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1. Introduction

In order to understand the phases of matter at finite temperand density it is necessary to
understand the properties of the non-perturbative vacuu@Gb or related models. The Gross-
Neveu model [1] resembles QCD in many respects and can bedsahalytically in the limit of
an infinite number of fermion flavoufd. Here we report on our investigation of this model on a
discrete space-time lattice at finite temperature and teinsihe largeN limit.

2. The Gross-Neveu model

Let us start with writing the Euclidean lagrangian densitthe Gross-Neveu (GN) model [1]
in 1+ 1 dimensions,

2 N 2
L=y NPT (z uva<x>uﬂ<x>> , 2.1)
a=1
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where?(x) are 2-component Dirac spinors aodis a flavour index. Usually, one introduces a
scalar fieldo (x) conjugate t({ﬁzl Y (x)9(x) in order to transform away the 4-fermion coupling,

pd

N
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a

The GN model shares many interesting properties with QCpatticular, it is renormalisable
and asymptotically free, with thB-function given to lowest order bg(g) = —N-1g° + O(c®).
Moreover it enjoys &(2N) x I global symmetry, wher€ is the discrete chiral symmetry

r: LnU - VSLnUa LI_I_> _4_]%_)7 00— —0, (23)

and it exhibits spontaneous breaking of this discrete theirenmetry which in turn leads to the
fermions acquiring a non-vanishing mass= (o) (dimensional transmutatioh)

In the largeN limit where the number of fermion flavoub$ is taken to infinity while keeping
A = ¢?N fixed, the model can be solved analytically. One can integpat the fermions to obtain

Z = [[do]exp{—Sq} with

2
S«=N {/dxag) —Trlog[d + a]} . (2.9
The minimum of the effective potential is given by a set ofaipns,
o(Xx
aa(x)&ﬁ/N = % — da(X)Trlog W + O'] =0, VX, (2.5)

and for a homogeneous condensate) = o this set reduces to a single equation

%:%mmw+d, (2.6)

INote that there is no Goldstone boson sifide a discrete symmetry.
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Figure 1. Revised phase diagram of the GN model in the continuum fron{l¢dt) and on the lattice
(right). Full lines correspond to second order phase boueslalotted lines denote the (incorrect) first order
phase boundaries from the translationally invariant dat@mn. R _is a multicritical Lifshitz point andC is
the Euler constant. The dashed lines in the right figuretiiis the finite size artefacts, in particular the
incommensurability effects at the right phase boundarhefrystal phase.

or in momentum space ,
1 d<k 2
=0 or X:/Wikh—o? (2.7)
which is a self consistency equation for the fermion condtner simply thegyap equation Equiv-
alent equations can be derived via Hartree-Fock, SchwiDgson or Bethe-Salpeter approaches.
With the help of these equations one can derive the spectfulmedGN model [2] — it contains
fermions with massn = gp, n-fermion bound states, and baryons with mags= gy - 2?'\‘

What makes the GN model particularly interesting for ourpmse is its rich phase structure
in the (u, T)—plane whereu represents the fermion chemical potential dnthe temperature In
the homogeneous mean field approximation this was studi&udbiy [3] who found two phases, a
massive and a massless Fermi gas, separated by a line ohfirseeond order transitions meeting
in a tri-critical point, cf. Figure 1. Recently the phasausture has been further clarified by Thies
and Urlichs [4, 5] who relaxed the tacit assumption of tratishal invariance of the condensate.
Motivated by the fact that matter at low density forms isethbaryons they analytically found an
inhomogeneous solutioni(x) to eq.(2.5). Indeed, they discovered that there exists aoaeyonic
matter phase at low temperature where baryons form a cigtstadture. The transitions from the
massive to the crystal phase and further to the massless praall second order.

3. Lattice formulations of the Gross-Neveu model

Let us now consider the GN model on a two-dimensional Iattice

S:NZ
X

where the staggered Dirac operator

2 N
Ug) 3 2 X ) Dry+ 2o X (Y) (3.1)
Xy oa=1

1 1 _
Dy =5 [Geysi = Oey-] + 51 [ 80y — €8y (3.2)

2In the largeN limit, a discrete symmetry can break spontaneousliiin 1)d even at finite temperature.
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describes 2 flavours and
1 o - A
Txy = Zéxy(o(x)+0(x—1)+0(x—2)+a(x—1—2)). (3.3)

The modification of the naive discretisatiar(x)d,, — Zy, is necessary to ensure the correct con-
tinuum limit [6]. With the staggered discretisation theldaling discrete chiral symmetry is pre-
served,

X(¥) = (=1272x(x), X(X) — —(=17x(x), o(x)—-0(X). (3.4)

Alternatively we consider a discretisation respectingcéghiral symmetry by employing the over-
lap Dirac operator

D= m{1+ Dw(—m) DJV(—m)DW(—m)} _1/2} (3.5)

satisfying the Ginsparg-Wilson relatidd' +D = nquTD. The coupling of the fermionic fields to
the scalar field is introduced according to
a(X)

g - LI_I(X) |:Dx7y_ HDX7y_ D

a(y)

%Y 4m

+o<x>6x,y] ) (3.6)

which is consistent with a scalar density transforming cewely under a lattice chiral symmetry
transformation. For a homogeneous condensate const. it is just the usual mass term of the
overlap operator.

The largeN limit of the lattice theory is obtained by minimising the drenergy. Using a
homogeneous mean field, we obtairas a function ofA from the the gap equation. In Figure 2
we show these scaling functions for various lattice sizete dashed red curve describes the
asymptotic scaling curve®®e "2 for staggered and.3539..e /* for overlap fermions. As
expected, the staggered fermion formulation exhibits afitiadal factor of 2 in the exponent of
the scaling curve due to the doubling of the number of flavours

To start our investigation of th@u, T)—phase diagram we first determine the chiral transition
temperaturel. at u = 0 where the chiral condensatg(T) vanishes. The results are shown in
Figure 3 where we plot the scaling ©&f/ gy versus(adp)? on various lattice sizes for the staggered
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Figure 2: Scaling of the condensate as a function of the coupling for staggered (left) and overlap
fermions (right) for various lattice sizes. The dashed neeld are the asymptotic scaling curves.
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Figure3: Scaling ofT/do vs (adp)? on various lattice sizes for the staggered (left) and thelagpeperator

(right).

operator on the left and the overlap operator on the righth Bormulations exhibit lattice artefacts
of similar size, but with a different sign, and nicely appmioahe analytically known valu&./op =
0.5669.. in the continuum [3], thereby confirming the universalitytloé continuum limit.

4. Baryonic matter in the Gross-Neveu model

In both formulations a finite chemical potential can be idtroed by weighting the temporal
derivatives with factors exg-pt) [7]. We can then check the universality of the continuum timi
of u. at T ~ 0 and look at the discretisation artefacts for the two latfermulations. In Figure
4 we show the scaling qi;/ 0y versus(aagy)? for the staggered Dirac operator on the left and the
overlap on the right, still using only the homogeneous anfatthe solution of the gap equation.
Again, the two formulations show discretisation artefasftsimilar size, but with a different sign,
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Figure4: Scaling ofc/ gy Vs (adp)? on various lattice sizes for the staggered (left) and thelap@perator

(right) using the homogeneous ansatz for the solution ofjipeequation.

and nicely scale to the analytically known valug= 1/+/2 from the homogeneous ansatz of the
condensate [3]. However, in both cases the continuum valagproached non-monotonically —
this is caused by the fact that the Fermi momentum changd®uaonsly with i while the lattice
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momentum is quantised by the finite lattice size. This finteimne effect would be most striking at
exactlyT = 0 where one would expect a sawtooth behaviouf; at0, however, it is smoothened
due to the softening of the Fermi surface.

In Figure 5 we show the full phase diagram for the staggeredadpr at weakl; = 80) and
strong couplingl(; = 4), still using the homogeneous ansatz for the condensatandfé that both
the region of metastability and that of the chirally brokémage shrink considerably towards strong
coupling.

0.7 ‘ : ‘ ‘ ‘

T
strong coupling il
— weak coupling|

Figure 5. Phase diagram at weak;(= 80) and strongli = 4) coupling using the homogeneous ansatz
for the condensate. The full line above the tricritical gaimarked by the dot denotes the second order
transition, the dashed line below denotes the first ordasitians while the two full lines to the left and
right of it bound the region of metastability associatedwtiite first order transition.

Let us now relax the assumption of translation invarianaeorder to determine the phase
boundaries related to the transitions into the new baryordtter phase, we perform on the one
hand a brute force minimisation of the free energy and on therchand check for instabilities
of the homogeneous vacuum. The latter is achieved by maomgtdne eigenvalues of the Hessian
matrix in the homogeneous vacuum — a negative eigenvalueaied that the free energy can be
lowered further by an inhomogeneous perturbation. Thibustrated in Figure 6 where we show
the lowest eigenvalue of the Hessian matrix associatedspiitial variations of the condensate as
a function ofu for a fixed temperature. It is clearly seen that fogp> 0.075, where the preferred
homogeneous condensateds= 0, an inhomogeneous one is favoured. In fact, a brute force
free energy minimisation shows that this is also true for ssamgeu < 0.075, however finite-
size effects cause a small free energy barrier between thedaua. We also note that the non-
monotonic behaviour of the lowest eigenvalue is an arteféthe non-commensurability of the
spatial lattice size with the intrinsic length scale of thidmogeneous condensate (compare the
two unit cell volumes in Figure 6). In Figure 1 right we showethew phase diagram in the
thermodynamic limit, at fixedl; = 80, to be compared with the continuum phase diagram on the
left. The dashed lines show the effects from finite volumepdrticular we point to the fringes at
the right phase boundary of the crystal phase which are ftextien of the incommensurability
effects discussed above. In the thermodynamic limit th&ieete disappear.
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Figure 6: The lowest eigenvalue of the Hessian matrix associatedspittial variations of the condensate
as a function ofu for a fixed temperature and two unit cell volumes.

5. Summary and Outlook

We have investigated the phase structure of the GN modegifutiT )—plane. The breakdown
of translational invariance of the chiral condensate megua revision of the GN model phase
diagram. Besides the massive and massless Fermi gas phase, ghase of baryonic matter
emerges which forms a baryon crystal. The transition to #&& phase is always second order
for any temperature. Our investigation of the phase straabm the lattice indicates that the new
crystal phase disappears at strong coupling, becausepiblegical excitations associated with the
forming of the crystal fall through the lattice. Furthermplarge volumes are needed to detect the
baryon crystal phase and to avoid or reduce complicatethatsedue to the incommensurability
of the intrinsic length scale of the inhomogeneous conderesad the lattice volume, which distort
both the phase boundary and the order of the phase transition

In this exactly solvable model, the crystal is formed by fogiaal defects, the kinks and
antikinks, which carry the baryon number. This crystal bees stable for a sufficiently large
chemical potential. One may wonder how general this phenomeés. A similar topological
crystal may occur in th€2+ 1)d Nambu-Jona-Lasinio model. If it does, perhaps it also ccour
QCD.
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