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1 Introduction

Recently, fractional derivatives have played an important role in mathematical methods and
their physical and chemical applications (for example, see: Dzrbashan, 1966; Samko, Kilbas
and Marichev, 1993 and Hilfer ed. 2000). In this paper, we consider mathematical operations
similar to the star product in the noncommutative field theory (see, e.g., Douglas and Nekrasov,
2001; Szabo, 2001; Namsrai, 2003) and study those applications in mathematics and physics.
These operations are related to fractional derivatives and fractional integrals. Many attempts
(Zabodal, Vilhena and Livotto, 2001; Dattoli, Quattromini and Torre, 1999; Turmetov and
Umarov, 1993) (where earlier references concerning this problem are cited) have been devoted
to this problem.

The most usual definition for fractional derivatives consists in a natural extension of the
integer - order derivative operators (Dattoli, Quattromini and Torre, 1999) .

Let us consider the following polynomial expansion for an arbitrary function

=Y a* (1)
k=0

The m-th derivative of f(x) is given by

AL — KU
— = E - m o< <k 2
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Then its extension is
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where g is called the lower differintegration limit, plays a same role of the lower limit of
integration. The fractional derivative of a function does not depend upon the lower limit only
when « is a nonnegative integer.

The Riemann - Liouville definition for fractional derivatives instead of (3) is

daf— 1 $x—s_°‘_1 s)ds
T 0/( ) f(s)d (1

Re a < 0, where the lower differintegration limit was taken as zero.

2 Noncommutative and nonassociative properties of the frac-
tional derivatives

We propose here a more simpler mathematical definition for fractional derivatives based on their

noncommutative characters:
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and so on, for any fractional numbers «, 3, v and any functions g(x) and f(z). The limit «, -,
8 — 1 gives usual differentiation rule.
To find an explicit form of the fractional derivatives satisfying the properties (5) - (8) one
can assume that a function .
Flasz) = o f(a) (9)
is an analytic function over the variable a, where |a| < 1 and depends on the function f(x) and

its derivative df () = f’(x)dz. It is natural to propose boundary conditions:

F(0;2) = f(z)
and p
F(liz) = f'(z) = /(@) (10)

Moreover, use the formal identity
d ) d*
af@) = Clylgll exp [lﬂ dm—af(m)} =
= lim exp{ aln ifl/c“(ac) (11)
a—1 dx
Theorem.

The fractional derivative (9) satisfying the boundary conditions (10) is given by

dr 1\’ 1 d p
_ == L 12
el = (3) v | L) (12)
for any fractional numbers 0 < [p| < 1.
Proof. Let us consider the differential product
d
A=— 1
2 fa (13)

and use a formal identity

A=exp {m [%f(x)] } = exp {m % + lnf(:c)} (14)

Notice that identity (14) is not unique. Since due to noncommutative properties

f@) L~ Ly £0,

dr dz



another identity should be used:

Ao = exp {m @)+ %} (15)

First, let us study this identity by using the standard commutator in the quantum theory:
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and the Baker-Hausdorf formula. Decomposing the function f(z) into the power series
L
f(x):Zan (0)
n=0

and making use of the commutator

arisen from (16), one gets
d
1@, G| i@ a7

Further, to include unit operator one can rewrite formula (15) in the form

d d d
A, —exp{ln@ —ln@ +lnf(:c)—|—ln@}

and consider expression

E=A1BA

where

and
B(z) = exp[In f(z)] = f(z)

Then, due to the commutator (17) we have
E=B(z)— A'B'(x)

Finally, we obtain zero identity

as it should.
Now we turn to the proof of the above theorem. One can divide the interval [0, 1] by any
number of subintervals N with widths % Then
N
1= [1/N];

J=1



For example, N = 11, we have 11-sums:

1—1+1+ +1
1111 T 11

We would like to rewrite the identity (14) in the form

N
1
= | —| 1
= exp Zn Z[N]nf(:v)
7j=1 j=1 J
Again collecting corresponding terms step by step one gets
It is obvious that this expression takes the form

A= ﬁ L] = L

if and only if the fractional derivative in (18) is given by equation (12), where p = % Here, we

dm[ [ ﬁb} (18)

have used the identity

1\ e
= rp - p P . p—1 _ NP — ne
"0 = (3) 1o 1 = 111
Thus, we have proven this theorem.

It can easily be seen that definition (12) satisfies nonassociative and noncommutative rela-

tions (5) - (8). For example,

%1/;14 c2? = (4 (@) VA g VA = 93/4 L 4T/ 19)
Then
%1//22 . <%x2> — QU/4,/7,5/4 )
and
Therefore
ddxl% (%552) — ddxl% (cldxl%ﬁ) = 21/4;,;5/4[71/2 _9. 31/4] (22)

Thus, for the particular case (21) we obtain the noncommutative relation (5). In accordance
with the definition (12) one gets by simple differentiation:
d1/2
pYE [cos? x + sin® 2] = V2(sin? z + cos® )/ x

[—2sin cos z + 2sinz cos ] /2 = 0 (23)



On the other hand,

di/2?
YD sin?z = 2sinzV/sinx cos z
x
and
di/2
sYE) cos? z = 2i cos zV/sin x cos x (24)
x
From Egs. (23) and (24) we see inequality (6). Direct calculations:
d1/2
y 1/2xn — (2”)1/2$n_1/2
x

and

/4 g1/4 1/4
d—l//éld—l//élxn _ 2n1/4 <n _ i) xn—l/Z
dxt/* dx

show inequality (7) for the given case

d1/2 d1/4 d1/4
dzi2” Az /A dg /A"

" (25)

However, notice that for the function z" with the power n = 1/3 inequality (25) becomes
equality. It means that for some cases fractional derivatives obey the usual rule of integer - order

differentiation. This situation is called degeneration.

3 Main specific properties of the fractional derivatives

By using the basic rule of the fractional derivative (12) one can generalize differential and integral

calculuses for any fractional numbers |p| < 1. Let C be constant then

de L 1\° ol d o«
CF@) = (1) (CF@) ™ |2 eF@)] = Cqr@ (26)
For the fractional derivative case the usual rule of differentiation takes the forms:
d* 1\*
@) gl = (3 ) a1 + 541 (27)
d* [ f(x) (1 “ 1—a a—1 flg—f9' 1"
i L) = (3) 1w [P .
d“ 1\“ , , a
Pl = () (et [Flolo)g @) (20)
etc. Here ' = df /dz and F'(¢(z)) = dF (p(x))/dp(x).
By definition, multiple fractional differentiation
don doz  Jor
T yan gaard (@)9(@) =
— <ain> ' [Fo_1(ar,ag,. .. an_1,2)] %Fn_l(al,ag,...,an_l,x) ’ (30)

is taken by the chain rule. Here



A = (1) r@el— | U@ -

a1 dx
() V@l [Fo+ o)
1 o 11—« d o
Fg(al,ag,m) = <a—2> [Fl(oq,m)] 2 [@Fl(al,m)} (31)
and so on. For example,
f(z) =2a",
p
@) = (3) WP = Raa)

dz7 dxP

) ()

We see that, as it is expected, the case v = p =1 in (32) gives the usual result

et = (3) o [ LRG| -

dv d°f

%w”y:pzlxn = TL(TL — 1)1}”72

This is the correspondence principle in the fractional derivative prescription.
In conclusion, notice that by using the rule (12) one can form a table of fractional derivatives

for elementary functions (Section 5) and moreover from definition (12) it follows

lin (@) larse = (1 - 2In (@) o f(a) (33)

e—0 dx®

where we have used the identity:
af=e M =1 _¢lna (34)

for any small quantity .

4 Study of motion of a particle by using the fractional deriva-
tives

Now let us consider physical consequences of the fractional derivatives and study the motion of

the particle in one dimensional space. The Lagrangian of the particle is given by

m - (v°)?
L,=L0", x) = — U(x) (35)
where velocity of the particle is defined by means of the fractional derivative with respect to the

time variable

dr 1\
v = Ef - <;> LglP . P (36)



Here i = [42]°. The action is

to
S = /dtp - L(vP, x) (37)
t1
From the action principle one can get the Euler-Lagrange equation:
d’P oL 0L
— = _ =) 38
dtP OvP  Ox (38)

L
where % =m-vP.

It should be noted that for the general case, instead of (38) one can get a more generalized

equation of the type

d” 0L 0L
— = 39
dt? ove  Ox (39)
with different fractional powers p and p’. Then the Newtonian equation acquires the form
1 g (mo?) = [miP)? = — o (40)
o Oz

where U(x) is some external potential field.

Further, we are interested in cases of p = 1+4¢, p  =1—corp=1—¢,p =1+¢,
respectively. While other two cases: p=1—cand p =1—corp=1+cand p' =1+¢
lead to a wrong dimensional expression like £In(#/x) in the definition of acceleration w?'? in
the motion of equation obtained by using the fractional derivatives with € # 0. Here e-is small
quantity. It turns out that in the fractional derivative formalism some fundamental constants
of dimensions of length and time appear in the theory. The assumption that € # 0 gives rise

introducing universal length L and time T:

_ 1— 1-
d Ex: 1 €-x€:> ! E[l—i—slnf}
dxl—¢ 1—¢ 1—¢ L

di=ct 1 \'° 1\ !
_ £ . _
(=) = (=) [t+emg)

These formulas have arisen from pure dimensional argument. Moreover, in our formalism there

or

exist two kinds of velocity of the particle:

1) Current velocity is

1
V= 5 [vlJre _{_vlfs] —
2) Longitudinal velocity is
1 T
U=- [UH_S — vl_a] =cv (ln v 1)
2 T

Now we turn to study the equation of motion (40), where the acceleration of the particle is

given by

/ d’ 1\ /1" / x ¢
P p — 1—p—p' :p [ 1 . }
w" = —tp,’l) = <_p/> (-) x X ( - p)l’ + p—xl'
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Let pand p' be p=1+¢ and p' =1 — ¢, then in the e-approximation one gets

m[fg'+e<fé—”b—2+mni—,2_>]:a (41)

X rr

The case p=1—¢ and p' =1 + ¢ gives

x Trr

m[i—e<i—£2+ilnﬁ>]:Fx (42)

Equation (41) for the case when an external force is zero F; = 0 and & # 0 has the approximate
solution

(43)

X, 1 X
Xi(t) = Xo + g [_vgﬂn x—(? + 50 In? —0}

o
where Xy = zo + v{t. It is natural that this equation satisfies initial conditions:

dX(t)

X1 (t)]e=0 = o, 7

’t:O = US

While the solution of equation (42) with F, = 0 possesses oscillating trajectory

Xy(t) = DeV2P cos <A\/§> + NeViPsin (A\/§> (44)

where
€ €
D = Xy(t) — zvit, N =,/zugt
2 2
Xo € it 1ot evit
A=nZ2 2. 200 44 220" B=,/-20"
n$0+2 X()( +2X0>, 2X0

From the three dimensional version of equation (44) one can observe that in the general
case when vectors Ro = {zo, 0,20} and Vo = {v{,v§,v¢} are not collinear, the equation for
Ry = {AXa(t), Va(t), Z2(t)} is the equation of ellipse. Indeed, if we introduce skew-angle coordi-
nates and axes x and y which are directed along vectors Ro = {xq,v0, 20} and Vy, respectively,

then in the Cartesian coordinates equation of trajectory is defined from the equations

in the form

oo v ! 1)
where
a*(t) = M2) X5 + A»)Y5 + A\(2) 25
b*(t) = %752 [A(@)(v5)* + M) () + A(2)(v5)?]
Here
ANz) = exp [z g”XLj]
and so on.



Notice that solution (43) tells us that due to a small fractional power of € in the differential
equation of motion of the particle its trajectory may take some small deviation from the recti-
linear one while solution (44) is absolutely new in the free particle motion within the classical
mechanics and therefore it may shed light on the origin of very nature of oscillating motion tak-
ing place in the inertial reference frames. According to Newton’s first law: Consider a body on
which no net force acts. If the body is at rest, it will remain at rest. If the body is moving with
a constant velocity, it will continue to move along the almost rectilinear trajectory (i.e., on a
nearly straight line) or it will continue to oscillate with almost classical trajectory’s amplitudes.

Application of fractional derivatives in relativistic mechanics and quantum physics will be
given elsewhere.

Finally, we would like to attempt to find numerical value of the parameter ¢ in the fractional
derivative. Let us consider the problem of the motion of a system consisting of two interacting
particles. Potential energy of two interacting particles depends only upon the distance between
them, i.e., on an absolute value of difference of their radius vectors. Therefore the Lagrangian

function of such system is

1 . 1. .
L= §mr% + §Mr% —U(|r1 —r2|)

Introduce a vector of mutual distance of both points
r=ry—ro
and take an origin of coordinates as the center of inertia, that gives
mry+ Mra =0, or mvy+Mveg=0 (46)

Taking the fractional derivative from the second equation (46) with respect to time with p = 1—e¢,

one finds
d mviy
— =[(1-¢l F 47
a1 ( “‘Mw’) (47)
in the approximation of o(e?). Here
M s
F ~ Mv, [eln <— Y2 > - 1] (48)
m Vi

is some almost constant force which, it seems, is responsible for inertia in a two particles system.

Thus, one can rewrite Eq.(47) in the given direction for the general case:

%mv:F[l—sln (ﬁ;)] (49)

where as seen below Muvgy is a typical constant having common character for given physical

systems under consideration. This differential equation possesses simple integration:
dv
m / v / Fdi
muv
1—¢eln (M—Uo)
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or

mv{1+€[ln<$§0>—l]}:F-t+C (50)

Assume C' = 0, the external force I’ to be approximately zero and obtain two remarkable

solutions of Eq. (50) in the form:
1)
v=20 (51)

v = (J\Z(])exp <€;1> (52)

The first solution is the well-known Newtonian case, while the second solution is responsible

for inertia exactly. The fact that Eq. (49) contains these two phenomena simultaneously is very
natural. Our next goal is to find the parameter € of the fractional derivative with respect to
time. On the Earth orbit its centrifugal force is compensated to the sun attraction and therefore
one can identify quantities m and v with the Earth mass m = mg = 5.98 - 102"g and its orbital
velocity v = vg = 29.76 kms~! and M and vg to the solar mass mg = 1.991 - 1033g and its
velocity vg = ve = 220 kms~! around the center of Galaxy, respectively. This case yields the
number:

e = 0.0636 (53)

Similar calculations for other Planets of the solar system give:

m; (in mg) | v; (kms™!) € e}
Mercury 0.053 47.84 0.0551 0.0535
Venus 0.8149 35 0.0635 0.0614
Earth 1 29.76 0.0636 0.0616
Mars 0.107 24.11 0.0551 0.0535
Jupiter 318 13.06 0.0928 0.0885 (54)
Saturn 95.22 9.64 0.0814 0.0781
Uranus 15.55 6.80 0.0689 0.0665
Neptun 17.23 5.43 0.0686 0.0663
Pluto 0.9 4.73 ~ 0.0498 | ~ 0.0485
average 0.0665 0.0642

1

i

cosmic background radiation (CBR) is 369.3 kms~!. On the other hand, assuming M = Mg =

Here quantities €; are obtained by using the assumption that solar velocity with respect to the

2-10*g and vy = vg = 600 kms~! with respect to CBR and v = ve, m = mg one gets
eo =0.0366 and cf = 0.0373 (55)

For the motion of the moon: M = Mg, vg = vg and m = m,, = 7.23 - 10%g, v = 1.02 kms~!

we have

Emoon = 0.114 (56)

11



All the averaging over Galaxy (55), the solar system (54) and moon (56) becomes
Emean = 0.0633 (57)

It means that time has the fractional derivative of the power 1 — ¢ = 0.937. However from
(52) it follows that for our bodies moving on the Earth surface quantity ¢ is not negligible small.
For instance, for our car weight m ~ 10%g and its velocity v ~ 0.03 kms™!, the parameter
€homo = 0.0172. Therefore we feel the inertial force in our daily life.

Finally, notice that for astronauts travelling in Russian - USA cosmic stanza around the

Earth orbit: approximately m ~ 5-107g, v ~ 8 kms~! and therefore

€as ~ 0.02.

Moreover, an enormous momentum force due to parameter defect £;o. = €main — (W),
which would be acquired by bodies moving near or on the surface of the Earth is compensated
by its gravity.

In the sense of an explanation of inertia by means of the fractional derivative of time, Newton
and Mach were right in their ideas of the origin of inertia. Newton assumed to link inertial
forces with absolute space and time properties, while Mach suggested that inertial forces are
more probably generated by the general mass of heavenly bodies. Both these ideas are presented
in our approach if the word ”absolute” be changed by ”fractional derivative”.

Now let us turn to calculate fractional derivatives for elementary functions by using the main

formula (12).

12



5 Table of fractional derivatives of elementary functions

No f(z) Fy(z) = 15 f(2)
1. " <ﬂ)p P

p
2. €” </—1)>p e’
3. sinx </—1)>psin1’pxcospx
4.  cosx <%1>pcosl_pxsinpx
5. tanz <%>ptan1_pxcos_20x
6. cotx <%>pcot1_pxsin*2px
7. secx <%>psecl_px [Cscis%}p
8. cscx <%>pcscl_px [—%r
9. a” <%>p(ax)1_p(a“” Ina)?
10. Inz <%>pln1_px sxTP
11. log, z <%>p(loga ) P(xzlna)=P
12. lg=zx <%>p(lgx)1_p (1‘%6 ’
13. arcsinz <%> ? arcsin!—# A
14. arccosx <%1>p arccos' P z(1 — 2%)7F/2
15. arctanz <%> ’ (arctan'=P z)(1 + z2)=*
16. arccotx <%1> g arccot' Px(1+ 2%) 7P
17.  arcsecx <%>p arcsec'Px(x? — 1)=P/2 . =P
18. arcescx <%1>p arcesc! Px(x? —1)=P/12 . g=P
19. sinhz <%> ? sinh'~* z cosh? z
20. coshz <%> ? cosh!=? zsinh? z
21. tanhzx </—1)> * tanh!=# & cosh 2% z
22. cothz <_71> ? coth!™* zsinh 2 &
23.  Arcsinhx </—1)> ’ Arcsinh' =Pz (1 + x2) /2
24.  Arccoshx </—1)>p Arccosh'=Px(z? — 1)=/2
25.  Arctanhz </—1)> ’ Arctanh*=Px(1 — 2%)=°
26. Arccothx (%) ’ Arccoth'=Pz(1 — 2%)=°

This table may be extended for any complicated and special functions like the Gamma

function I'(z) and cylindrical ones:

and

a
dz®

ac 1\¢
—JV _ - Jl—a
@ = () %

@ |

d
=,
dx

Dz = <l>ar1—a(x) [%F(x)]a

@] -



6 Fractional integration

Fractional integration, as an inverse operation with respect to the fractional differentiation, can
be defined as:

/dmaF(a,x) = f(z)+C (60)
where C is constant and

Flor) = 2 p(a) (61)

/dmp [(%)p : x"p} — 2"+ C. (62)

It is easy to form indefinite integrals from elementary functions.

For instance,

Table of the fractional integrals

No functions fractional integrals
1. 2" [ dx? <%)px”*p
2. €* [ dx? <%)pem
p
3. sinz [ dx? <% sin!=? z cos? x
p
4. coszx [ dax? <_71) cost =P xsin®
D
5. tanzx [ dax? <%) tan' =Pz cos 2P x
p
6. cotzx [ dax? <_71) cot! P zsin™?° z
P .
7.  secw [ dax? <%) secl=P [%]p
P P
8. cscx fdxp <%) cscl=P gz [—%}
p
9. a” [ dz? <%) (a®)=P(a®Ina)?
p
10. Inz f dxP <%) In'=Px.-x=°
p
11. log, = [ dz? <%) (log, x)'~P(xIna)="
P P
12. lgz [ dz? <%) (lgz)t=r <1g76>
p
13. arcsinz [ da” <%) arcsin' =P (1 — z2)~r/?
p
14. arccosz [ da’ <_71) arccos' P (1 — x2)=r/?
)
15. arctanz [ dz” <%) (arctan! =P z)(1 + 22)~°
p
16. arccotx [ dxf <%1) arccot' Pz (1 + x2)=P
)
17. arcsecx [ dxf <%) arcsec! Px(x? — 1)"P/2 . =P
p
18. arccscx do? (=L) arcesct—Px(x? —1)P/2 . x=P
¥’
19. sinhz f dzP <%) sinh!~” z cosh”
p
20. coshz f dzP <%) cosh!™” z sinh”
p
21. tanhz f dx” <%) tanh' ™ z cosh™ %" x
p
22. cothzx f dz” <%1) coth!™ zsinh~2° ¢

14



23.  Arcsinhx [ daP p/2

(
24.  Arccoshx [ daP <
(
(

Arcsinh! =Pz (1 + x2)~
—p/2
)

5)

e

%) Arccosh'=Px(2? — 1
1

25.  Arctanhz [ daP ;)

26. Arccothr [ daP -1

Arctanh*=Px(1 — 2%)=°

>p Arccoth'=Pz(1 — 2%)=°

These fractional integrals can be generalized for any functions depending on the fractional
parameters p.

It is readily seen that the fractional differential dz® satisfies condition

/dmp =z 4+C (63)
since
dr
P
dxpx 1.

This is exactly the expected formula which arose from definition (62).

We point out that the integration rule by parts

/du-v:u~v—/udv

is not valid for the fractional integral due to the nonassociative character of the fractional
differential:

dTu(x)v(z) # d'u(z) - v(x) + u(x) - d"v(x)

that arose from inequality (8).
Finally, we would like to present basic fractional integrals in correspondence with the integer

- order derivative ones for the case p = 1. These are:

Table 4
No fractional integrals functions
1. [dzf -1 xP
2. [ dxP - 2™ <n+;p>pmn+p
3. [ dzPe® pre®
4. [ da* sin? z cos?~ % x (=1)’N cos®> Pz
D. [ dx? cos? x sin?=2° g Nsin?P g
6. [ dz?tan? x1n* % |cosx| (—1)’NIn**|cosz]|
[z # (2n + 1)7/2]
7. [ daP cot? x> |sinz| NIn?7*|sinzl|, [ # 27n]
8. [daf cos™ xtan® 2Pz Ntan’ Pz, [z # (2n+1)%]

15



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

[ da? sin™2F x cot? %z

[ dxPa®

[ dx* - 2P In%"2 |z

[ dzf sinh” x cosh?2=2° ¢

[ da? cosh?” z sin*~% z

J da? tanh? 7 1n*~% (cosh z)

[ dxP coth? x In2—2° | sinh |

(z #0)
[ o cosh?  tank o

J dx? sinh™2° z coth®>= 2 ¢

(z #0)

[ dz?(a® + 2?)~ (arctan Z)>~%

(a #0)

[ dzr(a* — 22)° (arctanh®)

[dxr(a® — 22)=PIn>"%

fdxp(,%Q _ a2)*p (aT'Ccoth%)Q*Qp

J daP (2* —a?)~P In?72

[ da?(a? — %)~/ (arcsin )"~

[ da?(a? + a2)7/2 (aresinh®) "™

[ da?(a? + 22) /2 10~ (g 1 aZ T 77
fdxp(xz - a2)_P/2 (arccosh%)

J dw?(2? — a?) P2 2 | 4 /T —

where N = (ﬁ)p

atx
a—x

r—a

xr+a

(1) Neot> *x, (x # nm)
p’In"fa-a®, (a#1)
NIn>=*|z|, (z #0)

N cosh?~ " z

Nsinh?>~* z

N In?~?(cosh z)

N ln2fﬁ ‘ Sinhx’

N tanh®>? 2

(=1)?N coth® Pz
Na™f (arctan %)Q_p

Na™? (arctanh%)z_p
(lz|<a)

atz
a—=x

N(2a)=PIn*="
(a#0)

(=1)’Na~* (arccoth%)Q’p
(|z[>a)

x—a

— 27
N(2a) ?In g T+a

(a #0)

N (arcsin %)2—0, (| |< a)
N (arcsinh%)z_p

N1 (o + Va5 27)

N (arccosh%)z_p

N2 e + Va? = |

(lz|>a)
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7 Fractional vector analysis

At the same time, with the definition of the fractional differentiation and fractional integration, it
is useful to work with formal ”fractional ” vector analysis. We hope that this formal prescription
may shed light on many physical and mathematical problems of modern science. We know that
a vector a is defined by three numbers {a,,a,,a,} with respect to the coordinate system. In

our scheme, we can define a fractional vector field a? as follows:

1.
a” = {af,a}, al}
2. If some of the components of the vector a is a negative number, say a? = —2, then we

arranged ourselves by assumption

a’ = {afaf,—at} or af = {afaf,~2°)

3. The scalar and vector products of two fractional vectors are defined by the usual rule:

a’-bf =al - b +af - b +af - V] (64)
and
i j Kk
a’ xbf = | ab ay af | =i(ahbf — albl)+
A
+j(afbh — afb?) + k(ahby — ayby) (65)

In particular, the fractional radius vector r” has the components:
v’ = (zf,y”, 2")

and its length is
[t?| = \/a%P + y?P + 22° (66)

The above mentioned formal definitions allow us to generalize fractional differential and
fractional integral calculuses for vector fields. For instance, linear fractional integral of the
vector a” along a curve L is given by

/ a’ - dr? (67)
L

Since

a’ - dr” = afidz” + aljdy” + afdz"

and therefore
/ap drf = /(agdxp + apdy” + afdz") (68)
L L
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Let us calculate the integral

/ (2Pdy” — yPda’)
L
taken along the reduced circle:

x2p + y2p — R2p

Coordinate points of this reduced circle can be expressed by the functions of one parameter 6:
P = RP cos y? = RPsind

where 0 < 6 < 27 . Further, we have for the case p = 1 4 ¢, € is small quantity:

1\”
dx” = RF (;) cos! P 0[—sinf - df]” ~ —RsinBdf + e RsinfIncos b - db

and

1\”
dy? = RF <—> sin'=” @[cos 0 - dA]” ~ R cosfdf — eR cos @ Insin b - db
p

Here, we have used the formula (33).
Thus,
xPdy” — yPdaxP| =14 = RcosO[Rcos - df —eRcosfInsinb - df]+

Rsinf[Rsinf -df —eRsinflncosf - df] =
= R?df — e R*df(cos? A Insin § + sin® A In cos 6),

/(mpdyp — yPda”)|p=11e = 27 R* — eR*I (69)
L

where integral [ is given by the formula
27
I= /d0(008291n | sinf | +sin?f1n | cosf |).
0
Linear fractional integral of the fractional vector a® = gradfy along any curve L connecting two

points My(rj) and M;(af) is equal to difference in values of the function at the points M; and

M.
Indeed,
/gmd”w ~drf = /d”w = (r]) — ’(xg) =
L L
= (@], 91, 27) — ¢ (20, Y5+ 26) (70)

where the definition of the fractional grad?” is

12 P P

0
0y — i 2 i _
gradlp = laxp(p +Jaypcp+ k@zp (71)

Eq. (70) is based on the remarkable property of the fractional differential
/dpcp:/dcpp:gop—i—C (72)
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Since

dPe” 1’ 1=pr, p—11p —
o —<;> () Pl 7P =1 (73)

ie.,

dPp = dy”.

From Eq. (70) it follows that if ¢ is a synonymous function then the quantity of the linear
fractional integral of gradfyp does not depend on the integration path but only on its finite
points. In particular, the fractional linear integral over closed curve is equal to zero, since final
and initial points of the path coincide here. The case p = 1 is well known as our usual one.

For instance, a conservative force F* is gradient of some function U:
F? = grad’U

where U is called a force function or potential energy (or simply potential). Thus a ”fractional”
work AP defines as
AP:/FP-drP:Up(rf)—Up(rg) (74)
L
In order to study dynamics of physical systems, by using fractional derivative, it is necessary

to define fractional derivative with respect to time. Thus, by definition of fractional derivatives:
dr 1\” 1 .
—f(t) = _ -P t P
0= (5) e,

p
a0 =(5) mor-aor

(@ (o (e
%(a -b) = (%)p (a-b)!~"[ab + ab]’ (76)
Q= P fa(t) x o = (%) [a(t) x ' P[a x cf (77)

where ¢ is a constant vector. How to understand the last Eq. (77). Of course, this equation
tends to the equation

%[a x ¢| = [a(t) x c] (78)

for the case p = 1.
It is easy to verify that Eq. (77) can be written in the correspondence form

Q= (%)p (A)'™ x B? (79)

where

(A)lip = {(aarcx)lipdfw (aycy)lipd& (CLZCZ)PPQQ}
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and
B? =c’ = {c},c}),c
Thus, in terms of the coordinate system equation (79) takes the form

1 P
Q’ = <—> {ilc2(aycy) ' Pal — ch(azc.) ~Pal)+
P

+J [cg(azcz)l_pdg - Cg(amcx)l_pdg]“'

K[ (aze,) Pal — caye,) i)} (80)

At the limit p = 1 this equation goes to Eq. (78), as it will be expected. Egs. (79) and (80) can

be used for a more complicated case:

Applying Egs. (79) and (80) for each term of the binomial expansion
[Axb+4+axbl’=[axbl’+plaxb]’ axb]+...

one can realize the meaning of the expression (81).

1. As an example, consider the dynamics of a material point

d
Emv:F

By using fractional derivative with respect to time a formal generalization of this equation

v = (2) sy -

acquires the form

_ (%)p[mv]lp[]ﬂp (82)

Take a short notation

p
and form the vectorial product with the radius vector r:

Ng = (2) vl

i j
r X NP = x y z —
F 1\” 1—pmr (1) 1—ppe (1) 1—p P
<;) [mug) —PFY, <;> [muy]" P F <;) [mv.]" P F;
=iT, +jT, + KT, (83)

where

1’ 1=p pp 1\’ 1-ppp
T, =y ; [mu,| PFP — 2 ; [muy] Fy,

1 P 1— 1 P 1—
Ty=z|—| [mug] PFl—a (=) [mv,] PF?,
p p
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T, =2 G)p v,/ P — y G)p o, FP (84)

These quantities can be written in the equivalent form, for example

7. = (3) ot ey - (3) o ey

etc. On the other hand, we use another fractional derivative:

%[r X mi| = (%)p [r x mi]'=° [%(r X mf)]p
_ (%)p [ x mi]' e x mi)? (85)

where we have used the identity

rxmr=0

due to their collinearity. Now in accordance with Eqs. (77) and (79) we can rewrite Eq. (85) in

the form
@ i 1* 1=p p
@[I’ X mr] = ; (Al) X Bl (86)
Here
A" = {(@-mi)' Pl (y-mg)' Py, (2m2) e (87)
and
BY = {(mi)’, (mj)*, (m2)"} (88)
Thus, Eq. (86) in components becomes
dr
%[r x mr] =iR,; + jR, + kR, (89)

where

Ry = (y - my)'~*(myZ)” — (z - mz)'~* (mzj)",

Ry = (z-m2)"P(mz)? — (z - mi) P (mxz)P,

R. = (z-ma)' = (majj)’ = (y - mg)'~* (myi)’ (90)
Comparing Eqs. (83) and (86) we observe that these equations in the limit p = 1 become the
well-known classical law of moment of momentum:
E[r xmr]=r xF

as it should.
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From an explicit form of T; (i = x,y, z) in (84) it follows that in the case of the central force

F = 4r, quantity
d°P
—[r x mr]
dtp

is not equal to zero for p # 1 and therefore in the fractional derivative dynamics of the material

point conservation of areas is not valid.

2. The second example is to study the motion of a material point under an attracting force

F = —ar by using fractional derivative method. The equation of motion becomes the fractional
derivative ) )
m% . %r = —ar (91)

. 1\% 2 2 | d P

m <—> r=p)pp=p [—(rlpi'p)} = —ar (92)

p dt
In the limit p = 1 + € the last equation reads
2
mi —em [r In(rr) + ?} = —ar

A more simple equation is obtained by acting fractional derivative on the velocity:

m <1>p (V) P[¥) = —ar

1)
or )
d“r R
m—s = —ar(v/v
dt2 ( / 0)
We seek its solution in the form
r = Asinkt

After simple calculations, we have

m . o Q€ o
r =,/ —vgsin —(1——t)t + roX
« m 4dm
cos < il <1 — a—€t2> t)
m 4dm

This is the desired form of solution that tends to be the usual one at the limit € — 0.

8 Fractional differential operations

(93)

(94)

(95)

We call operations of grad?, div”, rot? and v - V* fractional differential operations of the first

order. There exists fractional differential operations of the second order:

divP gradf o, rot’ gradf o, divProtPa, rot’rota, grad’divPa.

22



More general fractional differential operators are also possible:
div?grad®yp, rot®grad®e, div*rot’a, rot*rot’agrad®div®a.
Here noncommutative and nonassociative characters are also preserved. For instance,
div®grad®o £ div® grad®y,
rotPgrad®yp # rot*gradf ¢
and so on. This section is devoted to the definition of these fractional differential operations.

8.1 Gradient (grad)

By definition fractional gradient is given by the formula

12 P P

0
0,2 i _-
grad’yp = laxP(p +Jaypap+ k@zp (96)

a. Let r be the length of the radius vector r:

T:‘/l‘2+y2+22

then
1

P 1 p
gradfr = <—> r1*2ﬂ(ixp +jyf + ko) = <—> pl=20pp (97)
p p

where r = {z”, y”, 2*}.

b. Let - be the Coulomb potential of the electric charge e:

_ ¢
Pe = 4rr
This case gives
—e e [(—1\" «r*
p_ P =y = [~} -
a; = grad (4777‘) - Arx ( p ) rlt2p (98)
where
,  —e (-1 PP
Qg E 7 r1+2p
and so on.

8.2 Divergent (div)

The fractional divergent takes the form

div®a = aaa + aaa + 0
- a ¥ Oz

oz " " Oy

a (99)

Let a=af , al be given by (98) then

—e e 1\? /1\ %
div® - l—=) = (-t (= -
w gt () = v (0 (7)

23



1+2 1+2 1+2
0% = Sty (o2 - Sy g o - STy (100)

It can easily be seen that only the case p = 1 gives

—e
di dl— ] =0 101
ivgra <47rr> (101)
8.3 Whirl or rotor of a vector
Fractional rotor defines as
i j k
rotPa = % aa—y’; %
gy Gy a
L[ O or L[ 0F or or or
=1 (8—ypaz — %ay> +J <@ax — %%,) + k <%ay — a—yp(%) (102)

It is easy to verify that the Coulomb potential possesses a remarkable property, namely its
fractional rotor of the fractional gradient is equal to zero
rot’grad’ <—i) =0 (103)
4d7r

Indeed, for example,

or e 1\* L\ y1°
—af = —(—Dte [ Z) P z _ —2=2p J
st =0 (5) 2 () (5) [Farzor Y]

or e 1\” 1 \'"77 1\ Ak
—af = — (=Dt [ Z) 4P - _ —2-2p =
9z r = 3z <p> Y <Tl+2”> <p> [ (+20)r T]

and therefore we obtain Eq. (103) for any fractional number p. This fact is an essential difference

and

with respect to the star product operation
rotx grad x o # 0

Let us consider some examples of the fractional rotor.
1.
rot” (pa) # prot’a+ grad’y x a

Indeed, by definition

i 0§k
Yipa — o 9 9 _
rot wa = oxY oy 0z7 -

Pz Pay  Pa;

where



However, in the limit v = 1 4 ¢ we have
rot? (pa) = (1 + ¢)[prota+ grady x a] — erotA (104)

Here
A = {pa, In(pa,), pay,In(pay), pa.In(ea.)}

may be understood as a vector.

2. For the usual integer - order derivative case
rotF(r)r =0

But in the fractional derivative scheme it takes the form

10F(r
rot" F(r)r|y=14e = —e 65‘ )[r x R (105)
where
R=rlnr={zlnz, ylny, zlnz}
3. Let

V=vg+dXr

be field of velocities of a rigid body at some time moment. Then,
rot"V]y=14e = 26 — e(iwy Inv, vy + jw, Invyv, + kw, Invyvy)

8.4 Fractional differential operation v - Y

This differential operation has a natural generalization:

- or or o°
VP =y, —— —_ —_— 1
vVl =u, 57 + vy o7 + v, 527 (106)

8.5 Operation of div’gradfy

This second order operation using fractional derivatives is defined as

divPgrad’p = (%)2’) H1=p)? {(%(p)p(lp) [% <<p1p (%i)p)]er
) @) @) T R @) o

This expression generalizes the Laplacian operator:

divgrade =V -V = (V- V)p = Vip =A ¢ (108)

As mentioned above div?gradf ( %) is not equal to zero for any parameter p except p = 1.
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8.6 Operation of rot’grad’y

Due to the noncommutative character of the fractional derivatives

or o or o

— (109)
OxP Jyr * OyP OxP

this second order operation is not zero in the general case. However direct calculation shows

that

1
rot” grad” <—> =0
r

for any number p. In the general case, we have

or or or o
w55 )

or o or o

rotgrad’p =i [

,[3’) o or o ] (110)

9200207 " Dwr 9 ”

For instance, where

o o o o
Ty 0" Doy’

(2 (o) [ (o (2))] -
() (e (2]

Other components @, and @, are obtained by cyclic permutations from Q.

Qu

8.7 Operation of div’rot’a

In the general case, this operation is also not zero due to noncommutativity of the fractional

partial derivatives (109). Its explicit form is

1\ 2° 9 =Ty 9 P\ 1P
. D P v -~ 1—p ( ¥ _
divProtPa =1 <p> ay; {<8za$> [89 (ax (8,2%) >]

—
i
|
)
K
©

y
} (111)



In the particular case, when

a=al =grad <%>

the fractional operator divProtPal = 0 for any fractional number p. This is an important

consequence of the fractional derivative operation. In the limit p = 1+ ¢, ¢ — 0 we obtain

divProtPa = —e< i 9 2a ‘In{a 2a _9 2a ‘In{a 2a +
N oy \ oz * Yoz " 0z \oy Yoyt
NS BN I
oz \ oz ™ M\ Mor M ar \ 9. "\ MM
+k 9 2a-ln aga —g 2a-ln aga
oz oy © oy ¢ oy \ox ~ 0x ¢
This quantity is also of small order as in the star - product scheme in calculations of divxrotxa.
In both fractional derivative and star product cases, when ¢ — 0 and 8 — 0, we obtain the exact

result

divrota =0

as it should.

9 Multiple fractional integrals

Formal generalization of the multiple integer - order derivative integrals in the case of fractional

integrals can also be done. For instance:

/dyﬁ/dxo‘ = 2%’

/ dy’ / dz® sin' ™ (zy)[y cos(zy)]* x

z(1 — «) cos(zy)
sin(zy) Yy Cos(xy

B
)(cos(xy) —xy -sin(xy))| = sin(zy)

etc.

We see that integration order of multiple fractional integrals is important. This reflects
nonassociative and noncommutative properties of fractional derivatives.

Two and three multiple fractional integrals correspond to the generalization of the surface
and volume integrals in the usual case. However, it is difficult to understand fractional surface
element dz®dy® = dS“ and fractional volume element dx“dy®dz® = dV* in fractional integral

calculuses.
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10 Relativistic extension of the fractional derivative method

Relativistic dynamics of particles can also be studied by means of the fractional derivative

techniques. In the relativistic theory the proper time interval is given by

dr? = dt? — dx* = dt*(1 — v?)

Then four velocity is

u =dat fdr, uut =1

(112)

(113)

We know the motion of a nonrelativistic particle with the charge Ze in the electromagnetic

field E(¢,x) is given by the equation:
d
mav = ZeE

The natural covariant generalization of this equation has the form

d
Eu“(t) = ZeF"u,(t)/m

where F'* is the tensor of the electromagnetic field E and H.

In the relativistic case four - differential operators are

(83 aa (67 [0} (67 (67
au:W:(aoa 1782783):

(1 oy
N\ ot 9z’ Oy’ 02¢)

1% -,
= <‘aT v >
a,ua :guyag _ <1 0 —6a>

cote’

The formal D’Alembertian operator becomes

and

10 0° (60‘ 0 o*  0” 0“ 6“)

From the definition of the fractional derivative we know that

o o 32(1
o™ dz 7 Oz

Thus, the action of [J* on a scalar function is given by

P = divPgradP o =

1\2 (70 \*"To o
_ (2 (1-p) 9 e B e
G e (o)™ [ (o (5

J)]'-

() BN -G (o (5
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dx®  dz oy™ . e D2 9z

)] -

(114)

(115)

(116)

(117)

(118)



() (e (2]

For example, in the limit p =1 — ¢, e— — 0 the fractional Klein - Gordon equation has the

form

(O +m?)p = (O +m?)p + ga”goaygo + 020 In(p0" ) = 0 (120)

This is an equation with self - interaction for the scalar particle. Eq. (120) may play an
important role in dynamics of quarks inside their confinement region.

In conclusion, it is worth noting that noncommutative and fractional derivative methods will
find many applications in nature phenomena [simulation of chemical reactions (Zabadal et al.,
2001), fractional (quantum) Hall effect (Susskind, 2001) etc.], especially in physical and chemical
processes under extremal conditions like phase transitions, superdense, supercold and hot matter
conditions, nonlinear and turbulent processes, even in predictions of weather conditions and

earthquakes and so on.
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