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Abstract

The symmetric space duality between the complex hyperbolic plane Ho(C) = SU(2,1)/U(2)
and the complex projective plane P»(C) = SU(3)/U(2) also becomes apparent in the theory of
matrix valued spherical functions associated to both spaces. This is stressed in this paper by
proving a three term recursion relation for a family of matrix valued functions built up from
the spherical functions associated to H2(C). In a very precise sense this extends the three term

recursion relation which holds for Py(C).
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1. INTRODUCTION

The analogy between the spherical geometries and the hyperbolic geometries is a special case
of a general duality for symmetric spaces. This analogy reappears in the function theory on
these spaces, as the one between the trigonometric functions and the hyperbolic functions, or
between the Jacobi polynomials P,(L“’ﬁ ) and the Jacobi functions Féa’ﬁ ). These analogies become
apparent once we recall the expressions of the trigonometric and hyperbolic functions in terms
of the exponential function, and the ones of the Jacobi polynomials and the Jacobi functions in
terms of Gauss’ hypergeometric function. In particular the last analogy, for « =n and g8 =1, is
an instance of a more general one found studying the irreducible spherical functions of any type,
associated to the complex projective plane P(C) or to the complex hyperbolic plane Hs(C) (see
[GPT1] and [PRT]). Both are dual Hermitian symmetric spaces, and as such, the compact one
P,(C) contains the noncompact dual Hy(C) as an open submanifold (see Proposition 7.14 in
[Hel).

The group U = SU(3) acts in a natural way in the complex projective plane P,(C). This action
is transitive and K = S(U(2) x U(1)) is the isotropy subgroup of the point (0,0,1) € Py(C).
Therefore P,(C) = U/K. We identify the complex plane with the affine plane

C? = {(z,5,1) € Po(C) : (w,y) € C*},

and we take full advantage of the K-orbit structure of Py(C). The affine plane C? is K-stable
and the corresponding line at infinity L is a K-orbit. Moreover the K-orbits in C? are the

spheres
Sp={(z,y) €C*: |z +|y[> =+ }.

Thus we can take the points (r,0) € S, and (1,0,0) € L as representatives of S, and L,
respectively. Since (M,0,1) = (1,0, 3;) — (1,0,0) when M — oo, the closed interval [0, oc]
parameterizes the set of K-orbits in P»(C).

The noncompact dual of the Riemannian symmetric pair (U, K) is the pair (G, K) where
G = SU(2,1). Since G is also a group of linear transformations of C? it acts naturally in Py(C).
The G-orbit of the point (0,0, 1) is the set

B ={(z,y.1) € P2(C) : |z* + |y* < 1},

and the corresponding isotropy subgroup is K. Thus H2(C) = G/K can be identified with the

open ball of radius one centered at the origin in C2.

Let G be a locally compact unimodular group and let K be a compact subgroup of G. Let K
denote the set of all equivalence classes of complex finite dimensional irreducible representations
of K; for each § € K, let &5 denote the character of 0, d(d) the degree of J, i.e. the dimension
of any representation in the class ¢, and xs = d(0){s. We shall choose once and for all the Haar

measure dk on K normalized by [, dk = 1. We shall denote by V a finite dimensional vector
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space over the field C of complex numbers and by End(V') the space of all linear transformations
of V into V.
A spherical function ® on G of type § € K is a continuous function on G with values in

End(V') such that ®(e) = I (/= identity transformation) and

¢($)¢(y):ZLA;XB(k_1)¢($ky)dk,

for all x,y € G. Then one has the following result.

Proposition 1.1. ([T],|GV]) If ® : G — End(V) is a spherical function of type § then:
i) ®(kgk') = ®(k)®(g9)®(K'), for all k,k' € K, g € G.
i) m: kw— ®(k) is a representation of K such that any irreducible subrepresentation belongs

to 9.

Concerning the definition let us point out that the spherical function ® determines its type
univocally (Proposition 1.1) and let us say that the number of times that § occurs in the
representation k — ®(k) is called the height of ®.

Spherical functions of type ¢ arise in a natural way upon considering representations of G.
If g — U(g) is a continuous representation of G, say on a complete, locally convex, Hausdorff

topological vector space E, then

PO = [ ol Ukt
is a continuous projection of E onto P(0)E = E(¢); E(J) consists of those vectors in F, the linear
span of whose K-orbit is finite dimensional and splits into irreducible K-subrepresentations of
type 0. Whenever E(J) is finite dimensional, the function ® : G — End(E(J)) defined by
®(g)a = P(O)U(g)a, g € G,a € E() is a spherical function of type 0. If the representation
g — U(g) is topologically irreducible (i.e. F admits no non-trivial closed G-invariant subspace)
then the associated spherical function @ is also irreducible.

If a spherical function @ is associated to a Banach representation of G then it is quasi-bounded,
in the sense that there exists a semi-norm p on G and M € R such that ||®(g)| < Mp(g) for
all ¢ € G. Conversely, if ® is an irreducible quasi-bounded spherical function on G, then
it is associated to a topologically completely irreducible (TCI) Banach representation of G
(Godement, see [T]). Thus if G is compact any irreducible spherical function on G is associated
to a Banach representation of G, which is finite dimensional by Peter-Weyl theorem.

When G is a connected Lie group then it is not difficult to prove that any spherical function @ :
G — End(V) is differentiable (C'*°), and moreover that it is analytic. From the differential point
of view a spherical function of type J can be characterized in the following way. Let D(G) denote
the algebra of all left invariant differential operators on G and let D(G)® denote the subalgebra
of all operators in D(G) which are invariant under all right translation by elements in K. Let
(V,7) be a finite dimensional representation of K such that any irreducible subrepresentation

belongs to the same class § € K. Then we have
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Proposition 1.2. ([T],[GV]) 4 function ® : G — End(V) is a spherical function of type § if
and only if
i) ® is analytic.
ii) ®(ki1gks) = m(k1)®(g)m(k2), for all k1,ke € K, g € G, and ®(e) = I.
iii) [D®](g) = ®(g9)[D®](e), for all D € D(G)X, g € G.

It is also convenient to point out the following facts.

Proposition 1.3. ([T],[GV]) The following properties are equivalent:
i) D(G)X is commutative.

i) Ewvery irreducible spherical function of (G, K) is of height one.

Proposition 1.4. ([T], Remark 4.7) Let ®,¥ : G — End(V) be two spherical functions on
a connected Lie group G such that ®(k) = ¥(k) for all k € K. Then ® = VU if and only if
[D®](e) = [DV](e) for all D € D(G)¥.

If G is a noncompact connected semisimple Lie group with finite center, and K is a maximal
compact subgroup of G, then, from the Subquotient Theorem of Harish-Chandra (see [W] The-
orem 5.5.1.5) or from Casselman’s Subrepresentation Theorem (see [Kn| p. 238), we know that
any TCI Banach representation of GG is infinitesimally equivalent to a subquotient, respectively
to a subrepresentation, of a nonunitary principal series U%¥. Thus, if ® is a quasi-bounded
irreducible spherical function on G of type § € K, there exists (0,v) and a K-projection Q(9),
of U%" onto the d-isotypic component of an irreducible subrepresentation of U, such that ®
is equivalent to Q(8)U%"Q(6). This follows from Proposition 1.4. In particular when D(G)¥ is
abelian @ is equivalent to @5 = P(§)U%" P(4), because in such a case the multiplicity of ¢ in
U%Y is one.

From now on in this section (G, K') will be either (SU(3), S(U(2) x U(1)) or (SU(2,1),S(U(2) x U(1)).
In these cases both algebras D(G)® are isomorphic, and in fact isomorphic to D(G)% @ D(K)¥,
D(G)% and D(K)¥ being polynomial algebras (Harish-Chandra’s theorem) in two algebraically
independent generators (see [GPT1]).

The set K can be identified with the set Z x Zsq. If k = (49), with A € U(2) and
a = (det A)~1, then

(1) 7(k) = mne(A) = (det A)" AL,

where A denotes the (-symmetric power of A, defines an irreducible representation of K in the
class (n,?) € Z x Z>o.
The representation 7, of U(2) extends to a unique holomorphic representation of GL(2,C)

into End(V}), which we still denote by 7, . For any g € M(3,C), we denote by A(g) the left

A(g) _ <911 912> ‘
g21 922
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Let
A={geG:det A(g) #0}.

The canonical projection p : G — P»(C) maps the open dense subset A C G onto the affine
plane C2 when G = SU(3) and onto the unit ball B when G = SU(2,1), since A = G in this
case.

For any m = 7(, ¢y let @ : A — End(V;) be defined by

D, (9) = Dn0(9) = Wn,Z(A(g))~

If G =SU(3) and n > 0 then ®, extends to a unique irreducible spherical function on G of
type (n,¢), and when G = SU(2,1) and ®, is an irreducible spherical function on G of type
(n, ).

To determine all spherical functions ® : G — End(V}) of type m = 7, ¢, we use the function

@, in the following way: in the open set A C G we define a function H by

(2) H(g) = ®(9) Px(9) ",
where ® is suppose to be a spherical function of type m. Then H satisfies
i) H(e) =1.
ii) H(gk) = H(g), forall g € Ak € K.
iii) H(kg) = n(k)H(g)n(k™1), forall g € Ak € K.

Then property ii) says that H may be considered as a function on C? or B, and moreover
from iii) it follows that H is determined by the function r — H(r,0) on the intervals [0, +00) or
[0,1) when G = SU(3) or G = SU(2, 1), respectively.

As we said above the algebra D(G)%, of all differential operators on G which are invariant
under left and right multiplication by elements in G, is a polynomial algebra in two algebraically
independent generators Ay and Asz. A particular choice of these operators is given in Proposition
2.1 of [GPT1].

Now if we make the change of variables ¢t = 1/(1 + r2) when G = SU(3) and ¢t = 1/(1 — 7?)
when G = SU(2, 1), then the fact that ® is an eigenfunction of Ay and Ag, makes H(t) = H(r,0)
into an eigenfunction of the following differential operators
3 DH = t(1 = t)H" + (Ag — tA)H' + %(30 —B)H.

& EH = t(1 — ) MH" + (Co — tC))H' + 1L_t(po + DA

for ¢t € (0,1) when G = SU(3) or t € (1,00) when G = SU(2,1). Observe that ¢t = 1 corresponds
in both cases to the point p(e). The coefficient matrices A, A1, By, B1, Co, C1, Dy, D1 and M
are explicitly given in Section 10 of [GPT1].

Then it follows that the irreducible spherical functions of G of type (n, £) corresponds precisely
to the simultaneous matrix valued eigenfunctions of D and E which are analytic in the intervals

[0,1] or [1,00), respectively, when G = SU(3) or G = SU(2, 1), and such that H(1) = I ([GPT1]
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and [PRT]). From here we obtain that all irreducible spherical functions on SU(2,1) are quasi-
bounded since all appear associated to a principal series representation.

In [GPT?2] and [PT] we proved a three term recursion relation for a sequence of matrix valued
functions H(t,w) on SU(3) built up from £ + 1 spherical functions of a given type (n, £).

In this paper we shall establish a similar result for SU(2,1) which emphasizes the analogy
between the function theories of our pairs (SU(3),U(2)) and (SU(2,1),U(2)).

In particular for G = SU(2,1) one constructs, out of several spherical functions of a given
type mp ¢, n € Z and ¢ € Ny, a family of (¢ + 1) x (¢ + 1)-matrix valued functions H(t;v) t > 1,
such that as functions of the spectral parameter v they satisfy a three term recursion relation

of the form
(4) tH(t;v) = A H(t;v — p) + B,H(t;v) + C,H(t;v + p),

where A,, B,, C, are matrices independent of ¢t. These matrices are closely related to the
corresponding matrices Ay, By, Cy in [PT] (see Section 6). On the other hand the functions

H(t;v) satisfy a differential equation of the form
(5) DH(t;v)" = H(t;v)'A,

where D is a second order differential operator in the variable ¢ whose coefficients depend on ¢
(and not on v). Here A is a diagonal matrix with entries that depend on v but not on t and the
superscript denote transpose.

Inspired on [PT] we construct a family of (¢+1)2 x (£+ 1)-matrix valued functions ®(g; ) on
G built up of £+ 1 spherical functions of a given type (n, ). The three term recursion relation

that constitutes our main result, Theorem 5.1, is given by

(6) 3(9)P(9)®(g5v) = A, ®(g;v — p) + B,®(g5v) + C,(g; v + p)
and it generalizes (4). Here A, =A,®1I, B, =B, 1, C, = C, ® I, where I denotes the
(+1) x (£ + 1) identity matrix.

It is important to stress that this relation is valid on G, and not just on a one dimensional

submanifold of G. On the other hand from Proposition 1.2 iii) it follows that

[DD(-;)](g) = D(g; V) [DB(-;v)](e)
for all D € D(G)X. Thus the family ®(g;v) provides an extension to G of the matrix valued
version of the Bochner’s problem. Moreover the recursion relation (4) follows easily from (6) by
restriction, see Proposition 6.2.

The first step in the proof of (6) consists in establishing a multiplication formula of three
terms (Theorem 4.4) for spherical functions, which is obtained from an explicit decomposition
YoV RW = Y1 ®Ys@Y3 into irreducible submodules of the tensor product of the Harish-Chandra
module Y% of the principal series representation U%" and the standard module W = C3. Here
we use Kostant’s results on the tensor product of a finite dimensional and an infinite dimensional

representation (see [Ko]). Then the closures Y; of Y; in U%” ® W are linearly independent
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SU(2,1)-modules but Y1 @ Y5 @ Y3 is not closed. Because of this the proof of Theorem 4.4
is delicated. Concerning the equivalence of Y; with certain pricipal series representations see
Remark 3.19.

In this multiplication formula there appear spherical functions of types (n,¢) and (n — 1,¢).
To take care of this it is necessary to combine the multiplication formula with its dual, obtaining
a multiplication formula involving seven spherical functions of type (n,f). Then these spherical
functions are appropriately package into three (£ + 1) x (£ + 1) matrix valued function (i(g; v),
®(g;v + p), ®(g;v — p), which yields to (6).

In the last section, by restricting to the abelian Iwasawa subgroup A, we derive a three term
recursion relation for a family of (£+1) x (¢4 1) matrix valued functions H (¢; v) closely related to
the (i(g; v). Then by changing v to a new parameter w we explain why this three term recursion
relation implies the one proved in the last section of [PT] (see Remark 6.3). Finally for £ =0

this recursion relation comes down to the one which holds for the Jacobi functions

a,0 _ —u,ut+a+6+1 |
Fu = 2F1 < a+1 71‘) .

2. PRELIMINARIES

The group G = SU(2, 1) consists of all 3 x 3 complex matrices of determinant one that preserve

the Hermitian form ¢(z) = 21Z1 + 22Z2 — 23Z3. If we put J = (é ((1; §1> we have
G=SU(2,1)={AeSL3,C): A"JA=J}.
Equivalently we have that A € G if and only if the columns A; of A are orthogonal with respect
to
(z,w) = 21W1 + z9Wo — 23W3,
and satisfy (A1) = ¢(A2) = —q(A43) = 1.
The subgroup K = S(U(2) x U(1)) consists of all unitary matrices of the form
=0 )
where A € U(2) and a = (det A)~!. Clearly the map k ~— A defines a Lie isomorphism of K

onto U(2).
The Lie algebra of G is

g:{XEQZ(B,(C):JXJ:—Yt, trX:O}.

Its complexification is gc = sl(3,C). The Lie algebra ¢ of K can be identified with u(2) and its
complexification tc with gl(2,C).

The following matrices form a basis of g.

OO,
OO OO0O0O
[E—

[R=1=}



Let hc be the Cartan subalgebra of gc of all diagonal matrices. The corresponding root space
decomposition is given by
Xo = Ena, X_o = En, Ho = En — Eaa,
Xg = Ea3, X_g = B3, Hg = FEoy — E33,
X, = Ei3, X = Ejsi, H., = E11 — Es3.

where
a(r1B11 + 22 B9 + 23F33) = 71 — T2,
B(x1E11 + xoloy + x3H33) = 13 — 23,
Y(@x1E1n + 29Fo + x3F33) = x1 — x3.
We have
Xo = 5(Y1 —iYa), Xp = 5(Ys5 — i¥s), Xy = 5(Ys —iYy),
X_o=-1(V1 +iYa), X_p5=3(Ys +1iYs), X_, = 3(Y3+iYy).

Let Z = H, +2Hg, Hy = 2H, + Hp and Hy = Hg — H,,.

In [GPT1] we have proved the following proposition:

Proposition 2.1. D(G)Y as a polynomial algebra is generated by

Ao=—H2 122 - 2H, 27 —4X_o X, —4X_5X5 —4X_, X,
and
A3 =2H3 — SHS + $H3Hp — sH HG + 2H2 + HoHp + 4H, + 2Hp
+ X oXoHo +2X o XoHg+6X_oXo +3X_X5+3X_, X,
— X_5XpgHi — X7 Xy Hy +3X_3X, X o +3X_, XX,

Let g = £+ p be the Cartan decomposition of g associated to the Cartan involution (X)) =
~X"'. Then

E:{(lg 2>:keu(2),y:—tr(k)} andp:{<§s g>:be<c?}.

Ho= (334) ma 7= (359).
100 0 1

Let

Thus a = RHj is a maximal abelian subspace of p, m = RiT} is the centralizer of a in £ and
6 =m ® a is a Cartan subalgebra of g. The root space decomposition of g¢ with respect to 6«;
is given by
&(Ho) = 1, B(Ho) =1, 7(Ho) = 2,
a(T) =3, B(T) = =3, (T) =0,



and the root vectors are

Xa = E2 + E3g, X_a = B + Ebs,
X5 = Ey — Eag, X_5=FEi— Es,
X5 = F13 — E31 — E11 + Esg, X 5 = E31 — E13 — F11 + E33.

In what follows the following multiplication table will be useful:

[Xa,T] = —3Xa (Xa,Ho] = —Xa,  [Xa,X_a] = Ho+ T,
[Xa, X5] = — X5, [(Xa, X 5] =0, [Xa, X5] =0,
[XaX_s] =2X5  [X;7T)=3X; X5, Hol = —X;
[X5.X gl = Ho—T, [X3X5] =0, X5 X 5] = —2X_4
(X5, X-a] =0, [X5,T] =0, [X5, Ho] = —2X5,
X5, X_al =2X5,  [X5.X_j] = —2Xa, [X3,X_s] =4Hy
X_aT) =3X_a,  [X-a Hol=X_a, [X_a.X gl=-X_5
[X_a,X_s] =0, X 5 T]=—=3X 5, [X 5 Hol=X ;4
[X_5X_5] =0, [X_5,T] =0, [X_5, Ho) = 2X_s.

In this new basis, the differential operators Ay and Ag given in Proposition 2.1 are given by
Ay = —Hf — §T? + 4Hy — 2X5X 5 —2X;X_5 - X5X 5,
40y = —3T? + T? + 4T + 3HG + TH§ — 4HoT — 12H,
(7) —XaTX 5 —XTX 54+ X3TX 5+ 3XsHoX 4
—3X5HoX 5—-3X;XsX 5 —-3X5X X 5
+12X3X 54 6X5X_5.

Let A € a* be the restricted root defined by A(Hg) = 1 and let n = gy + go) be the sum of the
corresponding restricted root subspaces of g. Then g = € ® a @ n is an Iwasawa decomposition
of g.

Let A and N be the analytic subgroups of G with Lie algebras a and n, respectively, and let
M be the centralizer of A in K. Then M AN is a minimal parabolic subgroup of GG, and

et? 0 A 0 cosht 0 sinht
M=L{my=|0 e 0 , A={a = 0 1 0
0 0 e sinht 0 cosht

ForrEZandve(CwedeﬁneaeManduéa(*cby
(8) o(mg) =€ and v(tHp) = vt.

Then man — e”(1°2% g (m) is a one dimensional representation of M AN, and it is this represen-
tation that we induce to G to construct its generalized principal series representation. Thus we

put U%" = Indf/[AN.



There are different “pictures” or realizations of these representations which have different
uses and advantages. We choose the compact picture. In this case a dense subspace of the

representation space of UMY is
{F: K — C continuous : F(km) = o(m) 'F(k);k € K,m € M },

with norm
1PIE = [ PG
If g decomposes under G = KAN as g = k(g) exp(H (g))n, then the action is

U™ (g)F(k) = e~ +PH6T R p(k(g~1E)).

The actual Hilbert space and representation are then obtain by completion. We recall that
p € a* is the half-sum of the positive restricted roots counted with multiplicities. In this case it
is given by p(Hp) = 2.

In this case, the action is more complicated than in the induced picture, but the space is
independent of v.

Let Y™ be the Harish-Chandra module of all K-finite vectors in U™?. Then U™ admits an
infinitesimal character since any element in D(G)“ reduces to an scalar operator on Y"¥ (see
Proposition 8.22 of [Kn]). Then using the induced picture and the expressions (7) it is easy to

prove the following proposition.

Proposition 2.2. The infinitesimal character X, of the principal series U™ is given by
Xrw(Ag) = —v? 44— %rz
Xro(D3) = 3 (3% + 12 + 10?4+ 30% — 12)..

We observe that U™" and U™ ~" have the same infinitesimal character. This is an instance of
the general invariance of the infinitesimal character of the principal series representations under
the restricted Weyl group.

Now we want to describe the structure of Y™ as a K-module. Since K is a compact group,

by the Peter-Weyl theorem we know that we have the following unitary direct sum:
L*K)=&_;Vee Vs,
where the identification of V; ® V* as a subspace of L?(K) is given by (v ® \) — (v ® \)(k) =
(k- A)(v). The restrictions to Vx ® V* of the left and right regular representations of K are,
respectively,
L’VW@)V; =m®1 and R‘VW®V;‘ =1 .
If m = m, ¢ there exists a basis {vj(-n’é) }§:0 of V, unique up to a multiplicative constant, such

that

0 #(Ha)v§n,f) — (f _ 2]')1}](»”’4), 7_‘_(Z)v](n,f) _ (2n + f)’()](-n’g),
( ) (X (n,8) _ . (n,0) (X (n.6) _ 0 (n,0)
(Xa)v; JUiCT, T(X—a)v; (€ — )iy



Lemma 2.3. Let us consider a U(2) invariant inner product on Vi, s. Then the basis {v§n’€) §:0

described above is an orthogonal basis such that
-1
n,l 14 n,l
o™ = (J) ™11

Proof. Let * denote the adjoint operator in El’ld(‘/(n’g)) corresponding to an invariant inner
product on Vi, ¢). Since #(Y)* = —(Y) for all Y € g we have
F(Ha)* = i(Hy)* = —ir(Hy) = 7(H),
(X)) = =3 (7(V1) +i7(Ya))" = —5( — 7#(V1) + i (Y2)) = 71(Xa).

Since 7(Hy)* = 7(Hy) and the v;’s are eigenvectors corresponding to different eigenvalues of
7(Hy) they are orthogonal to each other.

Now the proof will be completed by induction on 0 < i < £. The statement is clearly true for
1 = 0. Let us assume that the assertion is true for some 0 < ¢ < ¢ — 1. Then

(=)l oDy = (R(X_a)ol™, 0Ty = 9 & (Xa)ol D)

= (i + 1)<v§n’€),v§n’£)>.
Thus
(i o) = 20T w6 = () o).
This completes the proof of the proposition. o
Let {/\gn,e) }5_o be the dual basis of {v§n,€) Yoo

Proposition 2.4. The Harish-Chandra module Y™ as a K-module decomposes in the following

way
= £—35,4
v = B (Virre-gin 8 O
=0 j=0

Proof. We first note that
Y = {F e DV, @V;: R(mg)F = e " Fmy € M}.
7r6f(
From T'= (3H, — Z)/2 it follows that
T(T)vj =l —n—3j)v;, 7T (T)\j =—(L—n—3j)A;.
Let us consider the representation of M in € _ cii Ve @V defined by my — e R(myg). Then

Y = <@VW®V:>M: P vee V)"

WGK WGK

If # = m,, we have

(V*)M: C\; if r=40—n—3j,
T 0 otherwise.

This completes the proof of the proposition. O
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3. ON THE STRUCTURE OF U™’ @ W

As we shall see in the next section, a multiplication formula for the spherical functions asso-
ciated to our pair (G, K) arises from a direct sum decomposition of U™" @ W into G-modules
which admit infinitesimal characters. It is well known that even if U™" is irreducible U™" @ W
need not has such a direct sum decomposition. Nevertheless it always has a finite composition
series but the authors were not able to derive a multiplication formula in this general case.
Moreover we shall give evidences that such a formula may not exists.

We shall start considering the D(G)-module Y™¥ @ W, taking into account Kostant’s con-
tribution [Ko] on the tensor product of a finite and an infinite dimensional representation. To
quote what it is needed we introduce the following notation.

Let gc be a finite dimensional complex semisimple Lie algebra, U(gc) be its universal en-
veloping algebra and Z(gc) be the center of U(gc). Let V' be a Harish-Chandra module with
infinitesimal character x¢ and let V) be an irreducible finite dimensional representation with
highest weight A. Let Ay = {u1,...,ur} be the set of all the distinct weights of V). Now

consider the sequence of k characters x¢qp,,. .., X¢4p, and put
Yi={yeVeVy:uy=xeru(u)y forall uve Z(ge)}

Then the following is the content of Corollary 5.5 of [Ko].

Theorem 3.1. If the characters x¢yy,, @ = 1,...,k are distinct and Y; is not zero, then Y; is

the mazximal submodule of V' ® Vy which admits the infinitesimal character x¢y,,, and

VeWh=Y1& - -dY.

Now we consider the standard irreducible representation of gc on W = C3 and let {e1, ez, e3}
denote the canonical basis of C3. Then e; + e3, €2, €1 — e3 are weight vectors with respect to 6@

of weights p1, po, s, respectively, given by

p(Ho) =1, pa(Ho) =0, p3(Ho) =—1
m(T) =1, pa(T)=-2, p3(T)=1
We observe that A = pp is the highest weight of W. In terms of the dual basis of {Ho, T} we

have

H1 = (1a 1)7 H2 = (Oa _2)a H3 = (_17 1)'

Lemma 3.2. The infinitesimal character x¢ = Xy of the Harish-Chandra module Y™ is given
by f = (—’U - 277')'

Proof. 'We first recall the definition of the character x¢ of Z(gc) for & € GTC We know that given
u € Z(gc) there exists a unique f, € U(hc) such that u — f, € U(g(c)g(?;. Then xe(u) = fu(§).
By using the isomorphism D(G)® ~ Z(gc), obtained by restricting the canonical isomorphism

between D(G) and U(gc), from Proposition 2.2 we can compute x¢(Az) and x¢(Az). But first
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we need to rewrite these operators in such a way that the positive root vectors appear on the
right. To do this we use the transpose anti-automorphism of U(g) defined by: if X € g then
X' = —X, thus

(X1 X)) =(=1)"X, - Xy, for any X; € g.
Then A} = Ay, since Ay is the Casimir operator of gc, and furthermore we have that Aj =
—Asz — 6Ay. Thus from (7), we get

fAQ = _(Hg + %TQ + 4H0),

and

fa, = —3T° + T + 4T + 3H§ + 4HoT + TH§ + 12H.

Now it is easy to check that

fAQ(_U - 27 ’I”) = XT’,U(A2)7

fA3(_U - 27 T) = X?",U(AB)-
This completes the proof of the proposition. O
Theorem 3.3. Letr € Z and v € C. Ifv(v+r)(v —1) # 0 then

YW oW=Y0Y,®Ys,
where Y1,Yo,Y3 are Harish-Chandra modules with infinitesimal characters Xr41v—1, Xr—2,v,
Xr+1,0+1, Tespectively. Moreover fori=1,2,3

Yi={yeY"W: Ay =cy},

where ¢1 = Xr+1,0-1(A2), c2 = Xr—2,0(A2), €3 = Xr4+1,04+1(A2).
Proof. By Theorem 3.1 we just need to understand when X¢i,, = Xeqp; for @ # j and
¢ =(—v—2,r) (Lemma 3.2).

We know that in general x) = xn (A, N € 6<*c) if and only there exists and element @ in the
translated Weyl group W such that @w(\) = \’ (see Section 2.1 of [Ko]). We recall that for w in
the Weyl group W we have

w(A) = wA+ p) — p.
If A = (A1, A2), in terms of the dual basis of {Ho, T}, then
. 1
Sd()\) = 5()\1 - )\2, —3)\1 - )\2),

1
EB()\) = 5()\1 + A2 — 2,3\ — Ao+ 6),
55(N) = (=A1 — 4, A2).
If¢ = (—v—2,r) we have E+py = (—v—1,r+1), E+pe = (—v—2,r—2) and E+pug = (—v—3,7+1).
Then it is easy to see that
566+ 1) =&+ po, ifandonlyif v=r,
$5(+p2) =&+ pg, ifandonlyif v=-—r

55(6+pm) =&+ p3, ifandonlyif v=0,
13



and that no further identifications under W occur in {& 4y : j = 1,2, 3}.
From Lemma 3.2 it follows that Xeyu = Xr41,0-1 Xe4puo = Xr—2,05 Xé4pus = Xr+10+1, Which
completes the proof of the first assertion.

Now let
Y/;:{yGYT’U®W:A2y:ciy}.

Since Ay € D(G)% it follows that Y; is a D(G)-submodule of Y™¥ @ W such that ¥; C ¥;. On
the other hand it is easy to verify that under the hypothesis v(v +r)(v —r) # 0 all ¢1, 2, c3 are
different. Therefore Y7, }72, Y are direct summands of Y™ ® W. Thus

YW =Y0Y:8Y3CY,dY:® Y3,

which implies that ¥; = Y; for ¢ = 1,2, 3, completing the proof of the theorem. U

Theorem 3.4. Let r € Z and v € C. Ifv(v+7r)(v —1r) # 0 then
YW QW =71 ® Zy ® Zs,

where Zy,Zy,Z3 are Harish-Chandra modules with infinitesimal characters Xr—1v—1, Xr4+2,v;

Xr—1,0+1, respectively. Moreover fori=1,2,3
Zi={yeY"" oW :Ayy=d;y},
where dy = Xr—1,0-1(A2), c2 = Xr42,0(A2), €3 = Xr—1,041(A2).

Proof. The theorem follows from Theorem 3.3 by duality. First of all we recall that the dual

G-module of U™ is isomorphic to U~">~". In fact
(1) = [ sne) ax
K
defines a pairing between U™" and U™~ which is G-invariant because
U@ £ U @) = [ € (g )t ) d

_K
:/f%mka:wwy
K

The second equality is a known integral identity (see [W] Section 5.5.1). Moreover this pairing
is nonsingular because an f is in the representation space of U™ if and only if f is in the
representation space of U7,

On the other hand if a Harish-Chandra module Y has infinitesimal character y then its K-
finite dual Y* is a Harish-Chandra module Y with infinitesimal character x* given by x*(D) =
x(D'), D € D(G)“. Then using Proposition 2.2 it follows that X}, = X—r.-

Now from Theorem 3.3 we get
Y*T’,*U ® W* — Y'l* @ Y'2* @ }/?3*’

Then by taking Z; = Y5, Zy =Y, Z3 = Y|" and changing signs the theorem follows. O
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3.1. Explicit decomposition of the tensor product. The aim of this subsection is to obtain
an explicit description of the G modules Y7, Y5, Y3 appearing in Theorem 3.3.

From now on we shall choose a particular basis {ail’f : 0 < s < ¢} of weight vectors of
Vi—r40-3j,¢) such that (9) holds.

We realize the K-module V(_, ,_3;/) as the {-symmetric power of C? (see (1)) and take
alt = e{fseg. The weight of a2’ with respect to the diagonal Cartan subalgebra hce of €¢ is
(—r+20—3j —s)x1+ (—r+L—3j + s)xa.

We shall identify a’’ € Vi—r40-3j,¢) with a function on K: If {)\g,e} denotes the dual basis of
{aZ*} then we put

(10) v (k) = Ag%’f(k—lagvf).

S
In this way Vv(—r+£_3j7g) ~ ‘/(—T’-M—?)j,ﬁ) ® (C)\;:,Z C Y™ and
(11) Y™ = P @),
0<j<¢

in accordance with Proposition 2.4. Explicitly, if

a b 0 a —be' 0
k= |—be ® qe® 0|, Elt=1b ae? 0 ,
0 0 € 0 0 e
then
(12) V() = eie(ferSj))\;,é <(a€1 + beo)t (b +a€i962)s> .

Then we know that {v;’e}s is an orthogonal basis of V(_,,_3;, C Y"" such that

Ho vl = (€ = 2800t Z vl = (=2r + 30 — 65)vl,

j?e

13 y L
Xovl =svl"y, X qvlt =l —s)v .

The following lemma is a consequence of the so called Pieri’s formula, see [Ze] §77.

Lemma 3.5. The following decomposition of K-modules holds

co /£

Y™ @W ~ EB @ Vicrse—3j041) © Vicrpe-3j110-1) O Vicrie-3j-1,0)-
=0 j=0

Moreover for 0 < j </ let
Ji.b gk Jil
Uy = Uy Xer — ) X eg € ‘/(—7"—1—(—1—1—3]‘,6—1)
j7£ J— j7£
Zy =vy ®e3 € ViLrqp_3j-10)
j7£ J— j7£
wy =y ®@e1 € ViLrqp-35041)-

0 j—1,6—-1  §—1.6-2 ) ,
Then the elements uf)’g, 2 £ W =2 are dominant vectors of weight

Pt = (=r +20 = 35)xy + (=7 + £ — 35 + D)o

Now we notice that the standard G-module W realizes in the principal series U3 in the
following way: let A # 0 be a dominant weight vector in W* with respect to the Cartan

subalgebra hc of ge, and for any w in W let hy, (k) = A(k~'w) for k € K. Then
15



Lemma 3.6. The map w — hy, defines an injective homomorphism of G-modules from W into
Uh—3,

Proof. It is convenient to use the induce picture to realize U 3. We extend our function h,,

to G by hy(g) = Mg 'w) for g € G. Then we only need to prove that
h(gmgan) = e~ @FP108aG () "1, (g),

for mg € M,a € A,n € N, where v(Hp) = —3, o(my) = €.
If X € g then

d

Xhyl(g) = (=

[Xhul(9) = (2

= (), (exptX Ng™w) = [XX(g ).

Since XA = 0 for any X € n it follows that h,, is right invariant under N. In terms of the

), Mgexptx)™w)

dual basis {\;}?_; of the canonical basis {e;}7_; of W, X is a nonzero multiple of A\; — A3. Then
Hol = X and TA = —\. Thus Hyoh, = hy and iThy,, = —ih,. Therefore

hw(gexptHy) = ethw(g) and  hy(gexp(0iT)) = eiiehw(g),

which are the required properties for A and M. The lemma. is proved. ]

If M is abelian we have a G-morphism from U ® U " into U+ #+V'+7 defined by the

multiplication of functions. In particular we consider the G-morphism defined by

P:U"V@W — Uttt f@w— fhy.

Proposition 3.7. The G-morphism P : U™’ @ W — U™tbv=1 js surjective and the Harish-
Chandra module of ker(P) is given by

¢

i 0 i—1,0—1 i—1,0—2 N _j—1,0—1

PP Wi+ , (0= Dw} + (-2 ),
>0 j=0

where (u,v) denotes the K-module generated by {u,v}.

Proof. We recall that h,, (k) = A(k~'w) and we may assume that A\ = \; — A3 € W*. If

a —be? 0
Et=1b ae® 0
0 0 e

then
hey(k) = a, he,(k) = —be?,  he, (k) = —e~%.
On the other hand, by (12) we have
vé’é(k:) _ (5) (ei0)~r+=3igt=ipi

U{’é(k)) _ (ei0)7r+€f3j+1a£fjflbj71 (’a‘Q(jj) _ ‘b‘Q(Z;l)) _
16
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Therefore
P(uy)(k) = o (k) hey (k) — v (k)he, (k)
_ (eiG)—r+€—3j+1a£—jbj—1 (\GP(fj) _ ]bP(Z;l) I ]bP(ﬁ))
_ (ei9)7r+ff3j+1a£fjbj71 (|a|2(§j) n |b|2(§j))
_ (ﬁ:i)(ei9)7r+£f3j+laéfjbjfli

In particular we note that P(ué’z) = vgfl’gfl € Urttv=1 proving that P is surjective. In a

similar way we compute

P(Zé_17€_1)(k) _ Ug_17€_1(]€)h53 (k:) — _(f:i) (ei9)7T+ff3j+1a£*jbjfl

and
Py ") (k) = o (ke (k) = (723) ()Tt p

j—1
To prove the statement about the kernel of P it is enough to find the K-dominant vectors in
ker(P). Now it is easy to see that u%’e + zg_u_l and (¢ — l)wé_l’z_2 + (¢ — j)zé_l’z_l are in

ker(P). Moreover if v € ker(P) is a K-dominant vector of weight p/* it follows that it must be

—1,0—1

a linear combination of (¢ — 1)w671’£72 + (0 — j)z(]];l’f*1 and u%’g + zg . The proposition is

proved. [l

Lemma 3.8. The Iwasawa decomposition g = r(g)a(g)n(g) of an element g = (g;5) € SU(2,1)

s given by
coshs 0 sinhs a A b 0
a(g) = 0 1 0 , k(g) = | —be™® ae”® 0 |,
sinhs 0 coshs 0 0 et
with
—_ gutygs _ (921 + 923)(g31 + g33)
931 + g33|’ 931 + g33]?
A +
¢ = g3y +gsl, = TATIB
|931 + 933

Proof. Evaluating both sides of g = k(g)a(g)n(g) at e; + es we get

gi1 + 913 1 a
go1 +go3 | = k(g)a(g) [ 0 | = (cosh s + sinh s) —bg"e ,
931 t 933 1 ¢t

because e1 + e3 is left fixed by N. Then, from the third row it follows that e® = |g31 + g33| and
that € = (g31 + g33)/|g31 + g33]. Now from the first and the second rows we obtain
g11 + 913 (921 + g23)(g31 + g33)

a=—"" b=— 5
lgs1 + 933 lg31 + g33]

Proposition 3.9. For any 0 < s < £ we have

1) Xﬁvg’g: (b—j+1)(—r+v+20—25+2) ],€+1+ (£—s)(r—v+2j) ]71,571.

200+1) Us+1 2(0+1) Vs
. gl G+ (r+v+25+2) 41,041 s(r+v—20425)  j§0—1
i) X_gvy” = SuE) s + S Vst -
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Proof. We start by computing Xg vg’z. We recall that X5 = %(Yg) — 1Y) and we point out that

from (12) we get

vg,é(k) _ (j)ez‘e(—r-i-(—?)j)aﬁ—jbj,
where _
a b 0
k= |—-be ™ ae ® 0
0 0 e
Now
(Vs o) (k) = <%> ) <ef(u+p)(H(exp(ftYs)k))Uévf(ﬁ(exp(_tYS)k))) _
t—
We have _
a b 0
exp(—tYs)k = | —be " cosht ae " cosht —e?sinht
be ¥ sinht —ae ?sinht e cosht

From Lemma 3.8 we obtain
H(exp(~Ys)k) = log |A(t)| Ho

and
a g 0
k(exp(—tYs)k) = [ —=fe™ ae™® 0 |,
0 0 e'?
where
0o 8 5= A(t)(be™ cosht + ¢ sinh t)
AW - |A(#)? ’
; A(t . :
e’ = Al A(t) = be” ¥ sinh t + € cosh .

AL

AO i (e cosht 4 ¢ sinht)] ) .

Then

0 d
Y5 vé (k) = (f) <%>t:0 <|A(t)|7r+2ﬁf2j+v+2

We observe that
d —i i0 11V — pi—1i0(—i+2)
< >t70<(be cosht + €'’ sinht) > =jb e ,

dt
(4) | (ol ) = (cr = 2jpper -2
— (=7 4 v+ 20 — 2j + 2) Re(be?) 0 (- +-2),
Therefore

0 (_ 9\ piO(—r =35 —2) f—jpi+1
(])( r+0—2j)e I=2) gy

-
+ (f)] et0(=r+£=35+2) (f—jpi—1

Ys 0" (k) =
)(=1 4 v + 20 — 25 + 2)e0 =3 o =T Re(be??)

Similarly for Yz we obtain
f) (—’I“ 40— Qj)eie(—r+f—3j—2)aﬁ—jbj+1

y .

Yo vl (k) = —z(j

1

+(

4 i(g)j o10(—r+0=3j+2) (l—jpi—1
j

) (=7 + v+ 20 — 25 + 2)e¥(TH=30) oL =TT Im (be®?)
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Therefore
Xpupt = 1(Vs — iYoo)

() eit(rt=ditD gt (_ww? +j) ,

On the other hand, by (14), we have that
A—

)
-1 l(k) ( ) i0(—r+L=3j42) o, €—37 pi— 1
(

M+1 k) = eif(-TH=35+2) =i pi- <(jfl)‘a’2_ (5)’()’2)
— (=T Hl=3j+2) f—jpi—1 <—(€J;1)|b|2 n (]fl)) ‘

Then it is easy to verify that

gl (l—j+1)(—=r+v+20—-2j+2) jLl+1 | L(r—v+2j) j—1,0—1
Xpvy = 3@+ 1) vt g Yo :

Now by using that X* , and X3 commute and the fact that

Xt =0 —1). (0 —s+ 1wt XS vl = —1)... (¢ —s)plt,

(see (13)) we prove that

0 (b= D) (—ro+20-2j+42) G411 | (= +2 o—1
Xp s = & )(2?z+1}1) : )vngl +4 8)((;+1U) o] v .
This completes the proof of i). In the same way ii) follows. O

Corollary 3.10. The following relations hold

G0 _ GAD (vt 2j42) GELeRL gl (rut2i-20) g0
X-puy = 57 (= y —T) 2t e Woo o
—Le=1 _ _ jr+v+2j) gt
X BZO 3 20 o
—1,4-2 jr+v+24)  40—1
X ﬁwo = ~T3-n %o -

Proof. These are straightforward consequences of the definitions given in Lemma 3.5 and the

previous proposition. [

Corollary 3.11. We have

— j 0 —j+1 20—2j+2) 3,0+1
Xp(X (uft)) = IR X ()
+ (=r+v— ZJ)XZ ( —1,0— 1)’

20(L+1)
Xﬁ(X£;1(28_17€_1)) _ (Z ]+1)( T;U+2f 2j+2 XZ Zé ) 1XZ ( 1( 1)

— j—1,6—2 4 r4v420—2 1,4-1
Xp(XEG! w7 = LRGN (™),

)

Proof. First by induction on k& we establish the following relations for k =1,...,/—1
Xk (uf) = (5—1)...(5—/@( Hl@el_vgf@@),
T === (o 1®e3),
XEL ) = (=2 (=R (- k-l P e
+ kvi:i’hz ® 62>.
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Then the corollary is a direct consequence of Proposition 3.9. ]

We recall that (Theorem 3.3) Y™ @ W =Y; & Ys & Y3 where

Vi={feY™QW : Mg f = xry10-1(A2)f},
Yo={feY"aW:Ayf=xr—2,(A2)f},
Y; = {f cY" QW JAD f = Xr+1,v+1(A2)f}~

Proposition 3.12. If r —v,—r —v ¢ 2Ny and r # 0, then the Harish-Chandra modules
Y1,Ys,Ys are cyclic D(G)-modules, in fact they are generated by the minimal K -type dominant
vectors given below

HDYi=(r+v+ 2)u(1)’1 +(r—v+ 2)z8’0>,

i) Y = (udh,

iii) Y3 = (ug' + 207).
Proof. The elements ug’l, ué’l and Zg,o are K-dominant vectors of minimal type in U™" ® C3,
see Lemma 3.5. In fact ué’l and 28’0 are of type (—r — 1,0) and the type of ug’l is (—r +2,0).
Moreover, through a careful calculation, using Propositions 2.1, 3.9 and the normalization (13)

one can verify that,

Ag(ug) = (v + 4= §(r —2)*)ug’
Ag(ué’l) = (—v? +4-— %72 + %r + %)ué’l +2(r—v+ 2)28’0,

Ag(zg’o) = (—v? +4-— 3 2 _ 8p — %)28’0 —2(r+v+ 2)u(1)’1.
From the last two identities we obtain the following eigenvectors of As:

Doluy’ +2") = (~(0 + 1) +4 = 5(r + DN (ug" + 5",
Ao((r+ v+ 2)u(1)’1 +(r—v+ 2)28’0)
= (-0 =12 +4- L0+ 1)) ((r +v+2)uy" + (r —v+2)z0°).
The first eigenvector ug’l is of weight u%!, the second and the third, u(l)’1 + 28’0 and (r +v +
2)u(1)’1 +(r—v+ 2)28’0, are of weight ub!. It is worth to observe that the eigenvalues are
respectively: xr—2.,(A2), Xr+1,0-1(A2) and Xy41.4+1(A2), see Proposition 2.2.
Therefore

(r+v+2uy’ +(r—v+2)2°) SV, (u') CYa, (ug' +27) C Vs,
The U(gc)-module structure of Y'Y @ W can be visualized in the following diagram of all the

highest weights of its K-submodules.
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X X X
0,1 B 0,2 B 0,3 B
n — M 2
X_p X_p X_p
X X X X
1,1 B 1,2 8 1,3 B 1,4 8
o w 2 2
X,ﬁl X_g X_p X_g
X X X X
2,2 B 2,3 B 2,4 B 2,5 B
H K 2 K
X_Bl X_p X_p X_p

Over each p/*, with 0 < j < ¢ we place the irreducible K-submodules of that highest weight
contained, respectively, in Y7, Y5 and Y3. In each place of the first row there is only one K-
module of highest weight ;% contained in Y3, and on the first column there are two irreducible
K-modules of highest weight ;%% one contained in Y7 and the other in Y3.

Let fg’g € Y™ @ W be a K-dominant vector of weight u/* and let fg “be a corresponding
lowest weight vector. Then X_g( g’g) is a dominant vector of weight p/ 14+ and Xg( fg ’E) is a
lowest weight vector in a K-module of highest weight u/***!. This follows from [X_g, X4] = 0
and [Xg, X_o] =0.

In particular, by induction on £ > 1 and on k£ > 1 it is not difficult to prove the following;:

{—1/,0,1\ 1 — 4
X@ (ug") = (571)!( HQUJF )4_1 —a

(
Xﬁﬁ(u%z) - (_1)k (Z)ch!-ﬂ (#)kfl (%(T +v+ 2k)€ulg7£+k
F L+ k)R L —20) (0 k- 1)w’g—174+k—2> :

From the first equality and the hypothesis we see that ug,e €Y, for all £ > 1. Now using the

second one we get that the vector

Jil _ Nep NI o i-Le—1
2
15) Dy = (r+v+25)(0 — j)ul” +20(0 — j)z}

—(r+v—20425)( — Dwf M2
is a dominant weight vector in Ys of highest weight p/*. We observe that D%’Z # 0 if and only
if j #£ 4.
In a similar way for £ > 1 and k& > 0 one establishes that

-1, 11 , 0,0 o 00, —1,0-1
X_gl(uo +207) = (-1) ! (%)571 (ug™ + 2 ),

ferla1, 00 | f—10-1 ! _ Otk— 004k
Xﬁ(X—al(uo + 29 ) = @) & ( T+U+2)kax ' (&‘0

k(O kr1 2

F+ R k- 1)w§‘1vf+’“‘2) .

From the first equality and the hypothesis we see that u§+1’k+1 + zg’k € Y; for all £ > 0. Now

using the second one we get that the vector

(1) DY = !+ £ (= 1y
21



is a dominant weight vector in Y3 of highest weight p/**, moreover it is nonzero if j # 0.

Similarly for £ > 1 and k£ > 1 one can prove that
Xf%l <(7’ + v+ 2)u(1)’1 +(r—v+ 2)28’0) = (—1)571 (%)571
X ((r +v+ 2€)u€’z +(r—v+ 26)2'571’[71) ,

Xg (Xf_oé1 ((r +v+ 2€)u€’£ +(r—ov+ 25)25_1’£_1>)

_ 1 k! — 2 {+k—1 Z,Z+k
= s (2 ) X (f(r + v+ 20) (=7 + v + 2k)u,
£=1,0+k—1

+ (L4 Ek)(r—v+20)(—r+v+2k)z,
0—14+k—2
— U+ k= 1)(r — v+ 20)(r + v — 2wl )

From the first equality and the hypothesis we see that

(r+v+ 2€)u€’é +(r—v+ 26)2’571’[71 € Y; for all £ > 0. Now using the second one we get
that the vector

DI = j(r + v+ 2j)(=r + v + 20 — 2j)ud’

(17) U — v+ 25)(—r v+ 20— 25)z B
— (L =1)(r —v+2))(r +v — 20+ 2j)w) 2
is a dominant weight vector in Y of highest weight u/*. It is easy to prove that D{"g #£0ifj#0
and v(r +v)(r —v) #0.

Finally, since Y™ @ W = Y] ® Yo @ Y3 and as a K-module is the direct sum of all the

K-modules generated by
y Y y
{D1" Yocj<e U{D3 o<jce U{DS Yocjze
the proposition follows. O

In the following theorem we generalize a bit the previous proposition and we exhibit the

K-module structure of Y7, Y5 and Y3.

Theorem 3.13. Let v(v+7)(v — 1) # 0 and let D{’Z, Dg’g and Dg’e be defined respectively by
(17), (15) and (16). Then they are K-dominant vectors of highest weight u?* and

Yi= @ i)k, o= @ D)%, Ya= P (D) )k

0<j<t 0<j<t 0<j<t

Moreover
YW =Y 6Y:dYs.
We used above <Dzj’z>K to denote the K-module generated by Dzj’z.

Proof. That DZM is K-dominant and of highest weight p’** follows from (17), (15) and (16).
Through a careful and long calculation, using Propositions 2.1, 3.9 and the normalization (13)
one can verify that Df’g € Y; for i = 1,2,3. Finally, since Y @ W =Y, ® Yo ® Y3 and as a
K-module is the direct sum of all the K-modules generated by

W4 WA W4
{D7 Yo<j<e U{DY hocj<e U{D3 Yo<j<e,
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the theorem follows. O

We consider in U™’ @ W the Hilbert structure given by tensoring the inner product of L?(K)
with the standard inner product of C3. Then the closure Y; of Y; (i=1,2,3) in U™ @ W is a
G module, because G is connected. But it is worth to observe that Y, Y5 and Y3 are not

orthogonal subspaces.

Remark 3.14. If v(r +v)(r —v) # 0 then Y1, Y5, Y3 are linearly independent but Y; @Y, @ Y3
is not closed in U™ @ W.

In fact, if Y1 NY5 were not zero then Y; and Y5 would contain a common K-irreducible
submodule which would imply that Y3 NYs # {0}, which is a contradiction. Similarly if (Y @
Y2)NY3 # {0} then (Y; @ Y5) NY3 # {0} which is also a contradiction. Thus Y, Yo and Y3
are linearly independent.

For the second assertion in the remark we recall that one may have closed linearly independent
subspaces M7 and Ms in a Hilbert space such that M; & M, is not closed. But the following
is true (see [Tay], 4.8): If X is a Banach space and M; and M; are closed linearly independent
subspaces of X then M; @ M, is closed if and only if there exists d > 0 such that ||z1 — z3|| > d
whenever x1 € My, x9 € My and ||z1]| = ||z2f] = 1.

In our case if we let
i 0 — j 4 i, — il
ye=|IDF|7' D" and  z = ||D3"|| 7t DY,

one can verify, by using Lemma 3.22, that

8j(¢—Jj) V2
- 2:2—2( :

If we fix 0 < j < £ then limy_. ||ye — 2¢|| = 0. Therefore Yo @ Y3 and Yo @Y @ Y3 are not
closed in U™Y ® W. Therefore

UP@W2Y0Y 1 ®Y3D0Y 1 ®Y,@Y53,
which implies that Y1 @ Y @ Y3 is not closed, since Y; & Ya & Y3 is dense in U™ @ W.

The following lemmas are consequences of Proposition 3.9.

Lemma 3.15. We have

XB(Dj,E) _ (E—j+1)(—r+v+2€—2j)Xia(D{,Z—&—l) + (T_U;_Qj)D{_LZ_l,

1 20(0+1)
j (=) (—r+v+20—2j+2 041 —v+2j—2) Hji—1,0—1
Xy(DIY = (=4)( ;g(zﬂ) J )X_a(Dé )+ (r—v 2 )D% :
¢ 0—j+1) (—r+v420—2j+2 j 041 —042j+2) 1i—1,6—1
Xy(DJY = (t—j )(2;&111) J )Xfa(D?; )+ (r—v 2]+ )Dé )

Lemma 3.16. We have

X_g(X 1 (DY)

(rv12)) ylm1 ) it L]y | (=) (r+o—2042) =2 jnb—1
= _](;Z(;}+1)J)X—a1(D{ Ty 4 D 200) yt2(prttty

)
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X (X DY)

j+1 27 — j+1,6+1 -1 —204-2j — j,f—1
= U X (D 4 (R X E R (D,

X_g(X* 1 (DY)

i(r+v+254+2) v0—1 j+1,0+1 =) (r+v—20425+42) 102 j£—1
= LR X (D) 4 LR X 3 (D,

Proposition 3.17. Ifv(v+r)(v —1) # 0 then
Y, ~ YTl oy, o yr2eyy el
as (gc, K)-modules.
Proof.  From (11) and Theorem 3.13 we have
vl = B )k, and Vi = P (D])k,

0<y<t 0<y<t

where vg’z and D{’g are K-dominant vectors of highest weights pu/+1#+1 and p/*, respectively.

Thus an isomorphism of K-modules 7 : Y"+1*=1 — V] is characterized by

.0 1,041 ,
n(w)") = c;e DTV, i #0, 0< <L

Since gc is generated by ¢ and X3, to say that n is a gc-morphism is equivalent to require

that 7 commutes with X 3. This in turn is equivalent to

‘76 '7€ ‘76 '7€
Xp(n(vp")) =n(Xs(")),  X_pn(vy")) =n(X_5(v;")),
for 0 < j < ¢, because [Xq, X_g] = [X_q 3] =0.
From Lemma 3.15 we obtain
Xp(n(vg")) = ¢;eX(DIHH)

(b= (—ru20—2)) G4+1,042 (r=v+2j42) il
=Gt 2(0+1)((+2) X_a(Dy )+ ci—s D1

On the other hand from Proposition 3.9, changing r by r 4+ 1 and v by v — 1, and using (13) we

get
GO (=) (cro420-25) GeH1 | r—v+2i42) j—16-1
Xpvp™ = 3011 L S ) (2 S
(0= 1) (—rut20—25) GH1N | Or—v+2j+2) j—1,0—1
= ST X_a(v] )+72(£+1) v .
Then

y
n(Xp(vg"))
0—j+1)(—rto+20-2j ny ot 2it2) g

= e )2((15?1;}; DX_o(DIMY +2)+Cj—1,e—1(rz&%HJ)HD{’.

Now Xg(n(vg’z)) = n(Xg(vg’z)) if and only if

(18) (f + 1>Cj7g = (8 + 2)Cj7g+1 = Ecj,u,l,

D{‘+1,€+2) and D{’Z are hnearly independent.
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Similarly one gets that X_ﬁ(n(vg’g)) = n(X_ﬁ(vg’g)) if and only if
(19) (0 +1)cje= (L4 2)cjt141 = Lejo—a.
From (18) and (19) we get
¢t = Ciprerr  and (4 1)cje = (€4 2)cjoq1-
Now it follows that c;, = co,0/(¢ + 1). This proves that
(20) m s YTl Ly m (vé é) £+1D3+1 o1

is the unique isomorphism of (g¢, K )-module, up to a nonzero constant, from Y"+1:¢=! onto Y.

In a similar way we can prove that, up to a non zero constant,

(21) me YT — Yy, 2 (Uf) Z) e+1D] o
and
N4 N2
(22) gt YR vy 773(”6 ) = £+1D]+1 o
are, respectively the unique isomorphisms of (g¢, K)-modules. O

Remark 3.18. If v(r 4+ v)(r —v) # 0 the (gc, K) isomorphisms 7; and 7, defined in (20) and (21)

are not continuous while 73 defined in (22) is bicontinuous.

In fact, by using Lemmas 3.20, 3.22 it follows that

e
Im B _ 3= oo
TN

=|r—v+2j+2Pr —v—20+2j?
+|r — v+ 25+ 2r + v — 20 + 25
+8Re(v) (Jv]* — (r+2j +2)* +2(£ + 1)(r + 25 +2)),

and y
an( 0 )H2 _ j'(g ) H jf-‘rl”Z

CHEGE

which implies that the left hand sides go to infinite when £ — oo. But 73 is bicontinuous since

P+ ol +85(6 —j +1),

on one hand we have

L L j

73 (X2 0P 12X o (s (g DI? _ s (o)1
€ - € - z
152 g |12 12 v |12 o2
_Je= ) DIFLEL2

and on the other hand {X?* avg’g} and {ns(X2 avé’g)} are, respectively, orthogonal basis of
Y7 +lv+l and Y3. Therefore ||n3]| = v/2.

Remark 3.19. The pairs of G-modules U™t5*~1 and Y and U""2? and Y, are infinitesimally

equivalent, but not equivalent, while U™ 1?1 and Y3 are equivalent.
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This is a consequence of the following facts proved in Proposition 3.17

dim Hom )(YTH” 1'y1) = dim Hom g, r) (Y™™ 20 Y,) =

gc, K

We close this section with the following lemmas that were used in the previous remarks.
Lemma 3.20. If vg’g, 0 < s </, are the functions defined in (12) then we have

- () 6)

Proof. 1If V is an irreducible unitary K-module, then the following orthogonality relations are

well known:

/ (k-v,0"){k-w,w)dk =
K
for all v, v, w,w’ € V. From (10) we have

) ) ) k1L aié, 5t
) = oty = )

’ a4
Then
20 = e [ k-t o )
J
la 1 (e
- (+1)]lal’ |2 T+l (s) <J>
where we used Lemma 2.3 O

The following lemma is a direct consequence of the definitions given in Lemma 3.5 and the

lemma above.

Lemma 3.21. We have

leg > = £ (), =8P =G0y e P = A (D)

The next lemma follows from the definitions (17), (15) and (16) and Lemma 3.21.

Lemma 3.22. We have

1D = (i3 (Ir = v+ 21 — v — 20+ 22

+ | — v+ 25 r + v — 20 + 2j|?

+ 8§ Re(v) (Jo]® = (r + 24) + 20(r + 27)) )
IDEA)2 = (€= ) () (Ir +v* + 8i(€ = 3)) ,
IDFY)? = 2e(571).
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4. MULTIPLICATION FORMULAS

In this section we shall establish two three term multiplication formulas, one dual of the other,

for matrix valued irreducible spherical functions, obtained from Theorem 3.13.

Proposition 4.1. Let v(r +v)(r —v) # 0. Then
5, _ 1 41,041 2(j+1) 41,041
W ® s = sy D1 ~ Eher o P

(r+v+25+2)(r+v—20+25) Hj+1, (—',—1
+ 2+ 1)o(r o) Dy

Proof. Since UO’£®63 = zé’e is a K-dominant vector of weight u/+14*1 it is a linear combination of

D{+1’g+1, Dgﬂ’gﬂ and Dgﬂ’gﬂ The elements uj +14+1 zéz and wé’zil are linear independent,
hence it is straightforward to verify, using (15),(16) and (17) that the identity in the statement

follows. OJ

We recall that (see (9)) given an irreducible K-module V' of type (n,{) there exists a basis

{vk}izo of V', unique up to a multiplicative constant, such that
Hy v, = (0 — 2k) vg, Zvp = (2n+0) vy

(23) Xovp = kvp_1, X_qvg = —k)vgs.
Therefore the matrix of a linear map 7' : V' — V associated to any basis of V satisfying (23)
is the same.

Let V be a K-isotypic component of a representation of G in a Hilbert space U and let
P :U — V be the orthogonal projection. Let {v;}_, be a basis of V satisfying (23), and let
{A\i} £, be its dual basis. Then the matrix coefficients of the spherical function ® associated to

(U, V) in the basis {v;} %, are given by

(24) ®(g)it = Ni(P(gvr))-

Lemma 4.2. Let v(r+v)(r —v) # 0 and let {vzj’z f_o be a basis of the K-module V(_,4_3j¢) C
U™Y such that (23) holds. Let

Ug,f ®es = wz(l) + wz@) + ’wz(g) €EY18Y,8Y;.

Forp=1,2,3, if w(()p) % 0 then {wgp)}fzo s a basis of the K irreducible module of Yp of type
(n,€) = (—r+£€—3j —1,¢), such that (23) holds.

Proof. We have that each wép ) is a K dominant vector of weight 7 tH4+1 On the other hand,

for 0 <7 < ¢ we have
XL wg)) + XL () + XL (w5”) = XLa (o @ e5) = v @ e
2! 1) 4 ® (2
0 <wi w; '+ w; > :

Therefore Xia(w(()p)) = (/L!i)! wgp) for p = 1,2,3. This completes the proof of the lemma. O
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Remark 4.3. When v(r +v)(r —v) # 0, from Proposition 4.1, and the definitions (15), (16) and
(17) it follows that

) 41,041
Wy = g D1 £ 0,
(2) _ _ —2(j+1 j+1,0+1 e
w” = it O3 £0, ifj#¢,

and if (r +v+2j +2)(r +v — 20+ 25) # 0, we have

( ) _ (rv42j+2) (r+v—2042j) [j+1,6+1
2(0+1)v(r+v) Dy 7# 0.

Theorem 4.4. Let v(r +v)(r —v) # 0 and let @ZU 1350 be the irreducible matriz valued
spherical function associated to the G-module U™ and to the K-submodule V(_,4¢_3;0). Let ¢

be the spherical function of type (—1,0) associated to the G module W. Then

v _ r+1v—1 r—2,v
DL o si0(9) = a1 20 g5 10(9) + a2 @, 50 4(9)

- +as @11y ()
where

a; = ay(r,v,j,¢) = (T*U+2j+22v)((r:7"$v+2872j)
(26) ag = ag(r,v,j,0) = —%

az = az(r,v,j,0) = (r+v+2j;3()r(it;;—2£+2j)

Proof.  Let us consider the basis {v —o of V(_pys—3jp C U"? introduced in (10) and let
{\i} £, be its dual basis. Also let {x;}?_; be the dual basis of the canonical basis {e;}3_; of
C3.

Let D, = <D§+1’£+1>K for p=1,2,3. From Lemma 4.2 we have

vf’g ® ez = wgl) + w@(z) + w§3) € D1 ® D2 @ Ds,

(p)

K _o Is a basis of D), satisfying (23). As it was pointed out in Remark 4.3, w;~ may

where {w
be zero. In such a case D, = 0 and the corresponding coefficient a, = 0, and everything is all
right.

Let {Xz(p) ¢_, be the dual basis of {wz(p _o- We consider X(p) € (D1 @ Dy @ D3)* by using

the canonical isomorphism
(D1 @ D2 & D3)* ~ Di & D5 @ Dj.
We also consider \; ® ug € (D1 @ Dy @ D3)* by setting A\; ® ps equal to zero on the orthogonal
complement of V(_,y_3; ) ® Cez in D1 & D2 & D3. Now let
(27) Aops=v +0P 40P e D@ Dy @ D

Since A\; ® pg is of weight —(¢ — 2i) with respect to H, it follows that I/Z-(p ) = az(p ) Xz(p ) where

(28) af? = vP () = (\ @ pg)(w”)  for p=1,2,3.
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(p)

Now we observe that a,”” does not depend on i, that is

(29) (N ® ) (W) = (Ao @ pz)(w).

Because {vj’g}g o satisfies (23) we have vj’g = (z_i)! Xia(vg’z), which implies that X (\;) =

((zl) )K')\O Also from Lemma 4.2 we get that w(p) ¢ z!i)! Xia(wép))- Then

(A @ ps)(w?) = L (N @ ps) (X wll)
= S (XL, () @ s) ()
= (Ao @ p3)(w (p))-

Thus from (27) we obtain

®)

(1) ) 4 gy

(30) X ® pz = arxy” + asx,

where a, = (A ® ug)(wé )).

From Proposition 4.1 we have v} ‘® e3 = w((]l) +w ( ) + w(3) with

1 _ 1 1,041 2) _ 2(j+1) j+1,0+1
Wo ' = 2@F1) o(r—v) )D] ; Wo = T@FD) r+o)r—v) D;
(3) (r+v+2]+2)(r+v 20+27) D_]-‘rl Z+1
wy = 3 (11) u(r+v)
From (15), (16), (17) and recalling that u]Jrl e {JFMH ®er — vé“’“l ® e, (]]Z = vo £ ® es,

01 -1
w) = vf) ® ey, we get

1 |
= (%0 ® )W) = sy Yo ® we) (DI

_ (r=v+2j42)(—r+v+20—2j)
- 2u(r—wv)

az = (Ao ® Ms)(w((f)) — —%(Ao ® H3)(D%'+1,z+1)
_A40+D(E=))
(r+v)(r—v)

az = (Ao ® pz)(w’) = (T+U+Q(Jef1))(rz;iv§£+2]) (Ao © pz)(DITHA

_ (rto+2j+42)(r+u— 2€+2J)
2u(r+v)

Let @ be the orthogonal projection of U™ onto V(_,4,_3; ), the isotypic component of type
(—r + ¢ — 35,¢)), and let Q3 be the orthogonal projection of W onto Ces. Also let P be
the orthogonal projection of UMY ® W onto Dy & Dy @ D3, the K-isotypic component of type
(—r+0—3j—1,0).

We claim that

(31) (Xi @ p3) 0 (Q®Q3) = (A ® pg) o P.

Since Im(Q ® Q3) = V(_r44—3j0) ® Cez C D1 ® D2 ® D3 = Im(P) it follows that ker(Q ® Q3) D
ker P. Therefore to prove (31) it is enough to see that

(32) (N @ p3) 0 (Q ® Q3)) |DywDsops = (Ni @ 13)| D@Dy Ds-

We notice that Dy & Dy & D3 = <ué+1’£+1>K ) (zg’€>K ® (w%’g_lﬁg (see (15), (16) and (17)).
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From Lemma 3.5 it is clear that

N2 j0—
ker ((Q ® Q3) |pywpsans) = (W g @ (W )k

= ker (()\Z & H3)|D1@D2@D3)'

Moreover, since <zé’z> xk = Im(Q ® Q3) the identity (32) follows, hence (31) is proved.
Now we are ready to prove the theorem. For g € G we apply the left hand side of (31) to
g(vi’g ® e3z) and using (24) we obtain

(i @ 13) ((Q© Qa9 (W @ e3))) = (i @ 1s) (QUov) © Qslges)
= X(Q(gvl")) 13(@s(g e3))
= 9(9) (9(9))is..

where ® is the spherical function of type (—r + ¢ — 37, ¢) associated to the G-module U™".

Let P; be the orthogonal projection of Y; onto D;. Then P|71@72@73 =P PP In
fact PZ(DZL NY;) = 0 because P is the projection of U™ ® W onto the isotypic component
D1 ® Dy & D3 and DZ-L NY,; does not contain such K-type. Thus P‘?i =P,

Now we apply the right hand side of (31) to g(vi’z ® e3) and using Lemma 4.2 and (30) we

obtain
(A @ u3) P(g(vl’ ® e3)) = (A @ pa) P(gwi” + gwl? + guw'®)
= (N ®u3><P1<gwk N+ Po(guwl) + Py(gw?))
= a2 (gwi) + asx? (Palg w?)) + asx P (P (g w))
= a1 (P1(9)); + a2 (P2(9)) 4, + a3 (P3(9))

where ®,, is the spherical function of type (—r + ¢ — 3j — 1,¢) associated to the G-module ?p.
Since Y1 and U™19~1 Yy and U"2Y, Y3 and U1 are infinitesimally equivalent (see
Proposition 3.17) and taking into account the remark below Proposition 1.4 the theorem follows.

O

If ® : G — End(V;) is an irreducible spherical function of type § € K then the function
* 1 G — End(V}) defined by ®*(g) = ®(g~1)* is a spherical function of type §*, where §*
denotes the equivalence class of the contragradient representation 7* (see [GPT1]). If 7 is of

type (n,{) then it is easy to verify that 7* is of type (—n — ¢, £).
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We recall that (U™?)" ~ U~""Y see the proof of Theorem 3.4. Therefore if @E’f”éigj 0
denotes the irreducible spherical function associated to the G-module U™" of type (—r+£—37,{),
then

(33) <‘1>(’_r+z_3j,z)> = @ o-30—j).0)

Theorem 4.5. Let v(r + v)(r —v) # 0 and let @wagigj o be the irreducible matriz valued
spherical function associated to the G-module U™ and to the K-submodule V(_, _3;0). Let ¢

be the spherical function of type (1,0) associated to the G module W*. Then

v _ r—1,0+1 r4+2v
w(g)q)(—r-i-f—f%j,ﬁ) (9) = by 34,0 (9) + b2 (I)(—r+£—3j+1,€)(g)

" + s ¢€::f£113j+1,g) (9),
where

by = bi(r,v,7,0) = (T—v+2j)(2;(:-_v;‘,)-2f—2j+2)
(35) by = by(r,v, j, £) = — 2

by = bs(r,v,5,0) = (r+v+2j)2(5(4;i;)2£+2j_2)

Proof. We start from the following identity established in Theorem 4.4

) — +17 -1 _27
XD, 509 = a0 P (9) + aa® T 5 0 (9)

r+1,0+1
+ a3 CI)(,TJrg,gj,Lg) (g)v

(36)

If we take * on both sides of (36), and we use (33) we obtain

* 3 —T,—U _ —r—1,—v+1 —r+2,—v
o(9) (I)(r+£f3(£fj),f) (9) =m q)(r+573(ffj)+1,€) (9) + a2 q)(r+573(ffj)+1,é) (9)
—r—1,—v—1
+ a3 sy jy0(9):
We note that ¥(g) = ¢*(g), because both spherical functions are associated to the same G

module and are of the same K- type. Now if we change r by —r, v by —v, and j by £ — j, then

we obtain that

¢(9)q’7("i)r+g,3j7g) (9) =t ‘I)Z::fzfsjﬂ,@ (9) + b2 (I)ngféf3j+1,€)(g)
+ b3 (I)Z::feilsjﬂ,z) (9);
with
bi = bi(r,v,7,0) = a;(—r,—v, 0 — j,{).
Now the explicit expressions for b;(r,v,j,¢) follow from Theorem 4.4 and this completes the

proof of the theorem. O
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5. THREE TERM RECURSION RELATION

Let (v+4i)(r+v+2i)(r —v+2i) # 0 for i = —1,0,1. If we apply successively Theorems 4.4
and 4.5 and we set n = —r + £ — 35 we get

v r+1,v—1 r—2,v r+1,v4+1
B)P(@)P ) (9) = v(9) (@@ (9) + ax@], %1 (9) + as @] (9)
=ax <b1(7° + 17” 1 ]76) (pzv )(g) + bZ(T + 17” - 17j7 6) (bz:;j)vvil(g)
b+ 1,0 = 1,5,0 @70 (9))
(37) taz (bi(r = 2,0, + 1,0 @ 5 (g) + balr = 2,0,5 + 1,0 @77 (9)
+bs(r = 2,0, + 1,0 8], 5 (g)
tag (b(r+ 1,0+ 1,50 900 (9) + ba(r + 1,0 +1,5,0) 775+ (g)
T b(r+ 1o+ 1,5,0 80 (9))
Now we want to package these spherical functions in larger matrices to obtain in such a way
a three term recursion relation for these matrices.
We fix the type (n,f) and we take 7 = £ —n and v € C. We define the (¢ + 1)? x (£ + 1)
matrix valued function ®(g;v) of £+ 1 spherical functions of type (n, £) as follows

= = —3j,v+7 T U t
B(g:0) = By (9:0) = (DL (9)s - " (9), - O[5 (9))

If we write (37) replacing r by r — 3j = ¢ —n — 3j and v by v — 7 with 0 < j < £ we obtain

r—3j,v—j r—3j,v—j r—3j430—j—1
¢(g)‘p(9)<b(n7@] T(g) = B;j (I)( )] I(g) + Ajja q)(n7£§+ )
+ Ay @) T (g) + Oy @10 g)

(38) wt S
+ Bijr1 @, T 9) + C @ )
+ Bj 1 0[P ),
where
Ajj—1=a1(r = 3j,v = j,j,0ba(r = 3j + Lo — j = 1,5,0),
“—a1(r = J,5,0b3(r = 3j +1,v—j—1,j,0),
-1 = as(r — = 5,5, 0b2(r = 3j +1L,v—j+1,5,0),
Bjj=ai(r —3j,v—4,5,0)b1(r —3j +1,v—j—1j40),

+a2(7“—3j,v—j,j,€ b2(7"_3j—2,'0—j,]’+1,€),

)
+as(r —3j,v—4,5,0)bs(r =35+ Lo —j+1,4,¢),
Bjjs1 = az(r —3j,v — j, 3, O)bs(r — 3j — 2,0 — j,j + 1,0),
Cjj=as(r —3j,v = 5,5,0)bi(r —=3j + Lv—j+1,j,0),
(

Cjjr1 = az(r —3j,v —4,5,0)b1(r —3j — 2,v — j,j + 1,£).
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Taking into account the expressions of the coefficients a; and b; given in (26) and (35) we get
S 2j(l —j+1)(r—v+2)(r—v—20)
P =) o= 4j)(r v = 2))(r — v =2 +2)’
(r+v—=25)(r+v—20—-25-2)(r—v+2)(r—v—2¢)
Ajj=— 10— o— -1 Y E— Y
(v =) —=j =D +v—=4j)(r —v—2j)
2/l —7+D)(r+v—=2+2)(r +v—2¢0—2j)

A

)

Bis=1 = (v—3)(r+v—4§)(r+v—45+2)(r —v—2j)’
B. . — (r—v+2)>2%(r —v—20)>
40—l —j—D)(r—v—2)(r—v—2j+2)
n 16(j + 1)*(¢ — 5)°
(rto—45)(r+v—4j—2)(r —v—2j)(r —v—2j —2)
i (r+v—2j+2)%(r + v — 20 — 2j)?
4v—Jw—d+D)(r+v—4j)(r+v—4j+2)’
B 20+ D=5 +v—2)(r+v—20—2j—2)
PR T T v —4)(r v — 4]~ 2)(r —v—2j)
o — (=0 +v=2j+2)(r+v—20—2)(r—v-2-2)
o v =N =7+ D(r+v—45)(r —v—2j) ’
C: = 20+ Dl —H(r—v)(r—v—20—2)
7,J+1

dv—7r+v—4)(r —v—2j)(r—v—25—2)
Now we consider the following (¢ + 1) x (¢ 4+ 1) matrices

J4 L
Ay = Ap1Ber1+ Y ArkBrk,
k=1 k=0
l ¢ -1
(39) By =) Bip-1Buk-1+ ) BepBuk+ Y Brps1 B,
k=1 k=0 k=0
l {—1
Co =) CunBin+ Y Crps1Epps:
k=0 k=0

We recall that given two square matrices M and P the tensor product matrix M ® P is the
matrix obtained by blowing up each entry M;; of M to the matrix M;;P. Let

A, =A,®1, B,=B,®I, C,=C,®]I,

where I denotes the (¢ 4 1) x (£ + 1) identity matrix.

Theorem 5.1. For each K-type (n,£) if (v—k)({l —n—v—2k) #0 for =1 <k <{+1 and
L—n+v—2k#0 for =1 < k <20 —1, then the matriz valued function

= = v r—3j,0—j r—30v—~{ t
B(giv) = By (9:0) = (VL (@) @i (0) o 005 9)
with r = £ — n, satisfies the following three term recursion relation
(40) 3(9)1(9)®(g;v) = Ay@(g;v — 2) + B,®(g; v) + Co®(g; v + 2),

forall g € G.
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Remark. If instead of the parameter v € C we use v € ag, see (8), then (40) can be written as

6(9)0(9)®(g;v) = A, ®(g;v — p) + B, ®(g;v) + C,®(g; v + p).

Proof. An (£+41)2 x (£+ 1) matrix V will be seen as an (£+ 1)-column vector V = (Vj, ..., V)"
of ((+1) x (£+ 1) matrices V.
If M is an ({+1) x (¢ + 1) matrix and M:M®I then

(M &(g;v k—ZMk] o 3” 7(9)-

Thus
(A @(g,v - 2)>k = Akk 1@? 3)k:+31; k— 1( )+Ak k(bz;?)k’vikiz(g),
(Bub(g: )k = Biaa @, 5> )+ Bt 20

3k—30—k—1
+Bkk+1q)7("ng) ),

(Co®(g;v +2))i = Oy k‘bz 3;” "2(g) + Oy k+1‘1>(,:2)k SektL(g).

Therefore, from the identities (38) with j = k and 0 < k < ¢, we obtain

$(9)0(9)®(g;0)r, = (A®(g;v — 2))1; + (Bu®(g3v))i + (Co®@(gs v + 2))i,

which proves the theorem. O

6. REDUCTION TO ONE VARIABLE

It is of interest to see how we can write the above theorem when we restrict the spherical
functions to the abelian subgroup A of G of all matrices of the form

coshs 0 sinhs
as = 0 1 0 ,
sinhs 0 coshs

for any s € R. Recall that the centralizer of A in K is the subgroup M of all elements of the

form
e 0 0
mg=10 e2 0|,
0 0 ¥
for any 6 € R.

If @ is a spherical function on G of type m = 7, ¢ € K then <I>(a5) commutes with 7(m) for
all m € M. On the other hand we observed that in a basis {v A ¢_, satisfying (9) we have
me v(n O = eif(e=2k- "o, k=0,...,¢. Therefore we have that ®(ags) diagonalizes in such a basis
for each s € R. We denote by ®j(as) the k-th diagonal entry of the matrix ®(a,).

In the open subset {a(s) € A : s > 0} of A we introduce the coordinate ¢ = cosh?(s) and

define the vector valued function

F(t) = (Po(as),...,Pias))

associated to the spherical function ®. If ®(g) = @7

(n,0)
F(rr’;’)z) (t). In a similar way, corresponding to the function ®(g;v) we consider the (£41) x (£+1)

34

(g9) then we shall also denote F(t) =



matrix valued function ﬁ(t; v) whose j-th row is given by the vector F{nfgj’vfj(t), withr =4 —mn,

for 0 < 5 < 4. More explicitly

7a . —n+4—3j5,0—j

F(t;v) = (Fjr(t;v))  with  Fy(t;0) = (q)(n,g J ](a5)>k.
Proposition 6.1. For each K-type (n,£) if (v —k)({ —n—v—2k) #0 for =1 <k <{+1 and
—n+v—2k #0 for —1 < k <20 —1, then the matrix valued function ﬁ(t;fu) satisfies the

following three term recursion relation
(41) tF(t;0) = AyF(t;v — 2) + ByF(t;0) + CoF(t;v + 2),
for allt > 1.

Proof. We recall that ¢(g) is the spherical function of type (—1,0) associated to the G-module
W = C? and that v(g) is the spherical function of type (1,0) associated to W*. Then a direct
computation gives
d(a(s)) = coshs =t/ and (a(s)) = ¢*(a(s)) = t'/2.
Therefore from the identity (38), for g = as, we obtain the following vector identity
tEy () = Ay Fy TN + A E T ()

t+ Bjgoa by I+ By Fy U () 4 By Fy YT T()

+ CiFn PUTIT() + Oy Bl T ).
This is nothing else that the equality of the j-th rows of the identity (41).

In the introduction we consider the function H(g) = ®(g)®.(g)~" (see (2)), associated to
a spherical function ®(g) of type m = m, 4 € K, and its restriction H(t) = H(a(s)) where
t = cosh?(s). We view the diagonal matrix H(t) as a column vector. Then it is easy to verify

that the functions H and F' are related by the identity

F(t) = t"2H () (1779)",

where the exponent ¢ denotes the /-th symmetric power of the matrix. Explicitly (tlo/ ? ?)z is a
diagonal matrix whose j-th entry is t¢~9)/2 with 0 < j < £.

If ®(g) = @f;z)fg’j’v(g) we denote H(t) = H(t;v,7). Corresponding to the function F(t;v),
we also consider the (£+ 1) x (¢ + 1) matrix valued function H (¢;v) whose j-th row is the vector

H(t;v —j,j), for 0 <j < {. Then

Ft;v) = t"2H(t;0) (2 0)".

Then from (41) we obtain

Proposition 6.2. For each K-type (n,f) if (v —k)({—n—v—2k) #0 for =1 <k </{+1 and
L—n+v—2k #£0 for =1 < k < 2¢ — 1, then the matriz valued function fI(t; v) satisfies the
following three term recursion relation

(42) tH(t;v) = A H(t;0 — 2) + ByH(t;0) + CoH (50 + 2),
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where the matrices A,, B, and C, are defined in (39).

Remark 6.3. If we fix (n,/) € f(, then the map (v,j) — @6}75673]"” is a surjective map from
{(v,j) : v € C,0<j </} onto the set of all equivalence classes of matrix valued spherical
functions of type (n, £). In order to related (42) with the three term recursion relation established
at the end of Section 5 in [PT], we introduce a new parameter w = w(v, j) by

—(v+n+L+2+7)
2 )

and we define the function h(t;w, j) = H(t;v, 7). The matrix function H (t;v) whose j-th row is
H(t;v — j,j) corresponds to the function iL(t; w) whose j-th row is h(t;w(v — 4,7),j). Observe
that w(v — 7,j) = w(v,0).

Given v € C we set w = w, then the function H (t;v) associated to the matrix

function

~ 3y 30— t
B(giv) = (B0 (9), - @ 5 (), @ N g))

corresponds, for the parameter w, to the matrix function
h(t;w) = (h(t;w,0),..., h(t;w,5),..., hit;w, 0))".
Then we have that the function h(t; w) satisfies the following three term recursion relation
th(t;w) = Al h(t;w — 1) 4 BL h(t;w) + C, h(t; w + 1),

with

A, =C,, Bl,=B, and C. =A4,,
because the functions H(t;v — 2) and H(t;v + 2) correspond with A(t,w + 1) and A(t,w — 1),
respectively.

With this choice of the parameter w we get exactly the same three term recursion relation
that the one obtained in [PT], when w is an integer such that w > 0 and w +n > 0. This
can be explain in the following way: the functions h(¢;w) associated to the spherical functions
of (SU(3),U(2)), are polynomial eigenfunctions of D and E (see (3)) and h(1;w) = (1,...,1)%
Therefore H(t;v) = h(t;w) is the function associated to a spherical function of (SU(2,1), U(2)).

6.1. The case ¢ = 0. In this subsection we shall display the results obtained in Proposition 6.2
when ¢ = 0 and n arbitrary. In these cases the spherical functions are complex valued, and for
n = 0 they are the zonal or classical spherical functions.

As we mentioned in the introduction of this paper, the irreducible spherical function <I>(_n"0§
of type (n,0) corresponds precisely to the complex valued functions h(t) = h(t;v) which are:
eigenfunctions of D, analytic in the interval [1,00) and A(1) = 1. (In this case the differential
operator F is a multiple of D). Then h(t) satisfies

t1—t)h"(t) + (n+1— (n+3))h (t) — Ah(t) = 0,
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with A = 1(n + 2+ v)(n +2 — v). This is a hypergeometric equation with

_ n+24wv
a= "3

b=""42=0  c=p+1

)

Therefore the analytic solution on [1,00) with h(1) =1 is

(43) h(t) = t—(n+2+v)/2 oF %(n+2+v) , %(—n+2+v) 21— 1 )
2 ’ t
The matrices A,, B, and C, in this case are the following numbers
_ (v+n—2)(v—m—2) b — n2+4v2-2 _ (v+n+2)(v—n+2)
ay = To(v—1) v Do = 50Dty G T Zo(v+1) :
In the parameter w = W introduced before, we have
1
h(t) = h(t;w) =tk (‘“”‘2“"” ;11— ;) t>1,
and
1 w(w+n) 1 (w+2)(w+n+2)
Gy = (2w+n+2)(2w+n+1) ? Cow = (2w+n+2)(2w+n+3)’
po— (w+1)(w+2) + (w4n)(w4+n+1)
w T (2w+n+2)(2w+n+3) (2w+n+2)(2w+n+1)

2w (w+n+2)+(n+1)2
(2w+n+1)2w+n+3) "

By using the Pfaff’s identity we have that

1
h(t) = tY5F] <w,2wn ;1 — Z) = oI (fw,w2+n+2 ;1 — t) .

We observe that h(t) is a polynomial precisely when w is an integer and w > 0 or w < —n—2.
Then Proposition 6.2 for ¢ = 0 gives
O e B T B o e R
+ biv oF] (—w,w2+n+2 i1 — t) + Ciu oF (—w—1,2w+n+3 i1 — t) .
By making the change of variables x = 1 — t we obtain the three term recursion relation, in the
spectral parameter w, for the Jacobi functions
272F1 (fw,ué+n+2 ;:L‘) — &w 2F1 (7w+1,2w+n+1 ;:L‘)
+ l;w 2F1 (7W7u§+n+2 ,.CL‘) + Cw 2F1 (7w71 ,2w+n+3 ,CL‘) )

/ _ / ~ _ /
wy bw =1—="0b,, ¢y = —c

where a,, = —a w-

6.2. The case ¢ = 1. We have two disjoint families of spherical functions of type (n,1):

{(b%;rf)’”}vec and {@@271_)”’”_1}1)6@. Correspondingly we let H = H(t;v,j) to be the functions

associated to the first family when j = 0 and to the second one when j = 1. We also set
H(t;v,j) = (Ho(t;v,7), Hi(t;v, 7))
and let \; and 1 denote the corresponding eigenvalues of D and E, see (3). Then in [PRT] we
prove that for j = 0,1
Aj =

1

4
Hj :)\j(n+3j _1) _3j(2 _j)(n+j+1)v
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and that

5 ) (n+34+v) (—n+14+v) 2(n—v) 1
HO(ta U,O) = ti(n+ o)/ 3F2 2 3 31—1—1) Kt ’]' - ; 9
’ n+l-v
3 —n+3 1
Hi(t;v,0) = ¢~ (+3+0)/2 )y < (n+2+v) . nJ; —! 31— Z) ;
3
Ho(t; v, 1) — t_(n+4+v)/2 oF) < (n+421+v) 7 (*n452+v) - %) ,
3
) ) (n+2+v) (= n+2+v) 2(n+v+1) 1
Hl(t;v 1) S sl ’ 37 n+2-|:v e 1= Z
’ n+v
The first row of the matrix function H(t;v) is H(t;v,0) and the second one is H(t;v — 1,1).
Then
2 Fii Fio
H(t;v) = ,
(tv) <F21 Fo
with
(n+3+v) n+1+v) 2(n—v) 1
F11:t (n+3+4v)/ ‘ntl-v .1 =
n—1—v ’ t ’
n+l—v
Fig =t~ 340/ ( "+3+v = "+3+v) 1 1)
) t )
Fyy = ¢~ (0 3+0)/2 g < n+3+v = n+1+v) - %) 7
. (n+1+v) (=n+14v) 2(n+v) 1
_ (n+14v)/ ) .
Fpp =1t~ TP ’1_;
’ n—14wv

The matrices A,, B, and C, are

A, = 4v(v—1)(v+n—1)

(v+n+1)(v+n—3)(v—n—3)
( 2(v+n—3)

(v+n—3)(v+n—1)(v—n—>5)

0 )
4(v—1)(v—2)(v—n—3)

(v—1)(v+n—1)(v—n—3)

vi—n?—4n3416n—6v24-21
B — 2(v+1)(v—1)(v+n—1)(v—n—1)
Yy =

2(v—n—1

2(v—n—3)
v(v+n—1)(v—n—1)
4403 48v+3+6n2—n*—8n |’

(v—1)(v+n+1)(v—n—1)

2v(v—2)(v+n—1)(v—n—1)

4v(v+1)(v—n+1)
0

2(v+n+3)
v(v+n+1)(v—n—1) ) )

(v+n—1)(v+n+3)(v—n—1)

(v+n+3)(v—n—3)(v—n—3)
c, - (

4v(v—1)(v+n+1)
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