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Abstract—A set of models for Monte Carlo simulation of pro-
duction and interaction of high energy muons is developed in
the framework of the Geant4 toolkit. It describes the following
physics processes: ionization of high energy muons with radiative
corrections, bremsstrahlung, electron-positron pair production,
muon induced nuclear reactions, gamma annihilation into muon
pair, positron annihilation into muon pair, and into pion pair.
These processes are essential for the LHC experiments, for the
understanding of the background in underground detectors, for
the simulation of effects related with high-energy muons in cosmic
ray experiments and for the estimation of backgrounds in future
colliders. The applicability area of the models extends to 1 PeV.
The major use-cases are discussed.

Index Terms—Bremsstrahlung, mesons, modeling, Monte Carlo
method, positron beam.

1. INTRODUCTION

HIS work is devoted to the description of the simulation

of high energy electromagnetic interaction of muons in the
Geant4 toolkit [1]. The interest in muon simulation is driven by
the following circumstances:

* muons can be produced in electromagnetic or weak inter-
actions and are a clean product of decays of Z, W=, and
new heavy particles;

* muon detection is an important part of coming LHC
experiments;

e amuon collider is one of the future options in HEP;

* muons of super-high energies (up to PeV) are a tool for the
investigation of primary cosmic rays including neutrino
astrophysics.

Geant4 physics is implemented in terms of processes associ-
ated with a particle type [1]. Each process may include several
models for different energy range of the incoming particle. The
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Fig. 1. Geant4 differential cross section for muon interaction processes in iron
for production of é-electrons, et e~ pairs, bremsstrahlung +y, and hadrons.

set of processes and models for the simulation of muon interac-
tions with matter will be discussed below. It is part of the Geant4
Standard Electromagnetic Package [1]-[3].

II. MUON INTERACTIONS

There are four basic processes of muon interaction that deter-
mine muon energy loss and generation of secondary showers in
matter: ionization (including production of high-energy ¢-elec-
trons), production of electron-positron pairs, bremsstrahlung,
and inelastic muon interaction with nuclei. Since the main con-
tribution to the latter is given by low-Q? region which is usually
described in terms of nuclear absorption of virtual photons, it is
often called “photonuclear” muon interaction.

A. Cross Sections

The dependence of macroscopic differential cross sections
o(E, ) of these four processes in iron for two values of muon
energy on the relative energy transfer v = ¢/E is shown in
Fig. 1. E is the muon energy and ¢ is the energy transfer. For
convenient representation, the cross sections in the plot are mul-
tiplied by €. The relative importance of a given process depends
on the muon energy and atomic number Z of the material. Iron
is chosen for demonstration of cross section shapes as a typical
material for muon filters used in many HEP experiments.

At moderate muon energy, practically in the whole region
the main interaction process is the production of §-electrons (in
iron, E < 100 GeV). At high energies, the relation between the
cross sections of different processes is drastically changed. For
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Fig. 2. Regions of dominance of different muon interaction processes in iron
[4]. The curves correspond to 50% contribution of the process in the combined
differential cross section.

example, for E = 10 TeV in a wide range of energy transfer the
direct electron pair production dominates, for v = 107% — 1072
its cross section being by 1-2 orders of magnitude greater than
that of other interaction processes, and the relative contribution
of the é-electron production becomes negligibly small.

Regions of dominance of different muon interaction pro-
cesses are illustrated by the diagram presented in Fig. 2. The
curves in the figure correspond to 50% contribution of the re-
spective process to the combined differential cross section. For
moderate muon energies, at any energy transfer (up to the limit
defined by kinematics of p-e scattering) the most important
process is the §-electron production. At higher energy transfer
the process of muon bremsstrahlung dominates.

For high-energy muons (E > 100 GeV), in a wide region of
transfers up to v = 0.1 the most frequent interaction process is
the direct electron pair production. The contribution of photonu-
clear muon interaction to the combined cross section is always
small (with the exception of lightest materials). However, this
process leads to the production of nuclear showers, and it deter-
mines the main source of hadron background arising from high
energy muon interactions.

B. Muon Energy Loss

Cross sections of muon bremsstrahlung, electron pair produc-
tion by muons, and of inelastic muon interaction with nuclei
nearly scale with the relative energy transfer

eo(E,e) =vo(E,v) = f(v). (1)

Hence, the average muon energy loss related to each of the pro-
cesses increases almost linearly with muon energy (Fig. 3). By
analogy with the electrons, the combined contribution of these
three processes to the total muon energy loss is often called
“radiation loss”. However, it should be noted that (unlike for
electrons) the bremsstrahlung process is strongly suppressed be-
cause of a large muon mass. Contrary, the direct electron pair
production plays an important role. Similar to the case of elec-
trons, muon critical energy E., may be defined as the value at
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Fig. 4. Contribution of muon interaction processes in iron to the total energy
loss as a function of the relative energy transfer in Geant4.

which the average ionization and radiation energy losses are
equal [5]; for iron, E., ~ 340 GeV.

The contribution of different energy transfer regions to the
average energy loss is illustrated in Fig. 4. Since

ie T
i /EU(E,E)dE
0
= —E’/VEU(E,E)d(lnI/), 2

0
in coordinates of Fig. 4 the contribution of the given process
to the average specific energy loss is proportional to the area
under the corresponding curve. Here €, is the maximum energy
transfer. For electron pair production, the relative energy trans-
fers contributing to the average energy loss are mostly those be-
tween 1073 — 10~1; for bremsstrahlung and inelastic interac-
tion, the average loss is determined mainly by rare catastrophic
collisions with v > 0.1. Energy loss for ionization is distributed
almost uniformly in In(e) between In(I) and In(E), where I is
the mean ionization potential.

C. Models for Muon Processes

Four Geant4 physics processes are created for simulation of
muon interactions:
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¢ G4Mulonization;

*  G4MuBremsstrahlung;

¢  G4MuPairProduction;

* G4MuNuclearInteraction.

As pointed out above, the ionization process provides the
main contribution to the muon energy loss for relatively low en-
ergies. The three following models are used for the different en-
ergy ranges:

* forE < 0.2 MeV, muon energy losses are derived from the
tabulated proton energy loss using scaling relation for the
stopping power of heavy particles [6], which is a function
only of the particle velocity;

* for (0.2 MeV <E < 1 GeV, the Bethe-Bloch formula with
shell and density corrections is applied [6];

* forE > 1GeV, the leading term of radiative corrections to
the Bethe—Bloch formula is taken into account according
to [7].

The fluctuations of ionization energy loss are simulated using
the universal model [8]. In the limit of thick absorber (large
step of muon in a media) it represents Gaussian Bohr fluctua-
tions [6] and for thin absorber (small step) samples Landau type
fluctuations.

In Geant4, for the description of muon bremsstrahlung the re-
sults of [9] are used, which represents an improved parameteri-
zation of the Petrukhin—Shestakov formula [10], and is valid for
any degree of screening and accounts for nuclear form-factor.
The formulae for muon bremsstrahlung on atomic electrons are
taken from [7]. Bremsstrahlung from target electrons (together
with respective radiative correction to u-e scattering) is taken
into account as a correction term [7] to the Bhabha formula for
d-electron production. The formulae from [11] and [12] describe
electron pair production on a screened nucleus, while for the
contribution of pair production on electrons the results [13] are
used. For the cross section of inelastic muon interaction with
nuclei, the expression from [14] is applied with VDM-based
correction for nuclear shadowing [15] and energy dependent
approximation of photonuclear cross section o.x(e) for real
photons[16].

D. Geant4 Implementation of Muon Interactions

Energy loss processes in Geant4 have continuous and dis-
crete components [1]-[3]. High energy transfers of energy are
simulated as a real discrete act of an interaction. Low energy
transfers are treated as a continuous process of energy loss.
The mean value of this restricted energy loss is obtained as a
result of integration (2). As the upper limit of the integral is
used €, = min(Teus, Tiax)> Where Ty is Geant4 produc-
tion threshold for §-electrons, Ty, is the kinematical limit for
a given process. Thus, energy transfers below ey;,,, are consid-
ered as continues energy loss. The same integration is applied
to the processes of ionization, bremsstrahlung, and ete™ pair
production. The sum of these three contributions is calculated
at the initialization stage of Geant4 and stored in the form of the
dE/dx table [1]. At initialization consecutively to that, the range
and inverse range tables are also calculated.

Additionally, the restricted cross section of each process is
calculated and stored in the separate lambda tables

E

AME) = /U(E,E)dé‘ 3)

Em

where A(E) is the inverse interaction length, €, is the same
threshold value as one used in the integration (2). Since the
muon-nuclear interaction does not contribute significantly to the
energy loss of muons (Fig. 3), this process is always treated as
a discrete ones, and the energy threshold ¢, for this process is
set to zero.

For all processes the differential cross section o(E, €) is used
both for calculation of the cross section and for sampling of
a final state. To save CPU during tracking time, the restricted
cross sections og (E, €, Z) are calculated at initialization for the
processes of bremsstrahlung and e*e™ pair production

on(E e, 7) = /o(EJ;Z)d:E. @

These calculations are performed with uniform grid in log-
arithmical scale both for E and ¢ for five different atomic
numbers Z = 1,4,13,29,92, and this table is kept for further
interpolation.

During tracking at each step the mean restricted energy loss
of a muon is a calculated using stored table [1], then using this
value the final continuous energy loss is sampled by applying the
fluctuation model [8]. If one of the muon processes limited the
step, then the sampling of the secondary particles is performed
for this process at the end-point of the step. First, the atomic
number Z is sampled using the atomic densities of the material
and cross sections (4) obtained from the table. Secondly, using
the same table the energy transfer is sampled. At the last step,
the kinematical parameters of final particles are sampled. For
the process of § -electrons the interaction with the nucleus is
neglected—the electron is assumed to be free, so its scattering
angle is defined by the energy transfer. For the bremsstrahlung
process the angular distribution of gamma is sampled according
to a simplified probability function

@)~ s =

i+ "= m ©)

where ., is the polar angle of the gamma, m is the muon mass.
For the process of eTe™ pair production the muon deflection is
neglected. The momentum of nuclear recoil is also neglected for
the processes of ionization and bremsstrahlung. The energy-mo-
mentum balance is used to determine four-momentum of the
scattered muon. By default, no production thresholds are ap-
plied in these two processes.

The muon photonuclear interaction is always treated as a dis-
crete process—no contribution to the continuous energy loss
(2). The total cross section (3) is obtained by the numerical in-
tegration of the expression from [14]. The process is consid-
ered for muon energies from 1 GeV to 1000 PeV. The main
contribution to the total cross section comes from relatively
low four-momentum transfer (Q?> < 1 GeV?), thus t-depen-
dence of the differential cross section from [14] is used. The



516

T T T T T
T =10TeV, 10° muons
5m CaCOa , 1 cm cut

No. interactions per bin

log (g, GeV)

Fig. 5. Distribution of energy transfer for 10 TeV muon interactions in five
meters of CaCOs: points—Geant4 6.2p01, lines—theory. The production
threshold 1 cm for secondary gamma, electron, and positron is used.

muon recoil is defined by the four-momentum balance. From the
four-momentum transfer the hadronic vertex is sampled using
Geant4 parameterized hadronic model [1]. For the effective sim-
ulation of deep penetration of muons, there is the regime of the
process, when hadronic vertex is not sampled at all—only muon
four-momentum transfer is sampled.

E. Validation and Discussion

For an adequate description of muon transport in matter and
of the response of the experimental setup, an accurate repro-
duction of the total and differential cross sections is of crucial
importance.

Since there are many intermediate calculations and interpo-
lations of the theoretical formula, the first step of validation of
the implementation of the described models and processes is
done by means of comparisons of the theoretical differential
cross sections with the Geant4 simulation results. A new Geant4
extended example “MuonProcesses” has been designed for the
demonstration of muon physics and for the validation of Geant4
models. The idea of this test is the following: if a muon energy
loss is AF in a layer of some material and it is much less than the
muon energy E, then the latter may be considered unchanged,
and individual interactions of the muon along its path are inde-
pendent. In these conditions, distribution of the number of in-
teractions N in the energy transfer may be readily written as

dN/d(Ine) = N, Xeo(E,¢)

where o(E, ) is macroscopic differential cross section in mass
units (cm?/g), X is the layer thickness (in g/cm?), and N, is the
total number of muons. Results of the comparison of Geant4
simulation predictions with theory calculations for 10 TeV
muons are shown in Fig. 5. Noteworthy, such a procedure
allows checking not only the correctness of the description of
the distribution shape of sampled energy transfers, but also the
absolute value of the total cross section. It was found that in the
energy range of model applicability the maximum systematic
difference in the differential distribution does not exceed 5%
for bremsstrahlung and pair production, and is less than 1% for
the ¢-electron process.
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Fig. 6. Results of comparison of the muon stopping power between Geant4
predictions and the evaluated data [5]: (a) stopping power of water (circles) and
iron (triangles)-Geant4 results and the data cannot be distinguished in the plot;
(b) relative difference between Geant4 predictions and the data.

As a whole, the accuracy of theoretical formulae used in
Geant4 for ultra-relativistic muons may be estimated as 1%—2%
both for the differential cross section and for the average energy
loss for muon energies from several GeV to (at least) several
PeV. At higher energies (depending on the material), the LPM
suppression for electron pair production may appear important.
Another exception is represented by heavy materials, where
so-called Coulomb correction proportional to («Z)?, again
essential for direct electron pair production, is not taken into
account. At worst, this may lead to an overestimation of the
cross section by a few percent.

This set of theoretical formulae implemented for Geant4 is
nearly the same as the one used in recent calculations of muon
energy loss and ranges in various materials [5]. The only ex-
ception is the cross section of inelastic interaction with nuclei,
where the authors of [5] have taken results from [17]. However,
as shown in [18], the difference between the two versions of
the cross section for this process is determined mainly by a dif-
ferent choice of the cross section o, for real photons; with the
same dependence o (¢) formulae of [14] and [17] give similar
(within 10% in the differential cross section and 5% for the av-
erage loss) results. Taking into account that in most materials the
relative contribution of nuclear interaction is less than 10%, this
difference does not introduce a serious additional uncertainty.

In order to perform an independent verification of Geant4 im-
plementation of muon processes, a direct comparison of stop-
ping power between evaluated data [5] and simulation results
was performed. In this simulation production cuts were set to in-
finite and the sum of the mean energy loss of muons from ioniza-
tion, bremsstrahlung, and pair production was calculated. The
results of the comparison (Fig. 6) demonstrate the good agree-
ment for any muon energy. The maximum difference does not
exceed 2%.
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III. MUON PRODUCTION PROCESSES

A set of high energy processes of muon production is
being developed inside the Geant4 Standard Electromagnetic
Package. The cross sections of these processes are relatively
small. However, these processes may provide a serious back-
ground for high energy experiments.

A. Muon Pair Production

One of the new processes is gamma conversion to muon pair
in the electric field of a nucleus. The cross section of this process
can be expressed in terms of the cross section value og

Z=Y3 m,
A027 Ty

where « is the electromagnetic coupling constant, r,, is the clas-
sical muon radius, Z and A are the nucleon charge and mass
number, and m,, and m, are the electron and muon mass re-
spectively. The cross section is proportional to Z2. There is also
a weaker logarithmic dependence on Z and A. A slightly dif-
ferent logarithmic term is used for hydrogen, see [19]. The dif-
ferential cross section is shown in Fig. 7 in units of oy.

The material dependence of the differential cross section is
not too strong and the cross section increases very slowly with
energy toward an asymptotic limit, which corresponds to the
complete screening. As it can be seen from Fig. 7, the asymp-
totic cross section of the process in the limit of high energy is
700/9. The details of theory and implementation are described

oo = 4aZ’r}, log (119 : (6)
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in [19]. The distributions of the laboratory angles of muons for
this process are plotted in Fig. 8.

The Geant4 class G4GammaConversionToMuons has been
implemented. Through this process, muon pairs can be pro-
duced by high energy photons in dense materials of LHC de-
tectors or in beam elements of a linear collider.

B. Positron Annihilation to Muon Pair

The annihilation of positrons with atomic electrons into muon
pairs [20] requires a minimum energy of the positron of

Ei = 2m’,/m. — m. = 43.69 GeV. @)

The motion of media electrons is negligible, so the process can
be treated as a positron annihilation with rested electrons and
formulas [21] for cross section of electron-positron annihilation
are applicable to this process. In contrast to the scaling with
72 for the photon conversion in the field of the nucleus, we
are dealing here with the interaction with atomic electrons,
which scales with Z. Its cross section is small compared to the
two-gamma annihilation (Fig. 9), however this reaction may
be a source of background for different HEP experiments. The
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Geant4 class G4AnnihiToMuPair has been implemented for
sampling of the process.

C. Positron Annihilation to Hadrons

Electron-positron annihilation to hadrons has been studied
for many years in ete™ colliders over a large range of energies
and the cross sections involved are well known. A first imple-
mentation of positron annihilation to hadrons is now available
in Geant4. This process is responsible for increasing of muon
background for linear collider and has other similarity with the
muon pair production. The threshold for the process is

Ein = 2m2 /m, — m, = 70.35 GeV. )

In the first Geant4 implementation of hadron production by
positron, only pion pair production is simulated. The validity
range of the model is limited to 1 TeV. For these energies the
following reaction dominates:

+ +

e'e —gp—TT Yy ©)
where v is a radiative photon, which is emitted by the initial
electron or positron. This radiative correction is essential, be-
cause it significantly modifies the shape of the resonance cross
section of the p-meson (Fig. 9). Details of the theory used are
described in [22], in which the main terms and the leading a?
corrections for this reaction are taken into account. The Geant4
class G4eeToHadrons has been implemented for sampling of the
process. It is foreseen to extend this process including produc-
tion of other light vector mesons and nonresonant background
for higher energies.

D. Background in Linear Colliders

Muon production in high energy electromagnetic showers can
be a major source of background for high energy linear colliders
(Fig. 10). From initially 10*° particles in the beam, a fraction
of 102 may hit collimators and produce thousands of muons
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which could travel over several kilometers through the vacuum
chamber and reach the detector region. The process of positron
annihilation to hadrons provides hadron background in the beam
pipe. It also increases the number of background muons because
of pion decay. A good simulation is essential for the design of
the collimation system, the final focus region and the detectors.

Several stages of collimation inside a linac will be neces-
sary. High Z-materials like lead or tungsten would easily be
destroyed under primary beam impact. For the first stage of col-
limation, relatively thin spoilers made of carbon are considered.
For carbon (Z = 6), the muon production by gamma conver-
sion and positron annihilation will be comparable (Fig. 10).
The positron annihilation is the dominant source of high energy
muons, close to the positron energy. For an electron beam,
positron annihilation only plays a minor role as a secondary
process in the electromagnetic cascade in the production of
lower energy muons.

IV. CONCLUSION

The set of processes for muon production in media and muon
interaction with media is available in the Geant4 toolkit. The
physics models implemented take main terms and leading cor-
rections into account. The accuracy of these implementations
is on the level of a few percent. The generally rather rare pro-
cesses of positron annihilation to muon and pion pairs have been
introduced. They are mainly important as a source of high en-
ergy muons and pions, which may be a background for LHC
and linear collider experiments.
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