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ABSTRACT

A second-order “Time-Dependent Multiple Balance” (TDMB) method for solving neutron
transport problems is introduced and investigated. TDMB consists of solving two coupled
equations: (i) the original balance equation (the transport equation integrated over a time
step) and (ii) the “balance-like” auxiliary equation (an approximate neutron balance
equation). Simple analysis shows that TDMB is second-order accurate and robust
(unconditionally free from spurious oscillation). A source iteration (SI) method with
diffusion synthetic acceleration (DSA) is formulated to solve these equations. A Fourier
analysis reveals that the convergence rates of the proposed iteration schemes for TDMB are
similar to those of the common (SI + DSA) schemes for Backward Euler (BE); however,
TDMB requires about twice the computational effort per iteration. To demonstrate the
theory—accuracy, robustness, and convergence rate—and investigate the efficiency of
TDMB, we present results from a discrete ordinates (Sn) research code. Results are
discussed, and future work is proposed.

KEYWORDS: time-dependent neutron transport, time discretization method, multiple balance, diffusion
synthetic acceleration (DSA)

1. INTRODUCTION

In solving the time-dependent neutron transport equation, time dependency is usually discretized, and an
auxiliary equation is required to close the system of equations. Varying auxiliary equations are available,
and each comes with different accuracy and stability. Widely-used standard methods include Forward
Euler (FE), Crank-Nicholson (CN, ak.a trapezoid rule), and Backward Euler (BE). FE is simple but
inappropriate for typically stiff problems. CN is favorable because of its higher (second) order of
accuracy. However, BE remains the favorite method in practice, due to its robustness; it is free from
producing spuriously oscillating solutions regardless of time step size.

The Multiple Balance (MB) principle is introduced in [1]. A simple analysis (discussed later) shows that
MB strictly produces non-negative solutions (thus is free from spurious oscillation) with second-order
accuracy. Its applications to spatial ([1]) and energy discretization of charged particle transport
calculations have been studied [2], but the application to time discretization has yet to be investigated.
MB is a potential second-order accurate alternative to BE while retaining robustness. Such a robust
second-order method is expected to have higher computational complexity, both in memory and number
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of “solves”. However, if it can be formulated efficiently enough, the benefit of higher accuracy may
outweigh the additional computational cost per time step.

In this work, MB application to the time derivative of the neutron transport equation—hereafter referred
to as TDMB—is investigated. The paper is organized as follows. In Section 2, the MB principle and its
formulation for time derivative discretization are presented. In Section 3, a simple analysis revealing
accuracy and stability of the method is performed. In Section 4, a discrete ordinate (Sn) source iteration
(SI) scheme with TDMB is proposed, and its convergence rate is analyzed with a Fourier analysis (FA).
In Section 5, a diffusion synthetic acceleration (DSA4) scheme is formulated to speed up the convergence.
In Section 6, test problems are devised to verify the stability and accuracy and to investigate the
efficiency of TDMB. Last, Section 7 concludes and discusses future work.

2. TIME DEPENDENT MULTIPLE BALANCE

Let us consider a time-dependent neutron transport problem:
10y
—— )+ Ly() =0, t>0, 1
~3c O T LY(© (1)

with initial condition ¥ (0) = Y;pi; L is the linear transport operator and the independent variables in
1/)(55, QOE, t) are not entirely shown for simplicity. If we discretize time into K time bins with an equal
time step At, and then integrate Eq. (1) over each time bin, we obtain the balance equation for time bin k

——2 24 Jy,=0, k=1,.,K, (2)

with initial condition ¥,,, = y'. Equation (2) has two kinds of unknown: the fime-edge angular fluxes
Yk+1/2 and the time-average angular fluxes Y.

K auxiliary equations are needed to solve Eq. (2). BE uses a simple auxiliary equation shown in Eq. (3).
Strictly speaking, the auxiliary equation of BE is not based on physics. In TDMB, a physics-based
auxiliary equation is used instead; this is obtained by finite differencing the original continuous equation,
Eq. (1), with the following criteria: (1) only the unknowns 1 and ¥y.q,, should be used, (2) the
auxiliary equation should limit to Eq. (1) as At = 0, and (3) should be as “implicit” as possible. An
equation that meets these criteria is the balance-like equation shown in Eq. (3). TDMB consists of
solving two coupled equations, the original balance equation, Eq. (2), and the balance-like equation.

( Ye=9, 1, BE auxiliary equation,
1Vl = ¥k 3)
v Azt/z -+ Ll.bk% = 0, TDMB auxiliary (balance-like) equation.

3. ACCURACY AND STABILITY

Let us consider an infinite purely absorbing medium problem without internal source. Equation (1) thus
becomes

1dy _
;E(t) +Z(t) =0. (4)
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In this problem, we seek the solution Y41/, = l/)(tk+1 /2) from a given . _1 /5. The exact solution is

1 1
lpi)j_alct = AExact(n)lpk_% ’ AExact(n) =eT=1- n+ 5772 - ETI3 + 0(7’4) ’ (5)
2

where n = vZ;At. We recast the solution in term of the amplification factor A(n). Solving Eq. (4) with
BE and TDMB give the following:

1 1
Age(n) = T+7 ; Apxact(n) — Age(n) = —ETIZ +0(@?),
B 1 . _ 1 . (6)
Arpmp(m) = — T Agxact(m) — Arpmp(m) = 677 +0(m"),
1+n+5n?

where Agyact(M) — AMethoa() quantifies the error factor introduced per time step of the method.
Equation (6) shows that BE and TDMB are respectively first- and second-order accurate. Additionally,
the amplification factors indicate that both methods produce strictly positive solutions regardless of At,
which justifies their robustness—being free from spurious oscillation. The amplification factor of BE may
be negative in the case of X; < 0 (exponentially growing solution, supercritical system), yet this is not the
case for TDMB, which makes it robust regardless of 1. Nevertheless, At is typically very small in a
supercritical system due to the accuracy and convergence requirement of the transport source iteration.

4. SOURCE ITERATION
4.1. Source Iteration Scheme

It is not known yet whether there is an efficient strategy for solving the two coupled equations of TDMB.
Several strategies have been investigated, but only one of them that is specifically formulated for neutron
transport will be discussed in this paper. We consider a mono-energetic non-fission 1D-slab problem with
isotropic scattering. The original balance and the balance-like equations are discretized in time and
respectively give

(P - (1+1)
17" k+5 k—> d 1
- 2 2 + k +Zt¢1£l+1) :_(Zs ’El) + Q) ’

v At 0z 2
(+1) , (141) (1+1) @)
ll) 1~ Yk 61/) 1
1 kt5 o fet+5 ) lp(Hl) :1 ) ¢(l) +0
v At/2 0z t k+% 2\7°° k+% '

Initial and boundary conditions are not shown for simplicity. The superscripts O in Eq. (7) indicate the
proposed source iteration (SI) scheme to solve the coupled equations. We cannot describe in detail the
solution procedure of this unaccelerated SI (hereafter referred to as TDMB-SI), due to lack of space. The
basic idea is to integrate Eq. (7) over a spatial cell, zj_;/; <z < Zj;1/,, to produce two balance
equations; and then by applying discrete ordinates (Sn) method with weighted-diamond (WD) spatial
differencing, two auxiliary equations are introduced:

¢(1+1) _ 1+an; 41 n 1—ay; l[l(l+1)

ken.j 2 k.n,j+% 2 k,n,j—% ’ 8)
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where subscript n and j respectively denote direction and spatial indexes, and we note that different WD
parameters ay ; and &, ; may be used; these yield a system of four discrete equations. For u, > 0, the
unknowns are cell-average Yy, ; and Yyiq1/25j , and cell-edge angular fluxes Yy, jiq/2 and
Yis1/2,n,j+1/2 as shown in Figure 1. At each spatial step j in a forward sweep, we solve for these
unknowns with the given incoming cell-edge angular fluxes Yy, j_1/2 and Yy11/24 j—1/2 Obtained from
the previous sweep step or boundary condition. The process is reversed for the backward sweep. One can
go over the algebra and effectively ends up with two sweep operations per spatial step, each for the time-
average k and time-edge k + 1/2 quantities. We note that only one sweep operation, for the time-edge
quantities, is performed in BE-SI. An important take away here is that the amount of work per iteration of
TDMB-SI is about twice of BE-SI. Additionally, the amount of memory requirement is doubled since we
need to keep track of the time-average quantities as well.

t 1
k+= Y o1 1 Y 1 Y11
2 k+7,n,j . k+§,n] k+§,n,]+§
@O
l/)k,n,j—l : lpk,nJ lpk,n,j+§
t 1 .
k_
N E O S Vi dnjel
1
Z. 1 VA Z, 1
J=3 ! it

Figure 1. (Color online) Illustration of TDMB forward (u,, > 0) sweep operations. Given the black
nodes, the hollow red nodes are solved at each step. Vertical and horizontal broken lines indicate the cell-
and time-average.

4.2. Fourier Analysis of SI

A Fourier analysis is performed to investigate the convergence rate of the proposed TDMB-SI scheme
outlined in Eq. (7). This analysis is similar to that performed in [3], where an infinite homogeneous
medium with isotropic scattering is considered. It is found that the iteration matrix eigenvalues w, , are a
pair of complex conjugates (more on this in Section 6), and the resulting spectral radius p can be
expressed as shown in Eq. (9), where n = vZ;At and ¢ = Z;/Z;. We can replace ¢ with k + (1 — k)c for
a system with fission, where criticality k = vZ; /X, (i is used to avoid confusion with time bin index k).
As a comparison, the spectral radius of BE-SI is provided as well in Eq. (9).

o] = [N ED] n_, e )
PTDMB-SI 1,2 ¥ 20+ 12 T PgE-si .

The spectral radius of an iteration matrix p represents the worst-case estimate of error reduction factor per
iteration; the smaller p, the faster the convergence. The spectral radii, for c = 1, of TDMB-SI and BE-SI
are shown on the left of Figure 2. It is found that convergence is guaranteed by both methods regardless
of At, because p is always smaller than 1 (p —» 1 as n = ). This verifies the applicability of the
proposed TDMB-SI scheme. Should x increase, a smaller At is needed for convergence, and this
generally applies to any method. TDMB-SI and BE-SI have very similar spectral radii, and thus
convergence rates. Recalling from the previous subsection that the amount of work per source iteration of
TDMB-SI is about twice that of BE-SI, we may conclude that TDMB-SI ultimately requires about twice
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the work of BE-SI in producing solution at each time step with a given At. Another important finding of
the Fourier analysis is that, similar to BE-SI, the most slowly converging error mode of TDMB-SI
happens to be the flat mode (4 = 0, as shown on the right of Figure 2), which is nearly isotropic; this
suggests that we can formulate a diffusion acceleration scheme, which works well in eliminating nearly
isotropic mode, to speed up the convergence of the proposed TDMB-SI scheme.
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Figure 2. (Color online) Spectral radius (left) and eigenvalues (right) of SI and DSA. Eigenvalues of
TDMB are complex conjugate pairs, and the curves shown on the right figure are their modulus.

5. DIFFUSION SYNTHETIC ACCELERATION

A diffusion synthetic acceleration (DSA) scheme (hereafter is referred to as TDMB-DSA), is formulated.
Correction equations for the time-average and time-edge scalar fluxes, respectively G and F, are obtained
by taking the zeroth and first angular moment, with P; approximation, of the actual error equations based
on Eq. (7). These correction equations are shown in Eq. (10) and (11), and the correction steps are
shown in Eq. (12). The unknowns G and F are separately acted on typical diffusion operators but coupled
within the same fixed source equations. Comparing to the typical diffusion operator arising in BE-DSA,
here we have four blocks of the typical diffusion operator for solving the system of equations with
doubled unknowns. We note that there are three kinds of total cross-sections, which are defined in Eq.

(13).
d 1d6 | [4 1dF 1 ] (+3) (10)
dz3%,dz ¢ dz3:;dz vAt | P L
7] P (P dF+(z +2 1)F _ 1, (42 _ 0 (11)
dz3%; dz =~ vAt dz3s,dz  \"" " “wAt) | ¢ ¢k+% ¢k+% ’

1 1

! l+5 L I+
e ro dpalder

2
2*—2<+2+21)-i—12*-i— L s 13
t = e\ p) STt AT (13)



EPJ Web of Conferences 247, 03024 (2021) https://doi.org/10.1051/epjconf/202124703024
PHYSOR2020

The TDMB-DSA scheme is an extension of TDMB-SI. We start by performing the transport sweep
outlined in Eq. (7), but we change all the superscript iteration indexes of (I + 1) into (I + 1/2) to mark
them as intermediate iteration solutions. After that, acceleration is performed: Eq. (10) and (11) are
solved, and the solutions are used to update the intermediate iteration solutions into the accelerated
iteration solutions per Eq. (12).

Fourier analysis of TDMB-DSA 1is performed. The iteration matrix eigenvalues are a pair of complex
conjugates, similar to TDMB-SI. The resulting spectral radius and eigenvalues are compared in Figure 2.
It is found that TDMB-DSA successfully eliminates the flat mode (4 = 0), which is the most persisting
error mode in TDMB-SI. Furthermore, similar to the unaccelerated TDMB-SI and BE-SI, TDMB-DSA
and BE-DSA have similar spectral radii, indicating that they take similar number of iterations for
convergence. To conclude that TDMB-DSA ultimately requires about twice the work of BE-DSA, we
need to compare how much more expensive is solving Egs. (10) and (11). A simple convergence
analysis with Gauss-Seidel-based iteration methods (not presented in this paper) shows that the resulting
spectral radii of iteratively solving BE and TDMB lower-order diffusion equations are similar; yet again,
TDMB requires about twice the work per iteration.

6. NUMERICAL RESULTS

The proposed TDMB-SI and TDMB-DSA iteration schemes have been implemented into an Sn research
code. Diamond difference spatial discretization is used: @, j = @, ; = 0 in Eq. (8). A representative
problem of one-group homogeneous non-fission infinite medium with isotropic scattering, whose solution
is shown in Eq. (15), is considered:

1a¢

A + Ztlp(”! t) - _[ Sd)(t) + Q] , 1/)(#: O) =a+ B#Z , (14)
¢(t)=Ae‘”Zat+Z%, A=2a+§ﬁ—ZQ—a : (15)

A large slab (1000 cm, J = 100) with vacuum-reflective boundary conditions is used in the Sn
simulations to simulate the infinite medium problem. Total cross-section X, and neutron speed v are set to
unity. Number of directional quadratures N is set to 32. Additionally, to avoid false convergence during
iteration, convergence criterion is set as shown in Eq. (16), where €, is the specified relative error
tolerance, and the spectral radius p is approximated as the ratio of the consecutive “residuals”. Two test
problems are presented. The first one is to verify the theoretical spectral radius—Eq. (9), and the second
is to verify the stability and accuracy, and to investigate the efficiency of TDMB.

|¢(l+1)_¢(l)| <(1-2) ||¢(l+1) ¢(l)||
[ =R P @ =g,

max

(16)

6.1. Spectral Radius

A zero-solution problem is considered: initial condition ¢(0) and independent source Q are set to zero.
Scattering ratio ¢ and 7 are set to unity and 10.0, respectively. We use a step function in space as the first
guess to feed enough Fourier error modes. Knowing that the exact solution is zero, we can numerically
estimate the spectral radius from the ratio of the two consecutive exact residuals: ||q§(l+1)||2 / ||¢(l)||2,
either of ¢y or Py 41/,. Selected results are shown in Figure 3. It is found that the ratio of residuals of
TDMB-SI does not converge to the expected spectral radius pg4 obtained in Fourier analysis. It is
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observed that upon “convergence”, the residual ratios keep changing periodically around the expected
Pra: they decay down to ppy, rapidly drop below it, suddenly jump up once producing worse solutions,
and then repeat. This anomaly is due to the leading eigenvalues w, , being a pair of complex conjugates,
something that, to the authors' knowledge, has not appeared previously in any standard iteration methods.
A numerical spectral radius estimation that better suits for complex conjugate leading eigenvalues needs
to be formulated. TDMB-DSA also has a complex conjugate pair as its leading eigenvalues. However, its
residual ratio converges close to pg4. More investigation is needed to observe why TDMB-DSA behaves
differently despite its complex conjugate leading eigenvalues. We note that it converges to slightly below
the expected spectral radius; this is because ppy is the theoretical spectral radius of a real infinite slab.
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Figure 3. (Color online) Ratio of residuals in iteration number for spectral radius verification of
TDMB-SI (left) and TDMB-DSA (right). pr, and w, , are the theoretical (Fourier analysis) spectral
radius and the complex conjugate leading eigenvalues of the iteration matrix, respectively.

6.2. Stability, Accuracy, and Efficiency

https://doi.org/10.1051/epjcont/202124703024
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Figure 4. (Color online) (Left) number of transport sweeps required to achieve a certain accuracy
and (right) efficiency of BE and TDMB in solving the second test problem.
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In this second test problem, scattering ratio ¢, independent source @, and relative error tolerance €, are
set t0 0.5, 0.1, and 10710, respectively. The solution “at” the reflective boundary is evaluated for time
T =10 and is compared to the analytical solution Eq. (15) to calculate the error. The number of time
steps is varied from 1 to 1000; we note that n = At, since v and X; are unity. The relative error €, and
total number of transport sweeps Ngyeep (0ne and two per iteration for BE and TDMB, respectively) are

recorded. As a figure of merit, efficiency eff is defined as shown in Eq. (17) and is calculated for each
value 77. Results are shown in Figure 4. It is found (plot not presented in this paper) that TDMB is
second-order accurate and unconditionally robust. From the left figure of Figure 4, it is shown that to
achieve a certain accuracy, TDMB requires a smaller number of transport sweeps compared to BE; this
separately applies for both SI and DSA versions. The figure on the right compares their efficiencies, and
it is shown that TDMB is more efficient than BE. We note that the efficiency of TDMB grows better (in
decreasing 1) than that of BE due to TDMB’s higher accuracy order.

7. CONCLUSION AND FUTURE WORK

Using a physics-based auxiliary equation, TDMB offers a robust second-order accurate time-
discretization method. Fourier analysis reveals that the convergence rates of the proposed iteration
schemes for TDMB are similar to those of the common (SI + DSA) schemes for BE. Despite the doubled
amount of work required per transport iteration, TDMB can achieve similar accuracy with a larger time
step compared to BE; this potentially leads to less total amount of work and thus increased efficiency.
Simple test problems verify the robustness, second-order accuracy, and estimated relative computational
cost of the proposed TDMB-SI and TDMB-DSA methods.

Future work includes formulating an appropriate spectral radius estimation for the TDMB methods due to
the complex conjugate iteration matrix leading eigenvalues. Also, a Fourier analysis for discretized
direction and space is needed to further characterize the convergence rate of TDMB iteration schemes.
Investigation on how TDMB features hold in solving more realistic (higher-dimensional, anisotropic
scattering, multigroup) problems needs to be done. The ultimate goal of this work is to formulate a robust
second-order accurate loosely-coupled multiphysics method for reactor transient simulations. To achieve
this, we need to apply TDMB to the other involved physics (e.g., heat equation and thermal-hydraulics),
set up the TDMB scheme for solving the nonlinear problem, and formulate a robust second-order accurate
operator splitting scheme.
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