
Albrecht Böttcher • Bernd Silbermann

Analysis
of Toeplitz
Operators
Second Edition

Prepared jointly with Alexei Karlovich

With 20 Figures

.e). Springer



Contents

1 Auxiliary Material 	 1
1.1 Operator Ideals 	 1
1.2 Operator Determinants 	 4
1.3 Fredholm Operators 	 9
1.4 Operator Matrices and Their Determinants 	 11
1.5 Banach Algebras 	 12
1.6 C*-Algebras 	 17
1.7 Local Principles 	 21
1.8 LP and HP 	 27
1.9 BMO and VMO 	 36
1.10 Smoothness Classes 	 38
1.11 Notes and Comments 	 41

2 Basic Theory 	 45
2.1 Multiplication Operators 	 45
2.2 Toeplitz Operators 	 49
2.3 Hankel Operators 	 52
2.4 Invertibility of Toeplitz Operators an H2 	 57
2.5 Spectral Inclusion Theorems 	 64
2.6 The Connection Between Fredholmness and Invertibility 	 71
2.7 Compactness of Hankel Operators and C + H°° Symbols 77
2.8 Local Methods for Scalar Toeplitz Operators 	 85
2.9 Matrix Symbols 	 99
2.10 Notes and Comments 	 103

3 Symbol Analysis 	 111
3.1 Local Sectoriality 	 111
3.2 Asymptotic Multiplicativity 	 119
3.3 Piecewise Quasicontinuous Functions 	 128
3.4 Harmonic Approximation: Algebraization 	 140
3.5 Harmonic Approximation: Essentialization 	 149



XII Contents

3.6 Harmonic Approximation: Localization 	 152
3.7 Harmonic Approximation: Local Spectra 	 157
3.8 Local Sectoriality Continued 	 166
3.9 Notes and Comments 	 169

4 Toeplitz Operators on H2 	 171
4.1 Fredholmness 	 171
4.2 Stable Convergence 	 178
4.3 Index Computation 	 187
4.4 Transfinite Localization 	 191
4.5 Local Toeplitz Operators 	 211
4.6 Symbols with Specific Local Range 	 217
4.7 Toeplitz Algebras 	 226
4.8 The Role of the Harmonic Extension 	 240
4.9 Notes and Comments 	 244

5 Toeplitz Operators on HP 	 249
5.1 General Theorems 	 249
5.2 Khvedelidze Weights 	 253
5.3 Locally p, Q-Sectorial Symbols 	 254
5.4 Localization 	 264
5.5 PC Symbols 	 267
5.6 P2C Symbols 	 277
5.7 Fisher-Hartwig Symbols 	 281
5.8 Notes and Comments 	 283

6 Toeplitz Operators on eP 	 287
6.1 Multipliers on Weighted 2 p Spaces 	 287
6.2 Continuous Symbols 	 293
6.3 Piecewise Continuous Symbols 	 297
6.4 Analytic Symbols 	 308
6.5 Notes and Comments 	 320

7 Finite Section Method 	 323
7.1 Basic Facts 	 323
7.2 C + H°° Symbols 	 335
7.3 Locally Sectorial Symbols 	 344
7.4 PC Symbols: £ Theory 	 347
7.5 PC Symbols: HP Theory 	 353
7.6 Operators from algc (H2 )T(PC) 	 357
7.7 Fisher-Hartwig Symbols: H2 (0) Theory 	 374
7.8 Fisher-Hartwig Symbols: t 	 378
7.9 Invertibility Versus Finite Section Method 	 389
7.10 Pseudospectra 	 394
7.11 Notes and Comments 	 400



Contents XIII

8 Toeplitz Operators over the Quarter-Plane 	 409
8.1 Function Classes on the Torus 	 409
8.2 Elementary Properties of Quarter-Plane Operators 	 417
8.3 Continuous Symbols 	 421
8.4 The Invertibility Problem 	 428
8.5 Bilocal Fredholm Theory 	 438
8.6 PQC 0 PQC Symbols 	 448
8.7 Finite Section Method: Kozak's Theory 	 454
8.8 Finite Section Method: Bilocal Theory 	 461
8.9 Higher Dimensions 	 470
8.10 Notes and Comments 	 475

9 Wiener-Hopf Integral Operators 	 481
9.1 Basic Properties 	 481
9.2 Continuous Symbols 	 486
9.3 Piecewise Continuous Symbols 	 488
9.4 AP and SAP Symbols 	 492
9.5 Some Phenomena Caused by SAP Symbols 	 497
9.6 Other Oscillating Symbols 	 501
9.7 Finite Section Method 	 504
9.8 Operators over the Quarter Plane 	 513
9.9 Notes and Comments 	 520

10 Toeplitz Determinants 	 525
10.1 The First Szegö Limit Theorem 	 525
10.2 Krein Algebras 	 529
10.3 Wiener-Hopf Factorization 	 533
10.4 The Strong Szegö Limit Theorem 	 537
10.5 Higher Order Asymptotics 	 543
10.6 Semirational Symbols 	 554
10.7 Nonvanishing Index 	 558
10.8 Selfadjoint Symbols 	 566
10.9 The Pure Fisher-Hartwig Singularity 	 570
10.10 Separation Theorems 	 572
10.11 Fisher-Hartwig Symbols 	 582
10.12 More on Unbounded Symbols 	 592
10.13 Wiener-Hopf Determinants 	 595
10.14 Eigenvalues 	 605
10.15 Notes and Comments 	 611

References 	 621

Notation 	 653

Index 	 661


	Page 1
	Page 2
	Page 3
	Page 4

