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Recently, we presented in [1] the first complete and by then minimal SU(3) chiral in-
variant relativistic meson-baryon Lagrangian at O(¢®) with the presence of external sources
(scalar, pseudoscalar, vector and axial ones). This was a clear improvement over the stan-
dard reference at the moment [3], since the Lagrangian presented there was not complete
nor reduced in minimal form. A detailed comparison between the Lagrangians of [1] and [3]
is given in ref.[1]. Later on, Frink and Meifiner [2] pointed out that one can further reduce
the number of monomials present in the O(¢?) Lagrangian of [1] by six, passing from 84 in
[1] to 78 in [2]. Here, we discuss the findings of [2] and show that the SU(3) meson-baryon
chiral Lagrangian of [2] can be further reduced by two further monomials, i.e. to 76 mono-
mials instead of the 78 ones presented in [2]. We refer to [1] for the presentation of the
building blocks and techniques employed in the construction of the monomials, where it is
discussed in detail.

Some Cayley-Hamilton relations involving monomials with five flavour matrices were
missed in [1], as correctly noticed in [2]. The technicalities of this point were explained in
detail in the Appendix A of [2]. Along these lines, we find three Cayley-Hamilton relations
between the monomials O12 to Og5 of [1] that were not taken into account there. If these
Cayley-Hamilton relations are used to eliminate only monomials involving the product
of two flavour traces, then one monomial between Ooy, O99 and Ooy and two more ones
between Os1, O3 and Og5 can be eliminated. We choose to eliminate Ogy, O3 and Oos.
Thus, we agree with [2] that Cayley-Hamilton relations can be used to further eliminate
three monomials from Oj2 to Og5 in [1]. However, it is not possible to simultaneously
eliminate the monomials Oy, O21 and Os9 from the basis in [1], as wrongly claimed in [2].

We find other two Cayley-Hamilton relations between the monomials O3y to O3z in [1]
not considered there. They allow to eliminate two monomials between Oss, O3¢ and Osz,
as already remarked in [2]. We choose to eliminate O35 and Osg.

Another Cayley-Hamilton relation, not used in [1], is found between the monomials
Oss to Oy in [1] that was not used there. This is not commented either in [2]. In this way
one can eliminate another monomial that we chose to be Oy3 of [1].

In [1] we used a Cayley-Hamilton relation to eliminate the one flavour trace monomial,
Oz = i ((B{UV, w}o™ D,Bu) — (BD ,{u", u”}a’\TBu“>) Ewar (1)

while all the other monomials eliminated using the Cayley-Hamilton theorem contained
more that one flavour trace. Here, we prefer, because of large N, counting, to eliminate the
two trace monomial Oys in [1] and put back Oss in our new basis for the O(q?) Lagrangian.

Apart from the missed Cayley-Hamilton relations in [1], Frink and Meifiner [2] also
realized that only the symmetric combination of Og and Oy in [1] is independent. Hence,
only one of these two monomials should be considered and we keep Og. Since we found
difficulties in understanding the argumentation given in [2], we reproduce here our way
of deriving such relationship between Og and O1yp. We proceed as follows. Taking into
account that

Dyu, — Dpuy, = f,, , (2)



see eq.(2.10) of [1], the difference between Og = i(Buto,, D,B h*?) — i(B<l_)pu“JWBh”p>7
— _—
and i(Buto,,D,B D"u’) —i(B D ,u*o,, BD"uP), is accounted for by the monomial Ogy of

ref.[1], or by our present 674 of Table 1. Then, neglecting a global divergence,
O9 — — i(D"Buto,, D,Bu’) —i(BD"u"0,,D,Bu") — i(Butc,, D"D,B u’)
+ i(D"D,Bu"c,, Bu’) + i(D,BD"u"c,, Bu’) + i(D,Bu"c,, D"Bu’) , (3)

where other monomials already accounted for are not written and this is why we use the
right pointing arrow. The second terms on each of the lines of eq.(3) can be written
again in terms of monomials with f,, because of eq.(2), since D¥u* is contracted with the
antisymmetric tensor o,,. The resulting structures are taken into account by the monomial
575 in Table 1. In this way we are left with

Oy — —i(D"Bu"0,, D’ Bu,) — i(Bu"c,, D" D’ Bu,)
+i(D? Bu*c,,, D" Bu,) + i(D" D” Bu"o,,Bu,) . (4)

Employing the relation —i0,, = g, — V7Y, in the first and fourth monomials above and
+i0 = Guv — VuYv in the second and third ones, one can write

Oy — —4(Bu"D,D,Bu”) — 2(Bu”D,B D,u”) — 2(BD,u’D,Bu*) , (5)

where the equation of motion of baryons has been used to remove those terms involving
v D,B and D,Bv", see eq.(4.2) of [2]. One can proceed analogously for O1¢ and then
exactly the same combination of monomials as in (5) is found. Hence, only the symmetric
combination of Og and Oiq is independent, while the difference can be written in terms of
other monomials already taken into account.

Frink and Meifiner also noticed that the index ordering in the monomials Oz, Osg
and Os4 in [1] do not match the conditions imposed by charge conjugation. We want to
point out that the difference between the index ordering in [1] and that which is exactly
invariant under charge conjugation is O(q*). However, we prefer —see our comments in
[1]- monomials in the Lagrangian which are exactly charge conjugation invariant, because
charge conjugation is a symmetry of strong interactions. Then, we now take the ordering
in the indices such that these monomials are exactly charge conjugation invariant.

As pointed out in [2] the relative sign between the flavour traces in Oy should be
plus instead of the minus in [1]. Once this is corrected O becomes of O(g*). Then, the
comment at the end of Section 5 of [1], though correct, is not relevant.

Summarizing the discussion above, we can further eliminate from the O(g3) three-
flavour meson-baryon Lagrangian in [1] the following monomials: O1g, O22, O23, O25, Oss,
Os6, O41 and Oy3. In addition, we exchange O4o by 633. We therefore end with 76
independent monomials in the SU(3) meson-baryon chiral Lagrangian at O(g%), eight less
than in [1] and two less than in [2]. We give the full list of the monomials present in the
minimal SU(3) meson-baryon chiral invariant Lagrangian in Table 1.
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Table 1: Minimal set of linearly independent monomials of

the SU(3) chiral meson-baryon Lagrangian of O(q

3). On the

third column we give the vertex with the minimal number of

mesons and photons to which each term contributes.



In the previous list, the symbol D,, = D, D, + D,D,. For the other symbols we refer
to [1]. In addition, a covariant derivative acts only on one hadronic matrix field, the one
immediately to the right or left (in the latter case there is a left pointing arrow over D).
E.g., D,Bu, must be understood such that the covariant derivative acts only on B. We
also want to remark that our way of presenting the monomials of the O(¢®) meson-baryon
chiral Lagrangian here and in [1] is much more compact and easy to manipulate than the
one employed in [2]. We also prefer not to introduce dimensionful parameters to change
artificially the dimension of the coefficients h;.

Regarding the Lagrangian presented in [2], monomials O:(g) and O:g) are not linearly in-
dependent from the rest of monomials in the O(¢®) meson-baryon chiral Lagrangian and can
be removed. We first note that o#”[uy,, [u,, u,|], the combination used in [2], is proportional
to 0" [u,, [uy,, u,]]. This can be seen by explicitely expanding the commutators and taking
into account that o#" is antisymmetric in the indices y and v. In this way, the two monomi-
als Oé‘z) and Oé‘? of [2] are accounted for by the structures (Bvys0”"[[u,, uy], us) D’ B) and
(By50?"D? B [[u,, uy|, us]), plus the corresponding charge conjugated terms. We consider
in detail the first of these monomials and employ the relation,

[[up, uy], X] = 4[D,, Dy] X + 2i ;;]7X] ) (7)

see eq.(2.9) of [1]. Hence,

(Bys50™"[[up, un), ug) D? B) = 4(By50”"[D,, Dylus D B) + 2i(Bys50™"[f,,, us] D7 B) . (8)

The last term in the previous equation is accounted for by the monomials Oé?{) and Oé?é)

of ref.[2] and corresponds to Og7 of [1], once the identity aageo‘ﬁp” = 2i7y50”" is employed.
Then, we do not consider this term any further and concentrate on the first one on the
right hand side of the equality.

(By50”"D,, DylusD? B) = 2(Bv50”"D,Dyu, D’ B)
= —2(D,Bv50""Dyu,D° B) — 2(Bv56”"Dyu, D,D° B) , 9)

where a total divergence has been dropped out in the last equality. Now, since o7 =
iyP~"T — igP, we have for the first term on the second line,

i(D,By5v"~y" Dyu, D’ B) — i(D,B~59"" Dyu, D’ B) . (10)
The first term in the previous equation can be removed by the baryon equations of motion.
Using now that o = —iy"7* + igP" to the last term in eq.(9), one has,

i(B59”" Dyuy D,D° B) — i{By5v"y’ Dyu, D,D’ B) . (11)

Employing again the baryon equations of motion the last term can be disregarded. When
summing eqs.(10) and (11), as corresponds to the last line of eq.(9), the terms proportional
to g’ cancel each other. As a result the monomial on the left hand side of eq.(8) can
be removed as stated before. One can proceed in a similar way to remove the monomial



(By50°1 D B [[up, up), ts]) as well. This discussion shows that one can further reduce the
number of monomials by two in [2] passing from 78 to 76, in agreement with the number
of monomials we found above.

In addition, we notice that the monomial Of{)) of [2] is not exactly charge conjugation
invariant since those terms involving two covariant derivatives acting on the mesonic fields
u, are missed. These contributions, though are of O(q*), are needed to guarantee exact
charge conjugation invariance.

Here, we have discussed the findings of [2] in relation to [1] and showed that one can
reduce in eight the number of monomials in the SU(3) meson-baryon chiral Lagrangian of
O(q?) presented in [1] and in two when comparing with the Lagrangian in [2]. Thus, we
end up with 76 monomials, instead of the 84 in [1] and of the 78 presented in [2].
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