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ABSTRACT

With the approaching start-up of the experiments at LHC,uttggency to quantify systematic
uncertainties of the generators, used in the interpretatiche data, is becoming pressing. The
PHOTOS Monte Carlo program is often used for the simulatibexperimental, selection-
sensitive, QED radiative corrections in decaysZobosons and other heavy resonances and
particles. Thanks to its complete phase-space coverag@dssible, with no approximations
for any decay channel, to implement the matrix-element. griesent paper will be devoted to
those parts of the next-to-leading order correctionZfdecays which are normally missing in
PHOTOS. The analytical form of the exact and truncattdndard kernel used in PHOTOS
will be explicitly given. The correction, being the ratio thfe exact to the approximate kernel,
can be activated as an optional contribution to the inteseadht of PHOTOS.

To calculate the weight, the information on the effectiveBtevelZ/y* couplings and even
directions of the incoming beams, is needed. A universalempntation would have made the
PHOTOS solution less modular and less convenient for thesusehat is why, for the time
being, we will keep the correcting weight as an extra optawajlable for special tests only.

We will quantify the numerical effect of the approximationthvthe help of a multitude
of distributions. The numerical size of the effect is in gahdelow 0.1%; however, in some
corners of the phase-space (well defined and contributsgtlegan 0.5% to the total rate), it
may reach up to about 20% of their relative size.
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1. Introduction

Analysing the data from high-energy physics experimentsiryto solve théexperiment
=theory” equation. This non-trivial task requires many differefeets to be considered simul-
taneously. From the experimental side, these are maingctatacceptance and cuts, which
are dictated by the construction and physical propertigbetletector: the shapes of distribu-
tions may be distorted by, say, misidentification and resitdhackground contamination; these
effects need to be discriminated in an appropriate and eegitrolled way. From the theoretical
side, all effects of known physics have to be included in predictionsvall. Only then can
experimental data and theoretical predictions be conéobid determine numerical values of
some coupling constants or effects of new physics (to beodesed).

A well-defined class of theoretical effects contains the Q&dative corrections. PHOTOS
is a universal Monte Carlo algorithm that simulates theatffef these corrections in decays of
particles and resonances. It is a project with a rather lastgty: the first version was released
in 1991 [1], followed by version 2.0 [2] (double emissiontgbhold terms for fermions). The
package is in wide use [3]: it was applied as a precision satian tool folW mass measurement
at the Tevatron [4] and LEP [5, 6], and for CKM matrix measueets in decays oK andB
resonances (NA48 [7], KTeV [8], Belle [9], BaBar [10] and arkilab [11]).

Throughout the years the core algorithm for the generatfo®(ot) corrections did not
change much; however, its precision, applicability to @asi processes, and numerical stability
improved significantly. New features, such as multiple phatdiation or interference effects
for all possible decays, were also introduced.

Growing interest in the algorithm expressed by the expertaleollaborations (including
the future LHC experiments) was a motivation to perform aerdetailed study of the potential
and precision of the PHOTOS algorithm. The present papéeishird in the series [12,13]. It
is devoted to th& boson decay and to simplifications in the matrix element us&HOTOS
for that channel. We also explore the limitations origingtirom compromises introduced into
PHOTOS bremsstrahlung kernels, which assured conven@nase; no process-dependent
weight need be involved.

In that respect, the study of the PHOT@#%trix elementan be understood as a part of
the on-going effort to find the practical solutions of the hoyed expansions. Some aspects
of our solution resemble those of classical exclusive egptation as described in [14,15]; in
an other, the parton shower may be identified. The solutionleaunderstood as a rearrange-
ment of the QED perturbation expansion, yet this point wilt be discussed here. Instead,
let us point to some similarities of the PHOTOS solution te thethods discussed elsewhere:
interaction picture of Quantum Mechanics, expansion otigppéunctions around asymptotic
solutions [16] or in field theory; see eg. [17]. In PHOTOS tRkpansion is performed in terms
of multidimensional operators.

The paper is organized as follows. In Section 2 the main pt@seused in the PHOTOS
design and, in particular, the analytical form of the (NLOgight, necessary to introduce the
complete first-order matrix-element, are presented. Iige axplained there how the com-
plete matrix elements break the requirement of separafidineocalculation of the final-state



bremsstrahlung from the properties of the Born-level magtéements and the phenomena af-
fecting theZ production. To support the discussion and visualize theligsa multitude of
numerical comparisons and tests will be presented. Se8tiprovides the definition of the
method used in those comparisons. The method is partigidaitable to visualize the results
in the non-collinear regions of the phase space. Sectiorgepts numerical tests performed
at fixed first order of the QED expansion. Since PHOTOS usesahe building block for a
part of the single-photon generation algorithm and for thetiple bremsstrahlung, the results
presented in this section have implications for the mudtiphoton option of PHOTOS. Section
5 addresses these aspects of the program construction aneichlevant to the use of the NLO
weight in the multiple-photon option. Section 6 collects tlesults of the tests performed for
the programs run with multiple-photon emission. Summaegti®n 7, closes the paper.

2. Phase space and matrix element

To discuss the implementation of the complete first-ordeDQ&diative corrections i
decay, we must start with the complete parametrizationeptiase space.

Let us start with the explicit expression for the paramati of the(n+ 1)-body final
state in the decay of an object of four-momentBniTo define iterative relations, let us denote
the four-momenta of the first decay products ds, and the las{n+ 1)-th asq. For the case
discussed here, tha ¢ 1)-th particle will always be the real and massless photoowéver,
the parametrization does not rely on this assumption angkimeciple, can be applied to define
other formulas for the phase space, such as the emissiom@ssive) pion, and could even be
extended to the case of emission of pairs of heavy partittelater steps of our construction
the fact that photons are massless and the related prapeft@ED matrix elements will of
course be used.

In the following, the notations from refs. [18,19] will beads We will, however, not rely on
any particular results of those papers and only point to theerdetailed presentations of other,
nonetheless quite similar, options for the exattody phase-space parametrization to the one
presented here.

Let us define the element of Lorentz-invariant phasesgdaps)(as follows:

dLigsq+1(P>= . .
2kg(;11) 2k§(§1)32q3(q 454( ZK q)
BP0 sions om0 (P 3K)

- d“pé“(P—p—q)%dupsq(pﬁkl...kn). W



Extra integration variables, the four-vector compensated with*(p— 37k;), are first intro-
duced. In the next step, another integration variaibjeand ES(p2 — M%) are introduced. The
element of the phase-space integration may thus be tramstointo:

dLips,11(P) =
d—M%dLi (P dLi Ky...Kn
20 PS(P — p g) x dLips(p — Ki...kn)
1 A3(M2,M2 nP)
(2m)3 M2

= dm? dcosdg x dLipsy(p — k1...kn). (2)

The part of the phase-space Jacobian corresponding totéggation over the direction and
the energy of the last particle (or invariant mass of the remg system) is explicitly given;
A(a,b,c) = @+ b?+c? — 2ab—2ac—2bc. The integration over the angles is defined in the
rest frame oh+ 1 particles; the integration over the invariant misis limited by the phase-
space boundaries. There is no need to choose the axes vwpttdée which the angles are
oriented; we will not elaborate on that point here, as detah be found in Ref. [1]. Formula
@) may be iterated to provide parametrization of the phaseewith an arbitrary number of
final-state particles. The question of the orientation efréference frames used to define the
angles and the order of the choice for limitshfy integrations, becomes particularly complex
then; our choice is described in ref. [2]. Since nothing neas mtroduced for the purpose of the
present study we will not discuss this interesting pointtfer. Except for the details mentioned
above, the choice we made for the phase-space organizatitee isame as in FOWL [20],
TAUOLA [19], and probably many other generators.

To simplify the formula for the phase space, let us finallyetaklvantage of the zero mass
of the photon. The invariant mass of the system of all pasitlut the first one may be replaced
by the energy of the first one (defined in tRAeest frame). The phase-space formula can then
be written as:

dLipsh1(P) =
{4d kykyd cosed(pﬁ} x dLips(p — Ki...kn)
= [kydkyd cosed(pﬁ} x dLips(p — Ki...kn). (3)

If we hadl photons accompanyingother particles, the factor in square brackets would be it-
erated. A statistical factqil_; would complete the formula for the phase-space paramgtnza
which is quite similar to the formal expansion of the expahefhe last formula, supplemented

1The exact form of the functional exponent is achieved if therfvectorp is replaced byP in formula [3). In
this way the tangent space for the+ 1)-body phase space can be constructed. We use that spgetaeiowith
an eikonal-like form of the matrix element (emissions frardividual final-state charged products are treated as



with the definition of the orientation of the angles, is usedefine the full kinematic configura-
tion of the event. The four-momenta of all final-state p&sanay now be constructed from the
angles and energieky() of the photons, and the angles and masses of the other demhycts.

Similarly, an inverse operation may be performed; the éasi@nd angles for the parametriza-
tion could be reconstructed from the four-vectors (everugfimothe parametrization was not
necessarily used in the previous generation steps). Theepdmace Jacobians may be easily
calculated as well. By replacindLips,(p — ki...k,) in formula [3) bydLips,(P — kj...kn)
we obtain a parametrization where the photons do not afieatdnstruction of other particles’
momenta. This operation could be considered as treatinghtbn in an approximation valid
only in the soft photon limit. This, howevealpes not neetb be the case. In the first step, the
photon may be constructed with an arbitrarily large momentas nothing else depends on it.
The kinematical variables of the photon are generated Wwertelp of the distribution defined
by the factor[kyd kd cosed(pz(z—ln)g} ; which provides the photon variables of ttaamgent space
Fully constructed with four-momenta, an event of thbody decay can be turned back into a
representation of angles and invariant masses. In the feyaltisese angular variables, together
with those of the photon, can be used to define a new event ithel)-body phase space.
In the case when the new kinematical variables do not fit thédiof available 1§ + 1)-body
phase space the new event should be rejected and the oagnfajuration (in the-body phase
space) kept. An important property of the algorithm preseéitere is the full coverage of the
(n+ 1)-body phase-space being assured. In this procedureiftteedce between-body and
n+ 1 body phase-space Jacobians can be calculated in an unsoubigyay and introduced in
the same rejection step as for the phase-space fimits

The features and transformations of the phase-space paizatien presented here are at
the heart of the construction of the PHOTOS kinematics ave baen used since its begin-
ning. To complete the generation of photons, the exact psjpaee parametrization must be
completed with a matrix element, with both virtual and re&corrections included. Careful
regularization of soft singularities must be perforrhed

independent), for the construction of the crude distrinutf photon emission probability. Note that, in this space,
the photons’ four-momenta are unconstrained by energy-entum conservation. The limits on the energies of
the photons are arbitrary. We checked that, at the! Iecision level, the results obtained from our simulations
do not depend on the particular choice. We leave the unagrfgrmal aspect of the algorithm to future papers.

2The effects of matrix elements, including those of virtuairections, have to be introduced at this stage as
well. They are indispensable, for example, to calculattirad probabilities of configurations with distinct number
of final-state particles.

SVolumes of the partial width attributed to the configurasiavith n, n+ 1 particles, etc., have to be normalized
to the total width, both at the level of the tangent and theemir(final) phase space.



In the standard version of PHOTOS, as published in [1, 2]eitpression

41%s

XPHOTOS_ Q%a(1-8) 2 {

1 1 [<1+ (1- Xk)z)% <S, s(1—cos0.) s(1+cos@+)>} (1+BcosOy)

m[ d 2 ) 2 >
1 1 d 1-cosO_) s(1+cos0-)Y | (1-Bcosty)

WK K [(l+<l—xk>2>%(s,s< cos-) s(ltco )ﬂ cosoy
where: O, =/(p;+,q+), ©- =Z(p-,q-),

Oy = Z(y,u) is defined in(p*, p~)-pair rest frame, (4)

is used for the real-photon matrix element. The virtual ections are requested to be such
that the total decay rate remains unchanged after compER €@rrections are included. The
expression, without approximation, reads:

Q%a(1-2) 1 1 |d d
Xf:wsz m[ %(S,t,ul>+%(s,t/,U)

R {%(s,t,u’)-l—%(s,t’,u)} } (5)

The combined effect of the virtual and real corrections @nttial rate is its increase by a factor
of 1+ 34,
The notation from ref. [21] are used:

s=2p;-p-, S=20:0-,
t=2p;-qy, t'=2p;-q-,
u=2p;-q-, U=2-q,
Ki=0ds-k x=2E/\/s (6)

This paper collects complete first-order radiative coroest for the processte™ — i (y).
Final-state bremsstrahlung constitutes part of thesdtsesthere nonetheless reference is made
to the incoming electron beam momenta.

The A term encapsulates final-state mass-dependent tgrm$_, g, g—, k denote four-
momenta of: incoming", e, outcomingu™, u~ and the bremsstrahlung photon respectively.
Expression[(p) is explicitly taken from ref. [21], on Montei® MUSTRAAL, which is where
the interested reader will find the details of the definitiohsariables and expressions such as
A, used in the formulaél(4) and (5).

The ratio of [) to[(¥) constitutes the basic element of ugigiga PHOTOS functionality to
the complete first ordér Nothing needs to be changed in the phase-space parartietriZEhe

4This is only true for PHOTOS being run at first order. For thdtiple-photon radiation option, the iteration
of the single-photon emission kernel (and thus also its kigig performed; see section 5.
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effects of the virtual corrections have to be included ad ared have to be properly introduced
in the normalization. The expression for the correctingglietould be chosérsimply as

X¢ 1

wt = . (7)
XFHOTOS(l-l- %%)

For the purpose of constructing a Monte Carlo algorithm, énaw, it is more convenient to sep-
arate itinto a sum of two generation branches (with sligdiifigrent angular variable mapping).
Then, the expression for the distribution and those for tagiat take the form

Xt = Xt+X?

xt= wp Yalbe 1 {(1+(1 X)2) %5 (s, 2= S(”CESG*)H(”BZ“@V),

afs  ° K 4K K d 2

2 Q%a(1-A S(1-cos®_) s(1+cosO_)) | (1-Bcosey)
Xp= Wh TLEAL L0 [(1+(1 x)?) %8 (s, L) shiep ))} Co0y)

dGB dGB

WT = T (stu)+58 (st',u)
- B T I
(1+(1-%)2) %8 <&S(17°§SO”7S<”C§@” CPO%Y) (1439)
i dGB St dGB St/ i
WT2 — _ T( U) ( )_ . (8)
(1+(1-%) >%"—B(&S<l*°§@*>,s<l*°§@*)) R (143%)

At this point, let us make the following remark. Event thougke introduction of the NLO
weight into PHOTOS is trivial, the developed approximafibjat the heart of PHOTOS design
is not. It enabled universality of the progr&nSimplification was not necessary to attribute the
generation of bremsstrahlung photons to individual chéapgeticled. The separation holds for
the complete NLO as well. The simplified emission kernel,aiihwe used for other decays as
well, reads:

/2 -
. Z]%SA)SZK/ Lo B (L4 (1 x2) HPR%Y)
e —pBcoso
Q,?h%smszk’ T (1+ (1% 2)(1-PooBy) 9)

SAlternatively, a factor(1+ 2) can be included in the definition of the crude distribution.

®Indeed, after inspection, the differences between forsn{d and [[b) are quite significant. The exact ex-
pression does not allow a transfer of the complete Borntiewgular dependence to the host generator. In the
correction weight, the two contributions, one dependintherangle®, and another o®_, have to be simultane-
ously included. The dependence on the Born-level (effefttouplings thus need to be known at the level of the
calculation of the final-state bremsstrahlung weight. Tmnsild make the modular structure of PHOTOS design
more difficult to keep. Also, the direction of the (effecfilam need to be provided for the calculatioi®of and
©_ angles. This exhibits another difficulty in the separatibthe final-state bremsstrahlung and the dynamics of
the initial state foiZ/y* production.

’For other decays, it will probably not be necessary to find>aligt form of such NLO separation. Starting
from the NNLO, such separation was shown to be impossibled@gway.



It depends on the spin and charge of the “emitting particldy® It does not depend on the
properties of the other decay products, which only defingtiese-space limits. To obtain the
universal form of the photon emission kernel, the interieeewas eliminated with the help of
the factor, eithe?usgosey) or (1chzosey)- The interference is recovered later, using the weight

given in formula (17) of ref. [2], that is with approximatio®n the other hand, having paid the
price of the approximated solution, both the kernel andnterference weight can then be used
for decay of any particle or resonance.

In our present study the analytical expression for the matément for thete~ — Z0/y* —
Ut is used (and compared to the approximated, yet procespendent, solution of the stan-
dard PHOTOS). If necessary, a matrix element for other dpoagesses (if available) could be
used.

3. Method used in numerical tests

In the comparison of the multitude of final states generaaedifferent levels of physics
sophistication by two distinct Monte Carlo programs, theich of a method is of great impor-
tance. To compare the Monte Carlo programs it is quite comtogresent the distributions
generated by the programs superimposed on a single plef) oftlogarithmic scale. Such a
method was used, for example, in ref. [23]. The method is astijpnably sufficient, if one’s
interest is limited to, say, the collinear content of theutessor other distributions of the intrin-
sically logarithmic type.

For instance, applying this method for the comparison oftthel energy carried out by
all bremsstrahlung photons, we would obtain a distributooh as those presented in Hig. 1.
We could conclude that there is excellent agreement, anddhdeading effects, which are
essential for estimating systematic errors for generditaPHOTOS, would be marginalized
in the presentation. This is also the case if for the samellision (see right-hand side of Fig.
) the method [13] based on MC-TESTER is used. The distobstare indeed dominated by
the collinear content of the programs! For other distrisi, sensitive to second-order matrix-
element parts, missing in PHOTOS, the differences wouldimecvisible on the plots obtained
normally from MC-TESTER. That is why, in the present papeg, will keep to that class of
comparison plots. The comparisons are automated and sthreth This not only reduces the
time needed for debugging the tests, but also allows for easss-comparisons of the results
presented in our consecutive papers.

For a selected decay process, such a¥fty¢ decay, the four-momenta of the decay prod-
ucts and their flavours are extracted from the event recaad automated way (thereby limiting
the effort of setting up the appropriate analysis code aswlthle risk of accidental errors). The

8In the original PHOTOS documentation we called this welkirolled truncation of the kernel a “property
(such) that leading-log (collinear) and infrared limite @roperly reproduced”. This explanation turned out to be
misleading for many readers. One can get biased, and exygecotlinear approximation not only for the kernel,
but for the whole design of the algorithm. This would be aagsilimitation of our program design if indeed,
as suggested in ref. [23], “PHOTOS was based on collineamoappation”. Fortunately it is not the case. Such
confusion was not a concern for the users, until now: precistquirements were not as high.
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Figure 1: A typical plot for comparisons, as described in ref. [23]. W& it to illustrate our method.
The histograms presented in the left and right plots havatidal content, and show a comparison of
KKMC [14] and PHOTOS used in Z decay. The total energy carnatby all final-state photons is
presented. Red (darker grey) colour represents the resfilklKMC, green (lighter grey) of PHOTOS
with the NLO weight activated. Samplesldf events were used in this comparison. The results are
overwhelmed by the collinear/soft content of the predidio

If the W instead of Z decay was chosen, it would not be the Gdmze, NLO effects would be dominant
for the part of the spectrum aboveyy2. However, in that case, we would not profit from the second-
order matrix element Monte Carlo, available for tests.
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(a) A logarithmic scale is used. Excellent agree- (b) The method of MC-TESTER is applied. Both in-
ment between the two programs is visible all over dividual distributions, from PHOTOS and KKMC,
the energy range from O tdlz. The presence of are presented, but overlap. The samples populate
the two lines can be spotted at the high end of the the first few bins of the histograms. The differences
spectrum, mainly thanks to the statistical errors. would normally be visible on the black histogram,
The kink at the limit of the phase-space, where sin- which presents the ratio of the results from PHO-
gle hard-photon configuration ceases to contribute, TOS and KKMC. The agreement is perfect all over
dominates the content of the whole picture. the spectrum. No structure can be spotted in the
vicinity of the kink (total photon energy, close to
half of the Z mass). If present, the structure of pos-
sible differences, would be well separated from this
of the shapes themselves.



decay events obtained that way are classified in distinaydebannels, according to the par-
ticles present in the final state. The histograms of all fdsgnvariant masses, which can be
formed from the decay products, are defined and filled for édehtified decay channel. At
the end of the run they are stored in output files. Two outpes fifrom distinct runs of event
generators instrumented with MC-TESTER) are then analyaadithe results are presented in
a form visualized as a “booklet” made of plots and summarietabThe user is given some
general information concerning the comparison of the twis mith different Monte Carlo gen-
erators, a list of the decay channels with their branchiagtions, and the maximum values (for
each decay channel) of the shape difference parameter {SDP)

For each decay channel the plots of histogrammed valueshareibcluded; each plot
presents two distributions from the two distinctive runsl @ancurve, which is the ratio of the
two normalized distributions. The value of the SDP is alsatpd for each plot. In practice,
as in paper [13], the histograms obtained from the comparegkams will often overlap. The
differences will then be visible only in the plot of the ratbhistograms.

The testing approach implemented in MC-TESTER could be dgedtly in the case of
validation of the TAUOLA package. Nevertheless, for thegmse of studies presented here, it
needed an extension. It is necessary, according to theplartmethod of handling soft photon
cancellations, to consistently treat the soft final-staE®remsstrahlung photons, which may
or may not be present in the event. If results of differenigpams were compared blindly,
ambiguities due to differences in the treatment of the soission region and of the different
boundaries for the photon phase-space (integrated acellyjiwould arise. To prevent these
ambiguities, the most convenient solution was to introdutsxhnical regulatan the test itself

For our comparisons to make physical sense and remain atitpnve had to remove the
softest photons from the final states. We defined zero-, @rel,two-photon topologies in
the following way: we called the event “zero photon” if thavas no photon of energy (in a
decaying particle’s rest frame) larger thBgs: The “one-photon” event had to have one (and
only one) photon of energy larger th&gs: If there were more than one such photons, we
called it a “two-photon” event. In the case where there weoeenthan two photons of energy
larger thanEws; We considered only the two most energetic ones, and treéhéetemaining
(softer) ones as if they had not passedqg; threshold. For all the photons that did not pass
theEestthreshold we summed their four-momenta with the momentutineodutgoing fermion
of smaller angular separation. With the help of our test weddi the phase space for two
fermions and an arbitrary number of photons istotsof 0, 1 and 2 distinguished final-state
photons.

In the paper we will use two variants of this test definitidastlandtest2 The test2is
exactly as explained above. t@st], only one photon (the most energetic one) will be accepted.
The free parameteE;es;is chosen to be 1 GeV for all results presented in this paper.

Systematic histogramming of all possible invariant masgisascan be constructed from a

9The shape difference parameter, defined in [24], quanttiieslifference in shape of the histograms coming
from the two runs being compared. The SDP value is calculstgadrately for each histogrammed mass: it
quantifies the exclusive surface between the (normalizedity) corresponding histograms obtained from the two
runs. The effects of statistical fluctuations are appraphyesubtracted. The maximum SDP over all distributions
for a given decay channel is taken and printed in the table.



combination of final-state four-vectors, and storing thenoae-dimensional histograms, does
not define a test of ultimate sensitivity. The method is bliadhe P-parity-sensitive effects,
important fort lepton physics, for instance. Also important effects, saglcoherence between
the photons are to a large degree washed out. Nonethelesdierelihat the advantages of the
method are prevailing, and we decided to use it in this study.

4. Results of the tests performed at first order

Let us start with a comparison of PHOTOS and KORALZ [25], bath at first order and
without exponentiation. For KORALZ, the complete first-eranatrix element, as in Section
2, is used. The results from KORALZ are given by a red (darkey)yline and from PHOTOS
by a green (lighter grey) line. (In the presentation of theuls we use the colour coding
consistently in the plots and the summary tables, follovtirgmethodology of MC-TESTER).
The lines overlap almost completely on all plots and onlyrttes of the distributions shown
as black histograms indicate that there is some differefbe. actual plots for MC-TESTER
comparison, are prepended with a summary table giving #utiéms of event with and without
photons (of energy above 1 GeV). In all comparisons samil&8%events were used.

Decay channe Branching ratiot- rough errors Max. SDP
KORALZ \ PHOTOS

| Z°—>ppt [ 825137+ 0.0091%]| 82.3622+ 0.0091%| 0.00000 |
| Z° > p 'ty | 17.4863+ 0.0042%]| 17.6378+ 0.0042%| 0.00534 |

As can be seen, the difference in the fraction of events withign (of energy above 1 GeV)
is about 0.15%. Although noticeable (thanks to our methitwl is not a large discrepancy. Let
us now turn to the distributions.

Decay Channel:Z° — p—pty

‘ Comparison of Mass(1) of mu- mu+ in channel Z0 => mu- mu+ gamma | SDP ‘ Comparison of Mass(1) of mu- gamma in channel Z0 => mu- mu+ gamma | SDP
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Analysing the values of the SDP, printed in the upper riginbecs of the plots, we conclude
that the surfaces between green and red histograms (battahped to unity before calculation
of the ratio) differ by at most 0.005; this low value quansftbe fact that the histograms for the
two programs overlap almost completely. The ratio of thelimes (black histogram) nonethe-
less reveals the difference, which is located at the far dritieospectra, sparsely populated
by configurations with photons of extremely large energre$ avay from the direction of the
muons.

Even though the agreement is amazing, it is yet improved tre®LO term is included
into the correction weight of PHOTOS: the differences dissgy below the statistical error of
10° event samples and they are not noticeable in the histogreatie’ curve either! In the
following table and figures, we collect the results as presip discussed, but for the runs with
the NLO correcting weight activated in PHOTOS.

Decay channe Branching ratiot- rough errors Max. SDP
KORALZ \ PHOTOS

| Z°—p'p [ 825110+ 0.0091%]| 82.5074+ 0.0091%| 0.00000 |
| Z° > puy | 17.4890+ 0.0042%]| 17.4926+ 0.0042%| 0.00000 |
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The agreement for the branching fractions (of events withaithout photons of energy
larger than 1 GeV) is better than 0.01% now! This excellent@gpent indeed confirms that the
theoretical effects missing in the standard version of PBS&re negligibly small. It is equally
important that it provides, a powerful technical test of glemerator. The kinematical variables
used in PHOTOS differ from those of KORALZ; four-vectors arged instead of angles to
parametrize the intermediate steps of the generation. Tiferethces could have indicated,
say, consequences of aggregation of rounding errors. Kgepimind that similar levels of
agreement for muons was achieved for the multiphoton veisi@HOTOS and KKMC in the
case oZ — e"e~ decay, we can confidently claim that PHOTOS has numerichilgyaunder
control. This was not the case for the early versions of tloggam, and reaching that level of
technical reliability required a major effort.

5. Algorithm for multiple-photon generation

Before presentation of the results for multiple-photonegation from PHOTOS, let us com-
ment on those technical details of the PHOTOS algorithnt,dhr@important in the implemen-
tation of the NLO contribution to the correcting weight. Tikeration algorithm, as explained
first in ref. [2], and recently also in refs. [12, 13], did neguire changes for the case of mul-
tiple photon generation. Nevertheless, the following teteave to be clarified for the proper
implementation of the NLO weight, given by formul@ (8). Adlantical terms present in the
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numerator and denominator, expressidhs (5) Bhd (4) regelgctvere cancelled out at the ana-
lytical level!®. The weight[[B) is always calculated for the single-photonfiguration. If there
are other photons generated in the previous steps of tlaidey their momenta are absorbed
into the momenta of the final-state fermions. The const@nthe direction and the opening
angle between the photon under consideration and the idineat the charged emitter [1], is
assured.

6. Numerical results of the tests performed with multiple-ghoton radiation

Let us now turn to the tests of PHOTOS running in multiple4pinmption. For that purpose
we will usetestlas defined in Section 3, and samples df é@ents generated from KKMC with
exponentiation and the second-order matrix element anchthple-photon radiation version
of PHOTOS, without NLO terms. The results are included intttde and plots below.

Decay channe Branching ratiot- rough errors Max. SDP
KKMC | PHOTOS

| Z°—pupt | 83.9176+ 0.0092%]| 83.8372+ 0.0092%]| 0.00000 |
| Z° > p 'ty | 16.0824+ 0.0040%]| 16.1628+ 0.0040%| 0.00409 |

Decay Channel:Z° — p—pty
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10The cancelled-out terms could have been calculated usittlyl different kinematical variables; the differ-
ences would have appeared only in the case of more than od@haion present in the final state. In such a case
the ratio of the terms would not be equal to 1. These effeatsigdly go beyond the NLO, and in fact our choice
was motivated by the comparisons with the second-ordeixpateEment calculation, but without necessary details.
That is why an appropriate discussion of this choice woulgire detailed presentation of the second-order matrix
element. It would have to be similar, for example, to the aésion of the extrapolation procedure as that described
in ref. [26].
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The pattern of differences between the results of PHOTOK&MC runs resembles the
one present in the plots for the comparisons performed afirsteorder. Again, the black
curves of the histogram ratios for the KKMC and PHOTOS rasait not consistent with 1
for configurations with hard photons and in the regions wingstograms are nearly at 0. The
differences reach few per cent in the corners of the phassesmmtributing few per mille to
the total rate. The discrepancies are again smaller th&a @ith respect to the total rate.

Once the NLO weight in PHOTOS is activated, the already sdifidrences become even
smaller, by a factor of about 50, measured with the SDP. Tiereinces are practically O with
10° samples, which can be seen in the table and the plots below.

Decay channe Branching ratiot- rough errors Max. SDP
KKMC \ PHOTOS

| Z°—ppt [ 83.91764+ 0.0092%]| 83.9312+ 0.0092%| 0.00000 |
| Z°—p 'y | 16.0824+ 0.0040%]| 16.0688+ 0.0040%]| 0.00003 |

Decay Channel:Z° — ppty

‘ Comparison of Mass(1) of mu- mu+ in channel Z0 => mu- mu+ gamma I SDP ‘ Comparison of Mass(1) of mu- gamma in channel Z0 => mu- mu+ gamma I SDP

1o 2.49e-05 s r 2.03e-05
—{5000 _ {4500
- L ] H — 4000
L —]4000 0.8 3500
0.8— B [ 3
r ] i —3000
- —3000 0.6 3
06— ] H 2500
r } 2000 oall — 2000
C | AT ]
04r- ] i —1500
02l | —{1000 0.2~ —|1000
L B L —500
L — L L] Loy : A
% 20 40 60 80 100 28 % 20 40 60 80 100 8

14



‘ Comparison of Mass(1) of mu+ gamma in channel Z0 => mu- mu+ gamma ISDP Comparison of Mass(1) of mu- mu+ gamma in channel Z0 => mu- mu+ gamma ISDP

- 3.01e-05 r 0
A —4500 L ]
1: 3 r | —16
i 4000 F 3
b 3 0.8— —14
0.8/ —3500 r ]
Ll = : —12
i 3000 0l ]
0.6 2500 r El
i E r 8
bl -2000 sl ]
N 1500 L EN
021 élOOO 02— 4
M —{500 + —2
P Y R Rt ; Ll P Y R el
0 20 20 60 80 100 128 o 20 40 60 80 100 28

This confirms that the main source of residual discrepantyden KKMC and PHOTOS,
both running in exponentiated versions, was due to the NI@ teissing in the previous group
of results and activated now.

Let us now turn taest2 where configurations of up to 2 hard photons are analysed. To
this end, we will present at first the results of a comparisioth® standard multiple-radiation
version of PHOTOS with that of KKMC, followed by the companisof multiple-radiation
version PHOTOS with NLO weight and KKMC (again with seconder matrix element and
exponentiation).

Decay channe Branching ratiot- rough errors Max. SDP
KKMC \ PHOTOS

| Z°—>ppt [83.9177+ 0.0092%]| 83.8372+ 0.0092%| 0.00000 |
| Z° > ppfy | 14.8164+ 0.0038%]| 14.8676+ 0.0039%| 0.00232 |
| Z° - pphyy | 1.2659+ 0.0011% | 1.2952+ 0.0011% | 0.00918 |

Decay Channel:Z° — p—uty
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[ Comparison of Mass(1) of mu+ gamma in channel 20 => mu-mu+ gamma | SDP
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One can see that already for the standard PHOTOS the agreengmod. Residual defi-
ciencies are small for both slots of the phase space: sirgtephoton, and two hard-photon.
Let us present now what kind of changes the inclusion of Nu@$an PHOTOS brings to the
results oftest2

Decay channe Branching eatiat rough errors Max. SDP
KKMC \ PHOTOS

| Z° >t [83.9177+ 0.0092%]| 83.9303+ 0.0092%| 0.00000 |
| Z° > pp'y [ 14.8164+ 0.0038%]| 14.7829+ 0.0038%| 0.00005 |
| Z° - pphyy | 1.2659+ 0.0011% | 1.2868+ 0.0011% | 0.00293 |
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For the single hard-photon distributions, the differendesinished significantly, again a
factor of about 50! This was to be expected. Even for the ibidions of the phase-space
slot with two hard photons, the differences diminished. B decreased by a factor of
about 3. This is not as striking as for the single hard-phatonfiguration, but it is of no
surprise: the complete second-order matrix element isingis$ he improvement by a factor of
3 provides, however, a strong indication that the algoritfiteration used in the generation of
consecutive photons work well from the point of view of NNLavel as well. The acoplanarity
plots presented in the previous paper [13] also demondtsatme of the NNLL aspect of the
algorithm. That is why we are not going to discuss this poerehbut we would rather leave it
to future discussion of the NNLL content of our algorithmisthspect goes beyond the purpose
of the present paper and the scope of interest of most of PFBQIK@rs.

Much as is described in the present paper, a new contribtdidime PHOTOS correcting
weight would be needed for the NNLL case. However no changtsiphase-space algorithm
would a priori be required. The techniques of gauge-invariant separafidghe amplitudes
into parts, as used for instance in ref. [26], will probably tecessary. They proved to be
instrumental in the implementation of the second-orderimalements foret e~ — veveyy
into KKMC. The exclusive exponentiation scheme of the KKM@me Carlo is prepared for
s-channel processes.

We have to admit that once the NLO terms are switched on in FB)Tthe difference
between its results and those of the second-order magmxeait generator KKMC are at the
limit of being recognized, even if samples ofldyents are used. For the case of the two-photon
test, differences due to the missing second-order magment in PHOTOS can be observed;
yet they are too small, and don’t have enough structure, terstand their possible origin.
A part of the differences may even originate from the thirdes LL terms (after integration),
which are missing in KKMC but generated in PHOTOS in the pssa# iteration.

In any case, even for PHOTOS running with standard optidresdifferences affect only
a tiny fraction of theZ decay phase space. Thus, we do not consider it to be of mustesnt
to continue the discussion of the missing terms. Neversselieom a more fundamental side,
we are disappointed by the fact that the comparisons didnoeige numerical insight into the
structure of the differences. The particularly interegt@spects of the study in the context of
the extension of the algorithm for QCD did not bring any camdive indications so far.

7. Summary

To quantify the size of the NLL effects, which are normallyssing in PHOTOS, we rein-
stalled them back into the program, using the original catepfirst-order expression fat
decay. After the NLO correcting weight was installed, thiéedénces between PHOTOS and
KORALZ were below the statistical error of $@vents and for all the distributions used in
the tests. Both PHOTOS and KORALZ were run at fixed first ordeéhaut exponentiation.
The agreement provided a technical cross-check test famthesimulations. For the case of
multiple-photon radiation in PHOTOS, a comparison withkkkdMC generator [14] (exponen-
tiation and second-order matrix element used) was perfdriiee implementation of the NLO
terms in PHOTOS indicated, in the results of our universstl i@ improvement by a factor of
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about 50 for the observables sensitive to a single hard photiie final states and remained at
the level of better than 0.1% on the total rate for all othexesawe examined. Because of the
smallness of the residual differences, it was difficult toenstand their structure and origin in

the final states with two hard photons.

The improvement in the agreement due to the introductiom@fNLO correcting weight
came at a price. Even though the weight is analytically stnapld generation of weight 1 events
remained possible, the calculation of the weight requirddrmation on Born-level coupling
constants of the intermediaZg’y*. Also, the direction of the beam was necessary in the calcu-
lation of the weight. These requirements threatened theutaodrganization of the PHOTOS
solution, as used in the large Monte Carlo generation chafiresxperimental collaborations.
Numerically, the introduced improvements are rather sraadl the deficiencies of standard
PHOTOS are localized in the corners of bremsstrahlung psaaee populated by photons of
very high energies and angularily, well separated from thed-Btate muons. Those regions of
the phase space weigh less than 0.005 to the total rate adiffdrences in that region approach
20% of their size. The effects are thus less than 0.1% of tia¢rate of theZ decay to muons.
That is why we do not think it justified to complicate the PHCOF @gorithm and to enable the
use of the NLO correcting weight in the general case.

The analysis presented here concentrates not only on theriaainresults for the final-
state bremsstrahlung i decay, but also on various aspects of a mathematical owrgéamz
of the program for calculation of radiative correctionsZiproduction and decay. Separation
of radiative corrections into parts: (i) embodied in effeetcouplings of the hard-scattering
process, (ii) final-state QED bremsstrahlung, and (iiijiahistate bremsstrahlung, eventually
with initial-state hadronic interactions, were mentiorsedwell. The effects of QED initial—
final-state bremsstrahlung interference were to a largeedegeglected. Such an approach is
reasonable in the leading-pole approximation forZhleut at a certain precision level the effects
may need to be taken care of. For the time being the resulef.dR7] can be used instead.

Thanks to the analytic form of the kernel used in PHOTOS ferdimgle-photon emission,
the analysis presented here may easily be extended to abay @¢hannels, if high precision
is required and a calculation of matrix element is availablee study for the case & meson
decay into a pair oft (K*) is near completion [28]. In this case the questions of rditglmf
scalar QED for the calculation of photons of high, with respect to charged scalars, need to
be addressed. A natural extension of the study of the sysiteareor in PHOTOS simulations,
as presented here, would be the discussion of bremsstgaimiivi and Higgs boson decays.

The decays of theéV and Higgs bosons are probably the only ones where formaiestod
the NL terms, similar to the ones presented in this paperpeaperformed. As was the case
with Z decays, those cases will also be limited to the leading-gopeoximation.

For other decay channels, the correction weight can beexppk well; however, in most
cases the part of the weight going beyond soft and/or callinegimes may need to be con-
structed with the help of the fits to the data. Let us stressthigaunique design of PHOTOS,
enabling the use of the same kernel for multiple-photoratash (exponentiated) mode and at
fixed first, second, third, and fourth orders, establishesaenient environment for such fits of
form factors to the data. At the same time the analytical foftinese form factors can be taken
from the first-order analytic calculations based on effectheory, or from any other model.
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On the technical level it is worth mentioning that the NLOreating weight of PHOTOS
can be used as an internal correcting weight.

Finally, let us stress that the approximations introduceBHOTOS affect the matrix el-
ements and not the phase space. The generation of the matteseéd on the tangent space
constructed from eikonal approximation but used also fod lplotons, even of energies above
the available maximum enforced by energy—momentum coaserv Only in the second step
are phase-space constraints enforced. This is similaetoabe of the classical exclusive expo-
nentiation. The energy momentum constraints are intradlémeeach individual photon, step
by step, and conformal symmetry is not used in that procedure

In principle, if necessary, complete higher-order matteqreents can be incorporated with
the help of correcting weights. This point goes beyond tlopsof the present paper. This is
equally true for the possible extensions to simulations@DQ
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