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Mirabolic affine Grassmannian and character
sheaves

Michael Finkelberg, Victor Ginzburg and Roman Travkin

Abstract. We compute the Frobenius trace functions of mirabolic character
sheaves defined over a finite field. The answer is given in terms of the char-
acter values of general linear groups over the finite field, and the structure
constants of multiplication in the mirabolic Hall-Littlewood basis of symmet-
ric functions, introduced by Shoji.

1. Introduction

1.1.

This note is a sequel to [14]. We make a free use of notations and results thereof.
Our goal is to study the mirabolic character sheaves introduced in [3]. According
to Lusztig’s results, the unipotent character sheaves on GLy are numbered by the
set of partitions of N. For such a partition A we denote by F) the corresponding
character sheaf. If the base field is k = F,, the Frobenius trace function of a
character sheaf Fy on a unipotent class of type p is q”(“)KA#(q*l) where K ,, is
the Kostka-Foulkes polynomial, and n(u) = ., (¢ — 1), see [5].

Let V = k¥, so that GLy = GL(V). For a pair of partitions (\, ) such
that || + || = N the corresponding unipotent mirabolic character sheaf Fy , on
GL(V) x V was constructed in [3]. On the other hand, the GL y-orbits in the prod-
uct of the unipotent cone and V' are also numbered by the set of pairs of partitions
(N, i) such that |N |+ |¢'] = N (see [14]). In Theorem 2 we compute the Frobe-
nius trace function of a mirabolic character sheaf J , on an orbit corresponding
to (A, p). The answer is given in terms of certain polynomials IT(y/ ,/)(x ), the
mirabolic analogues of the Kostka-Foulkes polynomials introduced in [12]. More
generally, in 5.4 we compute the Frobenius trace functions (on any orbit) of a
wide class of Weil mirabolic character sheaves. These trace functions form a basis
in the space of GLy (F)-invariant functions on GLy (Fy) x F', and we conjecture
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that the above class of sheaves exhausts all the irreducible G,,-equivariant Weil
mirabolic character sheaves. This would give a positive answer to a question of
G. Lusztig.

Recall that the Kostka-Foulkes polynomials are the matrix coefficients of the
transition matrix from the Hall-Littlewood basis to the Schur basis of the ring
A of symmetric functions. Similarly, the polynomials II(x/ 1z, are the matrix
coefficients of the transition matrix from a certain mirabolic Hall-Littlewood basis of
A ® A (introduced in [12]) to the Schur basis, see 4.2. Recall that A is isomorphic
to the Hall algebra [8] whose natural basis goes to the basis of Hall-Littlewood
polynomials. Similarly, A ® A is naturally isomorphic to a certain mirabolic Hall
bimodule over the Hall algebra, and then the natural basis of this bimodule goes
to the mirabolic Hall-Littlewood basis, see section 4. The structure constants of
this basis, together with Green’s formula for the characters of GLy (F,), enter the
computation of the Frobenius traces of the previous paragraph.

The Hall algebra is also closely related to the spherical Hecke algebra HP" of
GLy (the convolution algebra of the affine Grassmannian of GLy). Similarly, the
mirabolic Hall bimodule is closely related to a certain spherical mirabolic bimodule
over H®P" defined in terms of convolution of the affine Grassmannian and the
marabolic affine Grassmannian, see section 3. The geometry of the mirabolic affine
Grassmannian is a particular case of the geometry of the mirabolic affine flag
variety studied in section 2. Both geometries are (mildly) semiinfinite.

Thus all the results of this note are consequences of a single guiding principle
which may be loosely stated as follows: the mirabolic substances form a bimodule
over the classical ones; this bimodule is usually free of rank one.

However, the affine mirabolic bimodule R* over the affine Hecke algebra
FH? is not free (see Remark 1). Recall that 3 can be realized in the equivariant
K-homology of the Steinberg variety. It would be very interesting to find a similar
realization of R,

Finally let us mention that the results of this note are very closely related
to the results of [1], though our motivations are rather different. The authors
of [1] were primarily interested in the geometry of enhanced nilpotent cone. They
proved the parity vanishing of the IC stalks of the orbit closures in the enhanced
nilpotent cone, and identified the generating functions of these stalks with Shoji’s
type-B Kostka polynomials. Since the Schubert varieties in the mirabolic affine
Grassmannian are equisingular to the orbit closures in the enhanced nilpotent
cone (see 3.7, 3.8), the appearance of Shoji’s polynomials in the spherical mirabolic
bimodule and in the mirabolic Hall bimodule is an immediate corollary of [1].

1.2. Acknowledgments

We are indebted to G. Lusztig for his question about classification of mirabolic
character sheaves over a finite field. We are obliged to P. Achar and A. Henderson
for sending us [1] before its publication, and bringing [12] to our attention. It is
a pleasure to thank V. Lunts for his hospitality during our work on this project.
M.F. is also grateful to the Université Paris VI and IAS for the hospitality and



Mirabolic affine Grassmannian and character sheaves 3

support; he was partially supported by the Oswald Veblen Fund. The work of V.G.
was partially supported by the NSF grant DMS-0601050.

2. Mirabolic affine flags

2.1. Notations

We set F = k((¢)), O = k][t]]. Furthermore, G = GL(V), and Gr = G(F), Go =
G(O). The affine Grassmannian Gr = Gr/Go. We fix a flag F, € FI(V), and its
stabilizer Borel subgroup B C Gj it gives rise to an Iwahori subgroup I C Go.

The affine flag variety F1 = Gg/I. We set V=F @V, and V =V — {0}, and
P = V/k*.

It is well known that the Gg-orbits in F1x F1 are numbered by the affine Weyl
group &3 formed by all the permutations w of Z such that w(i + N) = w(i) + N
for any i € Z (periodic permutations). Namely, for a basis {e1,...,en} of V we set
eirnj =t Je;, i €{1,...,N}, j € Z; then the following pair (F, F?) of periodic
flags of O-sublattices in V lies in the orbit Q,, C F1 x FIL:

Fi = (ex, en—1,€x-2,-.), Ff = (€w()s Cw(lm1)s Cw(k—2)» - - -)- (1)
(it is understood that ey, ex_1,€ex_2, ... is a topological basis of F,i)
Following [14], Lemma 2, we define RB*" as the set of pairs (w, 3) where
w € &3, and B C Z such that if i € Z — 3, and j € 3, then either i > j or
w(i) > w(j); moreover, any ¢ < 0 lies in 3, and any j > 0 lies in Z — (3.

2.2. Gg-orbits in F1 x F1 x P
The following proposition is an affine version of [10] 2.11.

Proposition 1. There is a one-to-one correspondence between the set of Gg-orbits
[e]
in F1x F1 x V (equivalently, in F1 x F1 x P) and RB*t.

Proof. The argument is entirely similar to the proof of Lemma 2 of [14]. It is left
to the reader. We only mention that a representative of an orbit corresponding to
(w, B) is given by (Fy, F{,v) where (Fy, F]) are as in (1), and v = 37, s e (note
that this infinite sum makes sense in V). O

2.3. The mirabolic bimodule over the affine Hecke algebra
Let k = Iy, a finite field with ¢ elements. Then the affine Hecke algebra of G is
the endomorphism algebra of the induced module H*! := Endg,. (Indf’ FZ). It has
the standard basis {T},, w € &3}, and the structure constants are polynomial in
q, so we may and will view H*! as the specialization under q — ¢ of a Z[q,q7!]-
algebra H*. Clearly, H = Endg, (IndIGF Z) coincides with the convolution ring
of Gp-invariant functions on F1 x F1.

It acts by the right and left convolution on the bimodule R* of Gg-invariant

functions on Fl1 x F1 x V. For & € RB?T let T); € R*! stand for the characteristic
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function of the corresponding orbit in F1 x F1 x V. Note that the involutions
(FL1,F?) « (F2,F}!) and (F}, F? v) < (F2,F},v) induce anti-automorphisms of

the algebra H*" and the bimodule of Gg-invariant functions on F1x F1x V. These
anti-automorphisms send T, to T,,—1 and T to Tjp—1 where w~! = (w™, w(p))
for @ = (w, B).

We are going to describe the right action of H* on the bimodule R*" in
the basis {Tz, w € RB*} (and then the formulas for the left action would
follow via the above anti-automorphisms). To this end recall that H*T is generated
by Tsl,...,TsN,TTjEl where T, is the characteristic function of the orbit formed
by the pairs (F), F2) such that Fj1 # sz iff j =4 (mod N); and 7(k) = k +
1, k € Z. Evidently, TzT*! = Ty1+1) where w[+£1] is the shift of w by £1. The
following proposition is an affine version of Proposition 2 of [14], and the proof is
straightforward.

Proposition 2. Let w = (w,3) € RB* and let s = 5, € &3, i € {1,...,N}.
Denote ws = (ws, s(8)) and @' = (w,BA{i +1}). Let 0 = o(w) and o' = o(ws)
be given by the formula (6) of [14]. Then

Tips ifws>wandi+1¢o,
Tos + T(ws) ifws>wandi+1€od,

TpTs = § Tpr + Ty s if ws < w and BN = {i}, (2)
(¢— DTy + qTss if ws <w and i ¢ o,

(@—2)Tg+(q—1)(Tg +Tgs) fws<wandtCo
where v = {i,i + 1}.

2.4. Modified bases

The formulas (2) being polynomial in ¢, we may (and will) view the H*-bimodule
R as the specialization under q +— ¢ of the Z[q, q!]-bimodule R* over the
7[q, q " ']-algebra H*®. We consider a new variable v, v? = q, and extend the
scalars to Z[v,v 1] HM = Zlv, v @zq q-1) B R .= Zv, v ®@z/q,q-1]
R,

Recall the basis {H, := (—v)7“T,} of 3T (see e.g. [13]),
and the Kazhdan-Lusztig basis {H,} (loc. cit.); in particular, for
s; (i=1,...,N), Es = H,, —v~L. For w = (w,3) € RB*, we denote by £()
the sum £(w) + £(8) where ¢(w) is the standard length function on &3, and
((B) = #(B\{—N}) —#({-N}\ 8). We introduce a new basis { Hg := (—v) )T}
of R*f . In this basis the right action of the Hecke algebra generators H s; takes
the form:

Proposition 3. Let @ = (w,3) € RB™ and let s = 5, € &3, i € {1,...,N}.
Denote ws = (ws, s(8)) and @' = (w,8 A {i+1}). Let 0 = o(w) and ¢’ = o(ws)
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be given by the formula (6) of [14]. Then

Hgs — v 1Hg ifws>wandi+1¢&o,

Hgs —vle(u;S)/ —v~lHg ifws>wandi+1€od,
HpHs = Hgr — v Hg — v Hyg, if ws < w and BN = {i}, (3)

Hgs — vHy if ws <w and i ¢ o,

(v ' =Vv)Hzs+ (1 —-v ) (Hg + Hgs) ifws<wand:tCo
where v = {i,i+ 1}.

2.5. Generators

We consider the elements @; ; = (77, 3;) € RB* such that w = 77 (the shift by
j), and B; = {i,i —1,i —2,...}, for any 4,j € Z. The following lemma is proved
exactly as Corollary 2 of [14].

Lemma 1. R is generated by {1, ;, i,7 € Z} as a H*T-bimodule.

Remark 1. Let P C G be the stabilizer of a vector v € \Of One can see easily
that R2|,_, is isomorphic to Endp, (IndF Z) as a bimodule over H*|,_, =
Endg, (IndF¥ Z). Let 2% ¢ 3 stand for the center of H*T. Let Z2T stand
for the field of fractions of Z*. Let Haf = Haf @ un fog. It is known that

loc

M~ Maty(Q) ®g Z2. Let RM = 7 @y R @ g ZA. Then it follows

loc loc loc

from the main theorem of [2] that RM ~ 78 @ Matn(Q) @ 22

loc loc loc*

2.6. Geometric interpretation

It is well known that H*¥ is the Grothendieck ring (with respect to convolution)
of the derived constructible I-equivariant category of Tate Weil Q;-sheaves on FI,
and multiplication by v corresponds to the twist by @l(,%) (so that v has weight
1). In particular, H,, is the class of the shriek extension of Q [E(w)](@) from the
corresponding orbit F1,,, and H,, is the selfdual class of the Goresky-MacPherson
extension of Q;[¢ (w)](@) from this orbit. We will interpret R* in a similar vein,
as the Grothendieck group of the derived constructible I-equivariant category of

[e]

Tate Weil Q;-sheaves on F1x V.

To be more precise, we view V as an indscheme (of ind-infinite type), the
union of schemes (of infinite type) V; = t~k[[t]] ® V, i € Z. Here V; is the
projective limit of the finite dimensional affine spaces V;/V, j < i. Note that I
acts on V; linearly (over k), and it acts on any quotient V;/V; through a finite
dimensional quotient group. Thus we have the derived constructible I-equivariant
category of Weil Q;-sheaves on F1x V;/V;, to be denoted by Di(F1x V;/V). For
j' < j we have the inverse image functor from Dy(F1xV;/V;) to Dy(F1xV;/V ),

and we denote by Dy(F1 x \071) the 2-limit of this system. Now for i’ > ¢ we have
the direct image functor from Dy(F1 x V;) to Di(Fl x V), and we denote by
D;(F1 x V) the 2-limit of this system.
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Clearly, Dr(F1) acts by convolution both on the left and on the right on
Di(F1x V).

The I-orbits in F1 x \O/' are numbered by RB**; for @ € RB>?, the locally
closed embedding of the orbit Q; — F1 x \07 is denoted by j%.

Proposition 4. For any w € RB, the Goresky-MacPherson sheaf

JEQi[e(@)] (X2)) s Tate.

Proof. Repeats word for word the proof of Proposition 4 of [14]. For the base of
induction, we use the fact that the orbit closure Qg, ; (see 2.5) is smooth. For the
induction step we use the Demazure type resolutions as in loc. cit. O

2.7. The completed bimodule Roft

Let Df**(F1) C Dy(F1) (resp. Dyte(F1 x \O/') C Di(F1 x \Of)) stand for the full
subcategory of Tate sheaves. Then DI#t¢(F1) is closed under convolution, and its
K-ring is isomorphic to H*%. The proof of Proposition 4 implies that D;fatC(le\o/')
is closed under both left and right convolution with D% (F1). Hence K (D{**(F1x
\O/')) forms an H*-bimodule. This bimodule is isomorphic to a completion R of
R we presently describe.

Recall that for an O-sublattice F' C 'V its virtual dimension is dim(F) :=
dim(F/(FN(O®V)))—dim((O®V)/(FN(0O®V))). Recall that I is the stabilizer
of the flag F}, where Fk1 = (eg,€k—1,€k—2,...). The connected components of
Gr/I = FI are numbered by Z: a flag F, lies in the component F1; where i =

dim(Fy ). For the same reason, the connected components of F1x V are numbered
by Z: a pair (F,,v) lies in the connected component (F1x V); where i = dim(Fy).
We will say @ € RBM iff Q; C (F1 x V);. Now note that for any i,k € Z there
are only finitely many @ € RB*! such that @ € RB and ¢(w) = k.

We define R*T as the direct sum R = DP,cz ??57 and R is formed by all
the formal sums 3 ;¢ g garr ag Hg where ag € Z[v, v~1], and ag = 0 for £(w) > 0.

So we have K (D% (Fl x V)) ~ R as an H*-bimodule, and the isomorphism

takes the class [jPQ[0(@)](“2))] to Hy.

2.8. Bruhat order
Following Ehresmann and Magyar (see [9]) we will define a partial order @” < o’
on a connected component RB. Let (F}, F],v') (resp. FL, F!',v") be a triple
in the relative position @’ (resp. @”). For any k,j € Z we define rj, (@) =
dim(F} N Fy). We also define §(j, k,4') to be 1 iff v/ € (F} + Fy), and 0 iff
v & (F} + F}); we set 7y (') := 75 (@) 4 6(j, k, w'). Finally, we define w" < w’
iff 7 (@) > rjp ('), and vy (W) > rjpy (@) for all j, k € Z.

The following proposition is proved similarly to the Rank Theorem 2.2 of [9].
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Proposition 5. For @', w"” € RB the orbit Qg lies in the orbit closure Qg iff
w"’ <w'.

2.9. Duality and the Kazhdan-Lusztig basis of Raft

Recall that the Grothendieck-Verdier duality on Flinduces the involution (denoted
by h +— E) of H*T which takes v to v—! and H,, to H,. We will describe the
involution on R induced by the Grothendieck-Verdier duality on F1 x V. Recall
the elements w; ; introduced in 2.5. We set Hy, ; := >, <,(—=v)* *Hg, ;. This is
the class of the selfdual (geometrically constant) IC sheaf on the closure of the
orbit Q4, ;. The following proposition is proved exactly as Proposition 5 of [14].

Proposition 6. a) There exists a unique involution r +— T on R such that Ewi ;=

Eﬁ,i‘j for any i,j € Z, and hr = h¥, and rh =Th for any h € H* and r € Raft,
b) The involution in a) is induced by the Grothendieck-Verdier duality on
o

Fl1x V.

The following proposition is proved exactly as Proposition 6 of [14].

Proposition 7. a) For each w € RB™ there exists a unique element Hg e Roff

such that Hy = Hyg, and Hg € Hg + 55 v Z[v ™| Hy.
b) For each w € RBf the element Hy is the class of the selfdual
I-equivariant 1C-sheaf with support Qg. In particular, for W = w; ;, the element

Hyg, ; is consistent with the notation introduced before Proposition 6.

We conjecture that the sheaves ji,Q; [E(ﬁ))](%“})) are pointwise pure. The

parity vanishing of their stalks, and the positivity properties of the coefficients of
the transition matrix from {Hg} to {H} would follow.

3. Mirabolic affine Grassmannian
3.1. Gg-orbits in Gr x Gr x P

We consider the spherical counterpart of the objects of the previous section. To
begin with, recall that the Gg-orbits in Gr x Gr are numbered by the set 6?,’}’
formed by all the nonincreasing N-tuples of integers v = (11 > vy > ... > vN).
Namely, for such v, the following pair (L!, L?) of O-sublattices in V lies in the
orbit O,:

L' = Oley,e,...,en), L* = Ot ey, t ey, ..., t 7 "Ney). (4)

We define RBP! as 6?{,’}1 X 6;‘,’}1. We have an addition map RB*® — 6;‘,’}1 :
(M p)—v=A+pwhere v; =N\ + p, i=1,...,N.

Proposition 8. There is a one-to-one correspondence between the set of Gg-orbits
[e]
in Gr x Gr x V (equivalently, in Gr x Gr x P) and RBP".
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Proof. The argument is entirely similar to the proof of Proposition 1. We only
mention that a representative of an orbit @, ,) corresponding to (A, u) with A +

u = vis given by (L', L?,v) where (L', L?) are as in (4), and v = Zfil t e, O
Proposition 9. There is a one-to-one correspondence between the set of Gg-orbits

in GrxFIxV (equivalently, in GrxFIxP ) and the set of pairs of integer sequences
({b1,...,0n}, {c1,...,en}) such that if b, —i/N < b;j — j/N then ¢; < ¢j. Namely,

a representative of the orbit corresponding to ({b1,...,bn}, {c1,...,cn}) is given
by (L, F,v) where L = O(t"+crey .. #"NTeNen) F = (ep,ep_1,€h-2,...), v =
Zil\il tbiel—. O

3.2. The spherical mirabolic bimodule

Let k = IF,. Then the spherical affine Hecke H sPh algebra of G is the endomorphism
algebra of the induced module Endg,. (Indgg 7). Tt coincides with the convolution
ring of Gg-invariant functions on Gr x Gr. It has the standard basis {U,, v €
6§f,’h} of characteristic functions of Gg-orbits in Gr x Gr, and the structure
constants are polynomial in g (Hall polynomials), so we may and will view H*P! =
Endgg (Indgg Z) as specialization of the Z[q, q~!]-algebra H*P! under q + ¢.
The algebra H®P" acts by the right and left convolution on the bimodule

R*P! of Gp-invariant functions on Gr x Gr x V. For (A, ) € RBP! let Uy ,,)

stand for the characteristic function of the corresponding orbit in Gr x Gr x V.
We are going to describe the right and left action of H*P" on the bimodule in
the basis {U(y ), (A, ) € RBP"}. To this end recall that H*P" is a commutative
algebra freely generated by U1 ,....0),Uq,10,...,0)5 - - U(1,1,...,1,0), and U*! where
U*! is the characteristic function of the orbit of (L', #¥1L'). We will denote v =
(1,...,1,0,...,0) (r ’'sand N —r 0’s) by (1").

Note that the assignment ¢; ; : (L1, Lo,v) — (L1, "7 Ly, t7"v) is a Gp-

equivariant automorphism of Grx Grx'V sending an orbit Oy ,,) t0 Oy yin g jn)y.
We will denote the corresponding automorphism of the bimodule R*P! by ¢; ;
as well: ¢; ;(Ux ) = Unnyin uyyv). Furthermore, an automorphism (Li, La) +—
(Lo, L1) of Gr x Gr induces an (anti)automorphism p of (commutative) algebra
HPh o o(U*Y) = UFL, o(U,) = U,- where for v = (v1,...,vn) we set v* =
(=N, —VN—-1,...,—V1). Similarly, an automorphism (L1, La,v) — (L2, L1,v) of
Gr x Gr x V induces an antiautomorphism p of the bimodule R*P" such that
o(Uia,wy) = U= 2+, and o(hm) = o(m)o(h) for any h € H®Ph m € RPP. Clearly,
U U = Unars s and U nUS = Uy ).

3.3. Structure constants

In this subsection we will compute the structure constants Ggi\T’;() M) such that

Uany Uy = 2o ) erpoen GEi\;’)‘()/\,vu/)U(,\’u) (see Proposition 10 below). Due to

the existence of the automorphisms ¢; ; of RPh it suffices to compute Ggi\’; () N o)
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for X,/ € NN, In this case ), necessarily lie in NV as well, that is, all the
four X, p/, A\, p are partitions (with N parts). We have A = (A1,..., Ax); we may
and will assume that Ay > 0. We set n := |A| + ||, and let D = k™. We fix
a nilpotent endomorphism w of D, and a vector v € D such that the type of
GL(D)-orbit of the pair (u,v) is (A, ) (see [14], Theorem 1). By the definition
of the structure constants in the spherical mirabolic bimodule, Gg‘;‘; () ) is the
number of r-dimensional vector subspaces W C Ker(u) such that the type of the
pair (u|p/w,v (mod W))is (X, ).

To formulate the answer we need to introduce certain auxiliary data in
Ker(u). First of all, u**~1v is a nonzero vector in Ker(u). We consider the pair
of partitions (v,6) = T(A, 1) (notations introduced before Corollary 1 of [14]), so
that v = A 4 pu is the Jordan type of u. We consider the dual partitions 7, 0. We
consider the following flag of subspaces of Ker(u):

F1 = Ker(u) NIm(u” ™) € F72 := Ker(u) NTm(u”2"1) C ...
C F”2 .= Ker(u) NIm(u"72 1) ¢ F™ := Ker(u).

It is (an incomplete, in general) flag of intersections of Ker(u) with the images
of u,u?,u3,.... More precisely, for any k = 0,1,...,v; we have F}, := Ker(u) N
Im(u*) = F7+1 and dim(F?+1) = 4. There is a unique ko such that u*1~!v €
Fy, but uM Ty ¢ Fy,+1; namely, we choose the maximal ¢ such that A\; = Ay, and
then ko =V; — 1.

Let @ C GL(Ker(u)) be the stabilizer of the flag F,, a parabolic subgroup of
GL(Ker(u)); and let Q" C @ be the stabilizer of the vector u*~'v. Both @ and
Q' have finitely many orbits in the Grassmannian Gr of r-dimensional subspaces
in Ker(u). The orbits of @ are numbered by the compositions p = (p1,...,pu,)
such that |p| =7, and 0 < py, < Uy — D41 Namely, W € Gr lies in the orbit O, iff
dim(W N Fy) = prt1+- ..+ pu,; equivalently, dim(W + Fy,) = Dgp1 +p1+ ...+ pk.
If we extend the flag F, to a complete flag in Ker(u), then the stabilizer of the
extended flag is a Borel subgroup B C Q. The orbit O, is a union of certain B-
orbits in Gr, that is Schubert cells. So the cardinality of O, is a sum of powers of
q given by the well known formula for the dimension of the Schubert cells (see e.g.
Appendix to Chapter II of [8]). We will denote this cardinality by P,. Note that
the Jordan type of u|p,w for W € Q, is v/ := p(v) where p(v) is defined as the
partition dual to o/ = (71,05, ...), and 7}, := Dpqq + dim(W + Fy_q) — dim(W +
Fi) = 0 — pr.-

Now each @Q-orbit O, in Gr splits as a union O, = |—|0§j§u1 0,,; of Q'-orbits.
Namely, W € O, lies in O, ; iff u**~1v € W+ F; but u* ~1v ¢ W+ Fj 41 (so that
for some j, e.g. j < ko, O, ; may be empty). The type of (u|p,w,v (mod W))
for W € Q,; is (V',0") :== (p,j)(v,0) where v/ = p(v), and 0’ is defined as the
partition dual to 6’ = (6},85,...), and 0}, := 1 + dim(W + Fj,_; + ku™ o) —
dim(W + Fj, + ku*t~1v). Finally, note that dim(W + Fj,_1 + ku** ~1v) — dim(W +
Fy + kurt~lo) = dim(W + Fj_1) — dim(W + Fy) = g — Ugy1 — pr if j # k — 1,
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and dim(W + Fj,_; + kuM ™) — dim(W + Fj, + ku* ) = dim(W + Fj_,) —
dim(W—l—Fk)—l—ﬁk—ﬂk+1—pk—1ifj—k—1

It remains to find the cardlnahty b of O, ;. Let us denote uM Ly by v
for short. Then v’ € Fy,, v € W+ F;, v/ & Fioq1, V' & VV—|—F+17 thus v €
A={W+F;))NEFp )\ {(W + F}) N Fyyq1 } U{(W + Fj11) N Fg, }). The cardi-
nality of A equals Py := qim(WH+E)NFry _ gdim(W+E)NFrg g1 _ odim(WHFs0)0Fyg |
g WHFi11)0Fko 41 while for any i > | we have dim(W + F;) N F; = dim(W +
F;) +dim F; — dim(W + F}) = U;41 + pi41 + - .. + pi. Now we can count the set
of pairs (W, v') in a relative position (p,j) with respect to F, in two ways. First
all v in Fy, \ Frox1 (g7%0+1 — g”0+2 choices altogether), and then for each v’ all
Win O, ; (P, choices altogether) Second, all W in O, (P, choices altogether),
and then for each W all ' in A (P4 choices altogether). We find

P, ;= P, Py/(¢" 0t — ¢"ko+?) (5)

Note that P, ; is a polynomial in g. We conclude that this polynomial computes
the desired structure constant
()

Gty = P (6)
where (X, p') = E(v/,0") (notations introduced before Corollary 1 of [14]), and
(v',0") = (p, j)(v,0) where as before we have (v,0) = T(}, u)

(Asm) (/\+z AN

Clearly, for any 4,5 > 0 we have G D) = G A'+z 9 +JN)' Hence for
(A, (A +1
any (A, 1), (N, ') € RB%P! we can set G(1 l)L()« Ly = G(lf(xijj u)ﬂN) for any
1,7 > 0.
Also, we set
(Am) (" =1N.2%)
G(A',,u,/)(lr . G 1N 7)(#'/* )\/*) (7)

Thus we have proved the following proposition (the second statement is equiv-
alent to the first one via the antiautomorphism g).

Proposition 10. Let (X, ') € RB®Y, and 1 <r < N — 1. Then

_ (Ap
Uany Uy = Z G(v)(,\/ Yo, and
(\,p)ERB®Ph

_ (Ap
UnnUary = Z G(,\f w )(1T)U(A7u) (8)
(A\,)ERBsPh

3.4. Modified bases and generators
The formulas (8) being polynomial in ¢, we may and will view the H*P'-bimodule
R of Gp-invariant functions on Grx GrxV as the specialization under q +— ¢ of
a Z[q,q~!]-bimodule R*P® over the Z[q, q~!]-algebra H*P". We extend the scalars
to Z[v, v+ HPP = Z[v, v @pjq q-1) HPY; RPP = Zv, v @7q,q-1] R
Recall the selfdual basis Cy of 3*P! (see. e.g. [5]). In particular, for 1 <r <
N-1, Cury = (fv)*”(N’T)U(lr). For (A, #) € RB*P" with v = A+ p, we denote by
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2(\, ) the sum d(v) 4+ |A| with |A] ;== A\ +...+ Ay, and d(v) := [V|(N —1) —2n(v)
where n(v) = Zfil(z - 1y;.

We introduce a new basis {Hy ,) 1= (—v)* MM U, ) of RSP We consider
the elements (iV,;™) = ((i,...,),(4,...,5)) € RB%" for any i,j € Z. The fol-
lowing lemma is proved the same way as Lemma 1.

Lemma 2. RP" is generated by {Hn jny, 4,5 € L} as an HPP_bimodule.

3.5. Geometric interpretation and the completed bimodule Rsph

Following the pattern of subsection 2.6 we define the category Dgo (Gr x V)
acted by convolution (both on the left and on the right) by Dgg (Gr). Similarly
to Proposition 4, we have (in obvious notations):

Proposition 11. For any (\,u) € RB" the Goresky-MacPherson sheaf
S, )] (A3 is Tate.

We also have the full subcategories of Tate sheaves DE°(Gr) C Dg (Gr)
and DE*(Gr x V) C Dge(Gr x V). Furthermore, DE*¢(Gr) is closed under

convolution, and DE*(Gr x V) is closed under both right and left convolution
with DE¥¢(Gr). The K-ring K(DE*¢(Gr)) is isomorphic to H*P", and this iso-
morphism sends the class of the selfdual Goresky-MacPherson sheaf on the orbit
closure Gry to Cx. The K-group K(DE4(Gr x \o/')) forms an F*P"-bimodule
isomorphic to a completion RSPh of RSPD e presently describe.

The connected components of Gr x \Of are numbered by Z: a pair (L,v)
lies in the connected component (Gr x \O/')Z where ¢ = dim(L). We will say that
(\p) e Rprh if the corresponding orbit lies in (Gr x \O/')l, equivalently, Z;V=1 A+
Z;'V=1 uj = i. Note that for any i,k € Z there are only finitely many (), u) € RBP!
such that (A, ) € RBP" and ¢(\, 1) = k.

We define RSP? as the direct sum RsPh = Dicz j%jph, and fkjph is formed by all
the formal sums Z(A7M)ERprh anuyHox ) where agy ) € Z[v, v~1], and apu =0
for £(X, ) > 0. So we have K (DE*(Gr x \0/')) ~ RPh a5 an HP-bimodule, and
the isomorphism takes the class [j!(’\’”)@l [Z(A,p)](@)] to Hix -

3.6. Bruhat order, duality and the Kazhdan-Lusztig basis

Following Achar and Henderson [1], we define a partial order (A, pu) < (N, ') on
a connected component RB?ph: we say (A, p) < (V,p) it Ay <N, M +pp <
the end we have Zszl Ak + lequl e = chvzl A+ Zszl 1}, = ). The following
proposition is due to Achar and Henderson (Theorem 3.9 of [1]) :
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Proposition 12. For (A, u), (N, 1) € RB™" the Go-orbit Q) C Gr x V lies in
the orbit closure Qs oy iff (A, p) < (N, 1').

Now we will describe the involution on RP" induced by the Grothendieck-

Verd~ier duality on Gr x V. Recall the elements (iV, V) introduced in 3.4. We
set Hen jny == 3 (Vv )NkH((Z k)N, (j+k)~)- This is the class of the selfdual
(geometncally constant) IC sheaf on the closure of the orbit Q(;~ ;~). The following
propositions are proved exactly as Propositions 6 and 7:

Proposition 13. a) There exists a unique involution r +— T on RPY guch that
H(,LN Ny = H N Ny forany i, j € Z, and hr = h7, and rh = Th for any h € HPh
and r € RsPh.

b) The involution in a) is induced by the Grothendieck-Verdier duality on

Gr x V.

Proposition 14. a) For each (\,pu) € RBY there erists a unique
element E(A,u) € RPh such that E(A,u) = E(Mw and E(,\,H) €
Hix )+ 2200 <o) vZV T Hoy ) )

b) For each (A, j1) € RBP" the element H y ) is the class of the selfdual Go-
equivariant IC-sheaf with support Q(/\,u)' In particular, for (\,u) = (i, V), the
element E(iNJ'N) 1s consistent with the notation introduced before Proposztwn 13.

We will write
Hog = > TovwyomHow): (9)
(N,p) <(Asp)

The coefficients TI(x 7y (x,u) are polynomials in v, As we will see in subsec-
tion 4.2 below, they coincide with a generalization of Kostka-Foulkes polynomials
introduced by Shoji in [12].

We define a sub-bimodule R¥P? € RSP! generated (not topologically) by the
set H(x ), (A p)€ RB*P! . Tt turns out to be a free H*PP-bimodule of rank one:

Theorem 1. O)\E(ON’ON)C = Eo\’”).
The proof will be given in subsection 3.9 after we introduce the necessary

ingredients in 3.7 and 3.8.

3.7. Lusztig’s construction

Following Lusztig (see [5], section 2) we will prove that the G-orbit closures in NxV

are equisingular to (certain open pieces of) the Gp-orbit closures in Gr x V. So we
set E=V@®...®&V (N copies), and let t : E — E be defined by t(vy,...,on5) =
(0,v1,...,un—1). Let Y be the variety of all pairs (E’,e) where E/ C E is an
N-dimensional t-stable subspace, and e € E’. Let Yy be the open subvariety of
Y consisting of those pairs (E’,e) in which E’ is transversal to V& ... &V & 0.
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According to loc. cit. Yo is isomorphic to N x V| the isomorphism sending (u, v) to
(E’ = (N w, uN 2w, . uw, w)wer, e = (uN o, uN "2, L uw, U)) Now FE is
naturally isomorphic to (¢~Vk[[t]]/k[[t]]) ® V' (together with the action of ¢), and
the assignment (E’,e) — (L := E' © k[[t]] ® V,e) embeds Y into Gr(n,....0) X V.
We will denote the composed embedding N x V — Gr x V by ¢ : (u,v) —
(L(u,v), e(u,v)). There is an open subset W C k[[t]]®V with the property that for
any w € W, and any (u,v) € (Nx V), (a G-orbit, see [14], Theorem 1), we have

(L(u,v),e(u,v) +w) € Qx ) (the corresponding Go-orbit in Gr x \Of) Moreover,
the resulting embedding Wx (NxV')(x ) < (x5, is an open embedding. Also, the

embedding W x (N x V)(Ml) < Q(y ) of the orbit closures is an open embedding

as well. Hence the Frobenius action on the IC stalks of (N x V), is encoded in
the polynomials II(xs 1) () introduced after Proposition 14.

3.8. Mirkovi¢-Vybornov construction

The Go-orbits Q5 ,) C Gr x 'V considered in subsection 3.7 are rather special: all

the components A\, i are nonnegative integers, and Z,[j:l Ak + Zi\;l ur = N. To
relate the singularities of more general orbit closures Q( ) to the singularities
of orbits in the enhanced nilpotent cones (for different groups GL,, n # N)
we need a certain generalization of Lusztig’s construction, due to Mirkovi¢ and
Vybornov [11].

To begin with, note that the assignment ¢; ; : (L,v) — (t7" 7L, t7") is a

s+~ Thus
we may restrict ourselves to the study of orbits €y ) with A\, u € N¥ without
restricting generality. Geometrically, this means to study the pairs (L, v) such
that L D L' = O{ey,...,ey) and L3> v ¢ L'.

Let n = rN for r € N. We consider an n-dimensional k-vector space D
with a basis {eg;, 1 < k < r, 1 < i < N} and a nilpotent endomorphism
T et eg_14, e1,;+— 0. The Mirkovié-Vybornov transversal slice is defined as
T,:={z+f, f€End(D): ,ijl = 0 if k # r}. Its intersection with the nilpotent
cone of End(D) is T, NN,

Let L? € Gr be given as L? = t~"L'. It lies in the orbit closure Gr(, o, .. 0),
and we will describe an open neighbourhood U of L? in Gr(,0,...,0) isomorphic to
T, NN,,. We choose a direct complement to L? in 'V so that Ly :=t " 1k[t}|@V.
Then U is formed by all the lattices whose projection along Lo is an isomorphism
onto L?. Any L € U is of the form (1 + g)L? where g : L? — Lo is a linear
map with the kernel containing L', i.e. g: L?/L' — L. Now we use the natural
identification of L?/L' with D (so that the action of ¢ corresponds to the action
of z). Furthermore, we identify t~"V with a subset of L?/L' = D. Hence we may
view g as a sum y o, t~%g, where g, : D — t~"V are linear maps. Composing
with t7"V <— D we may view g; as an endomorphism of D. Then L being a lattice
is equivalent to the condition: gx = g1 (t + ¢1)*~! and t + g; is nilpotent. In other

Go-equivariant automorphism of Gr x V sending €y ;) to Q4



14 Michael Finkelberg, Victor Ginzburg and Roman Travkin

words, the desired isomorphism T NN, —U is of the form:

T, ON, 2z +f—L=Lx+f):= <1+Ztkf(t+f)k1> L2
k=1

Now we identify D with t='V & ... @t "V C L2. Given a vector v € D we
consider its image v € L? under the above embedding, and define e(z + f,v) €
L(x+f) as the preimage of v under the isomorphism L-"~L? (projection along Ls).
Thus we have constructed an embedding ¢ : (T;NN,)x D — GrxV, (z+f,v) —
L(z + f),e(x + f,v). Note that the Jordan type of any nilpotent = + f is given
by a partition v with the number of parts less than or equal to N. There is an
open subset W C k[[t]] ® V with the property that for any w € W, and any
(x4 f,v) € (T " Ny) X V)x, (the intersection with a GLj,-orbit), we have

(L(z + f),e(x + f,v) + w) € Q) (the corresponding Go-orbit in Gr x \O/')
Moreover, the resulting embedding W x (T N Nyp) X D)y — Q) is an
open embedding. Also, the embedding W x ((T,, " N,,) x V)(/\M) — Q(/\,u) of the
intersection with the orbit closure is an open embedding as well.

We conclude that the orbit closures €y ,,) with Zivd Ak + Zivd u, divisible

by N are equisingular to certain GL,-orbit closures in N, X D for some n divisible
by N.

3.9. Semismallness of convolution

We are ready for the proof of Theorem 1. Let us denote the self-dual Goresky-
MacPherson sheaf on the orbit Gry (whose class is Cy) by IC) for short. Then
the convolution power IC(*ll,o,...,o) is isomorphic to @y=Kx ® ICy for certain
vector spaces K (equal to the multiplicities of irreducible GL y-modules in V&),
We stress that K is concentrated in degree 0, that is convolution morphism is
stratified semismall. Thus it suffices to prove

A=l
IC(*ll,o,...,O) # [C(n on) * ICE‘{%,...,O) = @ Ky @ Kx®@IC( ). (10)

lu|=m
Moreover, it suffices to prove (10) for m,[ divisible by N. In effect, this
would imply that the convolution morphism Grﬁ,o,...,o) * Qon oy * Gr{o, o) —

Gr x V is stratified semismall for any m,l > 0. Indeed, if the direct image of
the constant IC sheaf under the above morphism involved some summands with
nontrivial shifts in the derived category, the further convolution with IC ... o)
could not possibly kill the nontrivially shifted summands (due to self-duality and
decomposition theorem), and so they would persist for some bigger m, ! divisible
by N.

Having established the semismallness for arbitrary m,l > 0, we see that the
semisimple abelian category formed by direct sums of IC(y ), (A, 1) € RB®Ph ig
a bimodule category over the tensor category formed by direct sums of IC)y, X €
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Gf,’h (equivalent by Satake isomorphism to Rep(GLy)). To specify such a bi-
module category it suffices to specify the left and right action of the generator
IC0,...,0), and there is only one action satisfying (10) with m, [ divisible by N: it
necessarily satisfies (10) for any m, [.

We set n = m+1. The advantage of having n divisible by N is that according
to 3.8, the (open part of the) orbit closure is equisingular to certain slice of the
GL,,-orbit closure in N,, x D. To describe the convolution diagram in terms of GL,,
we need to recall a Springer type construction of [3] 5.4.

So @nm is the smooth variety of triples (u, Fy,v) where F, is a complete flag
in the n-dimensional vector space D, and u is a nilpotent endomorphism of D such
that uFy, C Fy_1, and v € F,_,,,. We have a proper morphism 7, ,, : Qj)n’m —
N,, x D with the image 9, m C N, x D formed by all the pairs (u,v) such that
dim(v, uv, u?v,...) < n —m. It follows from the proof of Proposition 5.4.1 of loc.
cit. that m, ,, is a semismall resolution of singularities, and

[IA|l=n—m

(T« IC(Dnm) = P Lu®LARICH, (11)

lul=m

where L, (resp. Ly) is the irreducible representation of &,, (resp. &,,_,,) corre-
sponding to the partition u (resp. \); furthermore, IC( ;) is the IC sheaf of the
GLy-orbit closure (N, x D), ) (cf. Theorem 4.5 of [1]).

Recall the nilpotent element = € N,,, introduced in 3.8, and the slice T, " N,,.
We will denote 7, 1, (T N\N,,) x D) by TDn.m C Do.m- Recall the open embedding
©: Wx ((Ty N Np) x D) < Q0....0),0v) of 3.8. Let us denote the convolution
diagram Grﬁ,O,--.,O) * Qon ony * Gr{,. o) by Q(l,o,i..,o),(m,o,...,o) for short; let us
denote its morphism to Q,, ¢, ... 0y,(o~) (With the image Q.0.....0),(m.0.....0)) BY @n,m-
Finally, let us denote the preimage under wy, ., of (W x (T N N,) x D)) by
TQ(l,O,...,o),(m,o,...,0)~ The next lemma follows by comparison of definitions:

Lemma 3. We have a commutative diagram

W X TDnm e TQ(l,O,...,0),(m,0,...,0)

J{id XTn,m wn,'ml

W x ((Tz N Nn) X D) L) Q(n,o ..... 0),(0N)

Since Ly = K by Schur-Weyl duality, the proof of the theorem is finished.
O

Remark 2. Due to Lusztig’s construction of 3.7, Theorem 1 implies Proposition 4.6
of [1].
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4. Mirabolic Hall bimodule

4.1. Recollections

The field k is still F,. The Hall algebra Hall = Hally of all finite k[[¢]]-modules
which are direct sums of < N indecomposable modules is defined as in [8] II.2.
It is a quotient algebra of the “universal” Hall algebra H(k[[t]]) of loc. cit. It
has a basis {uy} where A runs through the set +6§\l;h of partitions with < N
parts. It is a free polynomial algebra with generators {u;ry, 1 <7 < N —1}.
The structure constants G;}V being polynomial in ¢, we may and will view Hall as
the specialization under q — ¢ of a Z[q, q!]-algebra Hall. Extending scalars to
Z[v,v~!] we obtain a Z[v,v~1]-algebra Hal/.

Let A = Ay denote the ring of symmetric polynomials in the variables X =
(X1,...,Xn) over Z[v,v~!]. There is an isomorphism ¥ : Hall——A sending u -
to v="("=Ve, (elementary symmetric polynomial), and uy to v—2"M Py (X, v—2)
(Chapter III of loc. cit.) where Py(X,v~2) is the Hall-Littlewood polynomial, and
n(A) = Zfil(z — 1)\;. Let us denote by T3P the subalgebra of H*" spanned
by {Ux, A € T&®"}. Then we have a natural identification of T3P with Hal/
sending Uy to uy, and C) to cy. Furthermore, ¥(cy) = (—v)_(N_l)Ws)\ (Schur
polynomial).

4.2. The Mirabolic Hall bimodule

A finite k[[t]]-module which is direct sum of < N indecomposable modules is the
same as a k-vector space D with a nilpotent operator u with < N Jordan blocks.
The isomorphism classes of pairs (u,v) (where v € D) are numbered by the set
+RB®! of pairs of partitions (), ) With < N parts in A and < N parts in p.
) and Gy(’)\‘f)u) as follows®. G(V(:\’f ) is
the number of u-invariant subspaces D" C D such that the isomorphism type of
u|pr is given by v, and the isomorphism type of (u|p,p~,v (mod D")) is given

We define the structure constants GE Y

by (N, u'). Furthermore, a2 X“ ),)V is the number of u-invariant subspaces D’ C D

containing v such that the 1somorphism type of (u|ps,v) is given by (XN, '), and
the isomorphism type of u|p,p: is given by v. Note that some similar quantities

were introduced in Proposition 5.8 of [1]: in notations of loc. cit. we have gg’“ =

DN =0 (,\;/2 N

Lemma 4. For any tRB*™" 3> (\, u), (N, i'), 1 < r < N—1, the structure constants
G(i‘f;())\, Ly and GE)\, (1r) are given by the formulas (6) and (7).

Proof. Was given in subsection 3.3. (]

W [own)
IThe notation G(A, ey and Gy

of the present one for v = (1") as we will see in Lemma 4.

introduced in subsection 3.3 is just a particular case
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We define the Mirabolic Hall bimodule Mall over Hall to have a Z-basis
{unw, (A, ) € TRB*"} and the structure constants

_ (Asp) _ (M)
uyu(”xll«') - Z Gl/()\/,/l/)u()‘7ﬂ)’ u(/\',N’)uV - Z G(A’,/L’)Vu(/\;ﬂ)
(Au)€ +RBoPh (A\u)€ +RBoPY
The structure constants GE;}” ;,) (1) and GEE\;’; () M) for the generators of

Hall being polynomial in ¢, we may and will view Mall as the specialization
under q — ¢ of a Z[q,q !]-bimodule Mall over the Z[q,q !]-algebra Hall.
Extending scalars to Z[v,v~!] we obtain a Z[v,v~!]-bimodule Mal¢ over the
Z[v,v~1]-algebra Hall. Let us denote by TR%P! the +FPP-subbimodule of R*P!
spanned by {U ., (A, p) € TRB®"}. Then we have a natural identification
of TR with Mall sending Uy, to uy,y. For (\,p) € TRB™" we set
+C()\7#) = Z+RBSph3(A,V#,)§(A,#) Oy, Hiwv ) (notation introduced after
Proposition 14). We define ¢(y ,,) € Mall as the element corresponding to *C(y .
under the above identification.
Theorem 1 admits the following corollary:

Corollary 1. For any \,u € +&P" we have CAC(ON 0N)Cu = €A ) -

Hence there is a unique isomorphism ¥ : Mall—>A @ A of Hall ~ A-
bimodules sending ¢y ,,) to (—v)~N"DIAHED s\ & 5, We define

A@AS Py, (X, Y, vh) = (—v) 202ty g, )

(mirabolic Hall-Littlewood polynomials).

Thus the polynomials II(y ;7 (x,,) are the matrix coefficients of the transition
matrix from the basis {P, ,)(X,Y,v"1)} to the basis {sx(X)s,(Y)} of A® A.
It follows from Theorem 5.2 of [1] that the mirabolic Hall-Littlewood polynomial
P (XY, v~ 1) coincides with Shoji’s Hall-Littlewood function P(ﬂiu)(X’ Y,v1)
(see section 2.5 and Theorem 2.8 of [12]).

5. Frobenius traces in mirabolic character sheaves

5.1. Unipotent mirabolic character sheaves

Recall the construction of certain mirabolic character sheaves in [3] 5.4. So in,m

is the smooth variety of triples (g, Fo,v) where F, is a complete flag in an n-

dimensional vector space D, and v € F),, and ¢ is an invertible linear trans-

formation of D preserving F,. We have a proper morphism m, ,, : -%n,m —

GL,, xD with the image X, ,, C GL, xD formed by all the pairs (g,v) such

that dim(v, gv, g?v,...) <n —m. According to Corollary 5.4.2 of loc. cit., we have
[A|l=n—m

(ﬂ'n,m)*IC(xn,m) = @ L, @Lx®F (12)

|u|=m

for certain irreducible perverse mirabolic character sheaves Fy , on GL,, xD.
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Following [AH], we set b(A, p1) := 2n(\) +2n(p) +|p, so that b(N', p') —b(A, 1)
equals the codimension of Qs /) in €y ), and the codimension of (N, x D) (xs .

in (N, x D)(A’“).

Theorem 2. Let (u,v) € (N, X D) 1) (Fq). The trace of Frobenius automorphism
of the stalk of F» ,, at (u,v) equals \/ab(x’“/)_b(k’“)ﬂ()\w,))()VM)(\/a)(see (9)).

Proof. We identify the nilpotent cone N, and the variety of unipotent elements
of GL,, by adding the identity matrix, so that we may view N,, C GL;. Then
X0, mN(NpxD) = Dpm, and 7, | (XnmN(Np X D)) = D m (notations of the proof
of Theorem 1). Comparing (12) with (11), we see that Fy ,|n, xp =~ ICy ). Hence
the trace of Frobenius in the stalk of Fy , at (u,v) equals the trace of Frobenius
in the stalk of IC() ) at (u,v). The latter is equal to the matrix coefficient of

the transition matrix from the basis {j n? —b(N,1/)]} to the basis

Ql(NnXD)O\/,“/) [

{j!*@l(N’ <D)ox )[n2 — b(A, )]} And the latter by construction, up to the factor

of \/(jb(’\/’“/)_b()"“), is equal to Iy iy, (a0 (V) O

5.2. G,,-equivariant mirabolic character sheaves

More generally, we recall the notion [4] of mirabolic character sheaves equivariant
with respect to the dilation action of G, on D. Let B be the flag variety of
GL(D), let B be the base affine space of GL(D), so that B — B is a GL(D)-
equivariant H-torsor, where H is the abstract Cartan of GL(D). Let Y be the
quotient of B x B modulo the diagonal action of H; it is called the horocycle space
of GL(D). Clearly, Y is an H-torsor over B x B with respect to the right action
(Z1,%2) - h := (21 - h,ZT2). We consider the following diagram of GL(D)-varieties
and GL(D) x G,,-equivariant maps:

GL(D) x D &~ GL(D) x Bx D > Y x D.

In this diagram, the map pr is given by pr(g,x,v) := (g,v). To define the map f,
we think of B as ‘E/H, and for a representative T € Bof z € B we set flg,z,v) =
(9%, %,gv). The group GL(D) acts diagonally on all the product spaces in the
above diagram, and acts on itself by conjugation. The group G,, acts by dilations
on D.

The functor CH from the constructible derived category of l-adic sheaves on
Y x D to the constructible derived category of l-adic sheaves on GL(D) x D is
defined as CH := pr.f'[—dim B]. Now let F be a GL(D) x G,,-equivariant, H-
monodromic perverse sheaf on Y x D. The irreducible perverse constituents of
CHZF are called G,,-equivariant mirabolic character sheaves on GL(D) x D. We
define a G,,-equivariant mirabolic character sheaf as a direct sum of the above
constituents for various F as above. The semisimple abelian category of G,,-
equivariant mirabolic character sheaves will be denoted MC(GL(D) x D). Clearly,
this definition is a direct analogue of Lusztig’s definition of character sheaves.
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The semisimple abelian category of character sheaves on GL(D) will be denoted

C(GL(D)).

5.3. Left and right induction

Following Lusztig’s construction of induction of character sheaves, we define the
left and right action of Lusztig’s character sheaves on the mirabolic character
sheaves (for varying D). To this end it will be notationally more convenient to
consider MC(GL(D)x D) (resp. C(GL(D))) as a category of perverse sheaves on the
quotient stack GL(D)\(GL(D) x D) (resp. GL(D)\ GL(D)). Let m < n = dim(D),
and let V' be an n —m-dimensional k-vector space, and let W be an m-dimensional
k-vector space. We have the following diagrams:

CL(D)\(GL(D) x D) <%~ A %5 GL(V)\ GL(V) x GL(W)\(GL(W) x W), (13)

GL(D)\(GL(D) x D) <% B - GL(V)\(GL(V) x V) x GL(W)\ GL(W). (14)
Here A is the quotient stack of A by the action of GL(D), and
A:={(g € GL(D),F C D,v € D) such that dim F =n —m, and gF = F},

and, p forgets I, and ¢ sends (g, I, v) to g|r; (9|p/r,v (mod F')) (under an arbi-
trary identification V ~ F, W ~ D/F'). Note that p is proper, and ¢ is smooth of
relative dimension n — m.

Furthermore, B is the quotient stack of B by the action of GL(D), and

B:={(g € GL(D),F C D,v € F) such that dimF =n —m, and gF = F},

and, d forgets I, and b sends (g, F,v) to (g|r,v); glp,r) (under an arbitrary iden-
tification V' ~ F, W ~ D/F). Note that d is proper, and b is smooth of relative
dimension 0.

Finally, for a character sheaf § € €(GL(V)) and a mirabolic character sheaf
F € MC(GL(W) x W) we define the left convolution G * F := pig* (G X F)[n — m].
Similarly, for a character sheaf §' € €(GL(W)) and a mirabolic character sheaf
F € MC(GL(V) x V) we define the right convolution ¥’ x §' := d\b*(F' K §').

Note that the definition of convolution works in the extreme cases m = 0
orn—m = 0 as well: if dimV = 0, then GL(V) is just the trivial group. The
following proposition is proved like Proposition 4.8.b) in [7].

Proposition 15. Both G * F and F' * §' are G,,-equivariant mirabolic character
sheaves on GL(D) x D.

We denote by @l the unique G,,-equivariant mirabolic character sheaf on
GL(D) x D for dim(D) = 0.

Proposition 16. Let § € C(GL(V)), and §' € C(GL(W)) be irreducible character
sheaves. Then G * @l * G’ is irreducible.
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Proof. Let dim(D) = n, dim(W) = m, dim(V) = n—m. Recall the diagram (14),
and denote by r : GL(V)\(GL(V) x V) — GL(V)\ GL(V) the natural projection
(forgetting vector v). Then G Q; *G" = dib* (r*§ X G'[n — m]). The sheaf b*(r*§X
§’'[n — m]) is irreducible perverse on B; more precisely, it is the intermediate
extension of a local system on an open part of B. The image of proper morphism
d coincides with GL(D)\X,, ., (notations of 5.1), and d : B — GL(D)\X,n, is
generically isomorphism: F is reconstructed as F' = (v, gv, g%v,...). Finally, the
arguments absolutely similar to the proof of Proposition 4.5 of [6] prove that d is
stratified small. This implies that dib*(r*G K §'[n — m]) is irreducible. O

Conjecture 1. Any irreducible Gp,-equivariant mirabolic character sheaf
on GL(D) x D is isomorphic to G * Q; x §' for some § € C(GL(V)), and
g € C(GL(W)) where dim(V') 4+ dim(W) = dim(D).

5.4. Mirabolic Green bimodule

Once again k = F,. We will freely use the notation of Chapter IV of [8]. In
particular, ® is the set of Frobenius orbits in F,*, or equivalently, the set of
irreducible monic polynomials in Fy[t] with the exception of f = ¢. We consider
the set of isomorphism classes (D, g, v) where D is a k-vector space, v € D, and ¢ is
an invertible linear operator D — D. Similarly to section 2 of loc. cit. we identify
this set with the set of finitely supported functions (A, i) : ® — P x P to the set of
pairs of partitions. Note that dim(D) = [(A, p)| := > req deg(f) (A + ()]
Let c(a,u) € GL(D) x D be the corresponding GL(D)-orbit, and let 7y ., be its
characteristic function. Let MA be a Q-vector space with the basis {roawt It
is evidently isomorphic to €, -, Q;(GL(k™) x k™)GL(K"),

Recall the Green algebra A = @,,., A, of class functions on the groups
GL,(F,) (see section 3 of loc. cit.; the multiplication is given by parabolic in-
duction) with the basis {7, } of characteristic functions of conjugacy classes. The
construction of 5.3 equips MA with a structure of an A-bimodule. It is easily seen
to be a free bimodule of rank 1 with a generator g g) given by the zero function
(taking the value of zero bipartition on any f € ®). The structure constants are
as follows (the proof is similar to (3.1) of loc. cit.).

_ (Am)
TR ) = D Btk ) ) TN ) T = Z SN Ty (15)
(A,p)

where

(f)n(f)) deg(f)y oAm)  _ A)o(£)) deg(f)
H Gu(f)(»(f) w () (4 ) 8Ny = H G (Pwnd )-

fee fed

u()\’

(16)

Now recall another basis {Sy} of A (see section 4 of loc. cit.), numbered by

the finitely supported functions from © to P. Here © is the set of Frobenius orbits
on the direct limit L of character groups (IF;.)". This is the basis of irreducible
characters. According to Lusztig, for || = m, the function S, is the Frobenius
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trace function of an irreducible Weil character sheaf 8, on GL,,. Due to Proposi-
tion 16, for [n|+|n'| = n, the function Sy g 0)Sy is the Frobenius trace function
of an irreducible G,-equivariant Weil mirabolic character sheaf 8, * @l * 8,y on
GL(D) x D, dim(D) = n. We know that the set of functions { S, 7 (0,0)5y} forms a
basis of the mirabolic Green bimodule MA. Hence, if Conjecture 1 holds true, then
the set of Frobenius trace functions of irreducible G,,-equivariant Weil mirabolic
character sheaves forms a basis of MA. This would be a positive answer to a
question of G. Lusztig.
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