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Abstract

The problem of charge relaxation in disordered systems has been solved. It is shown, that due
to the inhomogeneity of the medium the charge relaxation has a non-Maxwell character. The two
physical mechanisms of a such behavior have been founded. The first one is connected with the
" fractality” of conducting ways. The second mechanism of nonexponential non-Maxwell behavior
is connected with the frequency dispersion of effective conductivity of heterogeneous medium,
initially consisting of conducting phases without dispersion. The new generalized relaxation

equations in the form of fractional temporal integro-differential equations are deduced.
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1 Introduction

As is known the charge relaxation in the conducting medium with e conductivity o is described
by the following system of the equations:

Ip(7,1)

5 + div(cE(F,t) =0 (1)

div (E(F, t)) — dnp(7 1) @)
In the case of homogeneous isotropic system the relaxation equation follows from this system.

Ip(7, 1)
ot

+ 4mop(r,t) =0 (3)
The solution of this relaxation has exponential Maxwell form:
. . t
p(r,t) = p(7, O)exp| —— (4)

where 7 = (470)~! is the Maxwell relaxation time.

What will be in the case of disordered media? Does the Maxwell exponential law conserve
in the disordered media? At first it seems that the relaxation law conserves its exponential
form with replacement the medium conductivity value for its effective value: o < oy But as
it will be shown below that it is not so. The charge relaxation in the disordered system has
nonexponential non-Maxwell behavior in a general case.

Furthermore the nonexponential behavior is observed in many experiments. Usually the

following typical non-Maxwell dependencies are observed:

S ., 1y
p(70) = p(7O)eap | -2 )
It is the so-called empirical Kalraushe law or, in other words, the fractional-exponential law.

The following dependency is a power law [1],[2]:

o) =520 (5) (6)

Here the values of the exponents v and v are changed as: 0 < v < 1,and 0<~y < 1.

The aim of this paper is to study a charge relaxation in disordered systems and to understand
the physical mechanisms, which lead to such nonexponential behavior, and deduce the general-
ized relaxation equations, describing the nonexponential relaxation The structure of the paper
is as follows. The miscroscopic models of disordered media: comb model of percolation clusters
and heterogeneous two-phase media such as layered and random structures are considered in
paragraph 2. On the basis of these models the physical mechanisms of nonexponential charge
relaxation are established. The generalized relaxation equations of fractional order are deduced

in paragraph 3.



2 Physical mechanisms of non-Maxwell relaxation

To understand the physical mechanisms of nonexponential and non-Maxwell charge relaxation
we will consider the following microscopical models of disordered systems: comb model structure
and heterogeneous two-phase media (layered and random inhomogeneous medium).

We will show that in the case of the comb model the charge relaxation has a nonexponential
character and it is connected with ”fractality” of conducting percolation ways. The non-Maxwell
relaxation is obtained in the case of the heterogeneous medium also. This mechanism is con-
nected with appearance of ”surface” charge at the interface between phases. The value of this
?surface” charge is changed in the alternative electric field. It results in the emergence of the

frequency dispersion of the effective conductivity of heterogeneous medium is appeared.

2.1 Relaxation on comb model of the percolation clusters

In this paragraph we consider the two-dimensional comb model of the percolation clusters. This
model consists of one-dimensionlal axis (backbone) with fingers of infinite lengths, which are
perpendicular to the axis. Firstly this model is introduced to study anomalous character of
random walks in disordered systems [3]. This model allows to take into account the influence of
the impasses -"dead ends” of the percolation clusters for transport. In Refs. [4], [5] the exact
solution of the diffusion problem on the comb model was given. The feature of the transport
transfer in the considered model is that the movement in the X-direction is possible only along
the axis of the structure (Y=0). This means that the the transfer coefficient o, differs from

zero only at y = O:
Ogx = 0'16(3/) (7)

Here §(y) is the Dirac delta-function, i.e. X — component of the current is equal to:
Jp = 0p By = Ulé(y)Em (8)

The conductivity along fingers is considered as usual: o,, = o2. Thus the charge relaxation on

the comb structure is described by the following conductivity tensor:

i < 018(y) 0)
0 o9

From the continuity equation (1) with the above tensor conductivity and Poisson equation (2)
one obtains the equation for an electric potential :
0? 0%\ O 0? 0?
—+—|=+4 oy)=— — =0 9
(6w2+6y2) Y + 7['(0'1 (y)6x2+02 )ap (9)
Let us make Fourier transformations with respect to time and on coordinate X. So we obtain

that the Green function in the mixed (w, k,y)- representation is described by the equation:

2

2 62 . 2 0
—k*+ — |iwp(w, k,y) + 47| —016(y)k* + o9
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Let us search the solution as:

p(w, k,y) = d(w, k)exp(—Aly|) (11)

Inserting the solution (11) in the equation (10) one finds the parameter A:

W
A= |k|———
| ‘iw—|—47r02

and the expression for the function ¢:

1

= 13
o, k) 2\(iw + 4mog) 4 Amo k2 (13)

So one knows the electric potential (11), it is easy to establish the corresponding Green

function of the equation for a concentration:

2X0(y) + k2 — A2
2\(iw + 47oy) + dmo k2

Gw, ky) = exp(=Alyl) (14)

One can write this result (14) as a sum of the two parts: ”wire” concentration G; and ”volume”

Gy:

G(w, k,y) = Gi(w, k) + Gy(iw, k, y) (15)
where 5(0)
2X0(y

pe— 1
Gilw, k) 2\ (iw + 4mog) + dmo k2 (16)
and
k2 _ )\2
Go(w, k,y) p(—=Alyl) (17)

= ex
2\ (iw + 4dwog) + dmor k2
Let us in a more details consider the time evolution of the ”"wire” concentration. As it follows

from (15) it describes by the following equation:
2\(iw + 47ag) + 4mo1 k2] pr(w, k,0) = 0 (18)
In the case (w << o2) it is simplified:

[VAmioow + 4moy k| p1(w, k,0) =0 (19)

Correspondingly, in the (k,t)-representation the generalized relaxation of fractional temporal

order is obtained: .

((j— +47rf>rk\)m<k,t> ~0 (20)
t2

where D = 2‘7—012

L

After some calculations one obtains the gaussain evolution of the one-dimensional charge

density along axis of the structure:

1‘2
exr _——

Gi(z,t) = L{Dt) (21)
2V Dt



As another example we shall find the expression for the Green function, averaged on the coor-

dinate y:
N o0 k2
k) = k.y)dy = 22
G(W? ) [m G(Wa 7y) Yy )\2[2)\(%0 + 47T0'2) + 47_‘_0_1]{:2] ( )
At the o9 = 0 this Green function has a simple form:
G, k) = ! (23)
T 2k (iw + 2mor | k)
that is it is described the following equation:
9 R
— + 2mwo1|k| ) p(k,t) =0 (24)
ot
One can see that it essentially differs from (20) and for (z,t)- representation one obtains a simple
formulae.
A Vit
Gz,t) = —— 25
(2,7) 22 + (V)2 (25)

A similar expression is obtained when the charges are located in the plane and the field has all
three components [6], [7].

In the general case and in the usual (z,t)-representation it is equal to:

A Vi oot [ Vr ooVit? — 12
t) = —27mo9t) + —
G(z,t) o (Vt)2emp( moat) + — /0 2TV 0( 5 )
2 — 72
+11(U2 T ) L— (26)
2 2 2

Here Iy, I7 are the modified Bessel functions, V = 27o;.

So in this paragraph the study of the relaxation on comb structure allows to establish the
first mechanism of nonexponential non-Maxwell behavior. It is connected with that the electric
field has a three-dimensional components, but relaxation of charge is possible only along some

conducting lines (percolation ways).

2.2 Relaxation in heterogeneous two-phase media: effective medium aproxi-
mation

To consider charge relaxation in the heterogeneous two-phase conducting media let us transform

the above system equation (1) and (2) to the form of the direct current equations:

W

div <f(F, t)) =0, f=(o+ )7 (27)

Consequently, the conductivity at the frequency w is described by the expression:

o) = (o + ) (25)

Accordingly similar equations are hold in an inhomogeneous media for the averaged quantities
J=<j> E=<&>:
divJ = 0, divE:4ﬂ<p>,J:aeffE (29)



The effective conductivity of the medium o.sy depends both the medium parameters and the
frequency. At this approach all information of the medium inhomogeneity is contained in the
effective conductivity. Thus according to (29) to describe charge relaxation in an inhomogeneous
medium within the considered approximation it is enough to know the frequence dependency of

its effective conductivity.

2.2.1 Layered structures

Consider inhomogeneous medium obtained by the random alternation of layers with equal size
and different conductivities o1 and 5. Firstly we study the cherge relaxation along layers.

A) Along layers

In this case due to boundary conditions the electric field is homogeneous E = const and the
averaging over random placement of phases is carried easily. So in this case:
w

i (30)

Oeff =<0 >+

where < 0 >= z01+(1—x)o2, and z is the concentration of the first phase. So the corresponding

equation for the averaged concentration is following:
(iw+4mo) < p>=0 (31)

The Green’s function of equation (31) is:

Go
Gl(w) = 32
@) (iw+4r < o >) (82)
Transforming this expression to the t-representation one obtains:
Gl(t) = Gy exp|—amzo, — 4r(1 — x)0s] (33)

B) Across layers
In the case of charge relaxation relaxation across the layers the current is constant J = const
and the resistance averages out. Therefore, the effective conductivity of the medum equals:

Ueff:< T )1 (34)

o1t o2t

while the Green’s function is:

L (iw+dnloy(1 — z) + 09a]
¢ = ( (iw + 4moq) (iw + 4mog) ) (35)

Consequently, after necessary calculations one obtains in the ¢t-representation:

Gl = Go [wexp(—élmfl) - (1—)exp(—47r02)] (36)



2.2.2 Randomly inhomogeneous two-phase medium

In the case of randomly inhomogeneous medium we will use the effective medium approximation
to find the frequency dispersion of the conductivity of the medium, obtained by the random
mixture of two phases. Two-dimensional system is considered for a simplicity. As well known

in this approximation the effective conductivity of this medium is equal to [8]:

1
Oeff = (01 — 02)e+ [(01 — 0'2)262 + 01092 (37)

where € =

(z=zc)

is the deviation from the percolation threshold x.. (In two-dimensional case
To = %) As described above in the effective medium aproximation the conductivity of each
phase at the frequency w is described by the expression (28): o + i—fr. Consequently from (28)
and (37) the following expression for the frequency dependence of the effective conductivity of
a two-phase medium is obtained:

oepp(w) = (01 — 02)e + (01 — 02)%€* + <01 + %) (02 + %)]% (38)

Let us consider some limitings cases.

A) At the percolation threshold € = 0

In this case the low-frequency generalization of the well known Dykhne result [9] is obtained
from (38):

sepswie=0) =[(o1+ 1) (o2 + 2 12 (39)

So the corresponding Green’s function has a following form:
< G(t;0) >= Iy(2m (01 — o9)t)exp[—2m (01 + 02)t] (40)

where Iy(z) is a modified Bessel function (03 < 07). Using the known asymptotic expression for

a Bessel function the long-time asymptotic is obtained:

exp(—4moat)

G(t;0) >~ -
DR R T———E

(41)

It is the expected result. At large times the time relaxation is determined by the badly conduc-
tiving phase.
B) Strongly inhomogeneous medium (o2 << 071)
In this case we will use the expansion (38) in the form:
1 (0'1 + i—ﬁ)(ag + i—c;)

eg(56) ~ (o = el (1 1) 4 5 AT (42)

for 22 << €2 << 1. It is valid far from percolation threshold and a low frequency limit. In this

approximation one obtains in t-representation following expression:

< G(t;0)F >~ exp([—4moat — 8moy|e|(1£)1] — exp(—4moyt) (43)



where +(-) sign refers to the situation above (below) the percolation threshold. Thus above
percolation threshold the charge relaxation time depends on the deviation from threshold:
te (o1]€[?)!. In the case of the dielectric -metal mixture and below threshold a charge, which

placed in the metal cluster, doesn’t spread:
< p(t) >~ po[l — exp(—dmoit)] (44)

One can expect this result, because the metal cluster has a finite size.

In the general case the averaged Green’s function at considered approximation equals:

. ) .
<GWw)) >:[(Ul —oa)e + [(01 — 09)%€ + (01 + %) (02 + %)]%] (45)
Using the identity
/ exp(—ar)dr = 1 (46)
0 o

one can transform this equation in a more useful intergral form. After integration over w one

calculates the Green’s function in the t-represntation:
<G(t;e) > = I (271'[01 — o[l — 462]t) exp|—2m (o1 + 09)t] — dwe(o1 — 02)
¢
X / exp|[—4m (o1 — 09)er|Io(2n]o — o9][(1 — 4€?)(t? — 7'2)]%)d7' (47)
—00

The physical reason, which lead to nonexponential non-Maxwell relaxation in the hetetoge-

neous many-phase medium, is connected with frequency dispersion of the effective conductivity.

3 Fractional relaxation equations

Let’s return to the usual relaxation equation:

w + 4mop(r,t) =0 (48)

One can see that to describe the nonexponential non-Maxwell evolution of charge relaxation it
is nessesary to change it. Which ways are possible 7 We believe that there are two possibilities
of transforming this simple equation in according with physical mechanisms described above.
The first of them - ”fractality” of conducting ways. In this case the electric field is present
in all space, but charge can be spread only along some conductiving ways. These conducting
ways do not get penetrated in all space and they formed the so called ”fractal” space less than
Fuclead space. We call it as ”fractality”. The similar reason is discussed also for low-dimensional
systems [6], [7]. As it was shown above for comb model of percolation clusters it is necessary to

write fractional temporal relaxation equation:

<% + 47T5> ol t) = 0 (49)

Before the equation in the same form of fractional temporal equation was deduced for regular

fractals [10].



For a value v = % the solution of fractional temporal equation may be written in the obvious

form, using the identity (47) :

< Gt) >= /0 e (_23_;_7; 490 o7 (50)

At big times the power law asymptotics is followed from the formulae (51):

£0
(&)

< p(t) >~ (51)

In the case of heterogeneous two-phase medium the change of the relaxation law from expo-
nential to nonexponential nonMaxwell relaxation law is connected with the frequency dispersion
of the effective conductivity. Let us emphasize that the initial conductivities of the phases o1, 09
are independent on frequency. But the frequency dependency arises in the composite material,
consisting of random mixture of the phases. At the interface of the phases the ”surface” charge
appears and when the electric field is changed in time this charge is changed also. It is the reason
of the frequency dependency of the effective conductivity o.r¢(w). So the relaxation equation

in this case should have the form in the w-representation:

(m 4 4meff(z'w)) p(w) =0 (52)
Near percolation threshold [11] the singular power dependency of effective conductivity o.s¢
on frequency w is possible:
oeff(w) = a(w)” (53)
where o < < 1

Consequently, another fractional temporal relaxation equation is obtained:

o o B

One can obtain the fractional-exponential Karlraushe law (5) from (53) using the saddle
point method.

So it is shown that two types of the generalized relaxation equations in the form of the
fractional temporal equations are possible. They correspond to two physical mechanisms, which

lead to the nonexponential non-Maxwell relaxation.

Acknowledgments

The author would like to thank the Abdus Salam International Centre for Theoretical Physics,
Trieste, Italy, for kind hospitality. The author would also like to thank Acad. of RAS A.M.
Dykhne and Corresp. Member of RAS A.V. Chaplik, Profs. E.G. Batyev, E.M. Baskin, A.O.
Govorov, M.V. Entin, G.I. Surdutovich and S.D. Sanditov for interesting and useful discussions.

This work was partially supported by the grant of Russian Ministry of Education (E02-3.1-
141) and grant RFBR (05-02-97201).



References

[1] I.P. Zvyagin, Electron theory of disordered semiconductors, Moscow, MSU, 1984

[2] N. Mott, E. Davis, Electronic processes in non-crystalline materials, Oxford, Clarendon

Press, 1971
[3] G. Weiss, S. Havlin, Physica A, V.134, P.474 (1986)
[4] V. Arkhincheev, E. Baskin

[5] V.E. Arkhincheev, Modelling, Measurementand Contro, AMSE Press, V.49, N.2,
P.11 (1993)

[6] A.O. Govorov, A.V. Chaplik, Poverkhnost’, V.12., P.5 (1987);
A.O. Govorov, A.V. Chaplik, JETP, V.68, P.1143 (1989)

[7] M.I. D’yakonov, A.S. Furman, JETP, V.65, P.574 (1987)
[8] R. Landauer, J. Appl. Phys., V.23., P.779 (1952)

9] A.M. Dykhne, Zh. Eksp. Teor. Fiz. 59, 110 (1970) [Sov. Phys. JETP 32, 63 (1971)];
A.M. Dykhne, Zh. Eksp. Teor. Fiz. 59, 641 (1970) [Sov. Phys. JETP 32, 348 (1971)]

[10] V.E. Arkhincheev, JETP Lett., V.50, P.293 (1989)

[11] A.L. Efros, B.I. Shklovskiiv, Phys. Stat. Sol., V.76, P.475 (1976)

10



