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ABSTRACT: We present a method to compute the full non-linear deformations of matrix
factorizations for ADE minimal models. This method is based on the calculation of higher
products in the cohomology, called Massey products. The algorithm yields a polynomial
ring whose vanishing relations encode the obstructions of the deformations of the D-branes
characterized by these matrix factorizations. This coincides with the critical locus of the
effective superpotential which can be computed by integrating these relations. Our results
for the effective superpotential are in agreement with those obtained from solving the A-
infinity relations. We point out a relation to the superpotentials of Kazama-Suzuki models.
We will illustrate our findings by various examples, putting emphasis on the Fg minimal
model.
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1. Introduction and summary

It is by now well-known that topological D-branes for the B-model are characterized by
matrix factorizations of the Landau-Ginzburg superpotential [[]—[f]. In the mathematics
literature the problem is approached from the category theoretic point of view [J—f]. The
purpose of this paper is to discuss methods to compute the effective superpotential for
B-type Landau-Ginzburg models with boundary.

The effective superpotential Weg can be understood in various ways. In N' = 1 string
compactifications with D-branes it can be interpreted as the four dimensional space-time
superpotential. This description is valid for critical string theories. Furthermore, the
effective superpotential W,.g represents the generating functional for open string disk am-
plitudes. Once all the amplitudes are known, they can be integrated to give the effective
superpotential. The values of the amplitudes are constrained by worldsheet consistency
constraints they have to satisfy. In the case without D-branes the constraints are the
WDVYV equations []. Generalizing to worldsheets with boundary, these constraints have
to be extended. This was done in [I(] for the case without integrated insertions while the
general case with insertions of integrated operators was derived in [[L1]], where it was found
that amplitudes have to satisfy the A..-relations. Correlators with bulk insertions have
to satisfy the bulk-boundary crossing constraint in addition. The CFT Cardy constraint
of [[[T]], however, does not necessarily hold due to possible anomalies. We will demonstrate
that it indeed breaks down for all but the simplest problems. A further sewing constraint
for the amplitudes are the quantum A-relations [[[3, [[J] but we will not use them in this
work. The focus of this paper is the derivation of W,g by means of deformation theory.

An interesting aspect of the effective superpotential is the fact that it encodes the ob-
structions of the deformations of D-branes. Turning on generic deformations usually leads
away from the critical point and the problem cannot be approached within a CFT context.
It is thus not surprising that the deformation problem has not yet been considered in a
systematic way in the physics literature. First steps towards understanding this problem
were made in [I4-[f]. In [I7 some interesting results were found for the quintic. See
also [[I§ for a recent account of the deformation problem in the context of K3 surfaces. In
the field of mathematics, however, deformation theory of matrix factorization is an active
area of research. It is the aim of this work to present methods known to mathematicians
in the context of deformation theory, extend them and use them to calculate Weg for a
number of examples. It seems ironic that mathematics provides efficient and elegant tools
to calculate deformations of matrix factorizations, whereas the existence of an effective
superpotential seems to be unknown in the mathematics literature in that context.

In our discussion we will mostly deal with the ADE minimal models. In these mod-
els all the possible deformations are massive and there are no marginal deformations.
Consequently, it is possible to work in a purely algebraic setup which simplifies matters
significantly. So far, various aspects of the A— and D—- series minimal models have been
discussed in the literature [B, i, [L1], [[9]. The classification of the matrix factorizations for
the minimals model was solved some time ago [R{]. The complete spectra for all the ADE
minimal models were given in [R1], where also the relation to the Dynkin diagrams of the



simply laced Lie algebras was discussed. See also [§]. The mathematical framework for
the deformation theory of matrix factorizations was established in B2, BJ]. An explicit
method to calculate deformations of matrix factorizations was presented in [R4, RJ. In the
mathematics literature the deformation problem is sometimes referred to as “the method
of computing formal moduli of modules”. The idea of the method is to find the most
general deformation of a matrix factorization such that the factorization condition still
holds. This can be done by an iterative procedure which amounts to calculating higher
cohomology elements of the complex defined by the BRST operator QQ = (9 Jg), where
W = FE-J =J - FE is the matrix factorization. The central object in these calculations is
the Massey product which is the generalization of the cup product to higher cohomologies.
We will give a detailed description of the algorithm in section fl. The spectrum of @ is
graded, H(Q) = H® @ H°, where the superscripts denote even and odd states. The odd
states give the deformations, the even states the obstructions. Associating to every odd
state in H® a deformation parameter u the deformed Q-operator has the following form:

Qaer = Q+ > au™, (1.1)

my

mr with r = dim H° and o, are matrices which can be calculated

where v = u]"" ... u
with the Massey product algorithm. Whenever a Massey product is non-zero it contributes
to Qget through a7 unless it lies in H¢. In that latter case it contributes to the obstructions
which are represented by a polynomial ring: k[[uq,...,u,]]/(f1,..., fr), where the vanishing
relations f; are polynomials in the deformation parameters u;, which give precisely the
critical locus of Weg: f; ~ 818/\2733' That these relations can be integrated to a superpotential
seems a priori not obvious, but turns out to be the case for all examples we investigated.
The deformed Q-operator then squares to the Landau-Ginzburg superpotential up to these
vanishing relations. Further interesting mathematics references on this subject are [26—B0].

Without bulk insertions the effective superpotential agrees with the result obtained
from the A..-relations. We will show that it is possible to incorporate bulk deformations
into the algorithm. In this case, however, the results disagree with those obtained from
the consistency constraints. We suspect that the reason for this discrepancy is that the
deformation algorithm only sees the A,-structure whereas the bulk-boundary crossing con-
straint gives additional conditions that may be imposed consistently. This is in agreement
with the structure of open-closed homotopy algebras (OCHAs) proposed in [B1].

In addition we will point out a close connection between effective superpotentials
associated to rank two matrix factorizations and the LG superpotentials of Kazama-Suzuki
type coset models [B3—BY]. For all tested cases our results agree with these superpotentials
up to field redefinitions and we will present a general reason why this is so.

The paper is organized as follows: The next section is devoted to explaining the algo-
rithm to compute deformations of matrix factorizations and the effective superpotential.
Some explicit examples will be given. Using the example of the Eg minimal model, we
will demonstrate in section [§ how the Massey product formalism can be extended to in-
corporate bulk deformations. Section [ is devoted to the relation between the boundary
superpotential and the superpotentials obtained from coset models. In section f] we give



a summary of the techniques necessary to calculate the the effective superpotential using
consistency constraints for the open string amplitudes. We will then merge both of the
discussed methods in order to calculate the effective superpotential for the Eg-example and
compare the results. In section [] we give further examples for superpotentials for minimal
models of type E. Section [] is devoted to conclusions and open questions. Finally, in the
appendix we summarize the data for the Fg model and give some new results for the A
minimal models, which is the only case where the Cardy constraint works.

1.1 Matrix factorizations

For a given ADFE superpotential W one must first find its matrix factorizations W 1lyxny =
E-J =J-E. Two matrix factorizations (E,J) and (E’,J’) are called equivalent if they
are related by a similarity transformation:

E' =U,EU, Y T =UJU; Y, (1.2)

where Uy,Us € GL(N,R) are invertible matrices with polynomial entries. We consider
only reduced factorizations, i.e. E(0) = J(0) = 0. The matrix factorizations for the ADE
singularities were already completely classified by mathematicians in [0]. Now, having a
set of factorizations which we label by capital letters, one constructs a BRST operator,

0 EA
QA: <JA 0 )7 (13)

These operators define a graded differential d by

dip = QAP — (—1)WIyABQP. (1.4)

The physical states lie in the cohomology H(d) = If;r((j)) of the differential d. In the

category theoretic description, d is the differential of a differential graded category and
the fermionic states correspond to Hom!(A, B) = Ext!(A, B), the bosonic states are in
Hom?(A, B) = Ext?(A, B).

A method for computing the R-charges g ap of a open string vAB ¢ H (d) stretching
between the branes A and B was presented in [Bf]; they are determined by the equation

where

E= Z Qz‘xia% and W (i) = 2 W (z;) YA € R. (1.6)

The defining equation for the matrix R4 is

EQ* + [R*, Q4 = Q“. (1.7)



2. Massey products

We will demonstrate that an effective superpotential can be derived by calculating Massey
products. That is the way a mathematician would approach this problem and we will
introduce it in this paper in a form digestible to physicists.

In particular, an easy example will be calculated, showing that computing deforma-
tions by this method is not too hard in practice although the mathematical framework
needed for a rigorous treatment is quite extensive. The method has the advantage, that a
general, straightforward algorithm exists, at least for the effective superpotentials of simple
singularities. The calculation not only gives the superpotential, but as a by-product also
the full deformed matrices of the factorization. This allows to double-check that the result
is indeed a valid deformation, minimizing the risk of an error during the computation. The
entire algorithm is already implemented in the SINGULAR-package [B7, B§] to which the
tedious work can be outsourced. The whole formalism is, however, restricted to compute
only fermionic deformations.

The inclusion of bulk deformations into the algorithm has not yet been done by math-
ematicians and we will extend the algorithm in this paper in order to include them.

2.1 Mathematics

We will review deformations only very briefly and start in the context of differential graded
Lie algebras (DGLAs). For a rigorous treatment of this and the slightly involved definitions
of Massey products in this context we refer to the work of mathematicians BJ—[].

A DGLA is a Zs- or Z-graded vector space V over a field K with a commutator of
degree zero and a differential d : V' — V of degree 1, satisfying the conditions

[Oé,ﬁ] = _(_1)‘(1"5‘[6’ Oé],
d[a’ﬂ] = [da’ﬁ] + (_1)|a‘[aadﬁ]a (21)
e, B],7] + (_1)\a|(\ﬁl+\v\)[[g’7],04 + (_1)Iv|(\a|+\/3|)[%a’ﬁ] =0.

A formal deformation of V is defined as the power series

[ga h]u = [ga h] +Zul(al(9a h)"’eﬂz(ga h))’ (22)
=1

where 0 is an odd parameter. Requiring the bracket to remain bilinear and antisymmetric
and to fulfill the Jacobi identity places constraints on the a; and ;. Deformations exist, if
certain conditions of Massey products are fulfilled and the deformations can be calculated
explicitly from the Massey products.

It is not necessary to restrict to just a single parameter u, i.e. L, as a deformation of
an algebra over k[u]; we can also generalize this to k[uq, ug, ..., u,]. Such deformations are
called versal deformations and they are defined as follows.

Definition. A deformation Lg of L parametrized by R € C is a versal deformation, if
for any La parametrized by A € C there is a morphism f: R — A such that



(i) Lr@r A= A,
(ii) the map mpr/m% — ma/m? induced by f is unique.

The whole procedure can be extended to A, algebras by a simple redefinition of the
commutator (see [{1]):
{69} = (=D)* Dylp, 4], (2:3)
The A, structure is defined by an odd element @ satisfying {Q, @} = 0 and the action of
the differential d by d¢ = {Q, ¢}. The formal deformation of such an A, algebra V is still
given by
Qu=Q+ Y u'(a;+03), (24)
i=1
with the condition {Q, @} = 0.
Dealing with matrix factorizations involves modules, which can be treated in a similar

manner. There, the object of interest is the infinitesimal deformation functor of a module
M over a k-algebra A, defined as

Defys(S) = {(M,0)|M an A®p S — module, flat over S, M ®g R =% M}/ = .

For finite-dimensional Ext! (M, M), Schlessingers theorem [[J] ensures the existence of a
hull A of the deformation functor, which has also been called the formal moduli of M, as
well as the existence of a formal versal family. This has been studied extensively in [P4, R
and we refer to these references for proofs, details and the explicit algorithm. We restrict
ourselves to give a less rigorous down-to-earth reasoning in the next section to make the
algorithm plausible. Afterwards an explicit example will be calculated for illustration.

2.2 The idea

Suppose we have a matrix factorization Q2 = W1 of a superpotential W. A deformation
Qgef of the original module ) can always be written in the form

Qaef = @ + Z amu™, (2.5)

Here, we consider only fermionic deformations and leave the bosonic ones for future work.
Just like @, the o, are modules and the deformation is parametrized by ui, ..., u, where
we used the notation

u™ = utuy? Ll m e N (2.6)

for convenience. Squaring Qger, and comparing with W, we find

Z(Q@m + apQ)u™ + Z Qi Qi w2 = (), (2.7)

m miy,ma

which must be valid at all orders of u. This constraint can be solved iteratively. At order
|m| = Zfil m; = 1 the condition Qa3 + 7@ = 0 holds, which means that the basis for
the odd a7 with || = 1 is precisely the basis for the odd cohomology.



The a7 for some order n — 1 now determine those of order || = n as follows. We

define
y(m) := Z Qg Qg s (2.8)
m1+mo=m

neglecting a subtlety for a moment. The y(m) are called Massey Products. For later
convenience we define 37 = y(m).

All we would need in order to satisfy eq. (B-7) at order || = n is an arbitrary a,;
such that

dogy, = Qo + anQ = — B (2.9)

Since we started at lowest order with ., spanning a basis of Ext!(M, M), all B will
lie either in Ext?(M, M) or be a polynomial multiple of an element lying in Ext?(M, M).
In the latter case, a matrix a,; satisfying eq. (R.9) can always be found and this matrix
will again be an element of Ext!(M, M). In the former case, where 3 lies in the even
cohomology, a counterterm cancelling the Massey product does not exist, therefore eq. (.9)
holds only mod Ext?(M, M).

In each iteration step, such non-cancelling terms add up so that for a matrix factoriza-
tion with dimy, Ext?(M, M) = r, there are  polynomials f; € k[uy,...,uq], each associated
with a basis element ¢; € Ext?(M, M), so that Q3; =W + Y, fid;.

For the deformed factorization to be exactly equal to W, the f; must vanish and the
hull H); of the deformation is therefore,

I;TM:k[[ul,...,ud]]/(fl,...fr). (210)

The building up of the f; must be kept track of during the iteration. At each order n, we
add the new terms to the f;,

=0, = yrlatm)e™ + 7 (2.11)

where the expression y((z*; 1)) denotes the proportionality constant between y(ni) and
the appropriate ¢;.

Up to now, we have neglected one important subtlety. Namely, the ring relations
kluy, ..., uq)/fl' must also be applied to the y(1i) and the (5, so the above equations have
to be modified. As an ingredient to be able to do this we need to define appropriate bases
B; at each order. We start with

By ={AeNn| <1}, By ={iecN|n|=1}. (2.12)
at lowest order; in general, the B; denote the bases for
o (Y m . (2.13)

At each order, we take

B € KA/ ™+ (.. f7)), (2.14)



where these ﬂ]}’ ~are defined by the unique relation
> Brau™ (2.15)
mel B;
with the sum running from ¢ = 1 up to the the order n of the iteration step. The new
defining equation for 3 is given by
= Y Bamy(i), (2.16)
melJ B;

which, of course, reduces to the previous (37 = y(m) if Bn o = 0,m. That is only the case
when there is no relation for the appropriate 77, i.e. u™ or a term proportional to it does
not appear in one of the f;. A similar correction must be made for eq. (R.§):

y(@) = D Ym0, Oy, (2.17)
mi+mo=m
where « is defined by
ut =3y b, VR = > Vel (2.18)
We will now clarify the algorithm by calculating an explicit example.
2.3 A simple example

Here, the A-series superpotential W = —%x‘:’ shall be calculated step by step. The factor-
ization () and the four basis elements of the cohomology are given by

0 z?
©= (-1/5353 0)’

0 —x
a0 = 1 _< 1 /502 >7

oy = ( 1/52 0)
b1 = ( 2)
by = ( 2) ) (2.19)

The second order Massey products are
Y(2,0) = 0010 = —CU 2¢1,
y(0,2) = a0,10,1) = —¢1,

y(1,1) = a@,00,1) + 0,1)%1,0) = —35 21 (2.20)



y(0,2) is the only Massey product that lies in the cohomology, therefore fZ = %z‘[ = suj
while f2 remains zero. The new basis for m2/(m? + (u?,0)) is

By = {m € N?: |m| =2} — {(0,2)}. (2.21)

For the two elements not in the cohomology, we take

01 0 O
01(270) = (0 0) and 01(171) = <_2/5 0> s (222)

to satisfy da(zg) = —y(2,0) and da( ;) = —y(1,1). A different choice is possible and
corresponds to a field redefinition of the effective potential.
As a basis for the third order, we choose

By = {pn € N°: [m| = 3} — {(0,2) +m} = {(3,0), (2, 1)}, (2.23)
and we can always find a basis of the same structure for higher orders:
B, = {m e N":|m| =n}—{(0,2) + m}. (2.24)

We get

1
Y(3,0) = a(2,0)0(1,0) + @(1,0)¥(2,0) = —5$2¢2,

1
y(21) = aoaey +oenaee) taanaan) tacoaan = g0 (225)

All Massey products not listed are zero. f; at third order becomes f{ = tu2 + %u%uz while

5
fg is still zero. The G5 are

Bz = ¥(3,0),

6(2,1) - y(27 1) - y(07 2) =0, (226)
according to their definition in eq. (2.16). The relation for the (5 derives here from
f? = 0, according to which %u@’l) = —%u(w), fixing therewith B(g2),2,1) = —1 from

eq. (B-1§). The choice
00
(3,0) = <1/5 0) : (2.27)

satisfies da(3 0y = —3,0)- The fourth order result is

1
y(4,0) = a0)0(10) T 410)30) + Q@020 = “FS1
9(3, 1) = Q(3,00%(0,1) + &(0,1)%(3,0) + Q(2,0)%(1,1) + (1,1)%(2,0)

—(a@,no,1) T ¥0,1)1,1) = —P2 (2.28)
and
R T 4
1= g(UQ + ujuz — uy),
5 = —udup. (2.29)



At fifth order - the last non-vanishing order - we find
3

y(5,0) = apoaeo) +aeoe) T ey +aonea) = sé2
1
Fiim ] = Sk s — )
3
foi=f3 = gui’ — u3ug. (2.30)
Now we have all necessary data and can assemble Eq (R.5),
Eaet = ¥° — w1z — ug + uf,
1
Jaef = g(—:c?’ — w2 — uom — 2uyuy + uj). (2.31)
Squaring Qger gives
1
Q% = 13(—365 + (U3 4 wug — ul)x + (2uius — 3udug + ul)). (2.32)
Using the ring relations
1
fi = 3(—%1 +ufug +uz) = 0,
3
we see that Qﬁef reduces to the undeformed W = —%x5, confirming that the result is indeed

a valid deformation.
The conditions f; = 0 are also called critical locus. In terms of the effective superpo-
tential Weg, the critical locus is given by

Zeit = {u € CI,Weg(u) = 0}. (2.34)

With no bulk insertions it is of course trivial and identical to the origin. We will now
derive the effective superpotential by using the commutativity of the partial derivatives
and charge reasoning. Using the R-charges (denoted by brackets),

[wil =i/5  Werl =6/5  [Al=4/5  [f2] =5/5 (2.35)
we find that [0y, OusWeg(u,t)] = 3/5 and therefore

OuiWegt(u;t = 0) = Rfa + Ruy f1  and
OuaWegt (u;t = 0) = Rf. (2.36)

The coefficients can be determined by using the commutativity of the second order partial
derivatives. The effective superpotential is now

U6 u4u u2u2 u3
Weff(u;zt:o):1—51)—1T2 %4‘1—;. (2.37)

The result is equivalent to that in [L1] and related to it by the field redefinition uy — g +u?.
This can be understood by remembering that during the iteration, we chose an arbitrary
element a,; to satisfy eq. (R.9). Since the operator d is nilpotent, each ay is only fixed up
to the addition of an exact matrix. With a specific choice of the a7, the cited results can
be reproduced directly without need for a field redefinition.

,10,



2.4 The case Ejg

The Eg superpotential W = 22 + y* — 22 has a matrix factorization

0 0 —y?’—2z =z
0 0 2 oy -z
= ) 2.38
@ -y’ +z 0 0 (2.38)
22 Ytz 0 0
A basis for the cohomology is
0001
0 0-20
Q1,0) = = 0100l
—x0 0 0
0 0 0 wy
_ _ 0 0—xy0
ao,1) = Y2 = 0y 0 0|
—xy 0 0 O
¢1 = Il-a
P2 = yl. (2.39)

The full deformation is found to be

B 3 ) 3 1
Hyy ~ Ef[ug,ug])/ (63 — Sugud — =ul?, 3udug + Sugud + uf ), (2.40)
4 64 2 8
and explicitly as
3 6
—y + 2+ Gy + F o+ Juaud @+ ury + g
Baet = | 2,2 2.2 uf w3, 2]’
7 —uizy + uiy” + 2uany —wax +uy Yo+ 2 — FY — F — Sugug
2 ui w3, 2
oot = —Y' =2+ 5y + g+ juug T+ ury + ug (2.41)
er — 3 6 . .
2 — sy + w3y + 2wy — uaw +ud o — 2 — Sy — % Bugd

Note that we have slightly changed notation and labelled the deformation parameters by
their R-charge. Squaring Qgetr gives

1
Jaet Edet = EaetJaet = W (2, y, 2) + foy + <f1 + §u?1’f2> : (2.42)
proving that it is indeed a deformation. The corresponding effective superpotential is
West (1) = ujuy + §uiu§’ + 1u4u§1) + iu%‘g’ (2.43)
4 8 832

We can check this result by using of the computer algebra package SINGULAR which can
also perform this calculation. The output gives the full deformed matrices as well as the
critical locus. All that remains to do is to integrate a combination of the latter to a
superpotential.

— 11 —



3. Bulk deformations

Instead of restricting ourselves to deformations of matrices whose product is again the
superpotential W, we now allow for perturbations of W as well.
3.1 Polynomial division

Polynomial division was used in [Lg] to derive the bulk deformations of the A model. The

polynomial division gives

Wix,t 1
Jaet (T, u,t) = #xi) = 5(m3+u1x2—|—(u%—|—u2—5t2)x—i—2u1u2—5t3—5t2u1—|—ui{’)—|—r, (3.1)
€ 9

where W (x,t) is the deformed bulk superpotential. Vanishing of the remainder r,

r = 7al(uv t)m + 702(“7 t)a
udug  2uu’

71 (u, t) = toty — t5 — taus — toujus +

5 5 7
2 9 1y 3 4 15
ro(u,t) = t5 — ty — tauy — toui + gul — toug + 3u1u2 + qu’ (3.2)

gives the critical locus for this case. It defines the effective superpotential by

Ouy West (u; 1) = 11 (u, t) + ro(u, t)us,
Ouy Wett (u; t) = ra(u,t), (3.3)

Of course, the A model is special, in that it is the only factorization with 1 x 1 matrices
and for higher dimensional matrix factorizations we would have to take the determinant of
the equation. The graver problem is that polynomial division does not necessarily have a
solution. The Eg model with the superpotential derived earlier is an example for that. This
is not too surprising since the polynomial division implies that only either J or E have
bulk deformations whereas we have chosen the boundary deformation to be symmetrical
in E and J in the Eg computation. Therefore, polynomial division generally requires at
least non-trivial guesswork in starting with a suitable boundary potential, and normally a
solution does not even exist.

3.2 Adapting the Massey product method

The method of computing formal moduli can be adapted to incorporate bulk insertions.
It shall be demonstrated again at hand of the Eg example. The most general deformation
for this singularity is obtained by deforming with all elements in the chiral ring,

Waet(z,5) = W (x) — sozy? — s5xy — S6Y° — S8 — Sgiy — S12. (3.4)

In the physical theory the s; are functions of bulk parameters ¢; as given in [@] Parallel
to the reasoning in computing the formal moduli, we are looking for a deformation

Q = Qaet + Z G 8™, (3.5)

- 12 —



which squares to W (x, s). The analogue to eq. (R.7) becomes

D (Quctim + @ Qact)s™ + D Gy Gy 87T = Woe(a,5) — W (). (3.6)

m m1,me2
The s12- and sg-terms lie in Ext?(E, E) and are therefore of no concern. They will simply

be subtracted from the f in Q%; = W + f{y + f5. For the other four deformations we
chose odd ., such that

[Qdefadel] = -,
[Qdefadez] = _y2a
[Qdefadeg] = -2y,
[Qdefade4] - _‘Ty2' (37)
Possible choices are
0000
. __,|vo10
(1,0,0,0) = 00001
1000
0010
. 1|00 0-1
(0717070) - 2 1 0 0 0 b
0-10 0
&(0,0,1,0) = Y4(1,0,0,0) — U1%(0,1,0,0)>
- 1,4 1\
Q0,001) = | g¥1 T 57 ) 40,100
0 0 Tu?
N 0 0 —(ugui+%¢)—2ulz 0
0 Tu? 0 0
6
—(udus + ) — a3z 0 0 0
At second order we find,
1 1
¥(0,0,0,2) = (Z”’J + 1—6;,;) 1 mod Ext*(E, E),
1
y(0,1,0,1) = zo1 mod Ext?(E, E), (3.8)
1
y(0,0,1,1) = —§u1m11 mod Ext?(E, E),

all others are zero (mod Ext?(E, F)). The associated second order &’s are,

3(0,0,0,2) = (—ut — 2uy + 22 ) a(1,0,0,0) — 2118(0,0,1,0)
aa,a_16u1 4u2 4560[,’, 4U1()é,,,,
1
a(0,1,0,1) = 3a(1,0,0,0),
1
6(0,0,1,1) = 5u1(1,0,0,0). (3.9)
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At third (and last order) only one term remains,

1
y(0,0,0,3) = Iéu%xl,

1
@(0,0,0,3) = Iéui&(l,o,o,o). (3.10)

Adding these terms up to get the complete deformed factorization @ and squaring, the
result is Wyet(x,t) + fly + fg with some fl and fg. The relations

aulweff(u; 3) = f17
O Wit (115 8) = (%ui’fﬁfl), (3.11)

allow to integrate to the full superpotential,

Whlassey (U3 8) = 64? 131&3 + éuw? + %uiu‘;’ + udug + ﬁsw%l
sl = s + sl ]
—|—%S§U4u§’ — 1—10 <58 + 35652> u? — %st—,uélu‘ll
—i—is’gu‘f — iswiu‘z’ + %sﬁuw‘z’ — 1—12 (sgs2 — s2) uf
—1—3353211411% — 3868521% + is%uiul — %SQSGUMH
—sguquy + (s12 + %s%)ul — %swi + Sou4 + const. (3.12)

The integration constant is an arbitrary function of the s; but, of course, independent from
the u;. In the bulk theory, usually the coordinate transformation s; — ¢;(s;) is used for

the sake of adherence to the constant metric coordinate system [i3],

89 = to,

85 = ts,

t3
56 = <t6 - ;) ;
”l

88 = <t8_t6t2+é> ;

S9 = (tg - t5t%) s

2 3y tgtd  tetd
wee(0-g - -

4. Relation to the hermitian symmetric space coset models

In this section we show that the effective superpotentials associated with rank two matrix
factorizations can be related to the Landau-Ginzburg potentials of simply-laced, level one,
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hermitian symmetric space (SLOHSS) models [BZ).! These Kazama-Suzuki type models
are represented by cosets G/H, where the group G is divided by its maximal subgroup H.

In the Fjg case this is
Eg

SO(10) x U(1)"
Landau-Ginzburg potentials for the deformed SLOHSS models were derived in [Bg]. They
are obtained by first expressing the Casimirs V; of the group G, in terms of the Casimirs of
H, which are called x;. Next, we set V(x;) = v;, identifying the Casimirs with deformation
parameters v; of the superpotential. This yields a system of equations, where the x; that
appear linearly can be eliminated. The remaining equations can then be integrated to a
superpotential. The explicit form of it was given as [Bj]:

)
Wiz, z,w) =2 — —x 25+ —2%w,

1 1 1 1 1
+z (xg + :c7w1 + P w% — :c4w2 — §x2 wy wo + — 8 W3 — =T Wy + —w5>

3 12 6 3
+%x11 Wt i_;)xg wi - %xs w2t %lj wi + %ﬂ w3 — %ﬂf wy W
—l—%aﬁ wy w3 — %x5w4 — %x‘lw% wy + %.%411)5 + %xsw% _ %x?’wl s

This superpotential is, up to a (quite complicated) field redefinition and the choice of an in-
tegration constant precisely the effective superpotential associated to the 2 x 2-factorization
of the minimal model in our results. The ansatz for such a field redefinition looks as follows:

U — ax Uy — oz + agzt + a4w% + aswyz? (4.2)

s12 = Brwe + Bowswd + Bsw3 + Bawsw? + Bswiwy + Bew
s9 — Brws + PBewow? sg — Bowyg + Prowswy + Priwd (4.3)
s6 — Biraws + Brsw?  s5 — Braws  s2 — Biswy.

Plugging this into eq. (B.12) and comparing with eq. (1)) all the parameters o, 3; can be
fixed. It turns our that the integration constant in eq. (B.12) is a crucial degree of freedom
to get the potentials in agreement. Without it, agreement can only be achieved by setting
one deformation parameter to zero.

Note that for the Fg there is no SLOHSS model. However, there is also no rank 2
matrix factorization of the Fg Landau-Ginzburg potential. With the formalism of matrix
factorizations we can also derive superpotentials for matrix factorizations of higher rank.

It thus seems that only the effective superpotentials associated to 2 x 2 matrix fac-
torizations have a direct connection to the superpotentials coming from SLOHSS models.
It is interesting to ask why and how the matrix factorizations are encoded in these coset

LQuite recently an interesting relation between Kazama Suzuki superpotentials, matrix factorizations
and knot homology was discovered [@7@]
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models. We now give a qualitative explanation of how this happens.? One way to calculate
such superpotentials (at least in principle) is to eliminate as many variables as possible [B].
Take for instance the Eg-example:

W =23 +y* — 22 (+ bulk deformations). (4.4)

The equation W = 0 describes an ALE space, a two complex dimensional surface in C3.
The idea is to start with the simplest algebraic objects and find lines and quadrics on this
surface. Using the ansatz

x =y + a()), (4.5)

where A is a variable of weight one and « is a homogeneous polynomial of weight four, the
variable z can be eliminated from W:

z = /23 + y* (+ bulk deformations) (4.6)

In this relation the ansatz for x can be inserted. The equation on z describes a quadric if
the expression under the square root is a perfect square. In this case one gets

2=y + Ny + 12N (4.7)
Lines and quadrics on the surface W = 0 are then given by

A =Xy+alX) =0
Ay = >+ n(A\)y +72()) = 0. (4.8)

The Nullstellensatz tells us that this is consistent with W = 0 if W has the form
W = A1B; + AQBQ, (49)

for some Bi, By. This is precisely a 2 x 2 matrix factorization of the superpotential! Our
results for the ADE minimal models thus suggest that there is a direct relation between the
coset model LG superpotentials and W,g for 2x 2 matrix factorizations of the ADE minimal
models. The results are therefore consistent with the argument presented above. Note that,
at least in the presently discussed form, such a computation cannot be generalized to higher
dimensional matrix factorizations.

5. Using the method of CFT consistency conditions

As we have demonstrated, the results of the different approaches are in agreement, con-
firming the correctness of the method we introduced and establishing a link between these
approaches. However, there is no reason why these general solutions should be consistent
with all physical constraints. Therefore, we will now use the CFT consistency conditions
to rederive the superpotential. This approach does not give the deformed matrices Jyef
and FEgef, but on the other hand one gets all the correlators.

2We thank Nicholas Warner for helpful discussions.
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The idea is to determine the values of the allowed correlators of the model by imposing
consistency constraints. These constraints can be viewed as generalizations of the WDVV
equations for the bulk [fJ]. Adding boundaries on the worldsheet, one gets additional sewing
constraints which were derived in [[L]] for the case without integrated insertions. For the
case where insertions of integrated boundary states are allowed, the consistency conditions
were derived in [LT]. In the following, we will give a short summary of the necessary steps
to compute the superpotential. The input data are the matrix factorizations, the spectrum
and the R-charges as defined in [B{].

5.1 Two- and three-point functions

We begin by determining the values of the boundary three-point functions and the bulk-
boundary two-point functions [f, f7:

1 o GiSTr (((0QM)™) )
(2m')n?éd T aw . oW

(pipi) = (5.1)

Here n is the number of variables in @), ¢; are the elements of the bulk chiral ring gi[f/{,},

STr is the supertrace and the wedge product is

n 1
(01" = o > (=)0, Q% .. 0, @1 (5.2)

" 0€Sh
The boundary three-point function is:

1 7{ 1 STE(OQ) M PPy e )

AB_ BC | CA\ _ -
<¢a ¢b ¢c >_(27”)n 81W({9nW

(5.3)

5.2 Correlators and selection rules

In the second step we use a set of selection rules to find out which correlators are possi-
bly non-vanishing. First define correlators with arbitrary numbers of bulk and boundary

insertions:?

gty iy = (—1)i+m1 <waowalP / IR R / o . ¢§i’>

R R R Rl o 4

The integrated insertions of bulk and boundary fields are defined in [f], [1]. The second
equality can be derived from Ward identities. Here we introduced the suspended grade of
the boundary field ¥%:

a:= |te| + 1. (5.5)

Furthermore we can introduce a metric on the boundary ring:

wap = (Wathy) = (=1)*Boay = (=1)%(=1)%wpa, (5.6)

3From now on we will suppress the indices labelling the brane.
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where the “0” stands for the insertion of the unit operator. It can be used to raise and
lower indices:

B = w®Byy, a, - (5.7)

ai...am

The correlators (5.4) are cyclic in the boundary insertions:

ag...Qm;t1...bm Am Q.- Am—1;81 - Im, * (58)

Furthermore they are symmetric under permutations of the bulk indices.

It turns out to be convenient to define
Baya; = Bay = Bi = 0. (5.9)
A correlator (p.4) satisfies the following selection rules:

e Charge selection rule.

The R-charge of the correlator must be equal to the background charge. For the
minimal models the background charge is given by:

k—2
== 5.10
b E ( )

where k is the dual Coxeter number.

The R-charges of the integrated insertions are

dp = ap — 1, (5.11)
ah = g6 — 2. (5.12)

For minimal models these charges are always negative.

e The correlators must have the same suspended degree as the boundary metric:

Bagay...am:ir...in = 0 unless ag + -+ + @y, = @. (5.13)

e Insertions of the unit operator are only allowed if there are no integrated insertions.

Boa,...amsir..in = 0 for m>3 or n>1. (5.14)

5.3 Consistency conditions

Next, we determine the correlators by imposing the generalized WDV V-constraints. For
this we introduce generating functions for the bulk perturbations, given set of boundary
insertions, which satisfy the property

Bay...amsir..in = Oy - 03, Fag...am ()| t=0- (5.15)
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For m > 2 the generating functions are given by

Fagn = <—1>&1+"'*5”“<wa0w R K ¢p> (5,10

hcle

— (—1)d1+~~~+&m 1 Z H ¥ '<¢a0¢a1p/¢a2.../%ml%m |:/¢p:|Np>7

th—l Op 0

where h. is the dimension of the bulk chiral ring. For m = 0 and m = 1 we define F,(t)
and Fup(t) by

OiFa(t) = —(pipgeXrte ] o), (5.17)
OFult) = ~(aP [ dneTrteI %), (5.18)
Now we impose the consistency constraints on the correlators. We start with the A..-
relations:
m ~ ~
Z (_1)a1+mak‘7:a0a1...akcaj+1...am (t)fcak+1...aj (t) = 0. (519)
k,j=0
k<j

The second consistency condition is the bulk-boundary crossing constraint:

3i3j8kf(t)nklalfao...am(t) = Z ( 1)am+1+ +am3.7:a0 Gy By 41Uy Cl g 41U
0<mi<..ma<m
b
Xa]:am1+1 amQajfcam3+1...am4‘ (520)

Here, F(t) is the bulk WDVV potential and n*! is the inverse of the topological metric
Mt = (Dodrdr).

These two constraints alone do not determine the values of all the amplitudes. For the
A-minimal models one can use the Cardy constraint to fix all the correlators. The Cardy
constraint was derived in [[L]] and takes the form

. ij 9. _ E s+c1+C2 c1d1 cods

az]:ao--.ann 8]fb0,..bn — ( 1) w .7:(10 Gnqy d1bmy 41Dy C2ang41.-.0n
0<nj<ng<n
0<mi<ma<m
beo...bmlclan1+1...an2d26m2+1...bm (521)

It turns out that this sewing constraint is only valid in the case of the A-models. (We give
some new results for these models in appendix [J.) For other minimal models the Cardy-
condition turns out to be in contradiction with (p-19) and (f-20). This does not come as a
surprise since in the derivation of the above formula it was assumed that the annulus am-
plitude is metric independent, which is not necessarily true due to the possible existence of
anomalies in the Q-symmetry. Still, it had been hoped that the Cardy constraint eq. (5.21)
could nevertheless be imposed to get the topological part of the amplitude, but our results
show that this is not the case.
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5.4 Calculation of the effective superpotential

With these preparations we are now able to compute the superpotential. When the values
of all the correlators have been fixed, the effective superpotential is given by the following

expression:
1
Wett(8,8) = Y —5ay, -+ - Sar Aay.am (5.22)
=
where
1
Aal...am = (m - 1)!~7:(a1...am) = E Z 77(0-§ at, ... am)fao(l)...aa(m) (t) (523)
gESm

Note that the parameters s; are super-commuting since those associated to even boundary

states are anticommuting. The sign factor n comes from permuting the boundary operators.

5.5 Deformations and the bulk-boundary crossing constraint

As noted before, we can not rely on eq. (f.21)) for models other than the A-minimal models.
Therefore some of the amplitudes will not be fixed by the A,— and the bulk-boundary
crossing relations. We now give a prescription how to determine the values of all the
correlators with bulk insertions by merging the generalized WDVV equations with the
methods from section Pl The procedure can be cast into the following recipe:

e Without bulk insertions, the bulk-boundary crossing constraint does not contain any
extra information. This is why we may assume that in this case the superpotential
coming from the A-relations and the one coming from the versal deformation of the
Q-operator will agree. We thus start by computing the superpotentials for the bulk
parameters set to zero with either method.

e The superpotential obtained from solving the A..-relations will contain as undeter-
mined parameters non-linear functions of the unknown correlators. Comparing with
the result of the Massey product algorithm one obtains an overdetermined system
of non-linear equations for the correlators which has, at least for the examples we
checked, a unique solution.

e Next we set up the WDV V-constraints with the bulk parameters turned on and use
the boundary correlators whose values we found by comparison of the two superpo-
tentials as input for solving the equations. It turns out that this is enough to uniquely
determine all the values of the remaining correlators and the complete superpotential
is fixed up to reparameterizations.
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5.6 Comparing results

For the Fg case, we find

— 3 1 5
Werr(u;t) = ujw + Jujuf + guaud + gooui”
1 Ly 1o 1, 5, 1 4 1/, s 1y
T (’512 —5te — 5tste — tsta + glety + o { t6 —teta + ty

1 L4 2 1 3, 3 7 L3
+§ <U4 + §u1> (tg — t5t2) + Z <U4u1 + %ul t6 — §t2 s (524)
From the point of view of the consistency constraints it is natural to use the “flat” parame-
ters ¢; since the bulk-boundary crossing constraint contains the bulk prepotential F(¢) [0
We can now make a field redefinition of the open string parameters in order to get maximum
agreement with (B.13). This yields

3 13,1 9 3 55 3 L,
Werr (u; 8) = oL 13u1 + §u4u1 + Zu4u1 + uguy +ug | s12 + ZSG
tsgu + Ssgul + = 343 seul (5.25)
SoUg + —SquT + —Sguau; + —Sgu]. )
o4 + 289Uy + S SeUsUT + e S6U

where the s; are given in eq. (B.I3). Here only the As- and Crossing constraint were used,
not the Cardy equation. This solution corresponds to eq. (B.12) with some deformation

parameters set to zero,
Wert (u; 8) = Whaassey (U5 52 = 0,55 = 0, 6, 53 = 0, 59, 512).

Thus, incorporating the bulk-boundary crossing constraint leads to a reduced version of
the effective superpotential. This may be explained as follows: If one deforms the matrix
factorization one only captures the A,.-structure. The bulk-boundary crossing equations
impose an additional constraint on the superpotential.* This additional interaction be-
tween bulk and boundary is incorporated in a mathematical structure termed Open Closed
Homotopy Algebra (OCHA) which has recently been introduced in the literature [BI].

6. Further results

6.1 The exceptional singularities

In this section we list some more results for the superpotentials of the minimal models of
types Fg, E7, Eg. For simplicity, all bulk parameters are set to 0.

First, we consider the the self-dual matrix factorization Ms for Eg given in ([A.3) where
we choose ¢ = —1 in order to have only real entries in the matrix. The fermionic spectrum
can be read off from table (JA.§). There are four fermionic states and their deformation
parameters u; have charges {1,3,4,6} and the four corresponding polynomials f; of the
ring k[u;]/(f;) have charges {12,10,9,7}.

fi= —u% + ui - u% - 181L4u§u% + 7u6u?,ui{’ - 6uiui1 - 26u§u(f - 9u41u213 - 3u%2

“In technical terms, this means that the bulk-boundary crossing constraint sets certain correlators to
zero which are left undetermined when only imposing the A relations.
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fo = 4u§u1 + 12U4U3u:15 + SU3UI
f3 = 3uiu; — 6uiud —uf

f1 = —2uguy + dugu] (6.1)

These polynomials can be integrated to the effective superpotential

We (1) = —udug + uiug — ujug — 6uguiu’ + dugusu]
5
—8udu] — ugu] — —uld. (6.2)
13
Our last example for the Eg model is the factorization My given in eq. (A.4), where, once
again, we set ¢ = —1. We find the following expression for the superpotential:
Wegt(u) = iu%‘g’ - lu?z% + §u?u2ut—) — 2uius + 2ugudus — ulus
1664 4 4

1 1 1 1
—2u3u§ +uf <—U2U3u5 - 5“%) +uf <—EU§ + 1—6u4 + 1—6v4>

3 1
2 4 2
—Uqusv4 + usvy + uq <—§u2u5 + uqus + S uUsv4

2
—|—u? — §u§ — §ui — 1u?,qu) + u% §U4 + §v4 — §U4’U4 — §vz
8 8 2 4 4 4 8
+u? (2u§’U5 — ulus + ug (—2ugus — usvy)) + u (3ugus + 3vgus)
1 1 3 3 1
+uq < - §u§ + iui + uzug + iuﬁm + §u4vi + 502
+uj 3 3 2
2 U4t 5va )| Fus (uaus + 2usvy)
2 3 2 3 o
+uj —5Ui + ugus — 3uqvy — Jui) ) (6.3)

With (B.12), (b.9) and (6.3) we have actually given the superpotentials of five of the six
branes since a brane yields the same superpotential as its anti-brane.
For the FE7 singularity with W = 23 4+ 29® + 22 we consider its simplest factorization,

z X
E=J= . 6.4
<$2—|—y3 _Z> ( )

The odd spectrum consists of three states with charges {0,8,16} to which we associate

a self-dual one,

parameters u; with charges {1,5,9}. The deformed matrix is given by:

Eoe — z 4 ury? + usy + ug
def yP+ 22— udry — 2urusr + uiy? + dudusy — Sudug + ulx — 2uby+ 20uTus — 11ui?

T+ udy + 2ujus — u?)

2 (6.5)
—Z + wy° + usy + ug

The polynomials defining the deformation ring are:

fi = —ug — 16ufusug + 40ufu? + Suug — 42uidus + 11uls
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fo = —2usug + 8u‘11u§ — Sujug + 12ujus — Yui?

f3 = —u? — 2ujug + 6uius — 3ui’ (6.6)
These polynomials of degrees {18,14,10} are easily integrated to the corresponding effective
superpotential of degree 19,
55 19

West (u) = — o + 12ultus — 15u?u§ + 5ui‘u§ — 3ui%ug + 6udusug — u%ug — ulug. (6.7)
This can be related as follows to the coset model
E;
E6 X U(l) ’

From [Bg] we take the expression for the coset Landau-Ginzburg potential:

1016644 1o 33326 4, 266 1o 16850 o,

W -
(@9.2) = gvgsroon” T immiar” Y esert 0 2ist
80 124 3
—|—2—7x5yz + Taflyg + z2% + §y22 (6.8)

And indeed, this expression can be obtained from (6.7) by a field redefinition.

Finally we also give an example for the Eg model. The Landau-Ginzburg potential
for this model is W = 22 + 3® + 22 and its dual Coxeter number is k = 30. The simplest
matrix factorization has rank 4:

z 0 =z
0 z y* —a?
E=Jg=|, " (6.9)
¢y —z 0
yt—r 0 —z
The corresponding superpotential is
11
West = —ﬁui’l + u%5u6 — 1Ou%9u(2; + 45u%3u% — 55u{u‘61 — ulug + 3u%1u10
—15u%5u6u10 + 15u?u%u10 + 10ui{’u%u10 — ulu‘i’o — 3u%6u15
+10ui%uguis — 10ufudus — uiuts + 3udtuig — uiudy — 3uibuis.  (6.10)

We cannot relate this result to a coset model, since such models do not exist for Fg. This
supports the conjecture that matrix factorizations of rank greater than 2 can not be related
to such coset models.

7. Conclusions and open questions

In this paper we discussed various methods to calculate the effective superpotential for
ADE minimal models with D-branes. The method of computing formal moduli provides a
very efficient and elegant method to calculate the effective superpotential. It circumvents
the problem that the Cardy condition as given in [[L]] does not hold in the general case,
which had been uncertain before. We were able to calculate various examples of effec-
tive superpotentials, most of which would have required an exceedingly high amount of
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computing time if tackled by implementing the consistency constraints. Superpotentials
of matrix factorizations whose spectrum contained more than 4 (even or odd) states were
not calculated since computing time quickly increases as more states are added. The de-
formation calculus using the Massey products as implemented in SINGULAR allowed us to
go further than that and compute for example the potentials for all Fg branes except the
most complicated one, for which the calculation exceeded the powers of an ordinary PC.

As always, a number of open questions remain. One issue is the deformation of the
matrix factorization by bosonic states. In the context of obstruction theory the fermionic
states provide the deformations and the bosonic states give the obstructions. In this for-
malism the deformations with even states can not be computed. From the point of view
of the CFT constraints, even and odd states are treated on equal footing, the only differ-
ence being that the even states are associated to anticommuting deformation parameters
whereas the parameters for the odd states are commuting. We will leave a possible gener-
alization of the Massey product formalism to incorporate the even deformations as a future
task.

An even more interesting question would be the generalization to Calabi-Yau manifolds
which is of course the ultimate goal. In principle the computation should proceed just as
in the ADE-case but then we also have marginal deformations. The results of [ may be
useful for a better understanding of this problem.

In this paper we dealt only with the boundary preserving sector but it would be
interesting to consider systems with various D-branes. Some rather naive experimentation
with the A-minimal models leads to the conclusion that a generalization of the algorithm to
the case of multiple D-branes is straightforward although the technical complexity grows
quickly. It seems likely that this is a powerful framework to describe phenomena like
tachyon condensation and bound state formation of D-branes.

Another interesting issue is the relation to coset models. We have been very brief
about the relations between the superpotentials and we only gave an idea of how the matrix
factorizations could be recovered from these models. It may be useful to investigate this
relation further. In particular, one should try to find out whether also matrix factorizations
of rank higher than two have connections to coset models.

Last but not least it remains to be understood why the formulation of the Cardy
constraint from [[[J]] works perfectly for the A-minimal models and fails for other cases.
Although it generically leads to contradictions, the information contained in the Cardy
condition does not seem to be entirely wrong (see for example appendix A in [13]). It may
be worthwhile to look for possible modifications of this constraint.
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A. Es — three-variable case

A.1 Matrix factorizations

These results were already given in [RJ]. The superpotential is:

W =a3 +y* 422,

(A1)

where ¢ = £1. Introducing this parameter is just for calculational convenience since we

can always choose the matrix factorization to be real. The choice of sign has no influence

on the dimensions and charges of the spectrum or the form of the superpotential. The

following matrices satisfy W = FE; - J;:

:J2:<

Eq

Eo

Es

Ey4

J1

Jy

—y?*+ =z

x

y2+\/—_62>

x
—y —V-ez @
x y? — \/—ez
ez 0 22 P
0 —Vez y —x
x P ez 0
y —z? 0 —\/ez
—y? 4+ /= 0 Y x
—xy v 4+ /= 2 0
0 x —€z Yy
z? —xy y3 —€z
—y? —\/—¢ez 0 Ty T
—xy y?—/—ez 22 0
0 x —/—¢€z Y
x? —xy v  —y/—ez
—/—ez —y? Ty 0 z? 0
—y?  —\/—ez 0 0 0 T
0 0 —\/—ez —=x 0 Y
0 Ty —z2 —/=ez 9P 0
x 0 0 y —/—ez 0
0 x? y3 0 xy?  —\/—ez
V—ez —y>  ay 0 z? 0
2 =z 0 0 0 x
0 0 —ez —xz 0 y
0 xy —x? —ez 3 0
T 0 0 Y —ez 0
0 x? Y3 0 xy® —ez
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A.2 Spectrum

The spectrum for this model has already been discussed in [R1].

There are six matrix

factorizations, one for each node in the Dynkin diagram. We summarize the data of the

boundary preserving spectrum in the following table:

Factorization | Rank | Spectrum bosonic | Spectrum fermionic
M, 2 06 410
M 2 06 410
M3 4 04610 04610 (A.8)
My 4 024628 2426810
Ms 4 024628 2426810
Ms 6 02243 63 8% 10 02243 63 8% 10

We labelled the matrix factorizations by M;, the second column indicates the ranks of
the matrices. The last two columns give the even and the odd spectrum. The numbers
correspond to the R-charges multiplied by the number 12 — the Coxeter number of Ejg
— and the exponents give the multiplicities. Note that there are six possible values of
the charges, ¢, € {0,2,4,6,8,10}. To fermionic states with these charges we associate
fermionic deformation parameters u; with charges q,, = %(12 —qy,;) €1{6,5,4,3,2,1}. We
observe that, concerning the spectrum, there are two types of matrix factorizations. The
factorizations M7, My and My, M5 have the same spectra, respectively. These branes are
the antibranes of each other. M3 and Mg belong to a different class of D-branes. The even
spectrum is identical to the odd spectrum, these branes are “self-dual” — the brane is its
own antibrane [{].

We observe that the highest charge, which is equal to the background charge, is always
in the fermionic sector, whereas the charge 0 state is always in the bosonic sector. In
fact, it is possible to determine the degree of the effective superpotential just by charge
considerations. Remember the selection rules for the correlators given in section f.3. The
allowed correlators must have an R-charge which is equal to the background charge q,. We
can now determine the correlator with the maximal number of insertions. This correlator
will have three unintegrated insertions of the field with the highest charge ¢, we will call
this field v, and a certain number of integrated operators, which have negative charge.
To get the maximum number of insertions one must use only insertions of [ 1, which
has charge b — 1, which is the least negative. From the charge selection rule we can now
calculate the the number x of integrated insertions of the top element:

3.b+a-(b—1)=b (A.9)

This yields z = 12—_bb. Now take into account that for the minimal models the background
charge is related to the Coxeter number k via b = % Inserting this, we find that the
number of integrated insertions of the top-element is k — 2. Adding the three unintegrated
operators, one finds that the top-correlator is a k4 1-point function. Looking more closely,
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one also finds that the selection rule for the Zo-charge is satisfied and that this correlator will
not vanish and contribute to the superpotential. The deformation parameter u associated
to ¢y has charge one and we will get a term ulfﬂ in the superpotential. Since the effective
superpotential is a homogeneous polynomial, we conclude:

The effective superpotentials for the ADE minimal models always have degree k + 1,

where k is the Coxeter number.

B. Ey — two-variable case

There is also a two-variable description for the Fg minimal model:

W =% 4y (B.1)

For completeness we list all the matrix factorizations and give the complete spectrum.
From the point of view of conformal field theory these two incarnations of the Fg-model
correspond to two different GSO projections [, [[9, []].

B.1 Matrix factorizations

We find the following matrix factorizations:

X $2
E1:J2:<3 92> E2:J1:<3y (B.2)
Yy’ —T Yy’ —T
2 2 2
Ty T4y
Ea = Ja = B.3
3 <y2 —$2> 3 <y2 _x> ( )
z y 0 22 —xy y?
Ey=Js=]0zy Es=Jy= v 2 —ay (B.4)
y20x —xy2 y3 2
z y> 0 0 z2 42 0 0
2220 0 220 0
E=|Y " 0 0 =Y " (B.5)
0 —zy x* vy 0 —yzx vy
y 0 9> —=z zy 0 y? —z?
B.2 Spectrum
For the even spectrum we find:
1 2 3 4 5 6
1] 010 46 37 135 579 2468
21 46 010 37 579 135 2468
3| 37 37 04610 2468 2468 135279 (B.6)
41 579 | 135 2468 | 0246810 | 242628 13252729
5| 135 | 579 2468 242628 10246810 13252729
612468 | 2468 | 135279 (13252720 | 13252729 | 02242638210
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The odd spectrum is summarized in the following table:

1 2 3 4 5 6

1| 46 010 37 579 135 2468

2| 010 46 37 135 579 2568

3| 37 37 | 04610 2468 2468 135279 (B.7)
41 135 | 579 | 2468 242628 | 0246810 | 13°527%9

5/ 579 | 135 | 2468 | 0246810 | 242628 13252729
624682468 | 135279 | 13252729 | 13252729 | 02243628210

C. Some results for the A-series

The minimal models of the A-Series satisfy an additional constraint, the Cardy Condi-
tion [[L1]):
8ifa0...annijajfb0...bm = Z

0<ny<ng<n
0<my1<ma<m

(_1)(51+a0)(52+60)+€1+€2w01d1wCQdQ (Cl)

X]:ao...anldlbm1+1...mgcgan2+1...an]:bo...bmlclan1+1...an2d2bm2+1...bm

Setting t = 0 and m = 0,n = 0 one recovers the CFT Cardy constraint, which is satisfied for
all the minimal models. The full constraint in the form given above is only satisfied for the
A-Series. For the generic case it has to be replaced by the Quantum A, Structure [[3, (3.

The Cardy constraint fixes the reparameterization freedom of the superpotential. The
superpotential for the Aj-model is:
(k+2) akt?
W x) = C.2

where the exponents in brackets give the degrees of the polynomials. The matrix factor-
izations are:
WIH—Q(x) — Em+1(x)Jk+1—n(x),

k=0,....[k/2] (C.3)

We denote by h the greatest common denominator of E and J, i.e E*t!(z) = p(x)hT!(z)
and J*1=%(z) = q(z)h**!(z). The pair (k, £) then uniquely labels the D-brane we consider.
For the Ag-model with W = 15—5 and (k, ) = (3,1) only one incarnation of the superpotential
satisfies the Cardy constraint because this condition fixes the reparameterization freedom
of the effective superpotential [[[):

1 [ ub 3 ul ul w2
Weff(t’u) = _g (El + ulllUQ + §u%u§ + §2> — 19 <——1 — U%U/Q — —2> + i3

— (t4 — t%) <—%% — UQ> + (t5 — tgtg) U1 (04)

It turns out that the Cardy constraint is only valid in the boundary preserving sector when
bulk perturbations are turned on. But this information is enough to obtain superpotentials
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for the boundary changing sector. We now state some new results for superpotentials in
the boundary changing sector. For the model (3,1) @ (3,0), we find:

W = (M9, 4 30224 22 5 + wdvais + Sv3i
et =~ (G G ufug U2ur + upu1v3 b3 + uivg by + SU3T;
+ugusBswy + uivsDswy + ugvs Vs w? —|—v§f}§w:{’>
2 2 2 2 2 2 2 2
4 4 2
T e ) R S B S e
to < 1 1 uju 5 ulv%v% vgvgw1>
w? 2 2
ul 2 uy  wy
+753< +—+u1u2+ 3V g)—(tz;—tg)(—?—?—ltz)
+(ts — tat3)(—u1 — w1) (C.5)

Here we chose the convention that the indices correspond to the charges, the parameters
u and w are related to odd states on the branes labeled with £ = 1 and £ = 0, respectively,
whereas the parameters v and v are related to the open string states stretching between
the two branes.

For the model (4,1) & (4,0) we find:

1] wf - ~ - ~
West = ~ 71+71—|—2u1u2—|— ufug + uyus + ujvs —i—u‘;’v%v w1 4 3uFusvs ¥ —|—u%v%v wq

3
2

N

2

wi{’—l—uQ v3U3 + 2Uu1v3 U3
2 2 2 2

+uv3 03 + uvs s
5% 2 2

l\.')\w

u‘;’ w? 3 2 ~ 9
+t2 E+?+u1uQ+u1v; s+ ugu3 + uvs Vs wy + ugvsUs + vs s wi
2 2 2 2 2 2 2

4 4 2

" 3t2 U:f 3
+ 4= 5t 3+3+U1U2+g§

2 2 1 1
+ (t5 — 2t2t3) < + — + UQ> + {tg — §t§ — toty + gf%) (u1 + ’U)l) (CG)

to

Finally, we give the result for (4,0) @ (4,0)

1] w7
West = 5 71 + 7 + uSv g+ utvi Dgwy + 2udviod 4+ udv Ggw? + udvi tgw? + 3uv? vdw,

~ 2~ 2 ~ 4 ~ 2~2 ~
—i—ulvi{’v‘g + 3u1vivgwy + urv1Uswy + vlvgw‘i’ + 21}11)811;515 + v‘(fvg’w1>

5

U wy
1

+to < 5 + —5 + ulvlvg + ulvlvgwl + ulvlvg + u1v1v8w1 + v1v8w1 + vlvgw‘rf>

4
u 1
+3 ( 1, Y 1 + ufv10s + ugvidgwy + Ule + Ulewl)

3 2 2
uy uy | wy ~
<t4 — —t2> <§ + — + uULV10g + Uﬂ)gﬂ)l) + (t5 — 2t2t3) <7 + 7 + Uﬂ)g)
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1 1
+ (tﬁ - 575:2), —tals + §t§’> (u1 + w1) (C.7)

All of these results can be obtained from a residue formula [[[]:
dx
Wet (t;u) = — 7{ 5 log(det J(x;u))W(x;t), (C.8)
i

where J(x;u) is the matrix factorization of the system with linear odd deformations turned
on and W (z;t) is the bulk superpotential [f]]. Note that this equation cannot be generalized
to the multi-variable case in a straight forward manner. The fact that only linear defor-
mations in the boundary parameters appear in J(z;u) is a peculiarity of the Ag-models
and does not hold in general. A possible hint for the generalization of this formula may
be found in [BY] where it was shown that in the context of coset models it is possible to
obtain the superpotentials as period integrals over Calabi-Yau 4-folds which are fibrations
of ALE singularities. In may prove worthwhile to investigate these results from the point
of view of D-branes and matrix factorizations.
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