

contains about two-thirds of the initial beam. The
ions, on the other hand, are still clustered near their
initial position.

Ifwe repeat this last case but start with f = 0.05,
we find that at t = 0, Ez > J/oBr for the beam
electrons, so beam loss begins immediately. How
ever, at late times this inequality is reversed, and
an electron core persists of about 40% of the
original beam. Again, the ions remain near their
initial location, except for the ever-present oscilla
tions in the potential well of the electrons. The
depth of this well in this case begins at 1.6 x 105 V,
and becomes gradually less deep as beam electrons
are lost; the depth at 20 nsec is 1.0 x 105 V.

Recalling that our boundary conditions in z are
periodic, one might ask if this core of electrons is at
least partly caused by electrons which leave one
end and enter the other. To check this, the f = 0.05
case above was done with periodic field conditions
but particle-absorbing walls at the ends, and the
results were as given above (specifically, at t = 21
nsec, 58% of the original electrons were left in the
system, and 38% were in the core (~z = 2 cm). We
tentatively conclude that for at least tens of nano
seconds the ion-loaded rings tend toward a state in
which the "effective f" is 10-15%.

Finally, we consider the effects of removing the
magnetic images. Experimentally this is accom
plished by replacing the conducting radial boun
daries by squirrel-cage boundaries, in which
azimuthal currents cannot flow but which remain
conductors electrostatically. 12,21 The way in which
this is done in the code was discussed in Section II.

For the case ~rb = 1 cm, ~Zb = 4 cm, f = 0.05,
inner conductor present (i.e., the case just discussed
but with no magnetic image forces), we find that
initially J/oBr is larger than when the magnetic
images' were included, in fact sufficiently larger to
make J/oBr > Ez at t = O. Thus we expect, and find,
that the electron evaporation rate is much smaller
when the images are absent. In fact, by repeating
this case for other f values, we find that even a 2%

,:" ' ,.,:" : ,.; .;~, :,'

FIGURE 6 Electrons (left side) and ions (right side) at 17 nsec
for case f = 0.1, N e = 1013

, Arb = 1 cm, AZb = 4 cm, inner
conductor present.
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ion-loaded ring, with no images, evaporates more
slowly than a 5% ion-loaded ring, with images.
Specifically, Table I shows the percentage of the
initial ring left in the system and in the core at
16 nsec. "Core" is defined by the central ~z = 2 cm
region.

the University of Maryland static-field accelera
tor,4,5 it is hoped that the conclusions are general
enough to be of interest to anyone involved in the
electron-ring method of ion acceleration.
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V CONCLUSION

FIGURE 7 Electrons at t = 0 (left side) and 16 nsec (right
side) for case f = 0.02, N e = 1013

, 8rb = 1 cm, 8zb = 4 cm,
inner conductor present, no magnetic image forces.

The electron ring at t = 0 and 16 nsec is shown
for the f = 2%, no-magnetic-image case in Figure
7. In a sense it is our best solution, even though over
half the ring has been lost, since it has a small
initial f, and f is still only 5% at 16 nsec, and all
the ions remain trapped in the core (well depth at
16 nsec is 1.1 x 105 V). The maximum Ez in the
ring (holding power) is 2.7 x 106 Vim (at 16 nsec).
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We conclude that in an electron ring in a uniform
magnetic field and loaded with a small percentage
of ions, under the conditions studied here, electron
losses may occur due to force imbalance, particu
larly in the axial direction. We have studied two
ways in which these losses may be slowed, and
perhaps even cured: the use of an inner conductor
and the removal of magnetic images. We have
demonstrated the beneficial effects of these con
ditions using a 2!-dimensional particle simulation
code to solve the equations of a somewhat ideal
ized model. While the demonstration has actually
only been carried out for parameters relevant to




