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1 Introduction

Let R be a commutative Noetherian (not necesarily local) ring and A an Artinian R—module.
Then Supp A is a finite set which contains only maximal ideals. Let m be the intersection of all
elements in Supp A. Note that if R is local then this m is exactly the unique maximal ideal of

R. For each system of parameter (s.o.p for short) z of A contained in m we set

I(z; A) = Lr(0:a zR) — en(z; A) and I(4) = sup I(z; A),

where er(z; A) is the multiplicity of A with respect to z, see [6] for the definition, and the
supremum takes over all s.o.p z of A. Recall that A is co-Cohen-Macaulay if the Noetherian
dimension of A is equal to the width of A in m, see [18], [6]. The structure of co-Cohen-
Macaulay modules is known by the properties of system of parameters, attached primes, local
homology modules, .... Especially, A is co-Cohen-Macaulay if and only if I(A) = 0.

The purpose of this paper is to study two classes of Artinian modules over commutative
Noetherian rings called co-Buchsbaum modules and generalized co-Cohen-Macaulay modules:
A is called co-Buchsbaum if I(x; A) is a constance not depending on z, and A is called generalized
co-Cohen-Macaulay if I(A) < oco.

The main tools for our work are the theories of secondary representation [12], local homology
modules [2], multiplicity [6] for Artinian modules over commutative rings, which are respectively
in some sense dual to the well known theories of primary decomposition, local cohomology
modules, multiplicity for Noetherian modules over local rings. Especially, the results presented
in the method of studying Artinian modules of R.Y. Sharp [16] are applied time to time in this
paper.

It should be mentioned that, even when (R, m) is a Noetherian local ring, the local homology
module H(A) is not necessarily a Noetherian R—module, while the local cohomology module
Hi (M) is always an Artinian R—module for every Noetherian R—module M and every integer
i > 0. Moreover, although the Noetherian dimension N-dim A seems suitable to define the
notions of system of parameters and the multiplicity, see [6], and sensible for the local homology
modules of A (for example, H!(A) = 0 for all ideal I and all i > N-dim A, and N-dim 4 is
the biggest integer i such that H™(A) is not vanishing), see [2], but Noetherian dimension is
not sensible for attached primes in some sense. Concretely, while dim M = maxpecass a7 dim R/
for any Noetherian R—module M, Noetherian dimension N-dim A of A is in general less strict
than maxpcatt, 4 dim R/p, see [5, 4.1]. Therefore it is complex in using attached primes of
A to compute N-dim A. Finally, for each ideal I of R, by using the exact, closed property
of the localization functors between the categories of Noetherian modules, we can imply that
Rad(Ann(M/IM)) = Rad(I + Ann M) for every Noetherian module M, but the similar equality
Rad(Ann(0:4 I)) = Rad(I + Ann A) does not hold for all Artinian modules A, see [5, 4.3]. The

reason is that, in general, we do not have so-called “co-localization” functors Fy(—), with respect



to prime ideals p of R, which are exact and closed from the category of Artinian R—modules to
the category of Artinian Rp—modules such that F,(A) # 0 if and only if p O Ann A, see [13],
[14]. These facts explain some difficulties in our work.

This paper is divided into 5 sections. In the next section we give some preliminaries of
Artinian modules which are often used later. Some properties of local homology modules and
g—weak co-sequences will be presented in Section 3. In Section 4, we study generalized co-

Cohen-Macaulay modules. The properties of co-Buchsbaum modules will be given in Section 5.

2 Preliminaries

Throughout this paper we use the following assumptions and notations: R is a commutative
Noetherian ring (not necessarily local), A # 0 an Artinian R—module. Note that Supp A is a
finite set which contains only maximal ideals, see [16]. So, we can write Supp A = {mq,...,m;}.
Set

¢
m:Umj; Aj:U(O:Am?), j=1,...,t.
j=1 n>0

Then Aj #0 forall j <tand A=A ®...® Ay Set Rj = Ry, ]/%; the m; R;—adic completion
of R; for all j <t, and R the m—adic completion of R.

a) Secondary representation and Noetherian dimension

The theory of secondary representation introduced by I. G. Macdonald in [12] is in some
sense dual to the more known theory of primary decomposition. Note that every Artinian
R—module A has a secondary representation A = By +...+ B, of p;—secondary submodules B;.
The set {p1,...,pn} is independent of the minimal secondary representation of A and denoted
by Att A. On the other hand, R. N. Roberts [15] introduced the concept of Krull dimension
(Kdim) for Artinian modules. Then D. Kirby [11] changed the terminology of Roberts and
referred to Noetherian dimension (N-dim) to avoid any confusion. Here we use the terminology
of Kirby [11]. There are some good properties of Noetherian dimension for Artinian modules

which are in some sense dual to that of Krull dimension for Noetherian modules. For example,
N-dim A = inf{t : 3z1,...,2; € m such that £(0:4 (x1,...,2¢)R) < 00},

andif 0 — A’ — A — A” — 0is an exact sequence of Artinian R—modules then N-dim A =
max{N-dim A’, N-dim A”}. Unfortunately, while dim M = maxpeass i dim R/p for any Noethe-
rian R—module M, Noetherian dimension N-dim A of A is not equal to maxpeatt, 4 dim R/p
in general, see [5, 4.1]. Moreover A may have, see the example below, a minimal secondary

representation A = Y By of pp—secondary submodules By, such that N-dim By, = N-dim By but



pr C pp for some k # k’. These facts make some difficulties in using attached primes of A to

compute N-dim A.

Ezample. Let (R, m) be the local domain constructed by D. Ferrand and M. Raynaund [8] such
that dimR = 2 and dim R/§ = 1 for some § € AssR. Let B = HL(R). Then Attz B = {0}
and N-dim B = 1, see [5, 4.1]. Let a € m, a # 0. Put C = H}(R/aR). Then AttC = {p €
AssR/aR,dim R/p = 1}. Let B’ be a secondary component of C. Then Att B’ = {p} for some
p#0.Set A= B® B’. Then N-dim B = N-dim B’ =1 and 0 C p, p # 0. Note that A= B& B’

is a minimal secondary representation of A.

The following elementary properties, see [16], are useful for our work.

Lemma 2.1. For each j <t, Aj has a natural structure as an Artinian R;-module and with this
structure each subset of A; is a R—submodule if and only if it is an Rj—submodule. Therefore
N—dimR Aj = N—dimR]. Aj.

Lemma 2.2. Assume that R is local. Then A has a natural structure as an Artinian R—module
and with this structure each subset of A is a R—submodule if and only if it is an R—submodule.
Moreover,

N-dimp A = N-dimp A and Attr(A) = {gNR:q € Attz(A)}.

b) System of parameters and the multiplicity

From now on, we always assume that N-dim A = d > 0. There exists by [6] a system z
contained in m such that ¢r(0 :4 xR) < oo. Such a system is called a system of parameters
(s.0.p for short) of A. An element x € m is called a parameter element of A if N-dim(0 : 4 z) =
N-dim A — 1.

By modifying the proof of [18, 2.14], we can show the following result.

Lemma 2.3. An element x € m is a parameter element of A if and only if x & p; for all i
satisfying N-dim B; = d, where A = By + ...+ Bs is a minimal secondary representation of A,

with B; is p;—secondary for i < s.

Recall that a system z = (x1,...,2¢) contained in m is called a multiplicative system of A if
lr(0 :4 zR) < co. The multiplicity e(xz; A) of A with respect to the multiplicative system z is
defined by the obvious way, see [6]. Many properties of the multiplicity for Artinian modules,
which are similar to that of multiplicity for Noetherian modules over local rings, have been
shown in [6]. For example, 0 < e(z; A) < £(0:4 zR) and e(z]", ..., 21" A) = ny ... ne(x; A) for
all integers nq,...,n; > 0. Especially, if z is an s.o.p of A then e(z; A)/d! is exactly the leading
coefficient of the Hilbert polynomial £(0:4 (zR)™) for n > 0.

The following result, see [6, 5.4], is used in the sequel.



Lemma 2.4. Letx = (x1,...,24) be as.o.p of A. Fori =1,...,d we setC; =0:4 (z1,...,2;—1)R.
Then

d
0(0:4 zR) —e(z; A) Ze Titly .- xq;Ci/x;Cy).
=1

3 Local homology module and weak co-sequence

The notion of local homology modules was defined by Cuong-Nam [2] as follows: Let I be an
ideal of R and M an arbitrary R—module. The ¢—th local homology module H ZI (M) of M with
respect to I is defined as limTor; R(R/I%; M). This definition is dual to Grothendieck’s definition

of local cohomology modules for Noetherian modules over Noetherian rings, and it slightly differs
from that of Greenlees-May of local homology groups [9]. However, both notions are the same
for Artinian modules. It has been presented in [2], by elementary methods of homological and
commutative algebra, many basis properties of local homology modules for Artinian modules,
which show that this theory of local homology modules is in some sense dual to the well-known
theory of local cohomology of A. Grothendieck for Noetherian modules.

The following facts from [2] will often be used in this paper.

Lemma 3.1. (i) Let f : R — R’ be a homomorphism of Noetherian rings and I an ideal of
R. Then there exists a isomorphism HI(A) = HI™' (A) of Ar(R)—modules for all i > 0, where

Ar(—) is the I—adic completion functor.
(i) HI(A) = 0 for all i > N-dim A.
(i) (>0 I"HI(A) =0 for all ideal I of R and all i > 0.

Now we show a condition for local homology module being of finite length.

Lemma 3.2. Let q be an ideal of R such that Rad(q) = m, and i > 0 an integer. If gH™(A) =0
then (r(H™(A)) < oo.

Proof. By Lemma 3.1,(i), H™(4;) = b7 (4)) = Hijj(Aj) for all j < t. Since gH™(A) = 0,

(2 3

m*H™(A) = 0 for some s > 0. So, by Lemmas 2.1, 2.2,
wi R H™ (Ay) = m3RyHY™ (A7) = m*HM(A;) = 0

for all j < t. Since Hijj (A;) is a Noetherian R;—module by [2, 4.6, it follows that
KR; (Hijj(A )< oo, and hence (g, (H, J2 Ak (Aj))< oo for all j < t. So (r(HMA))=

7

S e, (HV ™ (4;)) < 0. O

For a subset T of Spec R we set (T'); = {p € T : dim R/p = i} for every integer i > 0.



Proposition 3.3. Assume that (r(HM(A)) < oo for all i < d. Let (x1,...,z,) be a part of a
s.o.p of A. Let 0:4 (z1,...,2.)R = B1,+ ...+ By, with By, is py ,—secondary, be a minimal
secondary representation of 0 :4 (21,...,2,)R. Then N-dimg By, = d — r for all k satisfying
pir ¢ Supp A.

Proof. We prove by induction on r. Let r = 0. Let A = By + ... + B,, B is pry—secondary, be

a minimal secondary representation of A. We first claim that
Claim. Assume that R is local. If pj ¢ Supp A then N-dim By, = d.

Proof of the claim. Let D(A) be the Matlis dual of A. Then

(Att5(A)),= (Assp(D(A)),C Attz(H! 5(D(A))

by [1, 11.3.3]. For every i < d, we obtain by [2, 3.3] that

(Att(A)),C Assp(D(H! o(D(A)))= Assp(HM(A))C {mR}.

Therefore (Attﬁ(A))i: Q) forall i =1,...,d — 1. For each k < n, let By = > % Cy, Cui is
ﬁmk—secondary, be a minimal secondary representation of R—module By. Then Euk NR=ypg
for all u < ng. So, if 1 < k # k' < n then ﬁuk * /ﬁv,k’ for all v < ng,v < nyg. Therefore
we can reduce the secondary representation A = Zkgn,ugnk Cy, of R—module A into a min-
imal one, say A = Y ;" ; Cp, by cancelling all the redundant components C,, ;. Assume that
C}, is pp—secondary for h < m. Since (Attﬁ(A))Z.: § for all 0 < i < d, we get by [5, 4.7]
that N-dimg C;, = dim ﬁ/ﬁh = d whenever N-dim C}, > 0. For each k£ < n, the component B
is not redundant in the representation A = By 4 ... + B,. Therefore there exists at least an
integer u < ny, such that Cy = C, for some h < m. Note that p; ¢ Supp A if and only if
N-dim C,, j, > 0. Hence N-dim By, = d if p;, ¢ Supp A, and the claim is proved.

Now we prove the proposition for the case r = 0 and R is not local. For k < n, let
Bj = Uuzo(o By my) for all j <t. Then By = By ® ... ® Byy. Let j < t. It is easily seen
that Bj, is pr—secondary for all k < n satisfying B, # 0, and A; = >_;_, B, x is a secondary
representation of A;. We can reduce this representation of A; into a minimal one by cancelling
all redundant components Bj . Let B), = Zj Bj k., where the sum takes over all integers j < ¢
such that B, appears in the above minimal secondary representation of A;. Then B; C By, for
all k <nand A=)}, B} is a minimal secondary representation of A with Bj, is p—secondary
for all k& < n. Suppose that py ¢ Supp A. Since £r(H"(A)) < oo, IR, (H?jRj(Aj)) < oo for all
j < t. Therefore we get by the claim that N-dim B, = d for all B;; appearing in the above
minimal representation of A; for all j < ¢. Therefore N-dim B}, = d and hence N-dim By, = d.

Thus, the result is true for » = 0.



Let r > 0. It follows by Lemma 2.3 and by the above fact that x1 ¢ p for all p € Attp A\
Supp A. So fr(A/x1A) < 0o. Therefore from the exact sequences

0 —21A— A— AJ/x1A—0

0—0:iqm 2 A 21A—0

with notice that H"(A/x1A) = 0 for all ¢ > 0 by Lemma 3.1,(ii), we get the long exact sequence
fori=1,...,d—1,

HMA) 5 HYA) 25 HP (04 : 21) — HP(A) 5 HP () (»)
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Since E(HZ-'“(A))< oo for i < d—1, K(HZ-'“(OA : :171))< oo for i < d — 2. Moreover, Supp(0 : 4
x1) € Supp A. So, we can apply the induction hypothesis for the part of the s.o.p (z2,...,z,)

of (0:4 x1), and we get the result.

Lemma 3.4. For every s.o.p. x of A we have

d—1

tn0saaht) - ez A) < Y (1] )entizrca),

i=0
Moreover, if {r(HM(A)) < oo for all i < d then there exists an ideal q with Rad(q) = m such

that the equality holds for every s.o.p x contained in .

Proof: If {(H™(A)) = oo for some ¢ < d then it is trivial. Let ¢(H™(A)) < oo for all
i < d. Then ¢(H™(A;)) < oo for all j < t,i < d. So, there exists an integer n;; > 0 such that
m?in?(Aj) =0 for all j <t,i < d. Therefore there exists an ideal p such that Rad(p) = m and
pHM™(A) = 0 for all i < d. Now, by using Proposition 3.3 and modifying the proof of [17, Lemma
15, Appendix], we get the result with the equality holding for every s.o.p contained in p2d. ]

Next, we introduce the notion of g—weak co-sequence which is in some sense dual to the

known concept of q—weak sequence, see [17].

Definition 3.5. Let q be an ideal of R with Rad(q) = m. A sequence (z1,...,z,) of elements

in m is called a q—weak co-sequence of A if
2i(0:4 (x1,...,2i-1)R) 2q(0:4 (z1,...,zi—1)R) forall i =1,...,r,

where we mean x1A D qA when ¢ = 1. A sequence (x1,...,2,) C mis called a weak co-sequence

if it is an m—weak co-sequence.

Lemma 3.6. Let q be an ideal of R such that Rad(q) = m. If there exists a s.o.p x = (x1,...,2q)
of A contained in mq such that z is a q—weak co-sequence then qH™(A) =0 for all i < d.



Proof. We prove by induction on d. Let d = 1. Since x1 € mq and z; is a g- weak co-sequence
of A, qA C x1A C mgA. Hence qA C m"gA for all n. Since Rad(q) = m, g4 = ngom”A. So,
qH{J'(A) = 0. Let d > 1. As in the above proof, qHJ'(4) = 0. Since z14 2 g4, I(A/z1A) <
00. Therefore we have the long exact sequence (*) as in the proof of Proposition 3.3. Since
(x2,...,xq) is a g- weak co-sequence of (0 :4 x1), gH™(04 : 1) = 0 for all ¢ < d — 1 by the
induction assumption. Let i € {1,...,d —1}. Then q(Im A;) = 0, where A, is the map as in the
exact sequence (*). Therefore gH™(A) C 1 H™(A). Hence qH™(A) C 21 H™(A) C m(qHM(A)).
Thus, gH"(A) € ,5om"(H"(A)) =0 by Lemma 3.1,(iii). O

Proposition 3.7. Let q be an ideal of R such that Rad(q) = m. Then the following statements

are equivalent:
(i) gH™A) =0 for alli < d —1.

(ii) There exists a s.o.p x = (x1,...,2q) of A contained in q*> such that x is a q—weak co-
sequence.

ng

(iii) Every s.o.p (yi,...,yq) of A, which satisfies y; = x;",i = 1,...,d, for some x; € q and

n; > 2, 1s a q—weak co-sequence.

Proof. (ii)=(i) follows by Lemma 3.6. (iii)=-(ii) is trivial.

(i)= (iii). Let y = (y1,...,ya) be a s.0.p of A such that y; = 27,7 = 1,...,d, for some z; € q
and n; > 2. We prove by induction on d that y is a g—weak co-sequence of A. By Lemma 3.2,
((HM(A)) < oo for all i < d. Let d = 1. By Proposition 3.3, y; ¢ p for all p € Attr(A) \ Supp A.
Hence y1A O m" A for n > 0. Since qHJ'(A) = 0, we have qA C y; A. Let d > 1. By the above
fact, A C y1 A. Let x € q and n > 2 such that y; = 2”. Note that £(A/xA) < oo. Therefore
HM™a"A) = H™(y1A) =2 H™(A) for all ¢ > 1. Since x € q, cH™(A) = 0 for all i < d. Therefore

from the commutative diagram

0 —— 04:z e, 42 A —— 0

ER [

0 —— Oq:a™ 22 A i "A —— 0,

where j, jn, j, are the natural inclusions, we get the commutative diagram

0 —— HM (A) =2 HM04:2) —2 H™A) —— 0

xn_ll j*l |

0 —— HP,(A) =2 HP04:am) L5 HP(A) —— 0,

where j*, j*., j¥ are the induced homomorphisms. In the second diagram, the multiplication by

2" 1 on H,(A) is zero. So, dpx™ 1 = 5*6; = 0. Hence Imd; C Ker j*. Therefore there exists



a homomorphism g; : H™

(A) — H[™(04 : 2") such that jz.g; = Idgm(a). So the second row in

the last diagram is split. Hence
HM0:4 y1) = HT1(A) ® HY(A)

foralli < d—1. So, gH™(0 :4 y1) = 0 for all ¢ < d—1. Now by applying the induction hypothesis
to 0 :4 y1, we get the result. O

4 Generalized co-Cohen-Macaulay modules

From now on we set I(z; A) = (r(0 :4 zR) — e(z; A) for every s.o.p z of A. Put I[(4) =

sup I(z; A), where z runs over all s.o.p of A.

Definition 4.1. We say that A is generalized co-Cohen-Macaulay (gCCM for short) if I(A) <

Q.

Let z = (x1,...,24) be as.o.p of A and n = (ny,...,nq) a d—tupe of positive integers. Set
z(n) = («1',...,z)%). Let
I(z(n); A) = €r(0 :a 2(n)R) — n1...ng e(z; A).

By using Lemma 2.4, we can show that I(z(n); A) > I(z(m); A) whenever n; > m,; for i =
1,...,d.

The notion of standard s.o.p, which is an important role in the study of generalized Cohen-
Macaulay modules, was introduced by N. V. Trung [19]. Below we introduce the dual notion

for Artinian modules.

Definition 4.2. A s.o.p z = (z1,...,zq) of A is called co-standard if
I(z; A) = I(2f,... 25 A).

To make use of co-standard s.o.p, we have the following result which can be proved by using

Lemma 2.4 and modifying the proof of [17, Theorem and Definition 17, Appendix].
Lemma 4.3. Let z = (x1,...,24) be a co-standard s.o.p of A. Then for alln > 1,

I(zb, ..., 20 A) = I(z; A).

The following theorem is the main result of this section.



Theorem 4.4. The following statements are equivalent:
(i) A is gCCM.

(ii) Lr(HM(A)) < oo foralli <d—1.

(iii) There ezists a co-standard s.o.p of A.

(i) There exists an s.0.p (x1,...,2q) of A and an ideal q with Rad(q) = m such that (z7,...x})

is a q—weak co-sequence for all integers n > 0.
(v) There ezists an ideal q such that Rad(q) = m and every s.o.p of A is a q—weak co-sequence.

(vi) There exists an integer s > 0 and a s.0.p (v1,...,xq) satisfying the condition I(x7,... xlj; A) <
s for allmn > 1.

When A satisfies one of the above equivalent conditions, we have

1= ("7 entrzniay,

]

Proof. (ii)= (i) follows by Lemma 3.4. (iv)=-(ii) follows by Lemmas 3.2, 3.6. The inclusions
(v) =(iv) and (i)=(vi) are trivial. Now we prove (vi)=-(iv). Let (zi,...,z4) be the s.o.p of
A satisfying (vi). Let n > 1 and 1 < i < d. Set B =0 :4 (27,...,2 ;)R and Cp, = 0 :p

(xf}q, ...,z )R for every m > n. By Lemma 2.4 and the assumption (vi),
UCp /2 Cp) < I(z(m), A) < s
for any m > n. Therefore m*(C,,/z'Cy,) = 0 for all m > n. Hence

Um0 (@fty,....2)R) € | 270 :5 (214, ..., 2]")R).

m>n m>n

Therefore we have m*B C 27' B, see [11]. Now we choose q = m®. Then (27, ..., z])) is a q—weak

co-sequence for all n.
(i)=(v). This is similar to the proof of (vi)=-(iv).

(i)=(iii). By the statement (i)=-(ii), {(H™(A)) < oo for all i < d. Therefore there exists by

Lemma 3.4 an s.o.p z = (z1,...,24) of A such that
-1 0
)= 3 (U7 e = 16t o) > 1o ),
i=0

Thus z is a co-standard.

(iii)=(i). Let & = (z1,...,24) be a co-standard s.o.p of A. By Lemma 4.3, I(z7,...,2}}; A) =
I(z; A) for all n > 1. So, A is gCCM by (vi)=(i).
When A satisfies one of the above equivalent conditions, the equality follows immediately by

Lemma 3.4. O
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Corollary 4.5. If A is gCCM then N-dim A; = d or N-dim A; =0 for all j =1,... .

Proof. Let j <t and set N-dim A; = d;. Assume that d; > 0. By [2, 4.10], dim + =
Ann(H, " (4;))

d;j. So, {r(HM™(A)) < oo for i < d by Theorem 4.4. Hence {r(H"(A;)) < oo. Therefore,
g3 (HWR]'(A]-)) < oo for all i < d. Since d; > 0, we have d = d;. O

)

Corollary 4.6. Suppose that N-dim A; = 0 or N-dim A; = d for all j <t. Then A is gCCM if
and only if Ay is gCCM for all p € Supp A.

Proof. Assume that A is gCCM. Let j <. It is clear that Ay, = Aj. If N-dim A; = 0 then Ay,
is obviously gCCM. Suppose that N-dim A; = d. It is clear that I(A;) < I(A) < co. Thus Ay,
is gCCM. Conversely, assume that Ap, is gCCM for all j < ¢. Then I(A;) < oo for all j < .
Let z = (x1,...,2q) be an s.o.p of A. Then z is an s.0.p of A; for all j satisfying N-dim 4; = d.

Therefore,
Iy, o A< >0 I(A)+ Y (A <0
N-dim Aj=d N-dim A;=0
for all integers n > 0. So, A is gCCM by Theorem 4.4,(vi). O

The following corollaries produce many examples of gCCM modules.

Corollary 4.7. The following statements are true.
(i) If A is gCCM and z is a parameter element of A then 0:4 x is gCCM.

(ii) Let Bi,...,B, be gCCM such that N-dim B; = d or N-dim B; = 0 for all i < n. Then
A= & B; is gCOM.
i=1

Proof. (i). By Theorem 4.4, /(H™(A)) < oo for all i < d. Therefore, as in the proof of Proposition
3.3, ((H™0:4 7)) < oo forall i <d—1. Hence 0 :4 x is gCCM by Theorem 4.4.
z

(ii). Let 2 = (x1,...,24) be a s.o.p of A. Then z is a s.0.p of B; whenever N-dim B; = d.

Therefore
I(@},...,a A< Y UB)+ Y. I(Bj) <o,
N-dim B; =0 N-dim B;=d
for all integers n > 0. So, A is gCCM by Theorem 4.4, (vi). O

Corollary 4.8. Let (R,m) be a local ring. The following statements are true.
(i) A is a gCCM R—module if and only if it is a gCCM R—module.
(ii) If M is generalized Cohen-Macaulay then the Matlis dual D(M) of M is gCCM.

(i4i) If M is generalized Cohen-Macaulay of dimension d then H&(M) is gCCM.
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Proof. (i). Let z = (z1,...,2q) be an s.0.p of R—module A. Then it is a s.0.p of R—module A.

Set z(n) = («7,...,2]) for every integer n > 0. Then
05(0 4 z(n)R) — en(z(n); A) = Lr(0 14 z(n))R — er(z(n); A)

for all n > 0. Now the result follows by Theorem 4.4,(vi).

(ii). Let z be a s.o.p of D(M). Then z is a s.o.p of M. Moreover, it is easy to check that
I(z; D(M)) = ¢(M/zM) — e(z; M). Therefore D(M) is gCCM.

(iii). Since M is generalized Cohen-Macaulay, the Matlis dual D(H2(M)) of H%(M) is a gener-
alized Cohen-Macaulay R—module by [4, 5.3]. Therefore, for every s.o.p z of R—module HY (M),
2 is a 5.0.p of R—module D(HZ(M)) and

I(z; Hy(M)) = ((D(H(M))/zD(Hgy(M))) — e(z; D(Hg(M))) < C

for some constance C' not depending on z. Thus, HZ(M) is gCCM. O

5 Co-Buchsbaum modules

We first introduce the notion of co-Buchsbaum module.

Definition 5.1. A is called co-Buchsbaum if I(x; A) is a constance (not depending on x) for
all s.o.p x of A.

Before giving a homological property of co-Buchsbaum modules, we need the following

lemma.

Lemma 5.2. Let a Cm be an ideal of R such that (0 :4 a) < co. Then there exists a minimal
system of generators (x1,...,xx) of a such that (x;,,...,x;,) is a s.o.p of A for all 1 < iy <

e <ig < k.

Proof. We first claim that
Claim. Let p € Att A. Then Anng(0 :4 p) = p. Suppose in addition that the secondary compo-
nent of A with respect to p has Noetherian dimension d. Then N-dim(0 :4 p) = d.

Proof of the claim. By Lemma 2.2, p = pN R for some p € Attg A. It is clear that Anng(0 :4
p) = p. Therefore
p=pNRDOAnng(0:4p) D Anng(0:4p) D p.

Assume that the secondary component of A with respect to p has Noetherian dimension d. Then
there is no parameter element of A in p. Therefore, by [18, 2.10], N-dim(0 : 4 p) = N-dim A = d

and the claim is proved.

12



Now we prove the lemma. Assume that (y1,...,y) is a minimal system of generators of a. We

prove by inductionon m, m =1, ..., k, that there exist z1,...,z,, such that z1,..., zm, Ym+1,---
Yk, is a minimal system of generators of a and (x;,,...,;;) is a p.s.o.p of A for all j < min{d, m}
and all integers 1 < i1 < ip < ... < %; < m. The case m = 0 is trivial. Let m > 0. Assume
that there exists elements x1, ..., zy—1 such that (z1,...,Zm-1,Ym,---,Yk) iS a minimal system

of generators of a and for any positive integer j such that j < min{m — 1,d}, each subset of j
elements in {z1,...,2y-1}is a p.s.o.p A. For every j = 1,... ,min{m — 1,d — 1}, we denote by
L; the union of all the sets of all attached prime ideals p of 0 :4 (4,...,7;;)R such that the
secondary component with respect to p has Noetherian dimension d — j, where the union runs
over all j—tupes of integers (i1,...,4;) with 1 <4; < ... <i; < m — 1. Denote by L the union
of all L; for j = 1,...,min{m — 1,d — 1}. Then by Lemma 2.3, the result is proved if we can
choose an element x,, € a such that z,, € p for all p € L and (z1,...,Zm, Ym+1,---,Yk) IS a
minimal system of generators of a. Since 7 < min{m —1,d— 1}, we have by the above claim that
N-dim(0 : 4 p) > 0 for all p € L; and hence N-dim(0 : 4 p) > 0 for all p € L. Since £(0 :4 a) < oo,
it follows that a € p for all p € L and hence (z1,...,Zm—1,Ym,Ym+1,---,Yt)R L p for all p € L.
So, there exists by [10, Theorem 124] an element r € (x1,...,Tm—1,Ym+1,---,Yk)R such that
Ym+1 & pforall p e L. Set x,, =y, + 7. It is clear that (x1,...,Zm, Ym+1,---,Yx) is & minimal

system of generators of a. Thus the lemma is proved. U

Remark. The equality Ann(0 :4 p) = p (as in the above claim) does not hold for all prime ideals
p D Ann A, see [5, 4.3], while it is clear that Ann(M /pM) = p for all Noetherian R—module M
and all prime ideals p 2O Ann M.

Proposition 5.3. If A is co-Buchsbaum then mH™(A) =0 for all i < d.

Proof. We prove by induction on d. Let d = 1. There exists by Lemma 5.2 a minimal system of
generators (z1,...,z) of m such that £(0 :4 ;) < oo for all i < k. Since I(z;; A) = I(z?; A),
((A)z;A) = £(A/2%A). Hence 7;A = a7 A for all n > 0. Hence x; HF(A) = 0, for all i < k,
and hence mH(A) = 0. Let d > 1. Let  be a parameter element of A. Set 77 = 2% and
A" =0:4 x;1. Let (x2,...,24) be an arbitrary s.o.p of A’. Since ¢(A/x1A) < oo, we imply that

I(zo,...,xq; A") = I(x1,...,24; A). Therefore A’ is co-Buchsbaum. So, by induction assumption,
mH™(0:4 1) =0 for all i < d— 1. As in the proof of Proposition 3.7, (i)=-(iii), H™(0 :4 x1) =
H™MA)® HY,(A) for all i < d — 1. Thus mH(A) = 0 for all 7 < d. O

From Proposition 5.3, we can give examples of gCCM modules, not co-Buchsbaum mod-
ules: Let k be a field and R = k[x1,...,z4] the polynomial ring. Let B = k[xl_l,...,xgl]
be the Artinian R—modules of inverse polynomials. Let n > 1 be an integer and set A =
B & R/(z},x2,...,24)R. Then we have SuppA = {m}, where m = (z1,...,24)R, and A is
gCCM, but not co-Buchsbaum since mH{*(A) # 0.
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Theorem 5.4. The following statements are equivalent:
(i) A is co-Buchsbaum.

(ii) Every s.o.p of A is a weak co-sequence.

(iii) Every s.o.p of A is co-standard.

Proof. (i)=-(iii) is trivial. We prove (i) = (ii) by induction on d. Let d = 1. Let 1 be a parameter
element of A. Since mH{'(A) = 0 by Proposition 5.3, mA = (1,5, m"A. Note that 1 ¢ p for
all p € Att A\ Supp A by Lemma 2.3 and Proposition 3.3. So, 1A O mA. Hence z; is a weak
co-sequence. Let d > 1. Let z = (z1,...,24) be as.o.p of A. Set A’ =0:4 x1. Let (y2,...,94)
be an arbitrary s.o.p of A’. Since ¢(A/x1A) < oo and A is co-Buchsbaum,

I(y27"'7yd;A,) :I(x17y27"'7yd;A) :I<A)

So A’ is co-Buchsbaum. By induction assumption, (z9,...,z4) is a weak co-sequence of A'.

Hence z is a weak co-sequence of A.

(ii)=(i). Let z = (z1,...,24) be an arbitrary s.o.p of A. By Lemma 3.6, mH™(A) = 0 for all
i <d.Set A" =0 :4 x1. Since every s.o.p of A’ is again a weak co-sequence, mH™(0 :4 1) =0
for all i < d — 1. Continuing this process we have mH™(0 :4 (1,...,2;)R) =0 for all j < d and
all i < d— j — 1. Therefore by induction on d and by using the exact sequence (*) in the proof

of Proposition 3.3 we can show that

ISH
—_

)= Y (17 ) etazrcan) = 1)

3

Il
o

Thus A is co-Buchsbaum.

(iii)=-(i). Let z be an s.o.p of A. Then z is a co-standard. By Lemma 4.3, I(z7,...,2]; A) =
I(z; A) for all integer n > 0. By Theorem 4.4,(vi)=(ii), /(H(A)) < oo for all i < d. Therefore

d—1

I A) = I(ah, . A) = 3 ( )eR HP(4))
=0
for n > 0, by Lemma 3.4. Thus A is co-Buchsbaum. ]

Corollary 5.5. (i) If A is co-Buchsbaum then N-dim A; =d or mA; =0 for all j < t.
(i1) If I(z; A) =0 for all s.o.p x of A then N-dim A; = d for all j <*t.

Proof. (i). By Corollary 4.5, N-dim A; = 0 or N-dim A; = d for all j < t¢. Let j < ¢ such that
N-dim A; =0, i.e £(A;) < co. Then mA; = mH{(A;) = 0 by Proposition 5.3.
(ii). Assume that I(z; A) = 0 for some s.o.p z of A. If N-dim A; = 0 for some j < ¢ then

0=1I(x;A) > £(0:4; zR) —e(z; Aj) = £(0 :4; zR) # 0,
a contradiction. O
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Corollary 5.6. (i) Suppose that N-dim A; = d or mA; =0 for all j < t. If A, is co-Buchsbaum
for all p € Supp A then A is co-Buchsbaum.

(i1) Suppose that N-dim A; = d for all j < t. Then I(A) = 0 if and only if I(Ap) = 0 for all
p € Supp A.

Proof. (i). Let x be an arbitrary s.o.p of A. Let j < ¢t. If N-dimA; = d then z is a s.o.p
of Aj and I(z; A;) = I(Aj) since A; = Ay, is co-Buchsbaum. If N-dim A; = 0 then £(0 :4;
ZR) —e(x; Aj) = £(A;) since mA; = 0. Therefore
Iz A= Y IA)+ >, U4
N-dim A;=d N-dim A;=0
Thus A is co-Buchsbaum.

(ii). It is clear that I(A) = 0 if and only if I(A;) =0 for all j <t O

The following corollaries give some examples of co-Buchsbaum modules.

Corollary 5.7. The following statements are true.
(i) If A is co-Buchsbaum then 0 : 4 x is co-Buchsbaum for all parameter elements x of A.
(ii) If By, ..., By is co-Buchsbaum R—modules such that N-dim B; = d or mB; =0 for alli < n

then A = ®}_, B; is co-Buchsbaum.

Proof. (i). We prove by induction on d. The case d = 1 is trivial. Let d > 1 and 2/ = (z2,...,24)
be an arbitrary s.o.p of 0 :4 z. Since {(A/zA) < oo and A is co-Buchsbaum, I(z;0 :4 x) =
I(x,x9,...,2q4; A) = I(A). Therefore 0 :4 x is co-Buchsbaum.

(ii). It follows by the same arguments as in the proof of Corollary 4.7. O

Corollary 5.8. Assume that (R, m) is a local ring. Then we have

(i) A is a co-Buchsbaum R—module if and only if A is a co-Buchsbaum R—module.
(ii) If M is Buchsbaum then the Matlis dual D(M) of M is co-Buchsbaum.

(i4i) If M is Buchsbaum of dimension d then H&(M) is co-Buchsbaum.

Proof. The proof is similar to the proof of Corollary 4.8 with notice that if M is Buchsbaum,
the Matlis dual D(HZ(M)) of HE(M) is a Buchsbaum R—module, see [3]. O
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