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ABSTRACT

The relativistic impulse approximation is applied to proton elastic scattering (Chapter
2) and proton quasi-elastic scattering (Chapter 3) to examine the effects of relativistic
dynamics on the predicted experimental observables. When possible, comparison with
experiment is made.

Proton elastic scattering from 12C, 160. 40 Ca. 4 8Ca. 9oZr and 20 8 pb at energies near
200 MeV is studied with a relativistic microscopic calculation of the Dirac optical
potential. This calculation goes beyond the original RIA by including: (a) An explicit
treatment of exchange terms in the optical potential: (b) Medium modifications from
Pauli blocking; (c) The resolution of an important ambiguity in the relativistic NN
amplitude by using pseudovector 7r coupling. The results quantitatively reproduce all
measured spin observables (Ay and Q) except at very large backward angles. Energy
dependence and sensitities of the microscopic calculation are discussed.

Proton quasi-elastic scattering at energies from 300 to 800 MeV on 12C, 40 Ca and
20 8Pb is calculated using a relativistic plane wave impulse approximation with a Fermi
gas model for the target. Relativistic effects are incorporated by using spinors char-
acterized by effective masses of from .8M to .9M. The enhanced lower components
give significant differences between relativistic and nonrelativistic predictions of some
quasi-elastic spin observables. The analyzing power at Tlab = 500 MeV, Olab = 18.50
decreases from the free NN value when relativistic spinors are used, in agreement with
the data. The polarization transfer coefficients D,s, and DjI, show some disagreement
with the data, and the others (D,, and D,,j) are unaffected. Predictions for observ-
ables at other energies and scattering angles are presented. Finally, calculations are
presented for the (p.n) quasi-free charge exchange reaction, which give significantly
different predictions for the cross section and some spin observables depending on the
use of relativistic spinors and the choice of pion coupling.

Magnetic moments are calculated for closed shell-plus-one nuclei. It is shown that
when one accounts for the interaction of the valence nucleon with the nuclear core,
agreement with the experimental values is comparable to that of the nonrelativistic
"Schmidt" magnetic moments.

Thesis Supervisor: Charles Horowitz (Assistant Professor of Physics)



FOREWORD

Much of the fun of doing theoretical physics is in being able to make successful

predictions of experiments. It's especially exciting (and rare) to be able to make them

in the literal as well as the scientific sense, and to see a set of detailed predictions

confirmed after they made. That is just what happened during the course of this work,

with the 200 MeV proton elastic spin observables for 90Zr and 20sPb, later measured

by the Hausser group at TRIUMF.

My own interest in the subject of relativity in proton scattering came from my

earlier graduate work at the University of Colorado where I assisted with the first rel-

ativistic impulse approximation calculation, and where it was discovered that the sim-

plest relativistic version of the old KMT theory did surprisingly well with the recently-

measured analyzing power for 500 MeV p + 4 0Ca scattering. No one interested in

proton scattering could ignore the predictions of spin observables in Refs.[Sh83] and

[CI83b], even people who might not have liked the idea of using the Dirac equation to

do nuclear physics. (Those relativistic guys must have done something right!) In fact,

it is still an open question as to just what was done right in the Dirac calculation, one

which is not dealt with in this thesis, and which I would like to study at some later

date. But the first project written up in this thesis (Chapter 2, also published as Phys.

Rev. C35. 1442 (1987)) shows that the original success at 500 MeV was no fluke

and that the RIA works at lower energies, provided one applies it more carefully than

in the first publications.

The next part (Chapter 3) presents calculations for a different and in some re-

spects more rigorous test of relativistic impulse approximations, the prediction of the

observables of quasi-elastic proton scattering, for which data are only now starting to

come in from LAMPF and TRIUMF. Theoretical work on this subject is also in an

underdeveloped state, and there is lots of work ahead in seeing how the quasi-free



(p.p') and (p.n) reactions probe the need for relativistic dynamics in descriptions of

nuclei. This work is presently being prepared for publication.
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Chapter 1. Introduction

1.A Relativity and Nuclear Physics

The atomic nucleus is a complex many-body system whose components interact

strongly and at short range. Presumably, the correct degrees of freedom are the quark

and gluon fields of quantum chromodynamics. but at present it is very difficult to

understand nuclear phenomena along these lines. The job of the nuclear physicist is to

find the important degrees of freedom of the nuclear system and the dynamics obeyed

by them.

Traditionally, those degrees of freedom have been taken to be protons and neu-

trons interacting via two-body potentials and described by Schradinger (nonrelativistic)

wavefunctions and the many-particle Schr6dinger equation. While the formalism of rel-

ativistic field theories is often used to obtain the forms of NN potentials they are then

customarily used in nonrelativistic calculations; the lower components of the Dirac

wavefunctions are assumed unchanged in the nuclear medium.

In the past decade support has been given to the idea that nucleon dynamics

should begin and stay in the framework of relativistic quantum mechanics and field

theory. The Stanford group, whose work is summarized in reference [Se86], has shown

how nuclear matter saturation arises in a model field theory of nucleons and Lorentz

scalar and vector (isoscalar) fields, with Lagrangian density:

£ = ;[r,(ia• - gvV ) - (M - gs4)]P + 2(-r 0aP ~ - m•2)

1 (1.A. 1)
-F,,xF + 1m VV + 664 2

6



Table 1.1
Model parameters for QHD in two approximations. Coupling constants are

found by adjusting to fit the saturation density and binding of nuclear matter.
MFT is the mean field theory where vacuum fluctuations are ignored. RHA is
the relativistic Hartree approximation including vacuum fluctuations.

where

F,,, = ,,V, - ,,v,, (1.A.2)

and 612 stands for possible counterterm contributions to regularize the theory. Typical

model parameters are given in Table 1.1.

In the mean field approximation (written here for a static, uniform system), the

meson field operators in (1.A.1) are replaced by their ground state expectation values:

S-+ (0) --00 o(1.A.3a)

V ( -- (Vp,) 6MoVo (1.A.3b)

resulting in the mean field equations

00 = (- g (1.A.4a)
ms ms

Vo = gv gv (1.A.4b)

[ia# - gvy 0Vo - (M - gso) = 0 (1.A.4c)

The theory can then be solved exactly, and it has now been extensively applied to

nuclear matter and finite nuclei. Important results of these studies include:

a) The saturation property of nuclear matter, resulting from a balance of the attrac-

tive scalar field and the repulsive vector field. The saturation density and binding

Model g g m, (MeV) m,, (MeV)

MFT 91.64 136.2 550. 783.

RHA 62.89j 79.78 550. 783.



energy of nuclear matter give the values of Table 1.1. The mean values of the

meson fields in nuclear matter are

gsdo - -400 MeV gvVo ; +350 MeV, (1.A.5)

values which are not small compared to the (free) nucleon mass and emphasize

the need for relativistic dynamics. The scalar field shifts the mass of the nucleon

to:

M -, M* - M - gs0o (1.A.6)

b) In finite nuclei, the mean field theory reproduces the observed spin-orbit splittings

of the nucleon levels and gives good agreement with the measured charge densities.

The field theory treatment of nuclear physics is appealing on formal grounds;

relativistic quantum field theory is the only known consistent, Lorentz covariant way of

treating dynamical systems. Since QHD is a theory for fermions, spin will be treated

as a fundamental part of the dynamics, so that spin dependence of the interactions will

arise naturally. Since it is Lorentz invariant, it will be applicable for all momenta: one

of the original motivations for the development of QHD was the description of nuclear

matter under conditions of high density (large Fermi momentum), as in astrophysical

applications. But apart from these extreme conditions, there are good reasons to prefer

a relativistic field theory treatment for ordinary nuclei and nuclear matter. Without

using static potentials as a starting point, one can deal with the retardation of the

NN interaction and meson exchange currents explicitly. And with an unambiguous way

to arrive at measurable quantities from nucleon and meson degrees of freedom, the

appearance of quark degrees of freedom in conventional nuclear processes will be clear.

A second approach to relativistic nucleon dynamics which also gives the large

potentials of (1.A.5) comes from the work of Clark et al [CI83a], who have stud-

ied the phenomenology of the Dirac equation for describing nucleon-nucleus elastic



scattering. In this work, the Dirac equation with phenomenological scalar and vector

optical potentials replace the standard central and spin-orbit potentials of Schradinger

phenomenology. It was found that proton elastic data could be fit well by as many

parameters as for the nonrelativistic phenomenology. Again, the scalar potential is of

strength -400 MeV and vector field is of strength +350 Mev in the nuclear interior,

with geometries following the nuclear densities. The relativistic potentials show less

energy dependence than the nonrelativistic potentials. The Dirac potentials can be

reduced to a Schr6dinger-equivalent form where the central potential is roughly the

sum of the scalar and vector potentials (see Appendix C), but an energy dependence

is introduced by this reduction: the relation between the two descriptions can explain

the energy dependence of the Schr6dinger optical potentials.

It was later found that the strong relativistic optical potentials of the phenomeno-

logical fits could be calculated from a relativistic NN interaction and nuclear structure

information by the Relativistic Impulse Approximation (RIA). This provides more evi-

dence for the possibility of a complete relativistic treatment of the nucleon dynamics

for proton scattering. The predictions of spin observables from these calculations agree

very well with data.

Thus, relativistic treatments of nuclear physics have the following advantages:

1) Field theory treatments offer the possibility for unambiguous fully consistent

calculations; they will be good for all momenta and interaction strengths and will

incorporate spin as a natural part of the dynamics.

2) Mean field theory calculations can explain nuclear matter saturation and the

spin-orbit splitting in finite nuclei in a simple and satisfatory way.

3) The impulse approximation provides a remarkably successful treatment of pro-

ton elastic scattering, so that there is the possibility that structure and reaction cal-

culations can be united with the same dynamical basis.



In this thesis, I present two pieces of work on relativistic treatments of proton scat-

tering and a shorter section on nuclear structure. Both of the proton scattering sections

use the relativistic impulse approximation to calculate experimentally observable quan-

tities for nucleon-nucleus scattering from the nucleon-nucleon scattering amplitudes.

Relativity makes predictions about how the NN interaction is modified in the presence

of many other nucleons, and the consequences for intermediate-energy experiments

are shown.

Chapter 2 deals with elastic proton scattering from closed-shell nuclei, for which

the relativistic approach has already been used with success. The present work im-

proves on these first calculations in that it includes some features of the RIA which were

previously omitted. These features significantly extend the energy range at which the

RIA can be applied, and good agreement with proton data near 200 MeV is obtained.

Chapter 3 presents the first work of mapping out the nuclear response for quasi-

elastic proton scattering, as calculated in a relativistic scheme. In this section we

compare calculations for the scattering observables with and without the mass shift

brought about by the scalar field, (1.A.6) to see if there is any signature of the rel-

ativistic effective mass, i.e. the enhanced lower components of the spinors. We find

that there are such signatures, and when compared with the new quasielastic data, the

results are favorable (though mixed) for the relativistic treatment.

Chapter 4 deals with electromagnetic probes of nuclear structure, in particular

the magnetic moments of closed shell-plus-(or minus)-one nuclei. Static magnetic

moments have presented a problem for relativistic structure calculations, but with

more careful inclusion of many-body effects, this problem has been largely eliminated.

1.B Conventions

The notation for the various scattering amplitudes will adhere as closely as possible

to that already used in the important publications in this field. There is no need for a

new.way of representing these.



Conventions for the Dirac matrices and spinors will be those of [Bj64], which are

the same as those of [Se86] except for the normalization of the spinors. and these will

be pointed out when the need arises.

Vector quantities without indices and not in boldface are generally four-vectors.

Three-vectors will be written in boldface, and when these quantities are squared, it

means, e.g.

Q2 Q2 Q2 _ Q.

This differs from what was used in [Mu87] but is in line with [Bj64].

Clebsch-Gordan coefficients, written as (ij ml j2 m2j3 m3) for j1 +j2 = js follow

the Condon-Shortley phase convention. When I is added to s to give single-particle

states of good j. use Ji = 1, j2 = s, and j3 = j

Generally, h = c = 1 throughout.

1.C Relativistic NN Amplitudes

Chapters 2 and 3 will present calculations which take information from NN scatter-

ing and apply it to N-nucleus scattering, using relativistic dynamics and wavefunctions.

These calculations will then require a relativistic description of the NN scattering data.

1.C.1 Nonrelativistic Representation of the Amplitude

The most general representation of the nucleon-nucleon scattering amplitude in

the nonrelativistic setting is a Wolfenstein-type parametrization with 5 complex param-

eters at each lab energy and scattering angle. More precisely, this is the most general

form consistent with rotation, parity, time-reversal and isospin invariance [G183].

If in the center of mass frame of the colliding nucleons the momenta and spins of

incident particles 1 and 2 are ke,sz and -k,,s2 and those of the outgoing particles,

1' and 2' are k', s' and -k', S., the on-shell amplitude f, can be written:

(2ikc)-1 fc = A + Bu1 *2 i qlC(aln + a2n) + Dal -qa 2 _ + Eaoza2z (1.C.1)



where q = Ik'-k l. f, is a Pauli operator which depends on q and Ec = /k2 + M 2 :

scattering amplitudes for particular spin orientations are found by operating on the

initial and final Pauli spinors. Orthogonal directions ^, q and A are defined by:

ka = (ke + k') (1.C.2)

Z= ea n = ~ X 2 (1.C.3)

The subscripts on the a's indicate the spatial component and whether to operate

between the 1' and 1 or the 2' and 2 spinors. The are five complex functions A....,E

for pp and five functions for nn scattering.

(Though not the way that the NN amplitude is most often quoted. form (1.C.1)

is used in much of the literature related to the calculations in this thesis; it is trivially

related to the more common representations of the amplitude: see Appendix A.)

The amplitude fc is normalized so that the cross section is the square of fc:

fl - (X 2,f°XlX 2 2 (1.C.4)
2-_ 21

1.C.2 Relativistic Representation of the Amplitude

McNeil, Ray and Wallace [McN83a] equated on-shell matrix elements of a 4 x

4 ® 4 x 4 matrix I to the experimental NN amplitudes. The Pauli spinor Xi matrix

elements of Eq.(1.C.1) are equated to the positive energy matrix elements of a Dirac

operator F. operating on the four-comonent spinors of the corresponding momenta

and spins:

(2ike)- X, X , fc(E, q)Xe8 Xe2 = U(k', s')U(-k', s2)(Ec, q)U(ke, si)U(-kc, 82)

(1.C.5)

where

2M a



which is normalized so that UU = 1. Again, there is an isospin label for F, with ,pp

for pp scattering and Yp,, for pn scatterng. We will abbreviate the right side of (1.C.5)

as U1,U 2,7U1U2.

F is an operator in the spinor space of the two particles and quite generally (before

considering physical symmetries) has 4 x 4 x 4 x 4 = 256 components. So Eq.(1.C.5))

only determines a small subset of the components in F. Just as symmetries reduce

the number of possible independent spin matrix elements of f, to five (the functions

A(q, Ec) ... E(q, E) in Eq. (1.C.1)). isospin and time-reversal invariance reduce the

independent components of I to 44. for the on-shell amplitudes [Tj85]. So there will

be an infinite number of operators 7 with the same five on-shell matrix elements.

but different 4 x 4 ® 4 x 4 matrix structures. These different structures will give, for

example, different negative energy spinor matrix elements of F. These ambiguities

are important because we will use the full 7, not just UlU 2'FU 1U 2 to construct an

optical potential in the calculation of Chapter 2.

Thus, the information contained in the measurement of the NN amplitudes at a

given energy- which gives the five complex Wolfenstein parameters- is not sufficient

to determine the operator F completely, so without further theoretical input, assump-

tions need to be made about the form of I(q). These assumptions will determine the

behavior of the NN amplitudes as the spinors U change. The choice for ?(q) made

in the original RIA was:

?(q,E) = FL(q,E)A), ) AX2) (1.C.7)
L

where the L's stand for the Dirac matrix types listed in Table 1.2. For example, the

tensor term contributes FT(q, E)UIa"'U1i U 2 a,,,U 2 . With this form, one can derive

a 5 x 5 nonsingular matrix relating the FL to the 5 Wolfenstein parameters A,..., E

(Ref. [McN83a];: see also Appendix A). We emphasize that only the free matrix el-

ements of (1.C.5) are determined by the NN data while the "off-shell" operator is



Table 1.2

needed to construct an optical potential. Other assumptions for the form of 7 are pos-

sible, in particular replacing -y5 by L which gives the same result for the amplitudes

when operating on free spinors but which will give a different tp optical potential.

A = E) Fi(q,'E jAi

i Ai

S (Scalar) 1

V (Vector) IYA

P (Pseudoscalar) -5

A (Axial-Vector) 1s511

T (Tensor) ULI,



Chapter 2. Elastic Scattering; The Relativis-
tic Impulse Approximation

2.A Introduction

2.A.1 Elastic Proton Scattering

Models for the NN interaction in the nuclear medium are tested particularly well

by studying elastic scattering of protons from closed-shell nuclei, especially at interme-

diate energies. In such experiments an incoming proton beam, which may be polarized

is scattered, leaving the target nucleus in its ground state. The polarization of the

outgoing beam can also be measured.

These experiments allow us to focus on the NN interaction because:

a) Knowledge of excited states will not be important, and in fact, very detailed

information on the structure of the ground state may not be necessary.

b) At intermediate energies (and small scattering angles) the scattering is domi-

nated by single-collision processess, making impulse approximations possible.

c) Complete sets of high quality data now exist for the energy range 200-800 MeV,

giving very strict limits on acceptable theoretical models.

At each lab energy and scattering angle, there are three independent measurements

possible: The cross section d, and two spin observables, the analyzing power A, and

the spin rotation parameter Q. (See Appendix B. especially Fig. B.2 which gives a

schematic of the spin measurements which give A , and Q.)



2.A.2 Optical Potentials

The dynamics of proton-nucleus scattering is summarized by the optical potential.

For Schrodinger dynamics, there are central and spin-orbit parts:

-- + Uc(r) + Uso(r)a- L tnonrel(r) = Eknonrel(r) (2.A.la)

USchr = Uc(r) + U0o(r). T L (2.A.lb)

while in the relativistic case one deals with scalar, vector and a small tensor potential:

[a- p + Uo(r) + 3(M + Us(r)) - 2iV .rUT (r)]rel(r) = E)rei(r) (2.A.2a)

UDirac (r) = Uo(r) + #Us(r) - 2id I UT(r) (2.A.2b)

Phenomenological studies of these potentials at low energies find Uc(r) to have a real

part of about -50 MeV and Uso(r) peaked at the nuclear surface with a value of about

-1 MeV. while the real parts of Us(r) and Uo(r) are of order -400 MeV and +350

MeV. respectively.

USchr and UDirac are both calculable from NN amplitudes and nuclear structure

information by means of "impulse approximations", to be outlined in the next sec-

tion. (As will be seen, the term "approximation" is something of a misnomer in the

relativistic case.) Both types of resulting optical potentials give good agreement with

experimental cross sections, but recently it was found that the simplest relativistic

calculation did much better than the simple nonrelativistic calculations in predicting

the spin observables Ay and Q.

It may well be that one must do better calculations of medium corrections for

the nonrelativistic calculations to get agreement with the 500 MeV spin observables

which is as good as the relativistic calculations; in any case. neither of the two simple

impulse approximations works well at energies of Tlab -, 200 MeV and lower [Ra85]. In

particular, the first relativistic calculations (with their simple extrapolations on the NN

16



amplitudes for large IqJ) do not match the large-angle behavior of the spin observables

in Pb, and neutron densities extracted from the impulse approximation show strong

energy dependence.

To answer these questions about the applicability of the relativistic impulse ap-

proximation to lower energies, we have used models to add features of the RIA which

were ignored in the first calculations. These include a proper handling of the antisym-

metrization of the NN scattering matrix and its modification by the nuclear medium.

In addition, we test the original form of the NN amplitude I in (1.C.7) by choosing a

form with better low-energy physics built in.

From these models, we choose one standard procedure for calculating the Dirac

optical potentials for proton scattering at energies near 200 MeV from 12C, 160, 40 Ca.

90 Zr and 208Pb and compare them with all the available data.

2.B Nonrelativistic and Relativistic Impulse Approximations

2.B.1 KMT Theory

In 1959, Kerman McManus and Thaler [Ke59] developed a formalism for the

scattering of intermediate-energy nucleons by nuclei, with the object of calculating

nucleon-nucleus scattering in terms of nucleon-nucleon amplitudes. An approximation

for the optical potential for elastic scattering was derived as follows:

Assume Schr6dinger dynamics with two-body potentials between all nucleons, (in

particular, between the projectile and the target nucleons). Then divide the Hamiltonian

for the complete system into:

H = Ho + V Ho = HN + Ko (2.B.1)

where HN is the Hamiltonian for the N nucleons in the target nucleus. Ko is the

kinetic energy operator of the incident particle, and

N

V = v(ro, ri) (2.B.2)
i=1



is the sum of two-body interactions between the projectile at ro and target nucleons at

ri. The scattering matrix for nucleon-nucleus collisions obeys a Lippman-Schwinger

equation:

T= T+V T. (2.B.3)
E - Ho + e

With A being the projection operator for antisymmetrized nuclear states, KMT

define a nuclear medium NN scattering operator r as the solution of:

r = v 1 + Ar (2.B.4)
E -Ko-HN +iiE I

to be contrasted with the free NN scattering operator t. which satisfies:

t = v 1+ E - (2.B.5)I E-Ko - K1 +iI
where K 1 is the kinetic energy operator for a target nucleon.

Then by combining (2.B.3). (2.B.4) and (2.B.5), KMT arrived at a first approxi-

mation for V (note: not for T):

V ; (N - 1)r (2.B.6)

As a further approximation, the free NN matrix t is used in place of r (the "impulse

approximation") to give:

V - (N - 1)t (2.B.7)

The full expression for the optical potential for elastic scattering, using a nuclear

ground state 10) normalized as (010) = N is

Uopt = (N 1) 0 (2.B.8)

2.B.2 Relativistic Impulse Approximation

In 1983. McNeil et al. [McN83b] and Shepard et al. [Sh83] investigated the

possibility that a relativistic formula analagous to (2.B.8) would give a good description

18



of nucleon scattering. They presented a hypothesis as to how this might take place:

The NN scattering operator ti in KMT is replaced by the Dirac operator i introduced

in Section 1.C. with the appropriate factors for normalization:

t--+ 47rm i (2.B.9)

where is Pcm is the magnitude of the three-momentum of the projectile in the nucleon-

nucleus center of mass frame (optical potentials and scattering observables are calcu-

lated for this frame). The relativistic analog of (2.B.8) is:

t(qE) 47rip
Uopt (q, E) = 47rim 0 (q,E)0 (2.B.10)

The formula in complete analogy to (2.B.7) would include a properly symmetrized

F. and the formula in analogy to (2.B.6) would also include modifications of the nuclear

medium, but neither of these features were included in the first calculations [Sh83],

[CI83b]. Also, j was chosen to be of the form (1.C.7). without examining any other

form.

Eq. (2.B.10) is now commonly referred to as the Relativistic Impulse Approxima-

tion, although clearly it is a hypothesis, since there is no well-defined way of calculating

higher-order terms. (However, see [Lu87].)

Calculations at Tlab=500 MeV and Tlab=800 MeV for proton scattering on 40Ca

and 208Pb ([Sh83]. [C183b]) are surprisingly successful, especially for the spin observ-

ables Ay ad Q which give quantitative agreement with data. The agreement is much

better than the lowest-order nonrelativistic calculations. At lower energies, the simple

implementation of (2.B.10) does not give such impressive agreement [Ra85].

Before inquiring about a next order formula for (2.B.10), it is worth investigating

whether a better calculation of (2.B.10) will give good agreement over a larger range

of projectile energies. These improvements then include a properly symmetrized 7,



including medium modifications, and investigating the assumptions made in choosing

form (1.C.7). This will be the subject matter of the rest of this chapter.

2.C Relativistic Love-Franey Model

In this section. I review a model which allows one to separate direct and exchange

parts of the scattering amplitude, so that an antisymmetrized amplitude can be used

in the relativistic impulse approximation. This model performs a separation of (1.C.5)

into:

(kl kll lklk2) = (k'kIJt(E) klk 2) + (-1)T (k kl I(E) k 1k2) (2.C.1)

where now t(E) is the true NN scattering operator. T is the total isospin of the

two-nucleon state before or after the collision.

In Ref. [Ho85]. a model for this separation was presented which is mathematically

simple and has a physical basis in the one-boson exchange mechanism. It also allows

one to examine ambiguities in the form of Y.

The NN amplitude is modeled as arising from the first Born approximation for the

exchange of a set of "mesons" (see Fig. 2.1) whose parameters are fit to reproduce

NN scattering data at separate energies. The mesons are of different Lorentz types

(scalar. vector, tensor, pseudoscalar and axial vector) and isospins. The coupling

constants are complex with a real coupling g? and an imaginary one i. The small

imaginary couplings are a purely phenomenological means of obtaining the imaginary

amplitude. We use the nonrelativistic limit of the free spinors, so that the mesons

have propagators of the form q2 ,m and the meson-nucleon vertices have form factors

2 with separate m and A for the real and imaginary contributions to the amplitude,
+A2

denoted respectively by m.fi and A.A. The parameters found for the real amplitude

have a close correspondence with those of one-boson exchange potential fits [Ho72],

[Ho75] to NN data.
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Fig. 2.1 Meson exchange diagrams for the relativistic Love-Franey model.

To calculate the NN amplitudes we consider the diagrams in Fig. 2.1 where the

two interacting nucleons are identical particles in either a T = 0 or T = 1 total isospin

state. The NN-meson vertex factor from the Feynman rules is assumed to be:

gi 1 AL( )(' (2.C.2)

where L(i) denotes the Lorentz type of the ith meson (see Table 1.2) and Ii = (0, 1)

is the meson's isospin. The T = 0 scattered wave is symmetric for space-spin inter-

change so there is a relative (+) sign between diagrams 2.1a and 2.lb. For T = 1

scattering, the wavefunction is antisymmetric and likewise there is a relative minus sign.

Then up to overall kinematic factors, the contribution of meson i to the amplitude is:

UU2 1 2 O1,' L(i)U1 V2' L(i)U2 (1'" T'2}li

U1U21.7iUl2 ( 2m q2 U2 1. + I -•, .

+ (_ 1 )T 2) TAL(i)U 1 1'L(i) 2 I1 'r2
M? + Q2 +

(2.C.3)

where the direct and exchange momentum transfers are q = k' -ki and Q = k'- kl.

AL(i). AL(i) has the same meaning as given in Table 1.2 and there is also a contribution

to the imaginary part with the same form.



The first term in (2.C.3) is already of the form (1.C.7) from which we can identify

the contributions to the FL's in that expression (i.e. the standard form of the operator

f). The second term is not of this form because of the different order of the spinors

in the product. However, it can be rewritten with a Fierz transformation:

(U 2 1 L U1) (U 11,L U2 ) = CLL' (U L'U UI) (U 2 ' AL' U2 ) (2.C.4)

where
S2 2 1 -2 2
8 -4 0 -4 -8

c = 24 0 -4 0 24 (2.C.5)
-8 -4 0 -4 8
2 -2 1 2 2 /

with rows and columns labelled in the order (S, V, T, A, P). So (2.C.3) becomes:

mi + 1+ A
2_,T 1 1 AL2' XL 'U2iU2

+() 2 2 71 * 72Ii E CL(i)2 LIU1l U1 U2' 1 LU 2

(2.C.6)

and the identification with the contributions to the invariants FS ... FP can now be

made. Note that while in the first ("direct") piece a meson always contributes to the FL

invariant of the same Lorentz type. this is not the case with the second ("exchange")

term. For example, the pseudoscalar "meson", with L(i) = P now contributes to the

scalar invariant Fs because the Fierz matrix element cp,s is nonzero. So the "pion"

of the model has an effect on the scalar optical potential from the exchange term.

With the spinor normalization used here (UU = 1). the kinematic factor needed in

(2.C.6) to give the free spinor matrix element as in Eqs. (1.C.5) and (1.C.7) is .M2

Collecting all of these pieces, the total contribution to the invariant FL from all of the

N "mesons" is a sum of direct and exchange pieces:

FL = i M [FL(q) + FL(Q)I (2.C.7)
2EckeD D)



N

F• = • , T()l { l• 2 fi(q) (2.C.8a)
i=1

N

FL  = (-1)T ~ CL(c),L {?1 72}Ii fi(Q) (2.C.8b)
i=1

where : f'(q) = fj (q) - iff(q)

2-2 22

f (q) + 2 1 + (2.C.9)
2 - 2

Finally, to get the invariant for pp and pn scattering.

FL(pp) = FL(T = 1) (2.C.10a)

FL(pn) = 1[FL(T = 1) + FL(T = 0)] (2.C.10b)

To simplify the result a little further, define

L iM2 L iM2
t(q) = iM2 F(q) tEz(Q) = FL (Q) (2.C.11)

2Eckc 2EckcE

then the Direct + Exchange separation of the amplitude is:

(k'k'2 1kk2) = (k'k'l (E) kk 2) + () (k'k' lt(E) klk 2)
=1k k1 2 M 2 2

=k12  (' M 2 ) {FbL(q) + FL(Q)} A) A2) klk2

= (2r)3 63 (k' + k - k1 - k 2) A A(2 )[t(q) + t()]
L

(2.C.12)

where the functions tD(q) and tEx(Q) are expressed in terms of the parameters of the

model by Eqs. (2.C.7)-(2.C.11).

Values of the parameters found for this model are given in Tables 2.1-2.3. Note:

the 200 and 400 MeV tables given here are not the same as those in [Ho85]; a correction
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Table 2.1
Meson parameters for Tlab = 200 MeV. Parameters m, fn- and A, A are in MeV.

to the couplings has been applied to those values to make them consistent with the

formalism in the present work. See Appendix A of [Mu87].

2.D Formalism for Direct + Exchange Optical Potentials for Finite

Nuclei

2.D.1 General Result for (rlUopt l)

The schematic expression for the Dirac optical potential U,,pt in the RIA is:

Uopt (q,E) = 4- pcm (~2 Fi (q,E) J|2) (2.D.1)

where i(q,E) is a two-particle Dirac operator. the antisymmetrized scattering am-

plitude for the scattering of the proton from target nucleon i. It is a function of the

Real Imaginary

Meson Isospin m 2 A i g A
Type

ir 1 P 138 13.205 565.77 500 -4.129 994.92

r7 0 P 550 8.780 1386.82 1000 5.053 1162.15

a 0 S 500 -6.314 1018.96 600 -2.702 572.39

w 0 V 783 10.927 835.09 700 4.246 584.66

tl 1 T 600 -.031 200.0 750 0.163 1139.03

at 1 A 800 -1.128 403.56 1000 0.487 865.60

6 1 S 960 0.340 543.17 650 2.201 565.87

p 1 V 760 -.585 917.19 600 -1.749 557.28

to 0 T 800 0.334 2500.0 750 -.808 880.91

ao 0 A 1275 2.271 1292.96 750 -1.891 933.15

M



Real Imaginary

Meson Isospin ype m g A g A

7r 1 P 138 13.33 577.43 500 -2.205 473.95

77 0 P 550 3.391 2500 1000 4.989 2500

a 0 S 500 -5.861 1008.2 600 -1.807 724.66

w 0 V 783 9.825 862.17 700 2.948 685.89

tl 1 T 600 0.122 650.57 750 0.066 2427.16

a, 1 A 800 -.556 388.83 1000 0.049 200

6 1 S 960 -.002 200 650 1.655 631.8

p 1 V 760 -.385 647.04 600 -1.258 633

to 0 T 800 0.006 200 750 -.356 691.1

ao  0 A 1275 0.190 719.74 750 -.898 762.61

Table 2.2
Meson parameters for Tlab = 300 MeV. Parameters m, ri and A, A are in MeV.

momentum transfer q and the collision energy E. the center of mass energy of the

nucleon pair. The customary choice for E in impulse approximation calculations is the

"Breit-frame" energy, but in this work nuclear recoil is ignored so it is taken to be the

center of mass energy for a stationary target nucleon and incident proton at the lab

energy. 1'2>) is the full A-particle nuclear ground state.

Using the properly antisymmetrized scattering operator t in place of 7. the com-

plete expression for the Uopt operator acting on the full scattered wave Ip1i) is:

(rjUoptIVr) = (f2|Irl .. rA) 47riPcm) Z{(rri(E)lr'r) + (-1)(rirI(E) Irr )

1 63(r - rj)r - ... r'1F2)(r'l1)

Pii
(2.D.2)



Real Imaginary

Meson Isospin Lorentz A 2

r 1 P 138 13.748 526.02 500 -1.263 473.95

ri 0 P 550 -5.655 212.14 1000 3.029 2500

a 0 S 500 -5.483 1266.60 600 -1.650 724.66

w 0 V 783 8.530 1191.05 700 2.678 685.89

t 1  1 T 600 3.575 200. 750 -.025 2427.16

a, 1 A 800 -.253 2500. 1000 -.127 200

6 1 S 960 -.551 2500. 650 1.297 631.8

p 1 V 760 -.474 250.71 600 -.876 633

to 0 T 800 -.426 2500. 750 -.250 691.1

ao 0 A 1275 8.855 331.23 750 -.539 762.61

ti 1 T 200 -.383 254.74

ti 0 T 200 0.018 313.65

at 1 A 250 -.027 200.

a/ 0 A 250 -.369 2500.

a' 0 S 1000 0.622 216.16

6' 1 S 400 0.089 245.52

Table 2.3
Meson parameters for Tlab = 400 MeV. Parameters m, fn and A, A are in MeV.

where integrations over all coordinates except for r are implied and T is the total isospin

of the nucleons at r' and ri. We can decompose proton-proton and proton-neutron

pairs into states of total isospin. as in (2.C.10). All the bras and kets in (2.D.2)) are

Dirac eigenstates.

If the target wavefunction (r ... rAIXF2) is taken to be a Hartree product of



orbitals, this expression readily simplifies to:

(rlUopt•lcm) = M r72 3 2

(rr' I(E) I r' r2) + (-1)'(r'2 rf(E)Irlr2)(r 2)(r )

(2.D.3)

where the index a runs over the occupied proton and neutron orbitals and 1 and 2 go

with "projectile" and "target".

The antisymmetrized coordinate-space element of t(E) is the Fourier transform

of the momentum-space element, for which the Love-Franey model gives explicit ex-

pressions:

r' r'Jt|(E)|rl r2)+(-1) (r' r'• |(E)|rl r2)

I dk dkdk 2d3 ki ik lr'1 eik'2 r'e-iki -r e-ik2-r2
S (2 r)12

S(klk'IF(E) k l Ik2) + (-1)T(k ki|(E) Ikk 2)}
(2.D.4)

At this point we use the Fierz reordering to get an expression with a single matrix

element. The t operator is assumed to be of the form

£(E) = Al,) AL2) t L (E) (2.D.5)
L

where the meaning of "(1)" is the first argument in the bra and ket and "(2)" is for

the second argument. As discussed in Section 2.C, we can write:

(k' k'~f(E)lklk 2) + (-1)T (k' k' t(E)Iklk 2)

= (2r)36 3(k' + k- kl - k 2) E At1) A 2) [tD (q) + tEz(Q)I

(2.D.6)

where q = k- = -k - = k 2 and Q= - = - k'. The functions tD (q)

and tEx(Q) were calculated in Section 2.C. (They depend only on Iql and JQJ.) The

sum on i, Lorentz types, with As = 1. AV = -y and AT = a~"' will be implied through

this section.



Putting this into (2.D.4) gives:

(rr' It(E)jrir 2) + (-1)T (r r' J(E) Ir r2)

1 f d 3kd 3 kdd 3 kidk 2 e ik' r' e -iki ri -ik2.r2
(2 7) 1

-[tD(q) + t~E(Q)]6 3(k + k 2 - kl - k2)A•1) (( 2 )

S(21)9 { d d3 k2d3 qei(kl+q)'r' ei(k2-q).r'e-ikl -r e-ik2 r2tD (q)

+ f d3kid3k 2d3Qei(k2-)rii(q+kl ) ree-iklri e-ik2 r 2 tE(Q)

(2.D.7)

In the second step. we have used the delta function in the k' integration and then

since k' = q + kl = k2 - Q, the k' integration has been moved inside and replaced

by:

f d3 k' - dd3q Jdf k -1 d3Q(Q -Q )

for the two terms, respectively. Now if we do the remaining integrals in (2.D.7) we

get delta function factors and Fourier transforms of tD and tEx; define the r-space

functions tD,Ez(r) by

tD,E (r) (2r) dq t,E(q)-iqr . (2.D.8)

Then (2.D.7) becomes:

(rI r' t(E)|ri r2) + (-1) (r' r' i(E)Irlr 2)

= [t' (Ir - r' )6 (r' - ri)b (r' - r2)

+ t~E(lr , - r I)63(r - r) (r - r2)] 2)
(2.D.9)



Then putting this into (2.D.3) gives the optical potential:

(rIUoptjt l)
47ripcm

M
d3r d3r2d3r1 V { 2 . (r') A( 2 o (r2)}

S{t b(rl - rl)b3(r - r2 )3 (r - r2)

+t'•(• - r)63(r - ri)63(r - r2)} A'1t i(r1)

4= ripcm da3rr2 {~ 2a (rl)Ai
2 a(r)tb (r2 - r) X•il(rl)}

ak

-4ripcm E d3 rl {/2 .a(r)A'4'2 a(r2)ti . (r,
M

(2.D.10)

Relabel the integration variables and define

pi(r', r) = ( r2 a (r')iAi2 at(r)

with

p (r) - pv(r, r)

the scalar, vector, etc. nucleon densities. Then the optical potential is:

(rIUoptjlj) - 4ripcm dd3rp(r'pi(rr)tr)tEz -Ir - r)A (r))M(2..13)

4iripcm d '(r'r)t' Z(Ir' -

(2.D.13)

The first term in (2.D.13) gives a multiplicative ("local") factor Ub(r,E) which

can be used in the Dirac equation with no further ado. The exchange term is of the

form:

To use conventional methods for solving the Dirac (or Schrodinger- equivalent) equa-

tion, it is desirable to have an approximate local expression for the second term.

2.D.2 Local Approximation for Nonlocal Potential

(2.D.11)

(2.D.12)

d3'UEV (r', ') 1 ().



To get an approximate local expression for the nonlocal term in (2.D.13). we need

to relate the values of the scattered wave 0(r) at two different points in space. Of

course, if V(r) were a plane wave of momentum k, this would be easy:

Opw,k (r') = Opw,k (r) e - ik-(r-r') (2.D.14)

A suitable approximation for the scattered wave /. apparently due to Austern [Au70].

is to make a "local WKB approximation". First, calculate a "local momentum"k = IkI

for the two points r and r' by:

2k2 + Ur ]r = E (2.D.15)

where UL(r) is an approximate local (SchrSdinger-equivalent) potential and E is the

projectile's kinetic energy. The direction of the "local momentum" is taken to follow

some distribution A(k). normalized so that

f A(k)dk = 1

and then the relation between the wavefunction values comes from a weighted average

of the phase differences:

(r) = (r) A() e- ( ') d (2.D.16)

The simplest guess for A(k) is to choose it to be a constant, A = . This gives

(r') = (r) jo ( r - r'lk) (2.D.17)

and with this, (2.D.13) becomes:

(r|Uopt1i) =3 rld i p'(r)t D ( I r'-rI,E)Ai

+ f pi(r',r)t'Exz(Ir - rI, E)jo(Ir' - rJk)A 51(r)
(2.D.18)



2.D.3 Off-diagonal elements of density matrix

We still need a simple expression for pi(r, r'). This function is easily evaluated for

uniform nuclear matter, and such an approximation could be used for the finite nucleus

with the appropriate effective kF chosen for each pair (r,r'). Since kF is related to

the diagonal element of pB(r,r') by:

pnm(r, r) = p2 (r) = k32 (2.D.19)

and since pB(r) for the target nucleus is known at all points, it is simplest to let the

effective kF be the local value at the midpoint of r and r':

pB(,[r + r']) - k 3  (2.D.20)
372 F

This guess is the same as the first term of an expansion of p(r, r') proposed by Negele

and Vautherin [Ne72].

With this local approximation for kF, a local nuclear matter approximation for

pi (r', r) gives:

i(ri,r) d3k ukAisuke ik.(r-r')  (2.D.21)

where the spinors are normalized to give:

M*
u, ,8 k, = 6,,6•(k' -k) kl'k,o = E* 6,, 8b3(k' - k) (2.D.22)

For the vector case. A' = "yo the integral is easy, for then we have:

pB(rr) 4f d3 k eik.(r-r') (2.D.23)
Jk(• k (27r) 3 '

Defining s = Ir' - ri, this gives:

8k 3
pB (r', r) ;. 8 (sin(skF) - (skF) cos(skF))(27) 2(skF)3

P (r' + r) 33 (sin(skF) - (skF) cos(skF)) (2.D.24)

= p r + r') 3j•(skF)



while for the scalar density we get:

ps4 (r', r) ,z 4 d3k kuleik.(r-r')
(2r) 3  M* (2.D.25)

4 [ d3 k  eik.(r-r')

(2r)3 Jk<k, kk 2 + M*2

We want to use the same integral as in (2.D.23) to simplify the calculation, and so we

want to pull the factor +* outside as an effective factor. We choose the value
ck2+M- 2

appropriate for r' -+ r which, from the definition of the effective kF. is the ratio P-

(for nuclear matter) evaluated at the midpoint of r' and r:

ps(r,r) = ( eik.(r-r') (2.D.26)_B 

__

r Pnm 2) <Jk<k 27)

Now using (2.D.24) we get:

PS(r',r) S ps (r + (r)3 (sin(skF) - skF cos(skF))S2 (k) 
(2.D.27)

= r 2 3j, (skp)nm bythe

Finally, in (2.D.24) and (2.D.27) we replace pfm ) and Pm ( by the

tabulated values of pS (r!2r) and pB (r'r) for the target nucleus. For pB these are

precisely the same thing, since that is where the local value of kF came from, but for

pS this is another small approximation. So both density matrices have the same form,

and the result is:

pi(r', r) - pt  ' r) (skF)3 (sin(skF) - sky cos(skF)) (2.D.28)

where kF is defined by (2.D.19).

The other possibilities for pi, particularly the tensor density pT will be discussed

in the next section. As it turns out, the (0i) component of the tensor density is nonzero

in spin-zero nuclei (and gives a tensor optical potential) whereas it is zero in nuclear



matter. So the discussion of this section gives no help for pT(Oi)(r,r'). But we will

use the approximation of (2.D.28) with i =Tensor for the small tensor density.

2.D.4 Relativistic Densities; the Tensor Potential

The nuclear densities from the Hartree calculation of Horowitz and Serot [Ho81]

are used in constructing the optical potentials. The nuclear Dirac wavefunctions have

radial and angular parts for upper and lower components:

S( ) =nncmt(r) = (2.D.29)

where = ±(j + ) for spin alligned (antiparallel ) to the total angular momentum; see

[Se86]. The (,m are spin spherical harmonics normalized to give:

St2jm+ 1= (2.D.30)

M=-j )cM = 47r)

Then the vector density (zero component) for the spherical spin-zero considered

is a sum over occupied states,

occ ocC 2
C 0(r)r Ca(r) = E + 47r (IGa(r) 2 + JFa(r)12) (2.D.31)
a a

and the scalar density is:

oCC oCC + iS(r)(r) =47rr2 (IGa(r)| 2 - IFa(r)12) . (2.D.32)
a a

Here, a labels the nucleon states and a labels the Hartree levels.

Now consider the /v component of the tensor density; we will evaluate:

pT('v)(r) = 5 ;a(r)ua JA(r) (2.D.33)

Since aA" is antisymmetric in pt and v we need to look at only the cases (Au) = (Oi)

and (tlu) = (ij) where i,j = 1,2,3.



First, the case (tiv) = (Oi). Since

oi = (i a0

we get

pT(i') (r) = Ga(r)Fa(r) { ad . a + 4ý P•' o,

G Z G,(r)F, (r)[o-'ou + aja']¾4iý
(2.D.34)= 2 oGa(r)F (r)bi i tp a (2.D.34),

= 2Z 2 4a 1Ga (r) Fa (r) r'
a

Now take the case (~uv) = (ij). Since

rij _ ijk 0 k aO 0iz0 OQ k

we get

pT(ij) ijk ( IG(r)12 + IFa(r)12} ( ak~(a (2.D.35)
a k

But in a spin-saturated nucleus,

Cik 'a =0 (2.D.36)

so only the (Oi) terms of pT(C,) contribute to the tensor potential.

In (2.D.18), the sum over all tensor components leaves only

pT(Oi)aoi + pT(iO)aio = - 2 pT(Oi)a Oi

(2ja + 1)2 (2.D.37)= -2il- 47rr ) 2GaFa

where we have used aoi = iai.

The remaining Lorentz density types vanish. The three-vector density is:

OCC

PV V =i) =) 0.,(r) '-y'oc

Goc .Go,___ -'. A (2.D.38)

= 0



and
OCC

pP(r) = a(r)-'Vsa(r)

occ 2G cF [F t (2.D.39)

=0

and
OCC

ocC (2.D.40)

=0

for a spin-saturated nucleus. Finally,

OCC

oc or rp r2 (2.D.41)

=0,

identically.

2.E Pseudovector Coupling in the Direct + Exchange Model

We have examined the effect on the optical potential of using pseudovector cou-

pling for the "pion" of this model, that is. replacing A• = 7y5 by AP = -2M As

noted above, this does not change the parameters obtained from the fit to the N N data

because the free spinors U satisfy:

(UT-y Ul)(U 2,YU2) = -'(U RU ) (U 2 ' U2 ) (2.E.la)

(U 21YU )(UI) ,5 U2) = -(U 2 1 U ) (U1, U2 ) (2.E.lb)

While the direct amplitude from AP still does not contribute to the optical potential,

the new "off-shell" behavior of the exchange term will make a difference. We look at
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the contribution to the optical potential from the exchange part of the pseudoscalar

term in t(E) when this new coupling choice. is used.

Go back to the full expression for the optical potential, now written out in momen-

tum space. When the new coupling choice is used in FP(E), the "pion" contribution

to the optical potential is:

(k|Uopt(E)I1) I, (V)
Ex

47riPcm Z(-1)T(p 2cak'2)(k'kItF(Pv)(E)Iklk2)

- (k2 2J a)(k ll 1)

47ripcm f d3kl d3k2 
d3 k2 (- 2 a(k )C 5 (ki)

S (k) 2 (k2)] tEz(Q)63 (k + k' - kl - k2 )

(2.E.2)

where Q = k' - kl and b(k) is a plane wave of momentum k.

The Fierz identity can be used here because (2.C.4) is a general relation for any

4-component objects between which the basic Dirac matrices may be sandwiched.

When we use it on the terms in (2.E.2) in large parentheses, we find:

-;2 a(k) P" 1(k) (k) " 2 (k2)

"( 1 2 a( k')2M P 2M (k)(k)' 5P2(kl)

1 - = $ 2-ýk') 2M 2M 2a(k2) ( (k) (ks))

+ 2,(k" ' aV 0-2o (k2)) ((k)auvP1(kl))
+ 8 2 2

(2.E.3)

where the unwritten Fierz terms would give zero when the sum on a is performed,

using the results of Section 2.D.4. We now approximate Qo, the change in energy



of the struck particle for the exchange process to be much less than its change in

momentum. IQI. Then in (2.E.3). we get:

2M 2M 4M 2

2M 2M

Q2
S4M 2

2Q2 - Q2  Q 2

4M 2 4M 2

The contributions to the density from the second term in (2.E.4c) come from terms

proportional to QoQi, which are assumed small compared to the first term, so we

have:

a 2M2M 2M (2.E.5)Q2  Q2
4M 2 - 4M 2

Now using (2.E.5) in (2.E.4) and substituting in (2.E.3). the result is:

47ripcm 1
( _1

d3 kl d3k2 d3 k 2

{tk 2 a(k'b2) 2 a(k 2)}

(1)82P2 2a(k')uOv22a(k 2)}

The corresponding momentum-space expression, when we use pseudoscalar coupling

(omit ± 0) and do the Fierz transformation on (2.E.2) is:

(klUoptljl) =
4icm E

Q~C
d3k d 3k' d3 k 2

+(

8( ( 2a(k')Uv"?P2a(k 2)} tEx(Q)(k)a)ov, 1 (kl)
(2.E.7)

2M = 1 (QM2ao + 2i[Pr"Q" - JVQ"M ])
2M 2M 4M 2

(2.E.4a)

(2.E.4b)

(2.E.4c)

42 •2

Q 2
)

ln2!(k'2 O2a(k2) } 4Mt2 (Q)O(k)o (kl)

tP  (k)]

4 =M2 E(Q)(k) 2El )

(2.E.6)

ý2 A ' 2)2 (k2) Ez(Q) (k)0l(kl)
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The difference is that for scalar and tensor potentials, tPx(Q) picks up a factor

of - while in the vector potential it picks up -. Thus, in calculating optical

potentials we insert these factors with tPEz(Q) for the choice of pseudovector coupling.

This factor is much less than 1 and its inclusion improves the behavior of the nu-

clear matter Dirac optical potentials at low energy by making both scalar and vector

potentials smaller in absolute value [Ho85].

2.F Summary

The coordinate space optical potential is calculated from:

UMr dr p(r)t'(|r - r'j, E)(
(2.F.1)

+ drp'(r,r')t~zx(r - r'l, E)o(klr - r'l)

where i = S,V,T which gives the Dirac optical potential to be used for scattering

calculations:

Uopt = Us - -OUV - 2ii -PUT (2.F.2)

In (2.F.1) the off-diagonal one-body density is approximated by

3
p (r, r') p'((r + r')) jl(skF) (2.F.3)

(s2kF)

where s = Ir - r'. We will make the simple choice k = Plab for the "local momentum"

k in the second term of (2.F.1). Finally, the r-space Direct and Exchange amplitudes

t' and t'z are calculated from the Fourier transform of (2.C.18). This last step

involves the Fourier transforms of the functions f(q) in (2.C.16).

f (q) - q2 9 2  1+ -2 (2.F.4)

for which we use:

e iq.r f (q) -= (A2  A 2  (em r e-  (2.F.5)
(27r) 3 4r (A2 - m 2 (A2 - n 2 ) r 2



Table 2.4
Pauli Blocking Correction Factors ai (see Eq. (2.G.1)

except for the Exchange contribution from the Pseudoscalar invariant when we use
2pseudovector coupling. Then we need the Fourier transform with a factor of 2:Sd3q iqr 2 ) 2  2 2

(2r)3  4M2 47r 4M 2 (A2 - m 2)

(A2 2) (e-Ar - e-mr) Ae-Ar
(A2 - m2) r 2

(2.F.6)

2.G Pauli Blocking Corrections

We now correct the optical potentials of Eq. (2.F.1) for medium modifications from

Pauli blocking. Relativistic Brueckner theory calculations (similar to Ref. [Ho87]) of

Uopt have been performed for infinite nuclear matter. These calculations use the HEA

[Ho72] one-boson exchange potential and do not include binding energy (dispersion)

corrections. The results with the Pauli exclusion operator, Upb at various densities can

be well represented by

Ub) 1- ilab) U(r) '] (r) (2.G.1)
Up[b (r) a Po ]

Here, Ui is the optical potential calculated without the Pauli operator, and po =
2

.1934 fm - 3 . The approximate k' or p3 density dependence agrees with phase space

results for isotropic scattering. Therefore the nuclear matter calculations give Pauli

blocking factors ai(Tlab) for each energy Tlab. These are collected in Table 2.4 and

are different for the real and imaginary parts of the scalar and vector potentials. (We

omit Pauli blocking for the small tensor potential.)

SCALAR VECTOR

Energy (MeV) Real Imag. Real Imag.

200 -0.008 0.098 0.061 0.207

400 -0.043 0.061 -0.012 0.089



At 200 MeV the imaginary potentials are Pauli blocked by about 10 percent while

the change in the real potentials is smaller. Note, because ai is different for i = scalar

and vector, the effect on the Schrodinger equivalent imaginary potential, which involves

cancellations (see Section 2.H, Eq. (2.H.1a)) is larger.

We use these nuclear matter results in a local density approximation to correct

our finite nucleus optical potentials. Potentials from (2.F.1) are simply multiplied as

in Eq. (2.G.1), where the baryon density is taken to be the pB(r) of the target. We

find that the I exponent in Eq. (2.G.1) is not critical for the results in Section 2.H.

Section 2.H Results

2.H.1 Dirac Potentials

Before presenting scattering observables, we look at the optical potentials in or-

der to show the importance of some features of the model and compare with optical

potentials from other approaches. In the last section it was noted how the scalar and

vector optical potentials in nuclear matter decrease in strength when psedovector pion

coupling is used in place of pseudoscalar coupling. Fig. 2.2 shows the same effect for

90 Zr at 200 MeV. We have used pseudovector coupling only for the real part of the

optical potential, being guided by known pion-nucleon interactions. For the imaginary

part, we leave the original MRW amplitude alone and use a pseudoscalar invariant. (If

a pseudovector imaginary potential is used instead, the changes in observables are very

small.) The further effect of Pauli blocking is also shown.

In Fig. 2.3 we compare our relativistic optical potential for 40Ca at 200 MeV, (using

pseudovector coupling and including the Pauli correction) with a phenomenological

Wood-Saxon fit to scattering data by Clark et al. [CI83a]. The agreement is very

good, considering the uncertainty in the phenomenological fit.

To compare our results with the optical potentials from nonrelativistic models,

we calculate the "Schr6dinger-equivalent" potentials which follow from the relativis-

tic scalar and vector types. These are functions which play the same role as the



Optical Potentials, 90Zr 160 MeV
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Fig. 2.2 Optical potentials for 90Zr at 160 MeV. The dotted curves use
pseudoscalar coupling without the Pauli blocking factor. The dashed curves
use pseudovector coupling instead; the solid curves use pseudovector coupling
and include the Pauli blocking factor.
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Fig. 2.3 Relativistic optical potentials for 40Ca at 200 MeV. The solid curve
is the microscopic calculation. The dotted curve is a phenomenological fit of
Clark et al [CI83a]
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nonrelativistic potential when the Dirac equation for the projectile is written as a sec-

ond order equation for the upper components [CI83a]. Ignoring the small tensor and

Coulomb potentials, the relation between the nonrelativistic central Uc and spin-orbit

Uso potentials and the relativistic ones is:

Uc - 1 [2EUv + 2MU s - (UV)2 + (US) 2 ] + UDarwin (2.H.la)2E

U.. 1 -, - A- (2.H.1b)

where

UDarwin 1= a2- (r2•2r + 32 ( )• ) ] (2.H.2)2E 2r2A Br ar 4A2 ar
and

A = (E + Us - U + M) (2.H.3)
(E + M)

Fig. 2.4 compares the Schr6dinger-like potential for 208Pb from our model with the

nonrelativistic Paris G-matrix calculation of Ref. [Ri85]. The relativistic calculation

gives a real central potential which is about 30 MeV more positive and has a non-

Wood-Saxon shape, and a real spin orbit potential which is much stronger than the

nonrelativistic result.

2.H.2 200 MeV Observables

In Figs. 2.5 through 2.12 we show the predictions of our model for the cross-

section and spin observables AY and Q for proton-nucleus scattering, at energies near

200 MeV. Experimental points, where available are also shown. The spin rotation, Q,

data for 12 C, 160, 40Ca, and 48 Ca are preliminary results from IUCF [St85]. For the

heavier nuclei 90 Zr and 208Pb, there are as yet no published Q data measured at 200

MeV. However, there is preliminary TRIUMF data for Zr and Pb at 200 MeV [Hi87],

and there is TRIUMF data for 208Pb at 290 MeV [Ha85].



2°oPb at 200 MeV

S4 6 8 10
r(fm)

(a)

20 8 Pb at 200 MeV
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Fig. 2.4 Schridinger potentials for 208Pb at 200 MeV. Schr6dinger-equiv-
alent potentials, Eqs. (2.H.la-2.H.3), from the relativistic calculation (heavy
curves) are compared with the nonrelativistic (n.r.) results of Rikus and von
Geramb [Ri85] (thin curves). Fig. 2.4a compares central and 2.4b compares
spin-orbit potentials. Real potentials are solid and imaginary dashed curves.



Table 2.5
Total reaction cross sections for calculations with pseudovector coupling

and Pauli blocking.

For our calculations, we have chosen pseudovector coupling for the "pion" of the

model (for its contribution to the real optical potential). We have not included the

small tensor potential in the scattering calculations (but see the discussion of 4 8Ca

below). For the baryon and scalar densities of Eqs. (2.27) and (2.29) we have used

those of Horowitz and Serot [Ho81]. The scattering observables calculated with these

conventions are shown by the solid curves of Figs. 2.5 through 2.10 and Fig. 2.15.

Total reaction cross sections for this set of calculations are given in Table 2.5.

Generally. the calculations match the data quantitatively up to about 60'. beyond

which there is some trouble with the magnitude of the cross sections and the phase of

the spin observables. The spin observables Ay and Q are very well reproduced both

in the magnitudes and phases of the oscillations. This agreement includes the forward

angle region in Q where results are very sensitive to the optical potentials. Agreement

is greatly improved over the original RIA without explicit exchange or Pauli blocking

[Ra85]. In Section 2.1 we compare our results with other microscopic calculations.

Nucleus Tiab (MeV) atotal (fm2 )

12C 200 23.6

160 200 29.6

160 318 28.1

40 Ca 200 57.1

48 Ca 200 67.0

90Zr 160 98.0
208pb 200 176.3
20 8 pb 300 171.2

20 Pb 400 167.2
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Fig. 2.7 Cross section (a), analyzing power (b) and spin rotation parameter
(c) for 200 MeV 40Ca scattering. The dashed curves use pseudoscalar coupling
and include Pauli blocking. The dotted curves use pseudovector coupling but
omit Pauli blocking. Data is from Ref. [St85].
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Fig. 2.9 Cross section (a), analyzing power (b) and spin rotation parameter
(c) for 160 MeV 90Zr scattering. The dashed curves use pseudovector coupling
but omit the Pauli blocking correction. Data are from Ref. [Sc82].
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Calculations for 300 MeV and 400 MeV are just as successful: some of these will

be shown in part 2.H.4.

2.H.3 Sensitivities of the 200 MeV Calculations

We now look at at the importance of various features of the model in producing

the good agreement with the data.

The most important single feature is the explicit treatment of nucleon exchange.

In Figs. 2.11a and 2.15 we compare the full calculation for 200 MeV 2 08Pb scattering

(solid curve) with the original RIA using the MRW parametrization of FS and FV

(dashed curve). (For the latter calculation, we have used new parameters for the pn

invariants since there is an apparent misprint in the tables of Ref. [McN83a].) The

RIA is good only until about 300. beyond which the cross section is too large and the

analyzing power is far too negative. Our treatment of exchange brings both observables

close to the data over a much larger range of scattering angles.

An explicit treatment of exchange is important because of the odd behavior of

the MRW amplitudes under interchange of the two nucleons. In Fig. 2.13 we show

the Lorentz scalar invariant FS at Tlab = 200 MeV as a function of the NN center of

mass scattering angle. Due to exchange contributions. Fs rises dramatically at large

angles. Note that 60" scattering off of a heavy nucleus corresponds to 1800 in the NN

frame, so the amplitudes are needed at large angles.

The original RIA only fit the NN amplitudes up to 60 degrees in the NN frame

([McN83a],. [Sh831). One such fit is shown in Fig. 2.13. However, for scattering from a

heavy nucleus at nucleon-nucleus angles beyond : 30 .
0 the NN amplitudes are needed

at much larger NN angles. Indeed, the MRW curve in Fig. 2.13 is very sensitive to the

fit to the forward NN amplitude.

Thus the simple RIA with the original parametrization of the NN amplitudes is

essentially calculating random noise for large nucleon-nucleus scattering angles. I.e.
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Fig. 2.13 Imaginary part of the invariant Fs for pp scattering at 200 MeV.
The solid curve shows the values from the Arndt phase shifts [Ar82]. The
dashed curve is the MRW fit [McN83a], extrapolated to large q. The Fs of
our model is the sum of direct and exchange pieces which are respectively the
decreasing and increasing dotted curves.



the RIA results for scattering beyond 600 depend solely on gross extrapolations of fits

to the far forward NN amplitudes. Therefore, the conclusions in Ref. [Dr85] about

large angles are incorrect.

Note, the RIA calculations in Refs.[Ra85] and [CI83b] (but not those in Refs.

[McN83b], [Sh83] or [Dr85]) use the Breit frame prescription for the NN amplitudes.

Here, NN amplitudes at the experimental Tlab and a large scattering angle are replaced

by NN amplitudes at a higher effective Tlab and a smaller scattering angle (which gives

the same momentum transfer). This somewhat alleviates the problem but at the cost

of introducing unphysical reactive content into the NN amplitudes. For example, 200

MeV NN amplitudes can be replaced with up to 800 MeV amplitudes, which include

unphysical pion production.

After the identification and local treatment of the exchange amplitude, we make

a choice on the type of "pion" coupling used and include a rough treatment of Pauli

blocking. Figs. 2.7a-c show the cross section, Ay, and Q for 40Ca at 200 MeV.

The dashed curves differ from the calculation for the solid curves in that pseudoscalar

coupling is used. The resulting cross section is too large. The dotted curves omit the

Pauli blocking correction (but use a pseudovector pion) for which the cross section is

too large and has too much structure. Furthermore, the spin observables disagree with

the data at small angles.

Other comparisons of calculations with and without Pauli blocking (for 90Zr and

208 Pb) are shown in Figs. 2.9. 2.11c. 2.17 and 2.18.

The small tensor potential was not included in the primary calculations for Figs.

2.5 through 2.12. Its small effect on the observables at 500 MeV has been demonstrated

by Clark et al [CI83c]. It has a similar small effect at lower energies. Figs. 2.8a-c

show d, A, and Q calculations for 48Ca at 200 MeV. The solid curves use the same

conventions as in the other figures while the dotted curves include the tensor potential

(with a pseudovector pion coupling and no Pauli blocking factor for UT). There is only



a small change in Q at forward angles. The tensor potentials for 48 Ca are about twice

as big as for 40Ca because of the ft neutrons. Therefore, the effect of the tensor
2

potential in 160 and 40Ca is even smaller than for 4 8Ca.

Finally, there are sensitivities to the nuclear structure input. These must be taken

into account before detailed comparisons are made with other models and the data

at large scattering angles. We give examples of this uncertainty for 200 MeV 12C

and 208Pb scattering. For 12C we form an alternative baryon density by unfolding the

proton charge form factor from the experimental carbon charge density. For 208Pb

we use the Gauss III parameters of Ref. [Ri85] for the proton and neuton densities.

Then we use a nuclear matter approximation to obtain the ratio of baryon to scalar

densities. Our prescription, based on the relativistic mean field theory of Ref. [Se86]

is to approximate Ps = - PB by

Ps(r) = PB(r) 1 - 1 ) (2.H.4)

with kF being the local Fermi momentum k, = -- P Since at the saturation baryon

density of .1934 fm-3 . the effective mass is M* = .56M. we use a linear interpolation,

M* 1 - .44 PB (2.H.5)
M .1934 fm- 3

When the densities are calculated in this way for 12C, proton and neutron densities

are taken to be equal. Hartree densities for 12C and 208Pb are compared with these

alternate densities in Fig. 2.14.

The differences in the resulting cross sections and analyzing powers for the choices

of nuclear input are significant. For 12 C. the observables found from using the empirical

density are shown in Figs. 2.5a-2.5c by the dashed curves. Beyond 600 the phases of

spin observables are very different.

For Pb, cross sections computed from the two sets of densities are likewise com-

pared in Fig. 2.10a. The Hartree values are larger and have more structure at larger
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are from the Hartree calculation of Ref. [Ho81]; thin curves are from empirical
sources.



angles. Analyzing powers are compared in Fig. 2.15. Again, the two sets of densities

give similar results at small angles, but beyond 50' there is much more structure in

the Hartree curve. Clearly, any comparison of relativistic model predictions for large-

angle spin observables must take into account the fine details of the target structure.

In addition, vacuum fluctuations may significantly reduce ps relative to pB:; see Ref.

[Ho84].

2.H.4 300 MeV and 400 MeV Observables

The calculations for scattering at 300 MeV and 400 MeV are just as successful.

Calculations for 160 and 208 Pb for energies near 300 and 400 MeV are shown in Figs.

2.16, 2.17 and 2.18. The solid theoretical curves use the same model choices as for

the 200 MeV calculations. (See Appendix A for the parameters used for the 300 MeV

NN amplitudes.)

In the large nuclei 90Zr and 208Pb at 200 MeV and 300 MeV, Pauli blocking sub-

stantially changes Q (see Figs. 2.9c, 2.11c, and 2.15c) at forward angles. However,

the only published experimental data on the spin rotation parameter Q for either nu-

cleus are for 208Pb at 290 MeV [Ha85]. They agree very well with the Pauli blocked

calculation.

Even though the Pauli blocking effect for A, is smaller at higher energies, its

inclusion in our calculation gives a very noticeable change in Ay at forward angles, as

shown in Fig. 2.17b, for 300 MeV and Fig. 2.18 for 400 MeV. The A, values are

moved up from the unblocked values to give agreement with experiment.

2.1 Other Microscopic Calculations for 200 MeV

In this section we note some other work on microscopic calculations of optical

potentials applicable to 200 MeV elastic scattering.

Tjon and Wallace [Wa85] have performed a complete calculation of the invariant

amplitude 7 [Tj85]. Within their model for the NN interaction, there is no further
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Fig. 2.15 Large-angle analyzing power for 200 MeV 208Pb scattering. The
dashed curve is the original RIA calculation. The dotted curve differs from the
solid curve in that empirical densities for 208Pb were used. Data are from Ref.
[Dr85].
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Fig. 2.18 Analyzing power for 400 MeV 208Pb scattering. The solid curve
includes Pauli blocking while the dotted curve does not. The nonrelativistic
calculation with medium modifications [Ri85] is dashed, while the dot-dashed
curve is the nonrelativistic KMT impulse result of Ref. [Ra85]. The TRIUMF
Data are from Ref. [Hu81b].
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ambiguity in the form of 7. The I matrix elements were calculated using NN data

for the positive energy free spinor matrix elements and a meson model for the rest.

Pseudovector coupling is used for the pion to insure that the pion-exchange contribu-

tion to the optical potential is well-behaved. However, Ref. [Wa85] presents results

for the potentials and scattering observables without any correction for Pauli blocking

as in our Eq. (2.G.1). An important additional difference with our work is that they do

not make the separation into direct and exchange invariants, and so they do not use

the particular kinematics which are built into the tp folding for each part, described in

Section 2.D.

The spin observables for 40 Ca which they calculate agree with the data about as

well as our results, while the cross sections are too large beyond - 30'. probably due

to the omission of Pauli blocking and an explicit treatment of exchange. It would be

interesting to see their calculations for 208Pb where we find large Pauli blocking effects.

The nonrelativistic calculation of Rikus and von Geramb [Ri85] used an effec-

tive interaction (nonrelativistic, with central and spin-orbit pieces) generated from a

Brueckner calculation using the Paris potential. Pauli blocking is thus built into the in-

teraction from the beginning. Also, since they begin with a model t-matrix, they make

the separation into direct and exchange parts and then do the folding with the nonrel-

ativistic densities as we do in Eq. (2.F.1). The agreement with the Pb data for cross

sections and polarizations is good except for the small angle values of the polarization.

where nonrelativistic calculations typically miss the second minimum. However, for Q.

there are larger differences. In Fig. 17c we show the calculation of Bauhoff [Ba85] for

20 8Pb at 290 MeV. Here, the nonrelativistic calculation has the wrong sign for Q at

forward angles (< 150).

Nonrelativistic impulse approximation calculations [Ra85] give poor spin observ-

ables near 200 MeV. Although the medium-modified nonrelativistic calculations do

much better in certain cases (for example. 40Ca [Ba84]). there are no published non-

relativistic results which systematically reproduce all the spin observables shown here.



We do not claim our good relativistic description is unique. Some nonrelativistic

calculations have also reproduced selective spin observables. It would be useful to have

a systematic series of nonrelativistic calculations of all 200 MeV spin observables.

These relativistic calculations have smaller Pauli blocking corrections than in non-

relativistic works. It is an important open question to further understand the role of

relativity and/or medium modifications in giving good agreement with data.

Thies [Th85] has claimed that the nonrelativistic propagator is badly behaved at

short distances. Thus, he postulates that if short-ranged correlations are included.

the final results will be less sensitive to this short-distance problem. However. Cooper

and Jennings [Co86] have estimated a short distance correlation parameter and find its

effects to be much too small. Furthermore, the medium modifications in Ref. [Ri85]

may be quite different from Thies's correlations. Thus, there are many open questions

in comparing relativity and/or medium modifications.

Section 2.J Conclusions

We have presented a new formalism for calculating relativistic optical potentials for

elastic proton scattering from closed shell nuclei. This formalism contains important

physics not in the original relativistic impulse approximation.

First, exchange terms are explicitly included in the optical potential. This allows

one to deal with the dramatic increase of the relativistic NN amplitudes at large scat-

tering angles. A proper treatment of exchange is crucial for describing large angle

analyzing power and cross section data.

Next, ambiguities in the relativistic form of the NN amplitude are resolved by

using a pseudovector coupling for the pion. This reduces both the strength and energy

dependence of the real scalar and vector optical potentials.

Finally, medium modifications from Pauli blocking are incorporated using relativis-

tic Brueckner results for nuclear matter in a local density approximation. Pauli blocking

reduces the imaginary optical potential.



Calculations for 12 C, 160, 40Ca, 4 8 Ca, 90Zr and 208Pb at Tlab= 2 0 0 MeV including

these three corrections quantitatively reproduce all measured elastic spin observables.

Both the analyzing power and spin rotation function are reproduced out to about 60

degrees. If Pauli blocking is omitted or if pseudoscalar pion coupling is used, the spin

observables are significantly worse. In particular, Q for 20 8Pb at 290 MeV changes

dramatically if Pauli blocking is omitted.

The energy dependence of these corrections has been examined with calculations

at Tlab = 300 and 400 MeV. As TLab increases, the importance of Pauli blocking

diminishes. At 400 MeV in 20 8 Pb, Pauli blocking has a much smaller effect on Ay than

do medium modifications in nonrelativistic calculations.

Also, the difference between pseudoscalar and pseudovector amplitudes is not

important at Tlab = 400 MeV. Furthermore, current experimental data does not extend

to large enough angles for an explicit treatment of exchange to be crucial. Therefore,

these calculations essentially agree with the original RIA at Tlab= 500 MeV and above.

Much theoretical work needs to be done to get a formalism which is satisfactory

at still lower energies and for larger scattering angles. This will require more detailed

calculations of Pauli blocking, the resolution of other ambiguities in the NN amplitudes

and more constraints on the target densities.
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Chapter 3. Quasi-Elastic Proton Scattering

3.A Introduction

3.A.1 Quasi-elastic Proton Scattering

When we study the inelastic scattering of protons by nuclei and look at energy

losses w beyond those for excitation to discrete states, the cross section shows a broad

peak at around w = -  where q is the momentum transfer. This energy loss is close

to that for free NN scatttering, and the momentum width of the peak is related to the

Fermi momentum of nuclear matter; the scattering mechanism must be similar to free

NN scattering, and this peak is termed the quasi-free or quasi-elastic peak. It is now

quite feasible to measure the complete set of observables for inclusive (p.p) and (pn)

reactions at intermediate energies. These observables involve the spin orientations of

the incoming and outgoing (fast) nucleon.

The quasielastic process may provide some very clear tests to see if the influence

of the nuclear medium on NN scattering shows some signature of relativistic dynamics.

In contrast to the study of excitations to discrete states, we probably would not need to

know the wavefunctions for excited states. Simple models for the target may suffice:

in fact. Fermi gas models for the target seem to work well for quasielastic electron

scattering [Ro80].

It can also test the parts of the relativistic NN interaction not seen in elastic

scattering, where at lab energies > 400 MeV, only the scalar and vector NN amplitudes



are important. Without the constraint of the same final and initial states, all Lorentz

terms will contribute; we can study the quasielastic charge exchange reaction (inclusive

(p,n)) for which the pion, via the pseudoscalar invariant, is expected to play the major

role. Furthermore, quasi-free knockout will test the part of the impulse approximation

which leads to nuclear reactions, also untested in the elastic studies.

However, protons are strongly absorbed in the nuclear medium and the scattering

wavefunction is strongly diminished and distorted. Calculations of the cross section are

very sensitive to the way these distortions are treated and this uncertainty is expected

to be at least as large as the effect of the enhanced lower components. So comparison

of theory with cross section data is not likely to reveal a clear signature of relativistic

dynamics.

However, there may be much more to learn from the spin observables of quasi-

elastic scattering, which are defined similarly to those of elastic scattering. If the

distortions have a dependence on spin orientation which is small (or calculable) and

the larger distortion from the central potentials comes as normalization corrections to

the impulse approximation cross section, then the situation is much better for the spin

observables. The uncertainty in normalization of cross sections cancels out to allow

comparisons of other features of the calculation.

Nonrelativistic calculations of spin observables ([Sm85], for example) do not pre-

dict values differing very much from the free NN values. But recent measurements of

the polarization P in a 500 MeV Los Alamos experiment [Ca85] gives a value signifi-

cantly below the free value. This change is likely due to an N N interaction differing from

the free one. or possibly collective excitation of the target. The high energy transfers

of these experiments, of order >60 MeV, would seem to make collective excitations

unlikely. The focus here will be on the changes to the NN interaction in the nuclear

medium, as resulting from a relativistic treatment.

In a previous work [Ho86], relativistic effects were calculated for the spin observ-

ables at the quasielastic peak. This corresponds to the target nucleons being at rest.
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In this work, a full relativistic plane wave impulse calculation is performed for a partic-

ular model of the target in order to map out the full dependence on energy loss. The

full response will give an indication of the effect of Fermi motion of the target nucleons

and will indicate the importance of the various simplifications chosen for the target.

Another new feature of this work is the use of different spinors for projectile and

target plane waves. This will permit the separate examination of the relativistic effects

on the projectile and target in giving differences from the nonrelativistic calculation.

3.A.2 Observables; Notation

In this work, double-differential cross sections will be calculated per energy bin;

these are related to cross sections per momentum bin by:

d3cr dkl d3or  E d3  (3.A.1)
ddE' dE d k - d(3.A.1)
dnldEl dE dflidkl k dnldkli

where E' is the final total energy and kl the magnitude of the final 3-momentum of

the proton.

The notation for the initial and final momenta and possible spin orientation direc-

tions of the scattered proton are shown in Fig. 3.1. The analyzing power A, and the

spin-transfer coefficients Dij are defined in Eqs. (3.B.31) and (3.B.32). The meaning

of AY here is similar to its definition in the elastic case (Fig. B.2): Di'j measures the

likelihood of a proton beginning with spin aligned along 3 to scatter to a state with

spin aligned along '.

3.B Formalism for RPWIA

3.B.1 Fermi Gas Model

The model for quasielastic scattering process is that of scattering from a relativis-

tic Fermi gas whose parameters are chosen in accordance with the particular proton



2

nn

PI

Fig. 3.1 Definition of the spin polarization directions i , 1, '^, 3' and 1'; see
Eq. (3.B.32).

scattering process. The physical justification for this simple model is in the large

energies considered, 400-800 MeV, for which surface effects in the finite nucleus will

probably not be important. The model will give a cross section per nucleon; we will

then figure in an effective number of nucleons to get the experimental cross section.

The quasielastic scattering process in this model is diagrammed in Fig. 3.2. The

scattering takes place in the medium, where the mean scalar fields are S and V: the

scalar field gives rise to relativistic effective masses for the interacting nucleons. The

mean vector field V simply shifts the energies of all particles by a fixed amount and

will not affect the scattering calculation. The momentum states are occupied up to kF

for both protons and neutrons.

The choices for S and kF are given in the next section.

3.B.2 Parameters of the Fermi Gas Model

S and kF will be chosen to be averages over the volume of the finite nucleus for

p-A scattering at a specific lab energy. To do this averaging, we use the transmission



P I Si

Fig 3.2 Schematic diagram of the impulse approximation for quasielastic
proton scattering. The index i is summed over the five invariant amplitudes in
Table 1.2.

probability for a proton of lab energy E to pass through the nucleus at an impact

parameter b. T(b, E). In the eikonal approximation. [Am83] this is:

T(b, E) = exp { dz Im Vc(b,z)} (3.B.1)

where
E 1VC = S + V (S 2 - V 2)  (3.B.2)
M 2M

and where we have dropped the spin-orbit and Darwin terms. Then, with T(b)p(b, z)

as the weighting factor for p-A collisions, we calculate an average density:

Sf bdbT(b) f dzp(b, z) 2  (3B3)
f bdbT(b) f dzp(b, z)

then we use

kF = 7r (p) (3.B.4)

in the Fermi gas model.

0



We compute two values of the "average scalar field". The first comes from using

relativistic optical potential fits to elastic scattering [Ko85]. Assuming that the scalar

potential is roughly proportional to the baryon density.

S(r, E) ; So(E) p ( r )  (3.B.5)
Po

where So is the value at the origin of the scalar real optical potential, we define and

average scalar potential by

S(E) - So p- -  (3.B.6)
Po

which is used for the definition

M, - M + S(E) , (3.B.7)

the effective mass of the projectile in the medium.

The second S value comes from a similar definition, but now using the Walecka

model mean field values of the scalar potential:

Smft (E) = Smit PO (3.B.8)
Po

where Smft = -0.44M. the nuclear matter value in QHD-I. Then we use

M2 - M + Smtrt(E) (3.B.9)

for the appropriate mass of the target nucleons. Typical values for M1 and M 2 are

from 0.80M to 0.90M (see Table 3.1). In fact, the two values are similar although M1

is slightly larger than M 2 .

3.B.3 Invariant Amplitude and Cross Sections

We now use the relativistic impulse approximation for the scattering amplitude

of the projectile of momentum pi by a target nucleon of momentum p2. We use the



Table 3.1

Fermi gas model parameters used for proton quasi-elastic calculations

form (1.C.7) for I. Using the notation of [Bj64]. the

process in Fig. 3.2 is

invariant matrix element for the

T

M = Ul(kl,sf)AU(pi) ti(q, Tef) U(k2 , s')A U2( 2 ,S) (3.B.10)
i=S

where the A' are given in Table 1.2 and the functions t1 (q, Teff) are related to the

invariant amplitudes Fi(q,Tefe) introduced in Section 2.1 by:

ti(q,Teff) = 8keEe Fi(q, Teff) (3.B.11)M

The kinematic quantities keff. Teff and Eef are the momentum, kinetic energy

and total energy of the projectile in the frame where particle 2 is at rest:

Teff E1E - P1 P2 M2 (3.B.12a)
M

Target Tiab (MeV) Mz/M M 2 /M kF (fm- ') Aee

12C 200 0.85 0.84 0.97 4.33

12C 400 0.86 0.84 0.98 4.63

12C 500 0.91 0.87 0.91 2.86

12C 800 0.92 0.90 0.83 1.97

40 Ca 200 0.82 0.81 1.04 8.53

40 Ca 400 0.83 0.80 1.05 9.70

40 Ca 500 0.90 0.85 0.94 6.01

4 0Ca 800 0.91 0.89 0.85 4.25
20 8Pb 200 0.82 0.82 1.02 12.44
208 Pb 400 0.86 0.83 0.98 12.81

20 Pb 500 0.88 0.85 0.95 11.86
208Pb 800 0.82 0.82 1.02 12.4



Eeff =T+M = k ff+M 2

The NN amplitudes are evaluated at the values Teff and NN center of mass effective

scattering angle Oeff

eff = 2 sin - . (3.B.12c)2MTef

Note that these equations use the free momenta for evaluating the NN amplitudes;

changes in the momenta from the free values come from the real part of Vc; Vc is small

for these energies.

Squaring M and summing over the unobserved spins of the target nucleon gives:

T~I--1 + M 1 + 7s.f ] , + M• •1 + -S],i}·
EJ* J-- Trl 2M 1  2 2M 1  2J

S,' i, i=s
. i 2 + M2 l-2 M2, ttj

(3.B.13)

where we have used

U2 (k2 , S)U2 (k2 ,S ) = 2M2M

and

UV (k, s)Ul (k, ) = +, 252M 1  2 j

where the spin four-vector s satisfies s 2 = -1 and:

sf - kl = si - p, = 0

Reference [Bj64] gives the general expression for the differential cross

terms of IM12. The differential cross section to scatter from spin state j to

i' with particle 2 unobserved is:

1 M22 d3 kl d 3k2  M 2

I v- v21 E*E1* (21r)3J (27r) 3 E*E*dy~~ v1 1 2 2 2aSEE:

(3.B.14)

(3.B.15)

(3.B.16)

section in

spin state

S(27r) 4 64 (k* + k* - p - p ) M*M
8,81

(3.B.17)

(3.B.12b)



In this expression, the starred quantities use M1 and M 2 for the masses for calculating

the energy:
E = p• + M
E•'= · k2 + M2

(3.B.18)

E; = p + M 2E 2 +M2

E2' = 2k + M2

Since the spinors are parametrized by M1 and M 2 and not M. the - factors and the

6 function in the usual formula for do are in terms of the E*'s.

Use

IV1 - v21 % 1pl (3.B.19)

as the approximate incident flux in nuclear matter. Also, use

d2 ki = kIE'dE'dn' (3.B.20)

(no * on El here: we want the differential free energy for the cross section). The

3-space integral on k2 picks out the value

k2 = P1 + P2 - kl (3.B.21)

from the 3-space part of the energy-momentum conserving delta function. Finally, we

now do the Fermi motion averaging over the possible values of P2. The result is:

d•.F.._i 1 M 1 [E1 d3p2 M3
dfl dEl |P| El* ,,,,,p 2<kF -kkF EEE*

6(ES + E * - E** - El*) 1
(27r)2 2•

(3.B.22)

where the minimum momentum for the target nucleon is:

min 1 4- 2 (3.B.23)
2 2 !2



The integral over d3p 2 is evaluated as follows:

d3p2 b(E + E - E~'- E')1 ~u~ T12 - 2 1
•Pmin P2 <kF

J kF
Pmin

p2EI'
dp2 lq2 dqO

X-:Xo

(3.B.24)

Here the angle X between P2 and q is fixed by the energy conserving delta function:

cos x = cos Xo - q2 + 2wEI (3.B.25)
2pwhere the four-momentum transfer is

where the four-momentum transfer is

q =k 2 - P2 = Pl - k i

w=E*' - E = E - E'
(3.B.26)

Then this gives:

l ki M,2E*
pil E'* min5P2 IkFP

dp2 dq P2E' *
4rk3 IqI

Now define

(p2 Ik1 2 E1 1 M2
( p2)1 E=* ,4,rk,3 EE'*

I"I k yF ,2 ,2

then the formula simplifies to

JPmin IP2 •kF
o_<#52*

1
dp2 db O(p2) -2 (3.B.29).M* .M

8,8 X=Xo

3.B.3 Observables

To get the unpolarized cross section, we sum (3.B.29) on spins si and sf with a

factor of L (average over the initial spins):

dnj 'dE' min=P 2 5kf

1 unpol x XO
dp2 dOe(p 2)4

df' dE'

1 1
(2'r)2 2

(3.B.27)

8 M* XXo
819 X1X

P2E *

Iql

dn'idE'

(3.B.28)

8,8',8ilaf

(3.B.30)

0o_._2ws



The analyzing power A4 is:

dE-f
d -Ed' (Sf = A)

Tdf-dlEI (sf

Tn dE'(Sf =(S
= ) + Ti , dE (Sf = -_A)

f dp2• kO(p•)2 ,,2) . ,{AM(sf = A) - MM(sf = -( )
dP dp2 do(p) P 8 IM*M(sf •)+M*M(sf = -A)

dp2 dk (p2 ) ,I{M* M (s ) - M* M (S -= )-

(3.B.31)

d dE l unpol

The spin correlation functions, for initial spin direction j going to final spin direc-

tion i'. are given by:

Dij

dQ•E dn• d• a•doE (j d ( ddE (-j - it) + d-dE (dQdE d2I di Q E? n1 d EEdd-) d d (j --+ da- j + )+ d -j+ da (--j - it--)

f dP2 d~e'(p2)

f dpa d(pz) ¼ o,st { M(f"--i')+M'- (j-+-i')+M' M(-j--i')+
M M(-j---i')}

(3.B.32)

The denominator is again the unpolarized cross section, so this becomes

D = dp2 dOE(p2)Mi'j

df'J dE'I unpol

(3.B.33)

where

AM = Z M8•: (si
82,s8

= , s= 2') - M*M(si = ),f = -2')
(3.B.34)

- =M*M(s = -,s = 2') + M*C(s = -,sf -')

The traces needed to evaluate (3.B.31)-(3.B.34) were found with a computer

algebra program. The needed spin sums are:



.* =t*ts(1+ KI"- P)(1 +K2 -P2) + t*ptp(1 - K1 -P)(1 - K2 -P2)

8,8',8 ,,8 + 2ttv[2 - K1 • P1 - K2 -P2 + K1 - K 2P1 -P2 + Ki -P2K 2 -P1 ]

+2t* tA[2 + K1 - P1 + K 2 • P2 + K1 -K 2 P1 " P2 + K 1  P2K 2 -P1]

+ 8t tT[3 - K1 P1 K 2 P2 + 2K 1 -K 2P1 • P2 + K 1 • P2 K 2 P1]

+ 2Re(t*ts - 6t*tA)[Kl -K 2 + Kl -P2 + K2 - P1 + Pi -P2]

+ 2Re(t*tP - 6t* tv)[K2 -Pi + K -P- K -K2 - P I P2]

+ 4Re(t*tv - ts - t*tp)[Ki K 2P P2 - K 2 P 1K -P2]
(3.B.35)

where Ki = ki/Mi and Pi = pi/Mi.

E *M = 4Im [tst + 2t*tA - ••1(t*At + 2t ts)]

- (E2 + E*')pl x k1 + -E kl x (P2 + k 2) - ~ •'p,1  (P2 + k2)} M- M

(3.B.36)

and the lengthy expression for Mii is given in Appendix D.

Now to get the cross section per nucleus, we estimate the effective number of

nucleons by an eikonal weighting procedure similar to the one in Sec. 3.B.2:

Aeff = f b db T(b) f dz p(b, z) A (3.B.37)
f b db f dz p(b, z)

Values for Aeff are listed in Table 3.1. They are much smaller than A and depend on

energy. Then we assume:

Z N
Zeff = Aeff Neff = Aeff (3.B.38)

A A

and we assume the total scattering from Zeff protons and Neff neutrons is:

d3" da(pp) d3 a(pn)
d3- = Ze p + Neff ) (3.B.39)

dn'fdE' edn'dE N dOn dEI
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The total analyzing power is then

F d3 - (pp) d3 (pn) ] / d3

S= Ze ddE) AY(pp) + Neff d dE A (pn) dE (3.B.40)

and the total Di,i is:

U (pp) (pn) d3U
Dii = dZeff d'3dEI Di'i(pp) + Neff d 'IdE( Dii (pn) dn dE (3.B.41)

To summarize the calculation, kF for the Fermi gas model and the spinor paramters

M1 and M2 are calculated from (3.B.7) and (3.B.9). Cross sections and spin observ-

ables for (pp) and (pn) scattering are individually calculated with Eqs. (3.B.30)-

(3.B.32). which involves a numerical integration of p2; the Arndt amplitudes are

evaluated at effective energies and scattering angles (3.B.12a-c) to give the func-

tions ti(q,E) to use in formulae (3.B.13). Then, effective nucleon numbers (3.B.37)-

(3.B.38) are used to get the nuclear cross sections and spin observables (3.B.39)-

(3.B.41).

3.B.4 (p,n) charge exchange reaction

We also apply the formalism of this section to the (p,n) charge exchange reaction

(inclusive (p,n) scattering). If we treat the Arndt amplitude as all "direct", then the

charge exchange amplitude is the isovector amplitude:

Fch-ex = Fpp - Fpn (3.B.42)

to be used for protons scattering from the target neutrons. So for the charge exchange

observables we use (3.B.42) for the amplitudes in (3.B.13). to give a (pn) cross-section,

and (3.B.39) to give a nuclear cross-section, with Zeff = 0.

The comparative strength of the Lorentz components of the isovector amplitude

(3.B.42) is very different from that of the isovector amplitude

Fav = Fpp + Fpn (3.B.43)
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especially the pseudoscalar component, so that the (p.n) reaction can provide new

information on the form of Y. Because of the importance of the pseudoscalar amplitude

in charge exchange, we make a point of investigating the coupling choice A• = -2M

in place of the choice APP. = - of the original RIA (Table 1.2). As mentioned in

Chapter 2, the fit to the NN data is unchanged by this choice, but when this coupling

is used for spinors in the nuclear medium, this choice gives:

U (kl) A' U(pl) = Ui (ki) U-(pi) = U (k) AU( (3.B.44)
PV 2M M ( a 'U(p) (

i.e. they are different by a factor of MI with another factor of Z for the secondM M

vertex in Fig 3.1. Then for the pseudovector model, we multiply by these factors:

F (M1M2)(3 
45)

Fv- M2 (3.B.45)

to get the desired F P amplitude.

3.C Results

In this section, results are presented for cross sections and spin observables cal-

cualted using the formalism of section 3.B. First, cross sections at 800 MeV are

compared to published (though recently corrected) LAMPF data [Ch80]. then spin

observables at Tlab= 5 00 MeV and Tlab =420 MeV are compared with recent Lampf

and TRIUMF experiments. Then, predictions are made for spin observables at several

other angles and energies. Finally, calculations for the (p,n) reaction are presented

3.C.1 800 MeV (p,p')

Cross sections for 800 MeV proton scattering from 12C, 40Ca and 208Pb are shown

in Figs. 3.3-5. The data are taken from Ref. [Ch80], but its normalization has recently

been corrected; so the comparison should be taken only as a rough indicator of the



success of the normalization (via Aeff, Eq. (3.B.37)), the position of the peak center,

and the shape of the peak.

Calculations with M 1 = M2 = M (nonrelativistic, solid curves) and with effective

M's from Table 3.1 (relativistic, dashed curves) are shown along with the LAMPF data

as published in [Ch80]. (The normalization is as presented in the calculation of 3.B

and has not been adjusted.) The peak positions and widths of both calculations agree

with this data set. The normalization is good in the middle of the range of angles

shown, but is wrong by up to 50% at the extremes. The data do not have simple

parabolic shapes, indicating modes of excitation not covered by the simple Fermi gas

model and giving strength at the high and low w values for the peak.

The use of relativistic wavefunctions (Mi 0 M. M 2 :A M) gives a shift in the

peak position of about 10 MeV. This is to be expected from the binding from the scalar

field. The position of the quasielastic peak is the energy lost to a stationary target

nucleon in the medium. If the target particle picks up 3-momentum q, then

Wpeak = (q 2 + 2 - M2  (3.C.1)

where it was was assumed that the vector and potential and M 2 are independent of

energy. Thus, the shift of the quasielastic peak due to the scalar potential is:

AE = (q2 + M22) - (q2 + M 2 )  (3.C.2)

which is about 10 MeV for Iq| s450 MeV and the M 2's in Table 3.1.

While in a few instances the relativistic calculation gives slightly better agreement

with the data, the change is not significant and one must conclude that there is no

clear signature for relativity in the cross section.

The same binding energy shift is larger in quasifree electron scattering, where

the effective mass of the target nucleons (as given by (3.B.9) with T(b) = 1) is

about .7M. compared to the effective mass M 2 ;0.9M for proton scattering. In fact,
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Rosenfelder [Ro80] found that a relativistic Fermi gas model with (M*)=0.71M gave

a good description of the data for 800 MeV quasielastic electron scattering from 40Ca.

Thus, the relativistic Fermi gas model is consistent with both electron and proton data.

3.C.2 300-500 MeV (p,p')

Spin observables at 500 MeV and Olab = 18.50 have been measured at LAMPF

[Ca85]. At this energy and lab angle, the quasielastic peak occurs at Iql ; 300 MeV

and w ; 60 MeV. Data are plotted in Fig. 3.6-7, along with the nonrelativistic (solid)

and relativistic (dashed) calculations. The two other sets of curves will be discussed

below. The polarization was found to be equal to the analyzing power, within errors.

This is true for the theoretical model used here, although it is not necessary for inelastic

scattering.

For both 40 Ca and 208 Pb, the polarization was found to be about 40% below the

free value at the quasielastic peak. The RPWIA model also predicts such a decrease

in Ay. The correction to A, from including spin-orbit distortions were estimated in

[Ho85] for Pb. at the peak; the size and direction of these corrections are indicated in

Fig. 3.7 by the small arrows at the quasi-elastic peak position. While they do decrease

Ay, this correction is much smaller than the observed decrease. Without a change

in the NN interaction, the decrease in AY is hard to explain, and all nonrelativistic

calculations to date have predicted AY close to the free value.

The shape of the A, data for Pb is not predicted well by either calculation for the

Fermi gas model. At low w, the increase is probably due to nuclear structure effects;

nonrelativistic calculations based on the RPA surface response theory of Bertsch et

al [Es84] give such an increase in Ay at low w. But the RPA corrections are small

at w =66 MeV and so don't explain the reduction in A, at the quasi-elastic peak.

The slope may also have some contribution from multiple scattering, which would be

consistent with the fact that the slope is not as large for 40Ca.
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The results are mixed for the other observables. The measured D,, is slightly

smaller than the free calculation, in agreement with the M* prediction, although gen-

erally for D,, and DP 1 the data are close to the free and M* predictions. But for

D,, and D1u, the relativistic model predicts an increase from the free values, which

is not seen in the data. Part of this increase may be cancelled by L - S distortions,

estimated in [Ho86] to reduce both Djr and D,8,. With L S corrections included, the

data may lie between the two curves, making this measurement inconclusive with the

target model used here.

By using different spinors for the target and projectile nucleons in the formalism of

Section 3.B one can examine the separate roles of M 1 and M 2 in giving deviations from

the free calculation. In Figs 3.6-3.7, the dotted curves use only projectile relativity.

i.e. M,1 7 M2 = M. The dash-dot curves use only target relativity, M2 : M1 = M.

While for the polarization, the projectile's wavefunction gives most of the change for

the relativistic calculation, for D.,t and D1 I, the contributions are of comparable size.

constructive in the first case and cancelling in the second. So the full set of spin

observables in general shows sensitivity to target and projectile wavefunctions.

Fig. 3.8 presents some recent preliminary TRIUMF data for 420 MeV proton

scattering on 12C at Olab = 230. The result is similar to what was seen at 500 MeV

for 40Ca and 208Pb: relativistic spinors reduce A, to improve agreement with the data

while increasing D.,a and Dit, away from the data. Also, note that the slope of the

spin observables is not a problem for the theory, as with Pb at 500 MeV.

In Figs 3.9-13. various other predictions for observables are shown. Observables

for 300 MeV and 400 MeV scattering form Ca are predicted for free and relativistic

calculations. There are now large differences for D8, 8 and D, t at forward angles.

However, at these lower energies, nucleon exchange and the density dependence of

the amplitudes, shown to be important in Chapter 2 for elastic scattering should be

considered (along with corrections for L . S distortions and nuclear structure).
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3.C.3 500-800 (p,n)

Calculations for the (p.n) reaction are shown in Figs. 3.14-3.15, for 12C(p.n) at

800 and 500 MeV and lab angles 90 and 18.50, respectively. The calculations follow

the model of section 3.B.3 with the (p.n) Q value of 18.1 MeV simply added to the

w values to compare with experiment. Three calculations are shown: nonrelativistic

(solid curve); relativistic with pseudoscalar coupling for the P invariant (dotted curve)

and relativistic with pseudovector coupling (dashed).

Preliminary Los Alamos cross sections [Je85] are shown with the 800 MeV set.

Of the two relativistic calculations, the normalization is better matched by the pseu-

doscalar coupling model, but as with (p,p') scattering, a better handle on the distortions

leading to proper normalization is needed. Assuming that the same distortions apply

to (p,p') and (p,n) scattering, having absolute cross sections for both reactions at a

given angle would give the common normalization factor and then the coupling choices

could be better compared with experiment.

Of the spin observables, the (p,n) spin transfers most sensitive to the model

choices are now D,, and D,.,, for which the difference in the predictions is very large.

3.D Test of Fermi Gas Model

All of our calculations have been based on a local Fermi gas approximation. To test

this we make an improved local density approximation. In the calculation of Section

3.B, effective parameters are obtained by averaging over local values in the nucleus first.

Another approach to the calculation would be to perform this averaging afterward, that

is, calculating the scattering observables for the local Fermi gas parameters and then

averaging these over the nuclear volume. This calculation proceeds as follows:

Define local values of kF, MI and M 2 by:

1

kF(r) = (3r2pB (r) (3.D.la)
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M (r) = M- S(r) M2(r) M- .44p(r) (3.D.lb)
Po

We use these values in Eqs. (3.B.10) and (3.B.22) to get local cross sections and then

average the result:

dlldEE -J bdbf dz T(b) pp(r)d dE pp, M(r), M 2 (r), kF (r)

+ pn(r) d3E (pn, M (r), M2(r), kF (r) .

(3.D.2)

The spin observables are calculated in a similar fashion.

Calculations using both averaging schemes are compared in Fig. 3.14 for 800 MeV

proton scattering on 40Ca at Olab = 200. The dashed curves are calculated using Eqs.

(3.D.1) and (3.D.2). The solid curves are the corresponding nonrelativistic calculation,

using M1 = M2 = M in place of (3.1b).

Comparing these results to the data and the calculation of Section 3.B (the dash-

dot and dotted curves in Fig. 3.14), the cross section is too sharply peaked, and there

is a change in the shapes of the spin observables. This averaging scheme then gives

too much of a contribution from the low-density nuclear surface, indicating that the

surface response is of some importance and that one must use care in adapting Fermi

gas models to a finite nucleus. But we conclude that the uncertainties in using a

Fermi gas model do not obscure the difference between relativistic and nonrelativistic

calculations of quasielastic spin observables.

3.E Conclusion

In this chapter, models for quasielastic (p,p') and (p,n) scattering have been

presented. These models enable one to calculate cross sections and spin observables

as a function of energy loss w by using a relativistic plane wave impulse approximation

in combination with a Fermi gas model for the nuclear target. It is seen that the

use of relativistic wavefunctions does have a significant effect on predictions of some
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spin observables. The particular observables most affected depends on the lab energy,

scattering angle and whether the reaction considered is (p.p') or (p,n).

Comparison with the rather small amount of available data (without considering

L - S) gives mixed but encouraging results for relativistic models. Cross sections are

reasonably well reproduced except for the overall normalization. For 500 MeV (pp'),

the relativistic model predicts a polarization P in agreement with an observed decrease

from the nonrelativistic value, but worsens the agreement with D,8, and Drll. Similar

results are seen at 420 MeV with 12C.

For other lab energies and scattering angles, other spin observables present them-

selves as good tests for relativistic dynamics. At lower energies and for the (pn)

reaction, the model predicts large differences in some of the spin observables which

may provide very clear comparisons of relativistic and nonrelativistic models. In the

(p.n) case, one may also be able to distinguish between choices for the coupling of the

pion (pseudoscalar invariant amplitude).

The work in this chapter represents only the first pass for a relativistic (p.p')

quasielastic calculation; much more theoretical work needs to be done. Most important

for the central result will be the inclusion of spin-orbit distortions which are estimated

to improve the overall agreement with the data but which must be incorporated into

the full calculation before an unambiguous comparison with experiment can be made.

It will also be useful to have a relativistic surface response theory so that surface

corrections may be applied to simple target models. It is hoped that such a correction

can improve the calculation of this model at low values of the energy loss w. Better yet.

full relativistic DWIA calculations should be done to confirm all the approximations for

the target made here.

Finally, more experimental data are needed to map out the behavior of the spin

observables over a wide range of energies and scattering angles to compare with the

theoretical predictions for these trends. Charge exchange (pn) spin observable data are
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needed to compare with theoretical predictions; absolute (p.n) cross sections would be

useful for eliminating the uncertainty in distortions (normalization) for the (p.n) cross

sections.

Acknowledgements:

Ken Hicks and Otto Hausser of TRIUMF are thanked for providing preliminary

data for 420 MeV 12C(p,p') scattering.

105



Chapter 4. Relativity and Nuclear Magnetic
Moments

This chapter discusses a short but important calculation which helped to remove

a long-standing objection to relativistic descriptions of nuclear structure, for example

the Hartree calculations for finite nuclei used to describe the target nucleus in proton

scattering.

4.A Dudley's Dilemma

Relativistic Hartree studies of closed-shell nuclei ([Ho81], [Se86]) give good de-

scriptions of the spin-orbit splittings of the nucleon levels and charge densities. Follow-

ing this success, it is natural to ask if the relativistic description could do as well as the

nonrelativistic theory in predicting the magnetic moments of "closed-shell-plus-one"

nuclei, for which the "Schmidt" values agree well with experiment.

Consider a nucleus which has one additional (or less) nucleon from a double-

closed-shell configuration, e.g. 39 Ca or 209 Bi. The additional nucleon is in a level

with angular momentum quantum number j. In the extreme single-particle model, the

magnetic moment of the nucleus is just that of the last nucleon.

4.A.1 Nonrelativistic Formula

In nonrelativistic theory, the magnetic moment operator is a sum of orbit and spin

parts:

Mz = Io(g)lz + g()Sz) (4.A.1)
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Table 4.1

where

(g) = 1 proton
k 0 neutron and (e) _ +5.5858

-k - -3.8263

The magnetic moment (in units of nuclear magnetons) is then the matrix element

of this operator for the odd nucleon wavefunction with m = j:

1

U(j - 1)g + Ap,n

[(j + a) - p,n] j =-1~1

(Parallel)

(Anti - parallel)

(4.A.2)

where po = 'h and Ap,n = (). These "Schmidt" magnetic moments agree well

with experiment; see Table 4.1.
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Relativistic

Nucleus Orbital Schmidt No Backflow Backflow Expt

15N lp._ -.26 0.02 -.12 -.28

150 1p_ 0.64 0.67 0.52 0.72

17F 2d5 4.79 5.05 4.92 4.72

170 2d s -1.91 -1.91 -2.05 -1.89

39 K 1dA 0.13 0.86 0.50 0.39

39Ca 1da 1.15 1.17 0.81 1.02

41Sc ifZ 5.79 6.40 6.10 5.43

4 1 Ca 1ft -1.91 -1.91 -2.23 -1.60
89Y 2p . -.26 0.08 -.09 -.14

91 Zr 2d a -1.91 -1.90 -2.17 -1.30
20 7 Pb 3p.1 0.64 0.67 0.53 0.59

209 Bi 1h_ 2.62 5.07 3.90 4.08

proton
neutron



4.A.2 Relativistic Formula

When relativistic dynamics and wavefunctions are used, there is a different result.

With a single-particle wavefunction of the odd nucleon given by

Onlcm = --•m&

we get (see Appendix E):

Cfo

2 2j + o

I Gnr. (•I· I ' +(r) d2 +

where w = -1, Parallel and = 1.7928 odd proton
where +1, Anti-parallel . -1.931 odd neutron

(4.A.3)

So in the relativistic case, we need to have the radial wavefunctions to calculate

kgz. As a first guess, one might suppose that the odd nucleon moves through the mean

fields of an undisturbed core; then we can use the mean fields of the Hartree calculation

of [Ho81] and find the single-particle solution for the last orbital. Using the resulting

radial functions Gn,(r) and Fn,,(r) to calculate tz with (4.A.3), the results are listed

in Table 4.1 in the column labelled "No Backflow". In general, the agreement with

experiment has gotten much worse.

The physical reason for this change is somewhat obscured by the full expression

in (4.A.3). The first term arises from the electromagnetic current, which is the expec-

tation value of the operator !(1 + r3)'. the charge times the Dirac velocity operator

(see Appendix E). For spinors of momentum k in the presence of a mean scalar field

yielding an effective mass M*. this is

EM = e v=e 1 3  k 2 (4.A.4)
2 2 k2 + M*2
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Fig. 4.1 Nucleon-core interactions contributing to the quasiparticle current.

Since M* in the nuclear medium can be of order M/2. the convection current

is significantly enhanced from its free value. Thus, the strong nuclear scalar field

which gives a spin-orbit interaction consistent with that observed in finite nuclei drives

magnetic moments away from their observed values. This inconsistency ("Dudley's

Dilemma") was noted by Miller [Mi75].

4.B Quasi-Particle Current

Eq.(4.A.3) for the magnetic moment neglects the interaction between the valence

nucleon and the core. But in QHD-I -the model field theory underlying the nuclear

structure calculation which we are testing- the photon probe and the valence nucleon

can both couple to Lorentz vector. isoscalar excitations of the nuclear medium. Or,

put another way, the repulsive vector interaction pushes the core nucleons to give rise

to a new vector, isoscalar current (a "backflow" current). In diagrams, the interaction

depicted in Fig. 4.1b must be included in the total electromagnetic current.

One must find how the total electromagnetic current of the nuclear system reacts

to the addition of the valence particle. In 1981 Matsui [Ma81] calculated the resulting

total baryon current resulting the removal (or addition) of a particle from nuclear matter.

This calculation uses the approach of Landau Fermi liquid theory. It is self-consistent.
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so that the backflow is now taken into account. In the nuclear matter rest frame, the

quasiparticle baryon current for the addition of a particle to momentum state ki is:

.jB ki 1

J 6ni (k? + M* 2 ) a (4.B. 1)

where
2 22 F

a 3 2 (k +M*2 ) (4.B.2)3x2 (k2 + M*2)

(4.B.1) shows that the baryon current, enhanced by the low value of M* is now

suppressed by the backflow effect.

Eq.(4.B.1) may also be derived from the relativistic random phase approximation

(RRPA). To complete the discussion of the quasiparticle current, one can also show that

it is indeed the current that couples to the electromagnetic field. See Ref. [McN86].

4.C Local Density Approximation

To make a simple test of the backflow correction in finite nuclei, we make a local

density approximation to incorporate (4.B.1) into (4.A.3). We multiply the isoscalar

part of the Dirac moment by the suppression factor in (4.B.1). Thus, for the backflow-

corrected magnetic moment in finite nuclei, we use:

I Mz
Ao

- ( 2 ) ( + 3) MrFn•(r)Gn,(r) dr
2 \2 + 2 /h (1 + a(r))

-wA J G, (r) 12 dr + j - Fn, (r) I+ + j+1 1

where -1, Parallel and A 1.7928 odd proton
here = +1, Anti-parallel d A= -1.931 odd neutron

(4.C.1)

where now a(r) is given its local value:

2 k.,,, )
a(r) + (4.C.2)

3 kr2 (k(r) + M*(r)2) •
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Nucleus Orbital Schmidt

15N+-15o0 p1 0.38
17 F+ 1 7 0 Ida 2.88

39 K+39Ca ld3 1.28

41Sc+ 4 1 Ca 1fz 3.88

Relativistic

No Backflow Backflow

0.67 0.40

3.14 2.87

2.03 1.31

4.49 3.87

Table 4.2

with

kF (r)= -3-PB(r) and M* (r) - M - gsq(r) . (4.C.3)

PB. and 0(r) are taken from the Hartree calculation of [Ho81] for the core nucleus.

which is either 160. 40 Ca. 90 Zr or 208 Pb.

The results are shown in Table 4.1 under "Backflow". Generally the agreement

with experiment (and the Schmidt values) is improved.

Note however that the backflow correction is only for the isoscalar current. There

will be no correction for the isovector current in the QHD-l model, but both currents

were enhanced by the small relativistic effective mass in (4.A.4). So it is more sensible

to compare the isoscalar moments (the sum of odd proton and odd neutron values)

to the Schmidt values and experiment. These are listed in Table 4.2, where it is seen

that the relativistic values with backflow are now very close to the Schmidt values.

Static magnetic moments are thus not an obvious problem for relativistic treat-

ments of nuclear structure as was once supposed, but it is necessary to go beyond the

independent particle model and include the interaction with the nuclear core.

Though both relativistic and nonrelativistic calculations now give essentially the

same results for isoscalar moments, it is important to note that they come about in

different ways; for the nonrelativistic calculation, the current for the valence nucleon
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gives a magnetic moment in agreement with experiment. In the relativistic case. one

must look at its quasiparticle current. The nucleon behaves as a particle of mass M*.

but this effect just happens to be cancelled out by the interaction with the core. This

is not surprising when one considers that in relativistic models, the strongly attractive

scalar potential is similarly cancelled by the strongly repulsive vector potential to give

the relatively weak binding energy of nuclear matter. One simply concludes that static

magnetic moments are not a very sensitive test for differences between relativistic and

nonrelativstic theories of nuclear structure.
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Appendix A. Transformation of NN Amplitudes; The MRW Matrix

The relativistic impulse approximation uses information from N N scattering to con-

struct the (relativistic) N-nucleus optical potential. In Ref. [McN83a] (to be referred

to as MRW) this information is cast in a Lorentz-invariant form so that quantities in

the NN center of mass frame can be taken over to any other frame, e.g. the N-nucleus

center of mass frame.

In the center of mass frame for the NN collision, the incoming nucleons have

momenta and spins k,. si and -k,. s 2 . The outgoing nucleons have momenta and

spins k'. s' and -k'. s'. As in MRW, define q = kc - k' and ka = -(k, + k'); then

a mutually orthogonal set of unit vectors is q. •k =_ & and i~ - x z. The vector A is

perpendicular to the scattering plane: k' x k, = -ka,, .

The NN scattering amplitude (in its nonrelativistic representation. a matrix in

the Pauli spin-space of the two interacting nucleons) is parametrized so as to satisfy

isospin, parity and time-reversal invariance. One representation is [G183].[Ar82]:

M(k,k') = a+c(l•-A+-2.A) + ol F2 ni +-(g+h)(l',l 2Z) (g-h)(a1'q 2"q) ,

(A.1)

normalized so that the absolute value squared of a matrix element of (A.1) gives the

cross section. a.....h are complex quantities depending on the energy of the collision

and the scattering angle.

Using

1 - U-2 = .1 , A 2 - A + •1" -· 2  + U1 6q2 " , (A.2)

other representations are possible for M. MRW write:

(2ikc)-1M = (2ikc)-lfc

A + B6~ • "2 + iqC(l. · + 2 • .) + DoI • 2 · + EAI + z 2 .n
(A.3)
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In a similar way one can use Dirac spinor language for the nucleons to construct

a relativistic NN amplitude. In place of f, we will use (2ik,)F, a matrix in the Dirac

spinor space of the two nucleons, a 4 x 4 ® 4 x 4 matrix with 256 components, which

similarly depends on Ec and q = Iqj. Its relation to f, is the following:

(2ikc)- 1 X X., fc(Ec, q)x8 X,2 = U(k/', s' )U(-k', )s'1) (Ec, q)U(kc, s1)U(-k , 82)

(A.4)

where the X's are Pauli spinors for the different spin orientations and the U's are

Dirac 4-component positive-energy spinors, normalized so that UU = 1.

The information from NN scattering experiments which determines the 5 inde-

pendent components of fc will determine only a small number of the components of

F. so without further theoretical input, some assumptions must be made about the

form of j. The original choice for I was

(Ec) = FL (Ec, q)f) ) (A.5)
L

where the L's stand for the Dirac matrix types given in Table 1.2 (see the discussion

in the main text). The amplitude with this choice is a sum of five terms,

(2ikc)- 1M = FSU 1U1 1 U 2,U 2 + FvU1' -U 1 2' U2 + FTUI1a'IU U 1 U2', U2

+ FA 1U2y'SU1 2' 5 , + FU 1 1
5U1  2

5U 2
(A.6)

From the Lorentz invariance of the amplitude and of the bilinear combinations,

each of the FL's is a Lorentz-invariant function of the (invariant) quantities Ec and q.

Using the explicit expressions for the Dirac spinors U and the " matrices, the right

hand side of (A.6) can be expanded in terms of the independent set of spin operators

and Pauli spinors, and the coefficients can be identified with those on the right hand

side of (A.3). In this way, the 5 FL's and the coefficients A,..., E can be written

as linear combinations of one another. Specifically, one can derive a 5 x 5 matrix
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O(Ec,ka,q) which gives the MRW (center of mass) Wolfenstein parameters in terms

of the FL invariants:
A / 1 /Fs
B Fv
C = O(Ec,ka,q) F T  (A.7)
D FA

For example, the Fs term of (A.6). omitting the Pauli spinor factors in the Dirac

spinors, is:

FS E+ 2 '(2 1 + l-k)(I 'k) (A.8)
2M (E + M)2 (E + M)2

Using

d. k' a-. k = k'k + i' (k' x k)

the definitions of ka and q and with the notation al, a'l • n, this is:

s E + M k - - iqklaa, k - - iqkaalF +1+ a 4
2M ( + M)2  (E + M)2

(E+M 2 2_ 2 ka _
FS +  - -1 -iqka 1+ 4 (,] + Usn)

2M (E + M)2  (E + M) 2  a)

kg2

- +M) 4 [a1  - UlqU2q - clztT2z]

where (A.2) was used in the last step. From this last expression, one can read off the

contributions of Fs to A.C,B.D and E respectively, thus giving the first column of

the MRW matrix. The other entries are found similarly.

Much of the discussion of MRW deals with finding the NN amplitudes in the

"Breit frame", a kinematic prescription which deals with the fact that the other A - 1

nucleons in the recoiling nucleus carry away some momentum from the NN collision.

The Breit frame amplitude has the form

(2ikc)-'M = A + B- 1 "a 2 + iq(Clal, + C202n) + D q19O2q + EazzO2z (A.10)

with C1 # C2 now from the lack of time-reversal symmetry in this frame. The matrix

in (A.7) is a special case of the matrix in Table I of MRW with A = 1. which gives

C1 = C2.
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Appendix B: Calculation of Scattering Observables

I. Scattering Amplitude

In the first part of this thesis, scattering observables for spin- -spin-0 collisions

were calculated. This appendix will cover the mathematics and some of the numerical

details of the computer code which does this calculation.

We need to describe the scattering of a spin- 1 particle from a nuclear optical

potential (within the framework of the Schrbdinger equation... see Appendix C). This

potential is the sum of two parts: First there is the strong, short-ranged "nuclear" part

which is complex and which has a central part (dependent on r only) and spin-orbit

part (dependent on r and the spin orientation of the projectile). Second, there is the

weak, long-ranged Coulomb potential between the projectile and the nucleus. The

spin-orbit potential makes the cross-section dependent on the spin of the projectile

and gives rise to the observables Ay and Q. The presence of the Coulomb potential

demands special treatment for calculating the scattered wavefunction in the asymptotic

region.

The geometry for the scattering experiment is shown in Fig. B.1. The projectile's

initial momentum is in the +z direction: the scattering takes place in the x - z plane

at spherical angles 0 and 0 = 0 (0 is measured from the x-axis).

We begin by considering a point charge Ze at the origin. For a spin-' particle

with charge +e and mass /4 incident along +z with energy E = k2, the solution to

the Schrodinger equation satisfying the boundary conditions is:

XPC = v-I E[4xr(21+ 1)]ie' ' Fk) o(0 , )[a a + al3] (B.1)

where the Coulomb phase shift al is given by

or = arg r( + 1 + irl) (B.2)
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A

A

Y

) - --

Fig. B.1 Coordinate system for proton-nucleus scattering

with
=lZe2  

(B.3)h'k2
and the Fi(kr) are the regular Coulomb wavefunctions, described in [Ab72]. a and

P denote Pauli spinors for spin up or down in the z-direction. The spin part of the

wavefunction has la 12 + la_i 12 = 1 and is a trivial factor here since the potential has

no spin-dependence.

In general, the continuum solution to the Schr6dinger equation for the point charge

potential has a linear combination of F1 and the irregular Coulomb function G1 but with

the F1 choice in (B.1). %IF goes asymptotically as:

-- v- ei[kz - nllnk(rz)1 i(r- z)2 + 1fc()ei(kr-1 ln 2kr) (aia+a/)
k (r - z) r 2 2

(B.4)

with

77) = e-i In(sin 2 )+2io , (B.5)fc(0) 2k sin2 e

the Rutherford scattering amplitude. This is the desired asymptotic form since it has

only a ie+ikr part for an outgoing scattered wave with no incoming radial wave. Also,

as rq -+ 0 (limit of zero charge), the Fl's tend to the spherical Bessel functions ji to

give the familiar plane wave expansion which is regular at the origin.
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We now generalize (B.1) for a nuclear potential, which tends to a point charge

potential at large distances and now depends on the spin orientation of the projectile.

First, we write (B.1) in terms of eigenstates of J2 , L 2. S2 and g = Jz. These

eigenstates are:

y,"z,g = (l t1 -. . Ili J)Y"- ½ • + (l+ A _ li ')YI + /  (B.6)
Yý1 an 2 2 2inverting2 2(B.6)

Writing down the four relations of this type with j = 1 and A = ± and inverting

them to substitute for the product of spherical harmonics and spinors, (B.1) can be

written as:

'QC= 2I i1eic, Flkr) iY aiY 1 L + +.I
Skr 2' 12+211)2(B.7)

+0(-aý_ ' I I + a- 1 _2 212 2 21 22

The nuclear spin-orbit potential is proportional to the operator L - S. which, for

eigenfunctions of J2. L 2 and S2 can be replaced by:

L - S = 2- L2 - S 2 )  jj+ (B.8)
2 2 (4

Then to generalize (B.7) to a nuclear potential with a spin-orbit part. in place of

FI(kr) we have a general radial wavefunction which will depend on whether j = I + 1

or j = 1 - 1. denoted respectively by u+ and u-. The wavefunction for nuclear

scattering is then:

Total =i 1 1
1

+ Vi-ur(kr) ( a Y L ILj + a- Y)

(B.9)

with the scattered wave defined by:

'Total = c + aecat (B.10)
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WTotal satisfies the Schrbdinger equation

[-V2 + +V + soL - S'*Total - ETTotal
2A

Substituting expansion (B.9) into this and using (B.8) gives the radial Schr6dinger

equations for u±:

1 2 kVc + V9] 0 a (r)= 0 (B.11)dr 2  
2 h2 2 -1 r2

The ul's differ from the Fj's because of the nuclear strong potential; in the exterior

region, where only the Coulomb potential affects the scattering, the ul's will be some

linear combination of Fl and G1 because the boundary conditions for the point charge

potential do not apply here. So in the exterior region, ul has the general form:

au(kr) ~ A fFi(kr) + B'Gi(kr)r>R

The combination Gi(kr) + iFl(kr) goes asymptotically as an outgoing spherical

wave:

Gl(kr) + iFI(kr) - exp[i(kr - r Iln2kr - - + a)] . (B.12)
-oo00 2

Similarly. G1 - iFj tends to an incoming spherical wave. If we now require the total

scattered wave to behave asymptotically as a Coulomb wave Pce with an added outgoing

spherical wave (as in (B.10)), then the us's must have the asymptotic form:

u'(kr) - FI(kr) + Cf[GI(kr) + iFI(kr)] (B.13)
r>R

Without the nuclear strong potential and the finite charge distribution, the Cz's would

vanish, leaving only Fl to give the pure Coulomb wave (B.7). Roughly speaking.

experiments can see only outgoing spherical waves so they will be influenced by the

second term of (B.13) but also by the part of F1 which has this form; in this way. the
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Rutherford (point charge) scattering amplitude shows up in the final results, as will be

seen.

Substituting (B.13) into (B.9) gives the form of X4 Total for large r. The Fi(kr)

term in (B.13) gives xF, back again. Using (B.13). we have:

rota + i kr ++-C+ exp[i(kr - r In 2kr - + a)]

+ v/-C exp[i(kr - ln 2kr - + )]
(-ai 2 +, a, +a_ -

1 1

S 2 2 22
(B.14)

where the asymptotic form for %c has already been given by (B.4). Finally, when

we put the put the large-r form for [c into (B.14). re-express the y functions as

combinations of the spherical harmonics Y1
0 and Y1

1 with Pauli spinors a and / and

use
1

Ym = (1)m (2+ 1) - )!p(cos O)eim47r (I + m)!

we get:

*Total V' j Ci[kz-Ink(r-z)] aa+aP]

+ v fe(0)e i(kr- an 2kr)[ a+ a+a]ro - 2

kr2Sei( k r-q In 2 k r) [+v- kr Ze 2i'' ((o+0)C +C,_-P -) +)

k -kr eP( [°s (cos O)C( e -(• a e/3- -)

(B.15)
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The scattered particle is always measured at 0 = 0 in this coordinate system:

make this substitution and use the Pauli spinor

Xinc =( a_) = aa + a _•

(where the spin basis is for the +z direction) to describe the polarization of the incident

beam. This gives:

lTotal r-- -- v ei[kz- n In k(r-z)] 1 - 2 X inc

*)Total 1- 12 1 C)-P Xinc
r-OO1 ik(r - z)

i(kr-q In 2kr) 1
Sr (e) + ((1 + 1)Ct + IC)P(cos 0)]Xinc

Sei(kr- In 2kr) Xin
+ v _ kr e2iV(C + - P1 (COS 0) - 1 0 Xin

(B.16)

Let - kxk , the unit normal to the scattering plane. Then:

0 = iy = id -A-1

Define

1A(0) - fc) ([(0 + 1)Ce + +ClP1(cos 0) (B.17a)

B(0) e2ial [C+ _- C ]P (cos 0) (B.17b)

then the asymptotic form of *Total reduces to the simpler expression:

Total ~ fei[kz - n In k(r - z)] 1 - Xinc
'QTotal V-5 1- '11 Xinc

r-00oo ik(r - z) (B.18)

v - ei(kr--q In 2kr)
+ [A(O) + B(O)c. - A]xinc

r

Because of the log terms in the exponents, this is not of the form of a stationary wave

function for a potential of finite range. for which we would have:

f,',,t, ~ V-2 eikzXinc + f(0) - Xinec (B.19)
range t--OO r i(
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but the factor e- i n lnk(r-z) = e-itIn2krsin2 ( in (B.18) oscillates rapidly under typical

experimental conditions and the angular width of an outgoing wave packet is large

enough that this term gives a zero contribution to the cross section at realistic values

of 0. Only the second term contributes to the flux measured away from the forward

direction for which the factor e-i ln 2kr is now a phase factor which can be ignored.

(See [Ta72j, pp 262-266.) For all practical purposes, %FTotal is asymptotically of the

form (B.19) with the scattering amplitude given by:

f (0) = A (0) + B (0) d` . . (B.20)

A(O) and B(O) are complex and may be determined only up to a common phase factor

so that there are only three independent real functions to be compared with experiment.

These are usually taken to be the differential cross section a. the analyzing power Ay

and the spin rotation function Q:

o() = IA(0) 2 + IB(0)12  (B.21a)

A,(0) B) (B.21b)o(0)

Q() 21m(A*) (B.21c)o(0)

B.2 Discussion of Spin Observables

The scattering amplitude for protons of some initial spin state emerging in some

final spin state is obtained by sandwiching the operator A+ Bay in (B.20) between the

Pauli spinors for these polarization directions. (The corresponding differential cross

section is then the absolute value squared.) In the usual representation of the a's

where ao is diagonal, these are:

X+ X-- _X+y X-y
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+z 0 X-z = (B.22)

For example, the cross section for +A -+ +A scattering (polarization out of the scat-

tering plane) is

, +- + = Ix {A(o) + B(O)ay,}X+, 2 = IA(O) + B(0)J2  (B.23)

The unpolarized cross section, a(O). is a sum on cross sections for the final states

and an average on the initial states:

1 d d do da

= (IA + B 2 +0 + + IA- B 2)

= IA(0)12 + IB(0)12
(B.24)

Note the zero terms: the scattering operator of (B.20) can rotate spins about A but

cannot change +A spin to -9.

To measure the analyzing power. the spins of the outgoing particles are measured

although the incident beam may be unpolarized. If the difference between the +A and

-y cross sections is taken with the result divided by the unpolarized cross section, we

obtain the analyzing power Ay:

-- do", • +A+ d(+, -- A -Y)
35- - d'-)

_(IA + B12 - IA - B12) (B.25)
o(0)

2Re(A*B)

Equivalently. A, can be measured by sending in a beam of protons polarized along +A

and measuring the total cross section at angles 0 and -0 in the scattering plane. From

the definition of the vector An. these measurements use A's of opposite directions and

hence give rise to the combinations A + B and A - B.
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The last independent measurement involves the rotation of the spin vector in the

scattering plane; for example, protons polarized along +-^ have a finite probably of

emerging with spin polarized along -±. Consider an incident beam polarized +-^ and

a detector which can distinguish the z-polarization of the scattered protons. The spin

rotation parameter Q is defined analogously to Ay as the difference in cross sections

for going to the +^ or -_ states. Using the spinors in (B.22), it is:

da= l (+. A( +A)

lA A+ iB12 - A - iBI2

JIA + iBI2 + I A - iBI2  (B.26)

-i(AB* - BA*)

AI2 + IB12
2Im AB*

See Fig. B.2 for a schematic of the necessary spin measurements.

B.3 Numerical Calculation

The computer code used to calculate the observables begins with a Schrodinger-

like equation for the upper components of the scattered wavefunction;: it is of the form

(B.11), or its partial wave expansion (B.12). To get the coefficients C± in (B.12),

which will then give the scattering observables, it is easiest to evaluate u± at two large

values of r. Define:
-u•4(kR 2 ) (B.27)

Su± (kR 1)

where R 1 and R 2 are well outside the range of the nuclear optical potential. Then from

(B.12) and (B.27) it follows that:

_ F1 (kR 2) - RPFF(kR1)
1 - (R Gl(kR1 ) - GI(kR2)) - i(FI(kR2) - RF 1f(kR1))

so that the Cr's can be found regardless of the normalization of the radial functions

±
IUI
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(U.pol'J) dN

0-
(u,?o',) A 0±

(Po,,' -*-•) z- -1- X

Fig. B.2 Schematic of spin measurements for elastic proton scattering

The ul's all satisfy the condition u(0O) = 0 and at the first grid point (.04 fm in

this work). the value of u, can be chosen arbitrarily since this amounts to a different

choice of normalization. With these two starting points, the Numerov method [Ko86]

for integrating a second-order differential equation is used to get the u± at all other

grid points. Since the optical potentials are calculated out to 12 fm, R1 and R2 are

chosen to be 12 and 12.04 fm.

Having the values of R ±, we need the values of the Coulomb wavefunctions F1

and GI evaluated at kR 1 and kR 2 to use in (B.28) to complete the calculation. We

also need the values of oat to be used in (B.17).
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McCarthy [McC68] gives a convenient formula for ao:

o In(72 + 16)+ 7tan (Uo = - ?7 +÷2 42 2 4
- [tan- + tan-( ) + tan-'l( (B.29)

r7 1 r2 - 48 1 r14 - 160r12 + 1680

12(T72 + 16) + 30 (T2 + 16)2 105 (172 + 16)4

From this, the rest of the al's follow from the recursion formula:

ai = ai-_ + tan- (•) (B.30)

To evaluate F1 and G,. I have used the asymptotic expansion in [Ab72] (Section

14.5), where for large p (which is typically p : 39 in this work) we have:

F1 = gi cos 01 + fj sin 01
(B.31)

G1 = fi cos 01 - gi sin 01

where

80 = p - rl In2p - I + a•  (B.32)
2

and an asymptotic expansion is given for f and g:

z+ igz• 1 + (i7 - 1) (iT7 + I + 1) (ii7 - 1)(in? - I + 1) (it + I + 1) (it + I + 2)

1!(2ip) 2!(2ip)2
(B.33)

20 terms of this series were sufficient to agree with tabulated values.

It is only necessary to use these formulae for I = 0 and I = 1 since then we can

use a recurrence relation to get the rest of the F1's and G1's:

l[(l + 1)2 + •l]ul+l = (21 + 1) 7 + (+ 1) u- (+ 1)[12 + 7 2ul-1 (B.34)

where u can be F or G. McCarthy advises against using this procedure to recur upward

on the Fj's since for some values of the argument p this can be numerically unstable:

the alternative is similar to the remedy used for the same problem with spherical Bessel
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functions [Ko86], using downward recurrence for the F1's, then fixing the normalization

of the set with the Wronskian relation:

1
FoG 1 - FiGo = - (B.35)

However, for the values of p in this work, upward recurrence on the F's was well-

behaved and in fact more accurate than downward recurrence.

Having calculated the full set of C , the scattering observables are found from

(B.17) and (B.24-26). 60 partial waves are sufficient for the scattering calculations

for Tlab = 200 MeV.
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Appendix C. "Schrodinger Equivalent" Equation and Potentials

C.1 Reduction to (Local) Second-Order Equation

We begin with the Dirac equation for a particle with an anomalous magnetic mo-

ment moving in central scalar, vector and tensor nuclear potentials; also in a Coulomb

potential which is a central vector potential:

dp+ +[M + Ivr (r)I + [V uc(r) +Vc(r)I
o (C.1)

- ip& - [U uc(r) - arVc(r)] } = E (

Define:
Us (r) - VNS (r)

Uo(r) -V=NS (r) + Vc (r) (C.2)

UT (r) Vi c (r) Vc (r)2M dr
use the definitions:

. ( = if ) 1 (C.3)

and distinguish the upper and lower components of ik:

(C.4)

where iu and Vi are two-component Pauli-type functions.

This gives a pair of coupled equations for the upper and lower wavefunctions:

(d. p) 01 + (M + Us + Uo) u - iUT( .- ) 01 = Eou (C.5a)

(o . p)) + (-M - Us + Uo)01 + iUT(d. )ku = E01 (C.5b)

Combining these to get a single equation for ,u. we find:

1
[( -p) - WiU(. - )] [(R -p + W'U( -F)]Ou = (E - M)Ik (C.6)"' E - M)
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where & = E - Uo and . = M + Us. which are both functions of r. It is also

convenient to use B - E + M. After some algebra, we get:

- 2E 2MU + 2EUo+U-U2 + - B UT + 2 U + U
2E 2E ( B r

+ i B' 1 B' UT - ]T (E2 - M 2)

+ r-p+ + e-.L ¢= ¢
+Er BB 2Er B Er 2E

(C.7)

In deriving (C.7). the operator relations

(a Aop)(or Bop) = Aop. Bop + id - (Aop x Bo) (C.8)

and
1

Pop = V Lop = r X Pop

were used.

When (C.7) is viewed as a Schr6dinger equation for ,u. there is now a term for

the kinetic energy, a central potential term which is a complicated function of Us. Uo

and UT. a spin-orbit potential and a non-local "Darwin" potential, Br -p. It is

possible to get an equation with all local potential terms with the substitution:

tc(r) = [A(r)]- (r) (C.9)

where

A (r) + M(r) B(r)
E+M E+M

After this substitution and some more algebra, it is found that the non-local term is

canceled by a contribution from the kinetic term. Some additional central terms arise,

which are grouped as "UDarwin" and which are typically small compared to the other
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potentials. The result is a Schr6dinger-like equation for 0 (after multiplying through

again by 2E):

-V 2 + 2MUs + 2EUo + U - U + U 2  +- U + U

+ Darwin + + 2U .L] (r) = (E - M 2 )0(r)
rB +

(C.11)

where

=3 ( B' 2  B' 1B"
4 B DrwrB 2 B

While 0(r) is not the upper component wavefunction, note that since A(r) -- 1

as r -+ oo, it does tend to O(r) at large r. So we can use the differential equation

(C.11) to find 0(r) and thus O(r) at large r to match asymptotic functions. This is

what is done in the scxattering codes used in this work.

C.2 Equivalent Potentials

It is of interest to see how the potentials Us, Uo. and UT relate to those used in

a Schr6dinger equation for the scattered proton. Such a correspondence can only be

approximate, since even after identifying 0, with the Pauli wavefunction that would

occur in nonrelativistic quantum mechanics, there is still the nonlocal Darwin term and

the relativistic kinematics embodied in (C.11).

What is customarily done is to ignore the Darwin term and look at the central

and spin-orbit parts of (C.7). (Note that (C.7) is written as " -+ .*", instead of

with M in the denominator.) Thus.

Ueff - 2MUs + 2EUo + U2 - Uo + UT - UT - UT+U (C.13)

and

Uso - B + 2UT (C.14)
2E r B32
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are compared with the central and spin-orbit terms of Schrbdinger dynamics. Also.

with these definitions, the equation for tu is

V2 + Ueff + Uso L + UDarwin -
(E 2  2 )  (C.15)

2E 2E

C.3 Relativistic Kinematics

Eq. (C.1) is a single particle equation which is used to describe the nucleon-

nucleus center of mass frame motion of the proton. A prescription for dealing center

of mass motion is needed in order to define M and E in (C.1). We choose M to be

the rest mass of the proton and E to be the (total) energy of the projectile in the

proton-nucleus center-of-mass frame:

M 2 + MT(M + Tlab)
E - Ep,cm = (M MT) (C.16)

where MT is the mass of the target. When other (similar) choices are made, there

is a small but noticeable change in the observables, especially for scattering from 12 C

and 160. A systematic treatment of "recoil", or - corrections remains to be done for

relativistic systems.

The scattering code (Appendix B) uses the following approximations for the

Coulomb interaction: The charge density of the target is taken to be that of a uniformly

charged sphere of radius roA1 with ro = 1.25 fm. Nonrelativistic Coulomb wavefunc-

tions are used for the matching condition at large r. The observables are not sensitive

to these choices. However, in comparing data with the predictions of different theoreti-

cal models, the details of the scattering calculation must not be completely overlooked,

especially when different models for the optical potential give similar predictions for

the observables.
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Appendix D. Expressions for Spin Observables for Quasi-Elastic
Proton Scattering

The terms in Mei, (Eq. (3.B.34)) which are proportional to si -sf are listed first.
Define:

S - - si -s tsts(1 + K, -P2)(1 + K2 - P 2) - t *tp(1 - K 1 -P1)(1 - K 2 . P 2 )

+ 2(t tv - t*tA)(1 + K -K2P1  P2 - K -P1K2 P2 + K, -P2K2 ' P1)
- 8t tT(Kg - P1 + K 2 " P2)

+ 2Re (t*ts + 2t*tA)(K1 K2 + KI -P2 + K 2 P1 + PI -P2)

+ 4Re (t*tp - t*ts)(Ki - K 2P1 - P2 - K 1 -P 2 K 2 Pl)

+2Re (ttp+ 2ttv)(K - P2 + K2 P1 - K 1 K 2 - PI P2 )

(D.1)
Then the general spin observable is given by:

4Mi#. = S + t*ts(1 + K 2 P2)i -K -P 1

+ tp*tp(1 - K2 - P2)si - Kisf -P1

+ 2t ,tv{si Kisf - K 2P1 - P 2 + sf P1si -K 2 K 1 • P 2 - st -P1 si KIK 2

+ (1 - K l. Pl)(sf -K2si -P2 + si -K2s P2)
+ s • P2si -K1K2 -P1 + si -P2sf .P1K1 -K2}

+2t*tA{Si -KIS -P1K2 - P2 - si -KlSf -K 2PI P2 - Si -Kisf - P 2K 2

+ (1+ KI" Pi)(si- K 2sf P2+sf K2si- P2)

- sf -Pisi - P 2K 1 • K2 - si K2sf -P1K1 - P 2}

- 8ttT{(Si Kisf P1 + 2(si .K2sf P2 + S' P2sf gK2)}
+ 2Re(t•ts + 2ttA)(si -Kis' -K2 + s• Pisi *K2

+ sf P 2 si K1 + si . P2sf • P1 )

+ 2Re(tfitp + 2ttv)(si Kisf P2 + sf -P1 si K2
- s • K 2si - K1 - si - P2sf P1 )

+ 4Re(t*tv)(si . P2s K2 - si K2Sf P 2 )

+ 4Re(t*ts){(1 + K, - P1 ) (sf K2Si " P 2 - Si - K2sf • P2 )

- K, • K 2sf - Plsi P2 +K1 • P2si -K2sf P1 +K 2 P1Si .Kls• P2

- P1 P 2si Ksf - K2}

+ 4Re(ttp) {(1 - K1 - P) (sf - K 2 si P 2 - P 2si - K2)

+ K1 • K 2sf -Plsi P 2 - K1 P 2 si - K 2Sf P1 - K2 - PSi - KlSf - P 2

+ P,1 P2si -K1sf -K2

.P2

.P1

(D.2)
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Appendix E. Relativistic Expression for Magnetic Moment

In this section I derive the magnetic formula as used with relativistic wavefunc-

tions. This is essentially the derivation of Margenau [Ma40] recast in the notation of

[Se86].

Consider a Dirac particle of charge q bound in a central field U(r) (from nuclear

potentials), in a (j, m = j) state. Introduce a small external magnetic field B = Hz,.

This will give a change in energy of the particle, AE, which can be evaluated to first

order in peturbation theory. We then get the magnetic moment Mz from M, = - 8 H

The external A field for this choice can be written as A = -H (-y,z,0) and we

can make the gauge choice Ao = 0. The Dirac wavefunction for the particle, .n.m

satisfies:

(pl - qAL) - -F• " a, + U(r) - M kn• m = 0 (E.1)

where

Ap = 1.7928 and An = -1.931 (E.2)

are the appropriate values for protons and neutrons, and e is the charge of the proton.

We can also write this as:

Ae
(ii. p - qa A + pa-• orF + U(r) + 3M)lOnm = ElCnxm (E.3)

so that the contribution to the Dirac Hamiltonian of the "Dirac" magnetic term is:

HD = -q - -A = (ya- -zay)

S2 i y + ix0 (E.4)

Sy - i0 00 Y11)-
iqrHz YI,1

2 31,-1
Y1,1 0
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and that of the anomalous term is:

Ae Ae
HA 4M -

. VFF 2M8B " Ez(1 0)
Ae -1-= H z

2M -1
0 1

With wavefunctions defined as in [Se86],

Onim (r) =

there are two

"antiparallel"

Paralle

r(i '() ) with D.m = (mi m. ll ~m)Yi,m, Xr.
r mj,m.

(E.6)

cases of interest, the "parallel" case, where I lupper = j -j and the

case, where I - lupper = j + L. For these cases we have:

G , 1, Ir 0
nm=-(r) = _V 1

n M 12j+21y 1

i i~n~(+ VF 3+2y'+"i[ '+'1,+12+,

(E.7)

Gnn (r)

Anti - parallel: Onrm=j (r)

-V12j-+2 1

2F2+2+ (E.8)

(From here on, assume m = j in the matrix elements and drop this index on 1.)

Evaluate the matrix element of Hl (Dirac moment piece). The parallel case gives:

(knxIHh |bnc) par = dr (r)HED(r)tkflK(r)
qHpar 87

- 2 rFfl (r)G nr.(r)drS12 + YY
2j + 1 fy* Y d(- -[jrd -f Y41,*jY 1, 1Y 1, 1 ddn]
2J+ 2jJ +~ ,1+,+

(E.9)
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(E.5)

l :

n1-1,1-1
r 1 0



Use

3I,m 3 Y1imI Y12 ,m 2 dnl
(211 + 1)(212 + 1)

47r (213 + 1) 1
(11 m112 m 2 113 m3)

S(11 012 0 113 0)

to evaluate the integrals of the spherical harmonics and get:

(1 nKI H I nar ) = qHg z

The anti-parallel case gives:

(P#n|H ) Ipar
-qH=

2
F8'r!

2j + 2
\2j+2)

o 00
rF,, (r) G. (r) dr

E J rF,. (r)Gn, (r) dr]0j

(E.11)

F2j + 12j+ 2

I ~1 1 1,1Y 1- 1,1- 1 d[n -d YI,IIY 1,IYII,I dn]

= -qHz (+ 2

(E.12)

Now evaluate the matrix element of HA. The parallel case gives:

par {o 00
M= Hz IGn,(r)12 dr + ( j)

j +

f00 IFnC(r)I2dr

(E.13)

while the antiparallel case gives:

(Onm|IHI|nKm) - e Hz
a-par 2M f003+ 1 ) 0

IGn,(r)12 dr - IFnx(r) 1 dr
(E.14)

The total first-order AE due to H' = HD + H• is:

AEpar = (Vnm H'l lnm) r
Ipar Ipar

2j+ )00

(2j +2) fo
Fn. (r)Gnl (r) dr

{fo00IG. (r) 12 dr +
j+--) 1 0  IFni,(r) 2 dr

(E.15)

137

(E.10)

e Hz
2M

rFn, (r) G., (r) dr

(Onx|HAj4nc)



= (?knm|H'Iljnm)Iap
la-par

= -qHz
-H 2j2 )( 2

e Hz2M

o 00F•,c (r) G, (r) dr

- ( Gn(r) 2 dr + If n IFn.r)12 dr
o(E.16)o (E.16)

which we now use to take M. = - . (Omit a factor of -H,.)

and o = f The two cases can be combined to give:

2Mz

1+ 23 2j + 1
2 J'2j+2]

\w+1}

where

j 1 fo-

MPc 00
ho0

IGn,(r)12 dr +

Parallel
Anti-parallel

and the radial functions G and F are those used in [Se86].
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AE
la-par

Use q = (1 -) e

rFnr (r) G.• (r) dr

(E.17)

2+ 1

w =+1,1+11


