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Abstract

We present a rigorous theoretical investigation on the possibility for the formation of Mach
cones in both space and laboratory dusty magnetoplasmas. We find the parametric regimes for
which different types of Mach cones, such as dust-acoustic Mach cones, dust magneto-acoustic
Mach cones, oscillonic Mach cones, etc. are formed in space and laboratory dusty magne-
toplasmas. We also identify the basic features of such different classes of Mach cones (viz.
dust-acoustic, dust magneto-acoustic, oscillonic Mach cones, etc.), and clearly explain how they

are relevant to space and laboratory dusty manetoplasmas.

MIRAMARE — TRIESTE
July 2004

1Regular Associate of the Abdus Salam ICTP.


https://core.ac.uk/display/44139041?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

1. Introduction

It is well known that an object moving with a supersonic speed in a dispersive medium cre-
ates a pressure disturbance that is not felt upstream from the object. The cone that confines
this disturbance is called a Mach cone. The formation of Mach cones is well known in gases [1, 2].
These are produced, for examples, by bullets and supersonic jet planes in gases. The distur-
bances produced by ships in water, which are formed behind ships in deep water [3], have shapes
similar to Mach cones. Mach cones also occur in solids/crystals [4, 5, 6, 7, 8, 9]. The occur-
rence of Mach cones in rocks is also an interesting seismological phenomenon in which sound
waves travelling in a liquid-filled bore hole moves faster than the sound speed in the surrounding
rocks [10].

The structure and dynamics of Saturn’s rings continue to present surprises and challenges
to celestial mechanics. The first surprise came in October 1980 when Voyager 1 sped past
the Saturn and sent back lots of information and images, including pictures of mysterious dark
spokes [11] sweeping around Saturn’s B-ring. The observations from Voyager 1 revealed that the
structure and dynamics of Saturn’s rings are mainly dominated by charged dust particles [12].
The CASSINI spacecraft, which is now orbiting around Saturn, promises to yield even more
detailed information on Saturn’s rings. Since a direct probing of Saturn’s dense rings is not
practically possible due to the danger of collisions, we must resort to remote sensing to investi-
gate the physical conditions within such dense rings [13, 14, 15]. We can do this by the stellar
occultation measurements, or through the observations of absorption of high-energy particles or
radio-waves or light scattering by dust particles at different angles. It has been proposed that
observations of Mach cones in dusty plasmas might play an interesting role as a potential diagno-
sis method, since they can be directly viewed from outside Saturn’s dusty rings, and can be used
for deducing information regarding the physical state of the ambient dusty plasma [13, 14, 15].

Havnes et al. [13, 14] theoretically predicted the existence of dust-acoustic (DA) Mach cones
in Saturn’s dusty rings. They employed the phase speed of the DA waves (DAWs [16]) for
an unmagnetized dusty plasmas to obtain the Mach cone opening angle. However, there are
two conditions to be satisfied for the formation of Mach cones by the DAWSs in Saturn’s rings.
These are: i) the DAWs must propagate in the equatorial plane (in a plane perpendicular to
the magnetic field) in which a dust boulder moves [17], i.e. k; > k., where k| (k.) is the DA
wave-vector perpendicular (parallel) to the magnetic field, and ii) the dust boulder speed Vy
must be larger than the DA wave phase speed V), i.e. V3/V, > 1. For Saturnian ring plasma
parameters (B ~ 0.2 G and T; ~ 10 eV) the ion gyro-radius p;(= Vp;/we;) is of the order of 25
m, where Vp; = (T;/ mi)l/ 2 is the ion thermal speed, w.; = eBy/m;c is the ion gyro-frequency, T;
is the ion temperature in units of the Boltzmann constant, B is the magnitude of the magnetic
field strength Bg on the planetary equator, m; is the ion mass, e is the magnitude of the electron
charge, and c is the speed of light in vacuum. Therefore, the DA wave phase speed V), used in
Saturnian Mach cone problems by Havnes et al. [13, 14] is not correct in general. The fluid ion
response in Saturn’s rings is also not valid for the DAWs whose wavelength is shorter than or
comparable to 2wp; >~ 290 m. The wavelength of the DAWs participating in the formation of
Mach cones is likely to be within a range of 20-50 m. Thus, Shukla and Mamun [18] employ



a kinetic theory for the ion response, and present a generalized expression for the DAWSs in
magnetized dusty plasmas of Saturn’s rings in order to clarify the role of short wavelength (in
comparison with p;) DAWs in the formation of Mach cones in dusty magnetoplasmas of Saturn’s
rings.

On the other hand, for typical dusty plasma parameters of Saturn’s rings [17, 18, 19, 20,
21, 22, 23, 24], viz. By ~ 02 G, T, = 15 eV, T; = 10 eV, ngg ~ 10 cm™3, n;o ~ 10* cm =3,
Z4 ~ 103, rqg ~ 0.25 pum, where 74 is the dust particle radius, one finds that Cg/de ~5x1075,
where Vg = Bo/v/Amngmg is the dust-Alfvén speed, and Cy =~ (Z3ngTi/nigma)'/? is the
DA speed. It turns out that in Saturn’s dusty rings, low-frequency (in comparison with the
dust gyro-frequency), long wavelength (in comparison with the ion gyro-radius) slow dispersive
dust magneto-acoustic (DM) waves could also be relevant for the Mach cone formation [25, 26].
Mamun et al. [25] have predicted the possibility for the formation of Mach cones associated
with the slow DM waves (DMWSs) propagating in Saturn’s dusty rings, and discussed their basic
features.

Mach cones have also been observed in laboratory dusty plasmas [4, 7, 9]. The experimentally
observed Mach cones [4, 7] in a dusty plasma have been theoretically interpreted by Dubin [6] in
terms of constructive interference between dispersive dust lattice/acoustic-like waves. Because of
the low dust-temperature, short inter-grain distance, and high dust grain charge, the inter-grain
(screened) Coulomb coupling parameter I' ~ Z2e? exp(—aq/Ap)/aqTy can be much larger than
one and the average inter-grain spacing could be of the order of the ion gyro-radius p;, where
aq = (3/47rnd0)1/ 3 is the average inter-grain spacing, Ap is the characteristic Debye radius in
dusty plasmas [24], and Ty is the dust temperature. Recently, Mamun et al. [27] have presented
a theory for the Mach cones in a strongly coupled dusty magnetoplasma which is composed
of weakly coupled magnetized electrons and ions, and strongly coupled unmagnetized charged
dust grains. They have derived the dispersion relations for the low-frequency (in comparison
with the ion gyro-frequency) dusty plasma waves that are responsible for the formation of Mach
cones in strongly coupled dusty magnetoplasmas. Since the formation of Mach cones in dusty
magnetoplasmas has recently become an important issue from both theoretical [13, 14, 15, 18,
25, 26, 27, 28, 29] and experimental [4, 7, 9] points of view, in our present manuscript we
systematically and rigorously study the possibility for the formation of Mach cons in space and
laboratory dusty magnetoplasmas.

The manuscript is organized as follows. The possibility for the formation of Mach cones
associated with different types of waves (viz. DAWs, DMWs, etc.) propagating in space dusty
magnetoplasmas (particularly, in Saturn dusty rings) have been studied in Sec. 2. The possi-
bility for formation of different types of Mach cones (viz. modified DA Mach cones, osillonic
Mach cones, etc.) in laboratory dusty magneoplasmas are investigated in Sec. 3. Finally, a brief

discussion is given in Sec. 4.
2. Space dusty magnetoplasmas

To study the possibility for the formation of Mach cones in space dusty magnetoplasmas, partic-

ularly in Saturn’s dusty rings, we analyze first the dynamics of dust particles, and then different



types of dust-associated waves that are responsible for the formation of Mach cones in Saturn’s

dusty rings.
2.1 Dust dynamics

We consider a charged dust particle of mass my and charge sZje (where s = —1 for neg-
atively charged dust and s = +1 for positively charged dust) moving in a field which in-
cludes Keplerian gravity, corotating planetary magnetic field with concomitant induced electric
field [17, 18, 19, 20, 21, 22]. We consider single particle dynamics and neglect the radiation
pressure, plasma drag, planetary oblateness, charge fluctuations, and collective effects. The
dynamics of such a negatively charged dust particle is governed by the combined gravitational,
magnetic, and electric forces. The orbital angular velocity w, of this negatively charged dust

particle can, therefore, be expressed as [17, 21]

Wq = 2—71“3 [chd + \/de + 47“3(9% — chde) N (1)
where 7 is the dust particle position normalized by the planet radius R, weq = ZgeBo/mqc and
Q= (GM,/ Rg)l/ 2 are the dust gyro and Kepler frequencies, both evaluated at a point on the
planetary equator; €2, is the planetary spin rate, M, is the planet mass, and G is the universal
gravitational constant. We note that in deriving Eq. (1) the planetary magnetic field B, is
assumed to be dipolar with the dipole strength M, = BORg, which is appropriate for Saturn
and Jupiter. The + (—) sign in Eq. (1) represents the prograde (retrograde) motion of the dust
particle.

A large boulder and a small dust particle will, therefore, move at difference speeds. The

difference in speeds Vj is given by
Vi = rRpy(wq — r%2Qy,). (2)

To approximate Vg, let us consider a dust boulder in Saturn’s rings [13, 17, 19, 21, 22|: R, =
60300 km, M, = 5.688 x 102 kg, ©, = 1.691 x 107* rad/s, r ~ 2, By ~ 0.2 G, Z ~ 750,
rq ~ 0.5 pm, so that Q = 4.16 x 1074 s7! and w.g ~ 3.67 x 107° s~1. So for a particle in
Saturn’s rings we can safely take the approximations w.q < Q, Q, < €, and r > 1, which

allow us to approximate Eq. (2) as

~ SRpwcd Qp 3/2)
v~ (1 ). (3)

Equation (3) represents an approximate expression for the speed of a dust boulder moving in
Saturn’s equatorial plane under the combined effects of the gravitational, magnetic, and electric

forces.
2.2 DA Mach cones

We consider two kinds of dusty manetoplasmas that may exist in Saturn’s dusty rings, viz. i)

electron-ion-dust (EID) plasma (containing electrons, ions, and negatively charged dust [17, 18,



19, 20, 21, 22]) and ii) electron-dust (ED) plasma (containing elctrons and positively charged
dust [30, 31, 32]).

i) EID plasmas

We consider arbitrary wavelength DAWs which may participate in the formation of Mach cones
in an EID plasma. Thus, at equilibrium we have n;g = neg + Zgngg. When the wavelength of
the DAWSs is comparable or shorter than the ion gyroradius, we use the ion Vlasov equation to
calculate the ion density perturbation. So for w < we; we have n;; = —(k?/4me)x;¢, where the
ion susceptibility involving two-dimensional ion motions is [33, 34]

2
o~ ﬁ%i 1 —To(b;) + 2F1(bz’)w_2 ; (4)

ct

Xi

where \p; = (T} /4mn0e?)/2, To1 = Io1exp(—b;), b; = k% p?, and Io(I) is the zero (first) order
modified Bessel function.

On the other hand, for w < k v, week,/ky and b, = kﬁv?e /w2, < 1, the electrons rapidly
thermalize along z and establish a Boltzmann distribution. The corresponding electron density
perturbation is ne; = (k?/4me)xe¢, where the electron susceptibility is

1
Xe ™ 7577 ()
k23,

where vy, = (Te/me)l/Q, wee = €By/mec, Ape = (Te/47rneoe2)1/2, and m, is the electron mass.
For w.q < w the dust grains can be treated as unmagnetized. The corresponding dust number
density perturbation is ng; = (k%/47Zge)xq¢, where the dust susceptibility is

P
~—— 6
where wpg = (47rnd0Z362 / md)l/ 2 is the dust plasma frequency and Vg = (T;/ md)l/ 2 is the dust
thermal speed. Now, using Eqs. (4)—(6) the dispersion relation 1+ x. + xi + x4 = 0 can be
expressed in the form [18]

1 2 w?
{1 — Ero(bz)] w2 — Erl(bz)w_g = kQO%y (7)

ci
where o = 1+ k2)\%i +neoT;/nioTe. Equation (7) is the general dispersion relation for the DAWs
in a magnetized EID plasma including the effect of arbitrary b;. This is valid for arbitrary (short
or long) wavelength DAWSs. In a short wavelength limit (b; > 1), Eq. (7) reduces to w/k = Cp,
which coincides with the dispersion relation for DAWs of Rao et al. [16]. We note that in
deriving Eq. (7) we assumed that w/k > V.

We are now in a position to analyze the possibility for the formation of Mach cones by DAWs
[defined by Eq. (7)]: The Mach cones can be formed if V; [defined by Eq. (3) with s = —1] is
larger than V,, = w/k [defined by Eq. (7)], i.e. V4/V, > 1. If this condition is satisfied, the Mach
cone opening angle is given by 6 = sin~!(V,/V;). We analyze V; and V,, by solving numerically
Eqgs. (3) and (7). The numerical results are displayed in figures 1 and 2. The upper plot of figure
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Figure 1: Showing Vu/V, vs. kp; curves for ngo = 10 em™3, Zg = 103, T. = 10T}, neo = 10° cm ™3, r = 2,
rq = 0.25 pm, and § = 85° and for different values of By and T;. The upper plot, where By = 0.1 G, T; = 5 eV
(solid curve), T; = 10 eV (dotted curve), and T; = 15 (dashed curve), shows the effect of T; on Vy/V, vs. kp;
curve. The lower plot, where T; = 10 eV, By = 0.05 G (solid curve), Bo = 0.1 G (dotted curve), and By = 0.15
G (dashed curve), shows the effect of Bo on V3/V}, vs. kp; curve.

1 shows that as we increase the ion temperature, V;/V), decreases. This implies that higher ion
temperature is not in favor of the formation of the DA Mach cones. The lower plot of figure 1
shows that the condition for the Mach cone formation (V/V},, > 1) is not satisfied for By = 0.05
G. However, if By is further increased, DA Mach cones are found to be formed. This means that
the increase in the ambient magnetic field, which increases Vy (found to be 10.3 m/s, 20.6 m/s,
and 41.2 m/s for the planetary magnetic field of 0.05 G, 0.1 G, and 0.2 G, respectively) is in the
favor of the formation of the modified DA Mach cones. The upper plot of figure 2 shows that as
we increase the magnitude of the dust charge, V/V,, increases. This means that more negatively
charged dust particles are in favor of the formation of the short wavelength DA Mach cones.
The lower plot of figure 2 shows that as we increase the dust grain radius, V/V), decreases. This
means that larger dust particles are not in favor of the formation of the DA Mach cones [13].
From figures 1 and 2 it is also obvious how the Mach cone opening angle § = sin_l(‘/}) /Vyg) varies
with k, By, T;, rq, and Z4. For Saturn’s plasma parameters, we have estimated the Mach cone
opening angle § associated with the modified DAWs of wavelength ~ 30 m propagating at an
angle = 85° against the magnetic field direction. These are ~ 38° and ~ 17° for By = 0.1 G
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Figure 2: Showing Vy/V, vs. kp; curves for ngo = 10 cm™, Bo = 0.1 G, T; = 10 eV, T = 10T}, neo = 10° cm ™3,
r =2, and 6 = 85° and for different values of rq and Z4. The upper plot, where rq = 0.25 um, Zz = 500 (solid
curve), Z4 = 1000 (dotted curve) and Z4; = 5000 (dashed curve), shows the effects of Z4 on Vy/V), vs. kp; curve.
The lower plot, where Z; = 10%, r4 = 0.25 pm (solid curve), rq = 0.35 um (dotted curve), and rq = 0.5 um
(dashed curve), shows the effect of rq4 on V3/V, vs. kp; curve.

and By = 0.2 G, respectively.
ii) ED plasmas

We now consider the propagation of low-frequency (w < wee) electrostatic waves in an ED
plasma [30, 31, 32, 35, 36, 37]. Thus, at equilibrium we have ney ~ Zgng.

For waves of arbitrary wavelength and arbitrary electron thermal gyro-radius p. = vte/wee,
we employ a kinetic theory [33], and express the electron density perturbation as
ne1 = (k%/4me)xe6, where the electron susceptibility (for two-dimensional electron motion in a
plane perpendicular to Z and for w < we,) is

2

~ @ 1~ To(be) + 201 (be) 5| (8)

ce

Xe

where I'gq = Ip1exp(—be), Io(l1) is the modified Bessel function of zero (first) order, and
be = k%p2.

For w.q < w the dust grains can be treated as unmagnetized, and the dust susceptibility x4



is given by Eq. (6). Thus, using Eqs. (6) and (8) in 1 + x¢ + xq = 0, the dispersion relation
involving V,, = w/k can be expressed in the form [28]

2774

[a - FO(be)] Vp2 + er(be)—gp = 0%7 (9)

wCE
where Cp = Apewpq = (ZdTe/md)1/2 is the DA speed [35] and o = 1+ k?)\%,_. We note that in
deriving Eq. (9), we assumed that w/k > V4. Equation (9) is the general dispersion relation
for the modified DAWSs [35] in a magnetized ED plasma including finite electron gyro-radius
effect. This is valid for arbitrary (short or long) wavelength modified DAWs.

The Mach cones can be formed by the modified DAWSs defined by Eq. (9) if V; [defined by
Eq. (3) with s = +1] is larger than the modified DAW phase speed V), [defined by Eq. (9)],
i.e. Vy/V, > 1. If this condition is satisfied, the Mach cone opening angle is 6 = sin™* (V,,/ V),
where Vg is given by Eq. (3) with s = +1, and V), = w/k is defined by Eq. (9). It is obvious
that Mach cones can only be formed by those dust particles which are either inside (r < rg) or
outside (r > 7¢) the synchronous distance g, a value of r for which V; = 0. Thus, from Eq. (3)
with s = +1, the synchronous distance 7o can be estimated as r = ro = (Q4/,)%/3. Tt is found
that rp=1.822 for Saturn.

To analyze the possibility for the formation of Mach cones associated with the modified
DAWs defined by (9), we analyze V; and V), by solving numerically Eqs. (3) and (9) for typical
ED plasma parameters of Saturn [17, 21, 24, 23]: T, = 100 eV, ngy = 10 cm™3, Z; = 100,
By = 0.2 G, M,, = 5.688 x 10 kg, R, = 60300 km, and for dust particles inside (r < )
the synchronous distance rg. The numerical results are displayed in figure 3. The upper plot
of figure 3 shows that for r; = 1 pum, the maximum wavelength of the modified DAWSs, for
which the Mach cones are formed, are ~6.81 m, ~3.94 m, and ~1.92 m for » = 1.5, » = 1.6,
and r = 1.7, respectively. The lower plot of figure 1 indicates that for » = 1.6, the maximum
wavelength are ~10.7 m, ~3.94 m, and ~2.08 m for r4 = 0.5 um, ry = 1 pum, and rq = 1.5 pm,
respectively.

We have also analyzed the Mach cone formation at locations outside (r > r() the synchronous
distance rg. Our analysis reveals that for r; = 1 pm, the maximum wavelength of the modified
DAWS, for which the Mach cones are formed, are ~1 m, ~2.14 m, and ~3 m for r = 1.9, r = 2.0,
and r = 2.1, respectively. We have also found that for r = 2, the maximum wavelength are ~6
m, ~2.14 m, and ~1.15 m for r4 = 0.5 pm, 74 = 1 pm, and rqy = 1.5 pm, respectively.

Figure 3 also shows how the Mach cone opening angle § = sin~!(V,/V;) varies with kpe, 7,
and 4. We have estimated the Mach cone opening angle ¢ associated with the modified DAWs
of wavelength ~7.5 m (corresponding to kp. =~ 1, since p, ~ 1.193 m for 7,=100 eV and By=0.2
G) in both cases of r = 1.5 < ¢ and r = 2.5 > ry for r4 = 0.5 pm. This is found to be ~ 25°
and ~ 29° in the cases of r = 1.5 < rg and r = 2.5 > rq, respectively.

2.3 DM Mach Cones

We are now interested in examining the possibility for the formation of Mach cones involv-
ing obliquely propagating low-frequency (w < weq), long wavelength (k% p? < 1) DMWs in
dusty magnetoplasmas of Saturn’s rings. To avoid mathematical complexities, we consider two-
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Figure 3: Showing V4/V}, versus kp. curves for r < ro = 1.822 with parameters (given in the text), and for
different values of r and r4. The upper plot, where rq = 1 pm, r = 1.5 (solid curve), r = 1.6 (dotted curve),
and r = 1.7 (dashed curve), shows the effect of r on V;/V, versus kp. curve. The lower plot, where r = 1.6,
rq = 0.5 pm (solid curve), rq = 1 pm (dotted curve), and r4 = 1.5 um (dashed curve), shows the effect of r4 on
Va/Vp versus kpe curve.

component magnetized dusty plasma composed of negatively charged dust grains and positively
charged ions. We consider a small amplitude perturbation in such a magnetized dust-ion plasma,

which may be described by two linearized coupled equations [25]

2 2 2
a“d+VAde—8B—de<vXa—B)xz

ot? Wei ot? ot

—C2V(Y ug)] =0, (10)
8B N “ 1 8ud -
E—i—z(v‘ud)—(z-V)ud—WCdVXW—O. (11)

Now, using Eqgs. (10) and (11) we obtain three types of obliquely propagating DMWSs. These
are [25]

w V4qcosd (12)
koo 122
and
w - 1 de 2
kv |Tr ke T
5 1/2
%% AN 4V2,C2 cos? § (13)
1+ k222 4 14 k2\2 ’



where \; = c¢/wy,; is the ion skin depth and ¢ is the angle between the directions of the ambient
magnetic field and the wave propagation.

Equation (12) represents the dispersion relation for the shear dust-Alfvén waves modified
by the effect of the ion-skin depth which decreases their phase speed by the factor /1 + kQAZ?.
On the other hand, Eq. (13) with + (—) sign represents the dispersion relation for the fast
(slow) DMW modified by the effect of the ion-skin depth and obliqueness. For typical plasma
parameters of Saturn’s dusty rings [17, 19, 20, 21, 22, 24, 23], we find that C2/V3, ~ 3.7 x 1075.
It is then likely that Mach cones in Saturn’s dusty rings may also involve long wavelength DMWs.

We numerically analyze V;/V), for typical plasma parameters corresponding to Saturn’s dusty

rings. The numerical results are depicted in figures 4 and 5.
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Figure 4: Showing the wavelength regimes of slow DMWs (upper plot) and of shear dust-Alfvén waves (lower
plot) propagating with different angle § for which Mach cones are formed in Saturn’s dusty rings (Bo = 0.2 G,
T;=10eV, ng=10cm ™3, Z4 =750, r = 2, rq = 0.5 pum). The solid, dotted and dashed curves are for § = 85°,
6 = 87°, and § = 89° in both the plots.

Figure 4 shows that Mach cones are formed by the shear dust-Alfvén waves of wavelength ~ 7
km or less (viz. lower plot), and by slow DMWs of without the upper bound on the wavelength
(viz. upper plot). We also find that the upper bound on the wavelength of both the shear
dust-Alfvén waves and slow DMWs by which Mach cones are formed increases as we increase

their propagation angle ¢ (viz. lower and upper plots of figure 4). We observe here that for the
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Figure 5: Showing the wavelength regimes of slow DMWs for which Mach cones are formed in Saturn’s dusty
rings (ngo = 10 em ™3, Z; = 750, r = 2, 74 = 0.5 um, and § = 85°). The upper plot, where T; = 10 eV, By = 0.05
G (solid curve), By = 0.1 G (dotted curve) and By = 0.2 G (dashed curve), shows the effect of By on V3/V), vs.
A curve. The lower plot, where By = 0.2 G, T; = 10 eV (solid curve), T; = 20 eV (dotted curve), and T; = 30 eV
(dashed curve), shows the effect of T; on V3/V, vs. A curve.

plasma parameters of Saturn’s dusty rings, Mach cones are not formed by the fast DMWs.

We also examine the effects of the ion temperature T; and the ambient magnetic field By on
the formation of Mach cones associated with the shear dust-Alfvén waves and slow DMWs. We
find that the ion temperature 7; and the ambient magnetic field (By) have an insignificant effect
on the formation of Mach cones and their opening angles associated with the shear dust-Alfvén
waves. However, these do have significant effects on those associated slow DMWs. These are
depicted in figure 5. It is seen that as we increase (decrease) By (7;) the maximum wavelength
for which Mach cones are formed increases, but the opening angle decreases.

Figures 4 and 5 also imply how the Mach cone opening angle 6 = sin~!(V},/V;) varies with
A, 0, By, and T;. For Saturn’s ring parameters, we have estimated the Mach cone opening
angle 6 associated with the shear dust-Alfvén waves and slow DMWs of wavelength of 5 km,

propagating with an angle § = 85°. These are ~ 32° and ~ 4°, respectively.
3. Laboratory dusty magnetoplasmas
We now focus on the possibility for the formation of Mach cones in laboratory dusty magne-
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toplasmas. We first consider a strongly coupled dusty magnetoplasma, and present the theory
for the formation of Mach cones associated with modified DA waves. We then consider a dusty
magnatoplasma with elongated (rod-like) dust grains, and analyze the possibility for the forma-

tion of oscillonic Mach cones.
3.1 Modified DA Mach cones

We consider the propagation of low-frequency (w.q < w < wg;) electrostatic perturbations
in a strongly coupled dusty magnetoplasma containing weakly coupled magneized electrons and
ions, and strongly coupled unmagnetized dust. For waves of arbitrary wavelength and ion gyro-
radius p;, we use a kinetic theory in order to calculate the ion density perturbation. Thus, as
before, for w < w,; the ion susceptibility y; involving two-dimensional (in a plane perpendicular
to the external magnetic field direction) weakly coupled ion motions is given by Eq. (4).

On the other hand, for b, = k%vZ /w2, < 1, the electron density perturbation is given by
ne1 = (k?/4me)xe¢, where the electron susceptibility, for k vy < w and k. /k < w/wee < 1, is

w2

pe
Xe =~ . (14)
Wk

The quasi-localized charge approximation (QLCA) [38], and the generalized hydrodynamic
model (GHM) [39] allow us to express the dust number density perturbation as

na = (k* /AT Zae)x a9,

where the dust susceptibility in a collisionless limit is [38, 39, 40]

2
wpd

oo} (15)

Xd = —

We note that in Eq. (15) the D(k)-term arises due to the strong correlation between dust
particles. We now approximate D(k) by the QLCA in the limit (I'y > 1 and d < \y) considered
by Rosenberg and Kalman [38], and the GHM in the limit (1 < T' < 200) considered by Kaw
and Sen [39]. That is, using the QLCA and long wavelength (in comparison with Ap) limit, we

can approximate D(k) as
D(k) = Dric (k) ~ fk*a?, (16)

where f = —(4/45)(0.9 + 0.05a2/A%) for I'y > 1 and d < Ap. On the other hand, using the
GHM we can approximate D(k) as

D(k) = Dis(k) = Yapak* Npg, (17)

where 7, is the adiabatic index, Apg = (Ty/4mngZ2e?)' /2, and pg = 1+(1/3)u(T)+(T/9)[0u(T) /T
is the compressibility [41], and u(T") is the excess thermal energy of the system, which is often
obtained by fitting data from Monte Carlo and molecular dynamic simulations or experiments,
and can be approximated [42, 40] as u(I") ~ —0.891'+0.95I'"/44-0.19T~1/4—0.81 for 1 < T' < 200.
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Now, using Eqgs. (4), (14), and (15) in 14 x. + x; + xa = 0, the dispersion relation involving
U = w/kVy (a ratio of the wave phase speed V,, = w/k to the dust particle speed V) can be
expressed as [28]
ViAo wf,d

P — =0 18
D A 7 ST T (18)

where o = 1 + w2 /w? + (1 — Ag)/k?A%,;. We note that for the QLCA we replace D(k) by
Dri (k) defined by Eq. (16) and for the GHM we replace D(k) by Dk s (k) defined by Eq. (17).
The dust particle speed V; in Eq. (18) is considered as a free parameter.

The Mach cones can be formed by the modified DAWs defined by Eq. (18) if ¥ = V},/V; < 1.
If this condition is satisfied, the Mach cone opening angle 6 is given by 6 = sin~! ¥, where ¥ is
defined by Eq. (18). To analyze the possibility for the formation of the Mach cones associated
with the waves defined by Eq. (18), we numerically analyze Eq. (18), and find ¥ = 1 curves
in (Vy, kp;) space for typical laboratory dusty plasma parameters [43]: T, ~ 2 eV, T; ~ 0.5T¢,
Ty ~ 0.07 eV, njp ~ 3 x 10° em™3, Z; ~ 103, ngg ~ 2 x 10° cm ™3, 74 ~ 0.3 um, By = 10° G,
By =5 x 10® G, and By = 10* G. The numerical results are displayed in figure 6. The ¥ = 1
curves in (Vy, kp;) space will, obviously, determine the critical values of the dust particle speed Vy
and the corresponding wavelength A = 27 /k for which the Mach cones are formed. The regions
above the ¥ = 1 curves correspond to ¥ < 1, i.e. correspond to a regime for which the Mach
cones are formed in strongly coupled dusty magnetoplasmas. The upper plot of figure 6 shows
the critical values of the dust particle speed V; and the corresponding wavelength A = 27 /k
for which the Mach cones are formed for two different approaches, namely the QLCA and the
GHM, and clearly indicates that for laboratory dusty magnetoplasma conditions [43] the QLCA
and the GHM do not have any significant discrepancies, and for kp; < 1 both approaches give
exactly the same results.

The lower plot of figure 6, where D = Dprk is used, shows the critical values of the dust
particle speed V; and the corresponding wavelength A = 27/k for which the Mach cones are
formed for different values of the external magnetic field strength. It implies that as we increase
the magnitude of the external magnetic field, for the wave of fixed wavelength we need a dust

particle of higher speed in order for the formation of the Mach cones.
3.2 Oscillonic Mach cones

We finally consider a dusty magnetoplasma containing electrons, ions and elongated (rod-
like) negatively charged dust grains [44, 45, 46, 47, 48], and study the possibility for the for-
mation of Mach cones associated with oscillons, which are low-frequency (w < wg;) electro-
static wave modes associated with the oscillations of dust dipoles around their mean positions
[44, 45, 46, 47, 48]. We note that in oscillons the restoring force comes from the thermal pres-
sures of electrons and ions, and the inertia is provided by the dust dipole moment. For oscillons
of arbitrary wavelength and arbitrary ion gyroradius p;, we use a kinetic theory in order to
calculate the ion density perturbation. Thus, as before, for w < w,; the ion susceptibility x; is
given by Eq. (4).

The electron density perturbation, for b, = k:ivtze /wge < 1 and w K wee, is given by ne; =

13



Figure 6: Showing ¥ = V,,/Vy; = 1 curves in (Va, kp;) space for typical laboratory dusty plasma parameters
(given in the text). The upper plot, where solid (dashed) curve represents to the numerical results based on
the QLCA (GHM), shows a comparison between the QLCA and the GHM. The lower plot, where D = Drxk,
By = 10® G (solid curve), Bo = 5 x 10® G (dotted curve), and By = 10* G (dashed curve), shows the effect of Bo
on U =1 curves in (Vg, kp;) space.

(k2 /4me)x ¢, where the electron susceptibility is

2 1.2 2 2
~ wpek_J_ . “pe kz

€= 9 1.2 2 2.2 1.2°
w2, k w? — yekivi, k

X (19)
We consider x. in two limiting cases: First, w > |/7ek.vie which reduces Eq. (19) to

2 12
. Woe k1
e — 2 27
w2, k

X

and second, w < ek, v which reduces Eq. (19) to

1

Xe ™~ 755
kQADe

where v, = 1 is used.

We are interested in w.y < w so that dust grains can be treated as unmagnetized. The
dust number density perturbation can, therefore, be expressed as ng; = (k%/4nZze)xq¢. For
wpa < Q- and Qy < w [where Q, = (4rd*ngol )1/2 is the oscillon frequency, Qo = M/I, d is
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the magnitude of the dipole moment, I is the moment of inertia of the dipole, and M is the
z-component of the dust angular momentum| the dust susceptibility x4 is given by [44, 45, 46,
47, 48]
2 7.2
Ny~ _%’Z—g (22)
Now, using Eqgs. (4), (20)-(22) in 14 xe + x5 + xa = 0, the dispersion relation involving
U = w/kVy; can be expressed as [49]

2

ci

o
k4Vd2\I/2

12+ 2 =0, (23)

2w
where ay = 1+w§eki/wgek:2+(1—A0)//~c2)\%)2- corresponds to the first limiting case w >> | /Yek. Ve,
and ag = 1+ 1/k20%,_+ (1 — Ag)/k*)\%, corresponds to the second limiting case w < k,vi.. We
note that the dust particle speed V; in Eq. (23) is considered as a free parameter.

The Mach cones can be formed by oscillons defined by Eq. (23) if ¥ = V,,/V; < 1. If this
condition is satisfied, the Mach cone opening angle 6 is given by 6 = sin~! ¥, where ¥ can be
obtained from Eq. (23).

To analyze the possibility for the formation of the Mach cones associated with the waves
defined by Eq. (23), we numerically analyze Eq. (23), and find ¥ = 1 curves in (Vy, kp;) space
for typical laboratory dusty plasma parameters: [50, 51, 52, 53, 54]: T, ~ 10 eV, T; ~ 0.2T¢,
nio ~ 2.5 x 10° cm™3, Z; ~ 5 x 10, and ngy ~ 10®> cm™3. The numerical results are displayed
in figures 7 and 8. Figure 7 shows the ¥ = 1 curves in (Vy, kp;) space for both w > | /7ek.ve
(upper plot) and w < k vt (lower plot). The ¥ = 1 curves in (Vy, kp;) space determines the
critical values of the dust particle speed V; and the corresponding wavelength A = 27 /k for
which the Mach cones are formed. The regions above the ¥ = 1 curves correspond to ¥ < 1, i.e.
correspond to a regime for which the Mach cones are formed. It implies that for a wave of fixed
wavelength as we increase €),., we need a dust particle of higher speed in order for the formation
of the Mach cones in both the limits. Figure 8 depicts the variation of the Mach opening cone
angle with kp; and €, for typical laboratory dusty plasma parameters. we find that the Mach
cone opening angle 6 decreases with the wavelength, but increases with €2,.. It is observed here
that the effect of €2, is stronger for w < k,vs (lower plot) than that for w > \/yek.vse (upper
plot). We have also analyzed the variation of the Mach cone opening angle with By for typical
laboratory dusty plasma parameters. It indicates that the Mach cone opening angle § = sin~! ¥
decreases with the magnitude of the external field. We have found that the effect of the external
magnetic field is slightly stronger for w < k,vs than that for w > |/7ek.ve.

4. Discussions

We have presented different theoretical models for the formation of Mach cones in space and
laboratory dusty magnetoplasmas. We have numerically analyzed V;/V,, which is decisive for
the condition (V/V,, > 1) required for the formation of Mach cones, as well as their opening
angles [0 = sin~!(V,,/V;)]. The results, which have been found from this thorough investigation,

can be summarized as follows:
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Figure 7: Showing ¥ = V,,/Vy = 1 curves in (Vy, kp;) space for typical laboratory dusty plasma parameters given
in the text, and By = 0.01 T. The upper plot, where £, = 10 radian/s (solid curve), 2, = 20 radian/s (dotted
curve) and €2, = 30 radian/s (dashed curve), corresponds to w > /Yek:vte. The lower plot, where Q, = 10
radian/s (solid curve), , = 11 radian/s (dotted curve) and €2, = 12 radian/s (dashed curve), corresponds to
w K k;vie.

i) We have considered short wavelength modified DAWSs, long wavelength DMWs, and ana-
lyzed the condition for the formation of Mach cones associated with these waves in Saturn’s
dusty rings. We have found that short wavelength (in comparison with the ion gyro-radius),
intermediate frequency (weq < w < w¢;) modified DAWs and long wavelength (kip? < 1),
ultra low-frequency (w < weq) slow DMWs are viable candidates for the formation of Mach
cones in the equatorial region of Saturn’s dusty rings. The Mach cones may arise owing to the
constructive interference of the modified DAWSs (in the short wavelength limit) or slow DMWs
(in the long wavelength limit) in dusty magnetoplasmas of Saturn’s dusty rings. We expect that
the NASA /ESA space probe CASSINI can make direct observations of Mach cones involving
the modified DAWSs and slow DMWs, which are reported in this paper. The opening angles of
the corresponding Mach cones, which we have estimated herein, can be used for obtaining the

dust mass density, dust charge, dust composition, and the optical depth of Saturn’s dusty rings.
ii) We have investigated the possibility for the formation of the Mach cones in a laboratory

dusty magnetoplasma whose constituents are weakly correlated magnetized electrons and ions,

and strongly coupled unmagnetized charged dust grains. We have graphically shown the para-
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Figure 8: Showing the variation of the Mach cone opening angle with kp; and Q, for typical laboratory dusty
plasma parameters given in the text, and Bo ~ 0.01 T. The upper plot, where V4 = 1.5 cm/s, Q, = 10 radian/s
(solid curve), . = 12 radian/s (dotted curve) and €2, = 14 radian/s (dashed curve), corresponds to w >> /Yek:Vte.
The lower plot, where Vg = 0.5 cm/s, 0, = 8 radian/s (solid curve), Q. = 9 radian/s (dotted curve) and Q, = 10
radian/s (dashed curve), corresponds to w < k. vte.

metric regime for which the modified DA Mach cones can be formed in a strongly cupled lab-
oratory dusty magnetoplasma [4, 7, 8, 9]. We have considered the QLCA as well as the GHM,
and have found that for laboratory dusty magnetoplasma conditions the QLCA and the GHM
do not have any significant discrepancies, and for kp; < 1 both approaches give exactly the
same results. We have also examined the effect of the external magnetic field on the critical
values of the dust particle speed V; and the wavelength of the waves for which the Mach cones
may be formed in a strongly coupled dusty magnetoplasma. We found that as we increase the
magnitude of the external magnetic field, for waves of fixed wavelength we need a dust particle

of higher speed in order for the creation of Mach cones.

iii) We have also investigated the possibility for the formation of the Mach cones in a dusty
magnetoplasma whose constituents are magnetized electrons and ions as well as unmagnetized
negatively charged elongated (rod-like) dust grains. We have graphically shown the parametric
regimes for which the oscillonc Mach cones can be formed in laboratory dusty magnetoplasmas

[50, 51, 53, 54]. We have found that for waves of fixed wavelength, as we increase the magnitude
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of €,., we need a dust particle of higher speed in order for the creation of the Mach cones. We
also observed that the Mach cone opening angle 8 decreases with the wavelength and with the
magnitude of the external magnetic field strength, but increases with the dust dipole oscillon
frequency (€2,). We finally propose to conduct laboratory experiments for verifying the theoret-

ical prediction that we made herein.
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