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Abstract

In this thesis, I explore via two formulations the impact of communication constraints
on distributed computation. In both formulations, nodes make partial observations of an
underlying source. They communicate in order to compute a given function of all the
measurements in the network, to within a desired level of error. Such computation in
networks arises in various contexts, like wireless and sensor networks, consensus and belief
propagation with bit constraints, and estimation of a slowly evolving process. By utilizing
Information Theoretic formulations and tools, I obtain code- or algorithm-independent lower
bounds that capture fundamental limits imposed by the communication network.

In the first formulation, each node samples a component of a source whose values belong
to a field of order ¢q. The nodes utilize their knowledge of the joint probability mass function
of the components together with the function to be computed to efficiently compress their
messages, which are then broadcast. The question is: how many bits per sample are
necessary and sufficient for each node to broadcast in order for the probability of decoding
error to approach zero as the number of samples grows.

I find that when there are two nodes in the network seeking to compute the sample-wise
modulo-¢g sum of their measurements, a node compressing so that the other can compute
the modulo-¢ sum is no more efficient than its compressing so that the actual data sequence
is decoded. However, when there are more than two nodes, we demonstrate that there exists
a joint probability mass function for which nodes can more efficiently compress so that the
modulo-g sum is decoded with probability of error asymptotically approaching zero. It is
both necessary and sufficient for nodes to send a smaller number of bits per sample than
they would have to in order for all nodes to acquire all the data sequences in the network.

In the second formulation, each node has an initial real-valued measurement. Nodes
communicate their values via a network with fixed topology and noisy channels between
nodes that are linked. The goal is for each node to estimate a given function of all the
initial values in the network, so that the mean square error in the estimate is within a
prescribed interval. Here, the nodes do not know the distribution of the source, but have
unlimited computation power to run whatever algorithm needed to ensure the mean square
error criterion. The question is: how does the communication network impact the time
until the performance criterion is guaranteed.

Using Information Theoretic inequalities, I derive an algorithm-independent lower bound
on the computation time. The bound is a function of the uncertainty in the function to
be estimated, via its differential entropy, and the desired accuracy level, as specified by
the mean square error criterion. Next, I demonstrate the use of this bound in a scenario
where nodes communicate through erasure channels to learn a linear function of all the
node’s initial values. For this scenario, I describe an algorithm whose running time, until
with high probability all nodes’ estimates lie within a prescribed interval of the true value,



is reciprocally related to the “conductance.” Conductance quantifies the information flow
“bottle-neck” in the network and hence captures the effect of the topology and capacities.
Using the lower bound, I show that the running time of any algorithm that guarantees the
aforementioned probability criterion, must scale reciprocally with conductance. Thus, the
lower bound is tight in capturing the effect of network topology via conductance; conversely,
the running time of our algorithm is optimal with respect to its dependence on conductance.

Thesis Supervisor: Munther A. Dahleh
Title: Professor

Thesis Supervisor: Devavrat Shah
Title: Assistant Professor
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Chapter 1

Introduction

We investigate the impact of communication constraints on distributed computation. Each
node or agent in a network has partial information, a measurement of a component of an
underlying source. All nodes need to estimate a desired function of all the measurements
in the network. To do so, they must communicate; but, the communication is imperfect.
In this thesis, we consider two types of communication constraints. The first consists of
nodes communicating compressed messages, broadcast over noiseless channels. The second
consists of nodes communicating via a fixed topology and noisy channels. The nodes are
connected according to some fixed pattern, so nodes do not communicate directly with all
other nodes, but whenever two nodes are linked, they communicate through noisy channels.

In the first formulation we consider, each node makes repeated measurements, or sam-
ples, of the component it can access. Each node compresses the data stream it has gathered
so that all other nodes can reliably decode a given function of the data in the network.
Each node knows the joint probability distribution of all the components, which take val-
ues in a discrete set. Nodes must take advantage of this in order to efficiently compress
their messages. The performance requirement is that the probability of error at any of the
nodes approaches zero as the number of samples increases. Our goal is to characterize the
necessary and sufficient compression rates, or bits communicated per sample, for reliable
computation.

In the second formulation, each node has an initial real-valued message. They com-
municate via a network with a fixed topology, where nodes that are linked communicate
with each other over noisy channels. The goal is to compute a given function of all the
data in the network. In this case, nodes have no information about the distribution of the
initial messages. The performance requirement is that the mean square error in the nodes’
estimates of the desired function is within a desired range. Our goal is to characterize, as
a function of the communication constraints, the time at which the performance criterion
can be guaranteed.

Our approach is to use Information Theoretic analysis, to which the formulations natu-
rally lend themselves. This type of analysis leads to “algorithm-independent” lower bounds;
bounds that must hold regardless of the the communication (encoding/decoding) scheme
used by the nodes. For the majority of this work, we make no assumptions on the computa-
tion that the nodes perform. Hence, our lower bounds also hold regardless of the computa-
tion scheme used by the nodes. We assume that nodes have no computational limitations,
like limited memory or power. This assumption enables us to capture the limitations that
arise exclusively due to the communication constraints. However, our Information Theo-
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retic techniques do apply to cases where there are computational restrictions, as we show
via simple examples. Moreover, the techniques provide tighter bounds in the presence of
computational limitations.

1.1 Motivation

Distributed computation in the presence of communication constraints arises is many practi-
cal applications. Distributed computation algorithms are likely be core of future distributed
estimation algorithms for slowly evolving processes. In wireless or sensor networks, the com-
putation that is demanded of nodes is simple, so the performance of the nodes is primarily
limited by the communication constraints. On the other hand, recently popular algorith-
mic approaches based on belief propagation, in hardware for decoding, or consensus, in a
multi-agent system, are examples of distributed computation with stringent computation
constraints as well as bit constraints.

We investigate algorithm-independent lower bounds for such scenarios. These are bounds
that hold regardless of the scheme that nodes use to communicate. As such, the bounds
capture the effect of the physical communication constraints on the performance of the
computation algorithm.

In the case of our first formulation, nodes compress their data for reliable computation.
One way to achieve the goal of decoding the function they desire is for nodes to commu-
nicate to each other their entire data streams, as in the traditional Information Theoretic
formulation. Then, each node can compute the function it desires. However, nodes may be
able to send less bits per sample, if they compress with the goal of computation, as opposed
to communication of the entire data. The ability to compress more efficiently depends on
the function that is desired. Compression for computation may be critical in situations
where nodes have limited transmission power.

In the case of our second formulation, nodes communicate via noisy channels. The time
it takes for the mean square error performance criterion to be guaranteed will depend on
the connectivity of the nodes and the magnitudes of the channels between them. It also
depends on the desired function and the accuracy, as quantified by the mean square error.
The algorithm-independent lower bound captures these dependencies precisely. In addition,
it allows for the determination of the optimality of algorithms. Any algorithm that has a
convergence time that matches the lower bound is optimal; it is the fastest possible.

1.2 Background

The topic of our interest is related to several areas of previous work. We broadly group
the related literature into three groups: Distributed Computation, Information Theory, and
Communication. Our investigation lies in the intersection of these areas. Our formulation
is amenable to the techniques of Network Information Theory and Rate Distortion Theory.
Furthermore, our goal of obtaining lower bounds is compatible with these techniques. But,
our context, distributed computation, is more in line with the Distributed Computation
and Communication literature. We briefly discuss how our work compares and contrasts
with some of the work in these and other areas.

Our context of distributed computation is one that is encountered in the Distributed
Computation literature, the Communication literature, and the Complexity Theory liter-
ature. By the “Distributed Computation” literature, we mean work where a model of

12



computation is assumed for the nodes at the outset. An example is the early work of
Tsitsiklis [33, 32, 18], which analyzes algorithms that perform specific computations in dis-
tributed settings. For example, in [32], the goal is for the nodes to estimate the minimum of
some function. Each node updates its estimate by computing an affine function of its current
estimate, a certain local measurement, and the estimates received from its neighbors.

Recently, there has been a renewed interest in distributed algorithms for computation,
for example [3, 24]. Many have revisited one of the problems considered by Tsitsiklis, the so-
called “consensus” problem, for example [15, 23, 26]. However, in all these cases, whenever
nodes communicate with each other, they exchange real-valued messages. As such, there
are no bit constraints.

Very recent related work, however, does indeed explicitly model communication con-
straints. For example, in [17], Kreidl presents a message-passing algorithm for inference
when nodes communicate via discrete memoryless channels. In [31], the authors consider
hypothesis testing in a network of nodes connected in a tree configuration. The root, the
fusion center, is to make the decision. Again, the nodes are assumed to have limited com-
munication capabilities. For example, they use quantized messages to communicate their
observations to the fusion center. The authors analyse the rate of decay of the probability
of error as the number of nodes in the network approaches infinity.

By the “Communication” literature, we mean work that explicitly models the commu-
nication constraints, but does not assume before hand a computation scheme at the nodes.
Suppose that the goal is for nodes to compute a particular function. The typical result
would be to provide an algorithm that can be used in the assumed communication network.
The algorithm must perform the desired computation while satisfying some desired per-
formance criterion, such as a probability of error condition. The analysis of the algorithm
will result in algorithm-specific bounds, for example, on the number of bits that must be
communicated, or the transmission power that is needed.

Examples of such work along these lines are [11, 36]. In [11], each node has one bit,
that it can broadcast to all other nodes via binary symmetric channels. A dedicated node,
a fusion center, needs to compute the modulo-2 sum of all the bits, so that the probability
of error is minimized. Gallager describes a communication scheme that can be used in this
scenario. He provides an upper bound on the number of bits that need to be exchanged in
the network in terms of the number of nodes in the network. Recently, in [14], this bound
has been shown to be tight. The authors produce an algorithm-independent lower bound
that matches, up to a constant, the upper bound.

In the Complexity Theory literature, function computation is again the objective of
nodes. However, the focus is characterizing the difficulty, for example in terms of number
of operations or bits needed, in exactly computing the desired function. The thrust is to
capture the impact on algorithm performance due to computational requirements, and not
communication limitations. The models that are used for communication are not probabilis-
tic, and hence do not allow for formulations where there are noisy channels. For example,
see 38, 10, 27].

Probabilistic communication models, “channels,” are the main feature in the Information
Theory domain. So, this theory naturally provides tools for analyzing formulations that
include such communication constraints. However, the objective in classical Information
Theory is reliable communication, as opposed to computation. That is, decoders need to
estimate the sent messages, rather than a function of them. Much work is done for the
setting of a network of nodes. This body of work constitutes an area known as Network
Information Theory; for an overview, see [9, 5].
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However, the Information Theory literature does contain instances where function com-
putation has been investigated. For example, in [1, 28], an encoder compresses a message
and sends the information noiselessly to a decoder that has side information. The decoder
must produce an estimate of a given function of the message and the side information.
The objective is for the probability of error to approach zero asymptotically as the size of
the message grows. This set-up corresponds to a two node case. In Chapters 2 and 3, we
consider coding for reliable computation for multiple nodes.

There is another area in Information Theory that deals with nodes computing a function
of the data in the network. This is the area of secure communications, for example [7]. Nodes
need to generate some function of their data. This would then be used as a secret key that
is used to encrypt messages. The difference between this work and ours is that here, the
function is not known to the nodes a priori. Nodes exploit the common randomness in their
messages to each generate the same function of the messages in the network.

Finally, our work on the problem of “distributed computation with communication
constraints” has been influenced by work done in the area of “control with communication
constraints.” Such work includes [30, 19, 20, 22, 21]. In particular, Martins’ application of
Information Theoretic notions, such as mutual information, in a feedback control setting,
has led to novel results capturing Bode-like fundamental limits on performance. In that
area, Information Theoretic tools have been effective in the analysis of systems.

1.3 Overview of Results

We briefly describe the two main contributions of this thesis, two instances in which we
have used Information Theoretic formulations or tools to derive lower bounds for function
computation, together with scenarios for which we have shown that our bounds are tight. In
the first case, discussed in Chapters 2 and 3, the nodes communicate compressed messages
via noiseless channels, so bounds are derived on nodes’ compression rates. These bounds
are tight when the source has a specific joint probability distribution and nodes compute
the sample-wise modulo-g sum of their data. In the second case, discussed in Chapters 4
and 5, nodes communicate via noisy channels. We derive bounds on computation time, the
time at which nodes’ estimates of the desired function satisfy the performance criterion.
This bound is tight when nodes communicate via erasure channels with the objective of
computing the sum of their initial values.

1.3.1 Computation via Compressed Data

We consider a network of n nodes. Each node makes repeated measurements of a component
of a source. It compresses its message and broadcasts it, over a noiseless channel, to all
other nodes. Ultimately each node is to compute, with high reliability, a function K of all
the measured data of the network. By high reliability, we mean that the probability, that
any of the nodes makes a decoding error, approaches zero asymptotically with the number
of samples of data.

We present a Network Information Theoretic formulation for this context of distributed
computation. We characterize the compression rates that are necessary for reliable compu-
tation. Next we consider the achievability of these necessary rates, that is, the existence of
codes with rates that are arbitrarily close to the necessary rates.

When the nodes seek to compute the modulo-¢ sum of all the measured data in the net-
work, we provide an example (specifically, a joint probability mass function for the source)
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for which we provide an explicit characterization of the “K-rate region”, the rates neces-
sary and sufficient for distributed computation of the function K. For this example, when
there are two nodes in the network, the K-rate region coincides with the Slepian-Wolf rate
region. However, for more than 2 nodes, compressing for computation can result in lower
rates than compressing, as in the Slepian-Wolf formulation, for the entire data sequences in
the network. We quantify the savings in rate that are obtained, when compressing for K
in comparison to the Slepian-Wolf rates, as the number of nodes in the network grows.

1.3.2 Computation via Noisy Channels

We study a network of n nodes communicating over noisy channels. Each node has an
initial value. The objective of each of the nodes is to compute a given function of the initial
values in the network. We derive a lower bound to the time at which the mean square
error in the nodes’ estimates is within a prescribed accuracy interval. The lower bound
is a function of the channel capacities, the accuracy specified by the mean square error
criterion, and the uncertainty in the function that is to be estimated. The bound reveals
that, first, the more randomness in the function to be estimated, the larger the lower bound
on the computation time. Second, the smaller the mean square error that is tolerated,
the larger the lower bound on the computation time. Hence there is a trade-off captured
between computation accuracy and computation time. In addition, the lower bound can be
used to capture the dependence of the convergence time on the structure of the underlying
communication network.

We consider a network of nodes communicating via erasure channels to compute a
sum of the initial values in the network. Each of the nodes is required to acquire an
estimate that is, with a specified probability, within a desired interval of the true value
of the sum. We apply our Information Theoretic technique to derive a lower bound on
the computation time for this scenario. We show that the computation time is inversely
related to a property of the network called “conductance.” It captures the effect of both the
topology and channel capacities by quantifying the bottle-neck of information flow. Next, we
describe an algorithm that can be used in this setting of nodes computing a sum via erasure
channels, and guarantees that with the specified probability, each of the nodes’ estimate is
within the desired interval. We determine an upper bound on the algorithm’s computation
time and show that it too is inversely related to conductance. Hence, we conclude that our
lower bound is tight in capturing the effect of the communication network, via conductance.
Equivalently, our algorithm’s run-time is optimal in its dependence on conductance.
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Chapter 2

Computation via Compressed Data

We seek to study “distributed computation with communication constraints”, and, in par-
ticular, compression rates required for communicating “nodes” to compute a given function
of all the data in the network with low probability of error. Every encoder is paired with
a decoder, and together, they form a “node”. A two node network is shown in Figure 2-1.
There is a source, (X1, X2), with a given probability mass function; node 1 encodes the XV
sequences while node 2 encodes the X2 sequences. The nodes communicate over a noiseless
channel, after which their decoders are required to produce estimates of a given function

of the data. In the Slepian-Wolf (SW) set-up, that function is the identity ()/(ZV is to be

estimated at the node 1 decoder and X{¥ at the node 2 decoder). Both nodes will ultimately
become “omniscient”!, having an estimate of all the data sequences in the network.

Let XV = {Xi1, Xz, ..., Xin} be IID random variables sampled from a source, X;, with
distribution p(z;). Then, a consequence of Shannon’s Asymptotic Equipartition Principle is
that for large enough N, NH(X;) bits are needed on average to encode the sequence X,N .
Equivalently, the encoder’s compression rate, R;, or average outgoing codeword bits per
incoming message digit, must be larger than H(X;) in order to guarantee low probability
of error, {XN # X}}, at the decoder [5].

The Slepian and Wolf (SW) theorem for distributed source coding establishes the rates
at which a joint source (X;, X2) can be separately encoded by two encoders, one encoding
the sequence X{V and the other encoding Xév , such that a decoder receiving messages of

both the encoders can reliably decode the sequence {X{¥, X2V} [5, 9]. The encoder of node
1 has access to the X; sequence only, while the encoder of node 2 has access to the Xz
sequence only; the decoder, on the other hand, has access to the compressed messages sent
noiselessly by both the encoders (hence we call this “centralized decoding”), as shown in
Figure 2-2. The decoder also knows the joint distribution of the source.

1We borrow this terminology from [7].

XN ' compressed ! VK(XN, XN
———*{1 Encoder I: mess’;ge 'Lr,% Decoder I"—L, v X2)
] 1

1
3
K(XN, XN) i compressed: . ¢
( ! J—"|)| Decoder {': ml«)assage:I Encoder I“"L
] ]
]
]

1
Node1 ! | Node2 !

N

Figure 2-1: Two nodes compressing and communicating for computation of K.
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XN Encoder compressed
Imessage (Xﬁ-}( y)
Decoder —— % >
X |  Encoder | compressed
message

Figure 2-2: Slepian-Wolf distributed source coding with “centralized decoding”.

If the encoding was centralized, that is, the encoder knows the (X7, X») sequence, then,
on average, H (X, X,) bits per source letter are needed to describe the source. If each
encoder was communicating with a separate decoder, H(X;) (respectively H(X3)) bits
would be needed to decode the X; (respectively X,) sources separately. An interesting
statement of Slepian-Wolf is that for their set-up, if H(X;) bits are used to encode Xj,
then only H(X3|X;) are needed to encode X2, even though the encoders encode their
messages completely separately.

Indeed, their theorem specifies the compression rates at the X; and X, encoders, Ry
and Ry, that are both needed for and will guarantee low probability of error at the decoder,
by the inequalities

Ry > H(X1|X3)
Ry > H(X5|X1)
Ri+ Ry > H(X],Xz). (2.1)

These inequalities specify the “achievable” rate pairs (R;, Rp). Figure 2-4 shows all such
rate pairs in the shaded rate region.

Extensions and alternative proofs of the Slepian-Wolf theorem have been suggested. For
example, the source samples need not be IID; Cover[4] showed that the theorem holds under
certain conditions on the source, such as ergodicity. An interesting proof for the existence of
codes with rates that are close to the boundary of the rate region specified by the theorem
is proposed by Wyner [34] when the source is binary symmetric. This is shown using results
from channel coding for the binary symmetric channel. This idea is going to be used in
section 3.1.

The result has also been generalized to networks with multiple sources and networks
with various structures [5, 6, 7, 35]. For example, the structure that is of interest in this
chapter is one where every encoder is paired with a decoder, and together, they form a
“node”. A two node network is shown in Figure 2-3. There is a source, (Xi, X3), with

N

XN ' compressed !, D¢
1 1 I t
X . compressed: v XN
4—@:‘ message:{ Encoder I:‘_
1
1
!

i Node 2 !

Figure 2-3: Two node SW set up with “decentralized decoding”.
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H(K|X;) HXGIX) HX) R

P

Figure 2-4: The boundaries of the rate regions for two nodes are shown for (a) the
SW /omniscience with centralized decoding set-up (thick solid line); (b) the SW/omniscience
with decentralized decoding (thin solid line); and (c) compressing for K and decentralized
decoding (dashed line). The rate regions are to the upper right of the boundaries; the
shaded region, for example, is the SW with centralized decoding rate region.

some joint distribution; node 1 encodes the X N sequences while node 2 encodes the Xy
sequences independently of node 1. The nodes communicate over a noiseless channel, af/tg

which their decoders are required to produce estimates of the other node’s sequence (X, {,V

at the node 1 decoder and X at the node 2 decoder). Both nodes will ultimately become
“omniscient” , having an estimate of all the data sequences in the network. Because decoding
occurs separately at every node and no decoder receives compressed messages from all the
encoders in the network, we refer to this set-up as a “decentralized decoding” scheme.

The fact that the decoding is “decentralized” affects the shape of the achievable rate
region. The ideas used in the Slepian-Wolf theorem proof can be readily applied to this
set-up to derive the inequalities that determine the rate region. These are,

R1 > H(X1]X32)
Ry > H(X2|X1) (2.2)

The first inequality ensures that the probability of an error made at the node 2 decoder in
determining X} is small. Similarly, the second guarantees small error probability at node
1 when determining X2'. Because neither node needs to estimate all of (X{', X7'), the last
inequality of (2.1) is no longer needed. The boundary of the rate region determined by (2.2)
is shown in Figure 2-4.

In this chapter, however, the objective of each of the nodes is to aﬁqg're, not necessarily

the entire data sequences of all the nodes (omniscience), e.g. (X{',XY), that Slepian-
Wolf require, but a given function of that, K (X XXN). If all the nodes eventually obtain,
with low probability of error, estimates of that function then they would have reached a
consensus. Clearly, one (uninteresting) way to achieve this consensus is for all nodes to
acquire omniscience first, then compute K.

Our formulation is motivated by the problem of estimation, when the sensing is dis-
tributed, of a stochastic process that may be generated by a dynamic system. Each source
variable represents the measurements collected by one of the nodes. The nodes may com-
municate their measurements, and, it is desirable to do so after having compressed the
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outgoing messages (as it leads to savings in power used for transmission, for example). The
nodes are assumed to broadcast their messages to all the nodes in the network, which is
a situation that may arise in communication via satellites. Even though our formulation
(and results) imply that consensus is reached asymptotically, for N sufficiently large, the
formulation is still reasonable when the time scale of the evolution of the dynamic system
is much slower than the time scale of communication.

In the control literature, conditions and algorithms for communicating nodes to achieve
consensus were studied by Tsitsiklis in the 80’s [33, 32] and these topics have recently become
an active area of research (for example [2, 3, 15, 23, 26]). The idea of achieving consensus
on the average of quantities measured and computed by individual nodes is used to suggest
a scheme for distributed Kalman filtering and parameter estimation [25, 37]. However, none
of this work assumes any communication constraints. By using the Information Theoretic
set-up discussed above, we can naturally study the rate requirements that are imposed on
the nodes by the need to compress data.

In the next section, we present the formulation of Slepian-Wolf for convenience and to
establish notation. In section 2.2, we present the general formulation we use for studying
distributed computation when nodes communicate via compressed messages. It is useful
for three reasons. First, the inequalities that define the rate region are simple; they involve
the conditional entropy rates of the function K, which are easy to compute. Second, the
formulation can be easily extended to an arbitrary number of nodes, and hence the rate
region can easily be defined for an arbitrary number of nodes. Finally, our set-up inherently
involves feedback.

In section 2.2, we also state the main theorem of this chapter, which provides lower
bounds on the compression rates necessary for decoding K with probability of error ap-
proaching zero asymptotically. We prove this theorem in section 2.3. Next, in section 2.4,
we discuss achievability of rates arbitrarily close to the boundary of the rate-region specified
by our theorem.

2.1 Slepian-Wolf Source Coding Theorem

In this section, the Slepian-Wolf (SW) theorem is repeated for the three node case, both
for convenience and to establish notation, which is then used for the theorem of section 2.2.
Two cases are considered. In the first, the no interactive communication case, nodes are not
allowed to use their incoming data to generate the outgoing message; that is, the encoded
message at a node is a function of that node’s information only. In the second case, a node’s
broadcast message is a function of both its own data and the messages that it has received
previously from the other nodes. This is the case of “interactive communication,” as it is
called in [7]. The SW theorem holds under both cases. The formulation and notation below
is taken from [35].

2.1.1 No Interactive Communication

We consider first three sources, (X1, X2, X3), taking values on the finite set X7 x Xp x A3,
and having some joint probability mass function p(z;, z2,z3). The joint source is sampled
and the outcome is represented by the sequence {X1;, Xo;, X3¢} for t = 1,2,.... Each of
the samples is drawn independently and is distributed according to p(z1,z2,z3).

There are 3 nodes. Node X; has access to the sequence {X1;}; similarly, X» and X3
have access to {Xo;} and {Xa;} respectively. Each node encodes its data, of block-length
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N, and broadcasts it to the other two nodes via a noiseless channel. Upon receiving the
encoded data from the other nodes, each node attempts to reconstruct, using its decoder,

the data sequences that were sent, such that the probability of error is small.

A code having the parameters (N, My,, My,, Mg, P. N) consists of the following map-

pings.

1. Encoder Maps

. vN
le N Xl b Ile
€z, :‘;\%N — IMM

ey 1 Xy — I, ,
where, Tjs denotes the set {1,2,... M}.
The random variables at the outputs of the encoders are denoted by

Wml = €r; (X{V)
We, = exz(Xév)
Wey = ewa(XévL

(2.3)

(2.4)

where, X}V is a random variable that represents the finite sequence { Xy, Xis, - .., Xin}-

2. Decoder Maps
d; :XIN XIMzz XIM=3 — Xzfv X X?{v
dp: Xy X Iy, X In,, — X0 x X))
d3: X x Iy, x Iy, — &Y x X

The random variables at the outputs of the decoders are denoted by

(X3, X3) = di(XT, Way, Way)

(X{V’X:ﬁv) =d2(X21’V7W21aWz3)
(X{V’le’v) = d3(X:{vaW$11sz)'

The error probability is defined to be P, y = P(E; U E2 U E3), where,

By = {(XF, XY) # (X§, xD)}
By = {(X], x{) # (X, x{)}
Es = {(X{,x) # (X1, x)}.

(2.5)

(2.6)

2.7)

Definition 2.1.1. A rate triple (R, R, R3) is achievable if for every § > 0 and all N
sufficiently large, there exists a sequence of codes with parameters (N, My, , My,, Mz,, Pe N)
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such that,
1
N

1
R2+52 NlogMzz

R3+42> ]_17- log M, (2.8)

Ry +6 > = log My,

and,
P.n <. (2.9)

The Slepian-Wolf theorem establishes the achievable rate region when every node is
required to decode every other node’s data sequence. Following [7], we call this requirement
“omniscience” and the rate region is the “omniscience rate region.”

Theorem 2.1.2. (R, Rz, R3) is achievable iff

Ry > H(X1]X3, X3)
Ry > H(X2| X1, X3)
R3 > H(X3]X3, X3)
Ry + Ry > H(X;, X3|X3)
Ra+ Ry > H(Xa, X3|X1)
Ry + R3 > H(Xl,X3|X2). (2.10)

2.1.2 With Interactive Communication

When the nodes are each allowed to communicate for several rounds, using the informa-
tion received in previous rounds to update the outgoing message accordingly, sufficiency of
the conditions (2.10), or what is known as the achievability part of the theorem, follows
immediately. Since a rate triple specified by (2.10) is achievable without feedback, it must
be achievable when feedback is allowed; just set all feedback to be empty and use the code
that worked in the no-interactive communication case. To show that the rates in (2.10) are
necessary, however, does not follow so immediately. It is not obvious that when feedback
is allowed, lower rates are not possible. Although not obvious, by applying standard tech-
niques, including the use of Fano’s inequality, it can be shown that the converse part of
Theorem 2.1.2 still holds [35, 7).

Below, we restate the definitions that will be changed when feedback is allowed, such

as the encoder and decoder mappings. Also, the definition of the achievable rate triple is
modified.

1. Encoder maps for the b** round of communication, b =1,2, ... , B.
— N b—1 b—1
le,b - exlab(Xl ’ sz,l ’ Wz’s,l) € Ile,b
N b—1 b—1
Wae b = exz,b(X2 ’ Wzl,l ) Wa:;;,l) € IMzz,b
N b—1 b—1
Wiasp = €z3,5(X3 ’Wzl,l ’ W:cz,l) € IMzs,b’ (2.11)
where, ch’l_’ll = {Wz; 1, Wz, 2, ..., Wz, p—1} is the sequence of previous messages sent

by the node X; encoder. Zps denotes the set {1,2,... M}.
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2. Decoder maps applied after B rounds of communication.

(Xév7 Xév) =d; (vaa Wsz,lﬂ Wa:B;;,l)

—

(X{V’Xév) = dQ(XéVa W:g,la Wng,,l)
(XN, XJ) = ds(X3', WS 1, W2 ). (2.12)

Definition 2.1.3. When interactive communication is allowed, a rate triple (R;, Rz, R3) is
achievable if for every 6 > 0 and all N sufficiently large, there exists a sequence of codes with
parameters (N, {Mg, 1,..., Mz, B}, {Mz,1,. .., Mz, B}, {Mzs1, ..., Mg, B}, Pe n) such that,

1
Ry+d> b—; ] log M, p, (2.13)

and, P, v < 0.

2.2 Compression for Computation

We let K (X}, X3, X2) be a function that is known to each of the nodes (X}V is a random

variable that represents the finite sequence {X;1, Xio,...,X;n}). More specifically, the
function is denoted as K = {K1, Ks, K3, ..., Kn} where K; = fi(X%, X%, X%), and the f;
are known to all the nodes. Further, let X; be the range of f;, then, K N takes values from
the set K3 x Ka X --- X Kn. The cardinality of this set is K(N) = [K1 X Kg x --- x Kn| =
IK1||K2| . . . |Kn|. We assume that limy_.o 4 log (V) = ¢, where c is a constant.

Suppose that interactive communication is allowed, so the encoder maps (2.11) and
achievability definition 2.1.3 from above still apply. The decoder maps will now be defined
as,

Kﬁ =d1(X{V,WB 1,W£,1)

T2,
@ = dZ(XéV!Wag,thBa,l)
KN = dy(xY, WB W5 ). (2.14)
The error probability is defined as, P, y = P(E; U E3 U E3), where,
Ey = (KT # K(x{, XY, x})}
By = {KN # K(x{', X}, x}')}
Es = {KN # K(x{', X}, x{)}. (2.15)

Now, an obvious lower bound of the K-rate region boundary is given in the following
theorem. A proof is written out below; see also [28].
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Theorem 2.2.1. (Converse) (R1, Ry, R3) is achievable only if

Z H(K|X23 X3)

Z H(KIXI , X3)

R3 > H(K|X1, X2)
Ry + R > H(K|X3)
Ry + R3 > H(K|X;)
R; + R3 > H(K|X>), (2.16)

where,
def

H(K|X;,X;) = lim NH(K”lX{V,Xj-V)

HEK|X) Y Jim -N-H(KN|X{V). (2.17)
—00

Note that K is allowed to be a function of all previous (X3, X2, X3) samples. However, if
it is a function of only the current samples and if f; = f, that is Ky = f(X1;, Xot, X3¢), then,
H(K!Xz, X]) = H(f(Xl, XQ, X3)'X7,, XJ) and H(K’X,) = H(f(X1, X2, Xg)le) AISO, note
that because H(f(X)) < H(X), it can be seen easily that rate region specified in (2.16),
which we call the “K-achievability” rate region or “K-rate region” must contain the SW
rate region for omniscience. In section 2.4, more is said about the achievability of rates
outside the SW region. First, a proof of the converse is presented.

2.3 Proof of Converse

The converse states that if there exists a sequence of codes with rates (R;, Ry, R3) and
for which P, y — 0, then these rates must be in the rate region specified by (2.16). The
converse can be shown using the same techniques used in the proof of the converse part
of the Slepian-Wolf Theorem, namely, application of Fano’s inequality. The proof below
closely follows the proof in [35].

Proof. We begin with Fano’s inequality. Recall that F = { \ # K (XN, XN, X3M))
Now,

H(KN| XY, H(KN|KN)

xz 1s Wxg 1) <
< h(P(E))) + P(E1) log £(N),

where, h(p) = —plogp — (1 — p) log(1 — p).
But h(P(E1)) <log2 and P(E,) < P(E; UEyU E3) = P n. So,
H(KN XN W WS 1) < NA(Pw, N), (2.18)

where A(P.n,N) = 162 1 p, loerN) Noyw,

> logMy > > H(Wip) > HWE ).
b=1,.,B b=1,...,B
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And,
HWS ) > H( W5 11X", X5V)
>I( 2 KN XN, X5N)
= H(KN| XN, X3V) - HEN|WE |, XN, X5V),
where (a) holds because
W KV XN, X3N) = HW, 1|1 XoN, Xs™) — HWE | KN, X5V, X5™)

and HW2B | |KN, XN, X5N) > 0.

Now,

(KNl 117X2NaX3N)@ (KN| 11’X2N1X3 aWa:zl’ .1:';,1)
<H(KN|X2 3 B :g,l)

1:11’
(b)
S NA(Pe,NyN)7

where (a) holds because of (2.11), specifically, W2 zp,1 a0d Wg , are functions of (W, xl L XN, X3N),
and, (b) follows from Fano’s inequality as did equation 2.18. Putting the above inequalities
together, we have that

> log My, p > HEN XN, X5N) — NA(P, v, N).
b=1,...,B
By assumption, we have that for every 6 > 0 and NN large enough,

R1+5>— Z log M, 4,
N, 5

S0,
Ri+6> lim (—1—H(KN|X2N,X3N) - A(PeN,N)>.
N-ooo \ N ’

Now since, by assumption, limy_,o % log k(N) = c, we have A(P, y,N) - 0as N — o0
and & — 0; hence,

.1
Ry > lim NH(KN 1X2N, X3M).
Similarly,

Z IOgMzz,bM:z;;,bZ Z H(sz,b’Wza,b)
b=1,...,.B b=1,...,.B

> H(Wsz,l, W£,1)-
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And,

HWE |\ WE 1) > HWS, W | X1")
ZI(WB WB 'KN|X1N)

x2,10 "V 3,1y
= HKN| XNy - H KN x, N, wEB  wB )

2,15 " x3,1

> H(KN|X,Y) - NA(P,n, N).

Now,

1
Ry+ R3+26 > > log My, plog My,

b=1,...,B

H(KYX,N) -~ A(P. n, N).

N
1
>
- N

So,as N — oo and § — 0,
. 1
Ry + Ry > lim —NH(KNIXIN)‘

Necessity of the remaining conditions (2.16) in Theorem 2.2.1 follows in the same way. O

2.4 Achievability of Rates Outside the SW Rate Region

To show that the inequalities (2.10) of Theorem 2.1.2 and (2.16) of Theorem 2.2.1 are also
sufficient conditions for the achievability of a rate triple, it must be shown that there exist
codes with rates that are arbitrarily close to the boundary of the rate regions described by
equations (2.10) and (2.16) respectively, for which P, ; — 0. In the proof of the Slepian-Wolf
Theorem [5], a “random binning” encoding scheme is used whereby each encoder randomly
assigns a codeword/index (for example from 1 to M, at node 1) to each of its messages
(X1V at node 1). Decoding occurs by joint typicality. However, in the case where decoding
of K(X XN XN ) is required, and in the absence of feedback, it is not clear how this
encoding scheme can be used as the nodes do not know what value K takes until after the
nodes exchange some information.

In this section, we seek to understand the scenarios for which it is advantageous to use
compression for reliable computation, that is receiving nodes decode a function of the nodes
data streams, K (XlN XV, XN ), versus compression for reliable communication, that is
receiving nodes decode the entire data streams, (XlN XN, XN ), as in the Slepian-Wolf
formulation. Recall that the K-rate region contains the SW-rate region. So, when there
is an achievable rate vector that belongs to the K-rate region, but does not belong to the
SW-rate region, then, compressing for K is advantageous because less bits per sample need
to be communicated. We discuss this via two specific cases.

In section 2.4.1, we show that when one node is selected amongst all the nodes to act
as a fusion center, the random binning argument can be used to show that there are codes
with rates that do not belong to the omniscience rate region. Indeed, these rates may even
be on the boundary of the K-rate region. However, in section 2.4.2 we observe that in the
two node case, the omniscience rate region and the K-rate region coincide for a class of
functions, K. So, nodes may as well compress their messages as if receiving nodes were to
decode the entire data streams, and not a function of the data streams. In the next chapter,

26



however, we will see that as nodes are added, this may no longer remain the case.

2.4.1 A Fusion Center Scheme

Suppose there are two nodes, corresponding to X; and Xs, and the X5 node is designated
the fusion center. Then, the X; node uses random binning encoding to send its X;V
sequence to the Xs node. The/)& node will be able to decode X;’s message with arbitrarily
small probability of error, P(X1V # X;%), for sufficiently large N if Ry > H(X1|X2). Now,

the X node can use the X;" it has decoded to compute K(X;V, X,V ), which it then
sends back to the X; node. The X3 node can use random binning to encode its message
by randomly partitioning the range of K, K1 x Kg X -+ X ’C]\L\ Now, the X; decoder uses
joint typicality to decode X53’s message, where it chooses the KN such that

1. KV is associated with the index that was received from the X5 node, and,

2. (mlN,I;J\V) € AN(K,X,), where AY(K,X;) is the restriction of AN(K, X1, X>) to
(K,X1) and AN (K, X1, X») is defined as (see [5] page 384),

AéV(K, Xl,XQ) ={(:1,'1N, 232N, kN) :

1
N logp(z1V, 2™) — H(X1, Xs)| < €
< loga(er, KY) ~ H(X1, K)| < ¢

37 osp(aa™ )  HOXo, )| <

1
—Nlogp(:rlN) —H(X1)| <€

1
N logp(z2™) — H(X2)| <€

<e.

Node 1 will bia\ble to decode node 2’s message with arbitrarily small probability of error,
P(KN # K(X1N, XoM)) | for sufficiently large N if Ry > H(K|X). Note that the point
(R1,R2) = (H(X1|X32), H(K|X1)) is on the boundary of the rate region specified by the
equivalent of (2.16) for the two node case, namely, R; > H(K|X;) and Ry > H(K|X3).
Further, by choosing node 1 to be the fusion center, the point (H(K|X2), H(X2|X1)) can
be achieved. However, it is not obvious how an arbitrary point on the boundary may be
achieved with this scheme.

1
N

logp(k") — H(K)

This idea can be extended to many nodes/sources. For instance, suppose there are
three nodes, X7, X5, X3. If node 1 is chosen to be the fusion center, then nodes 2 and

3 send X,V and X3" respectively to node 1 which subsequently decodes (XQN L XsN ).
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e —

P((XoN, X3N) # (X, X3V)) < 2¢ is guaranteed at node 1 when

Ry > H(X2|X3,X1) + 3¢
Ry > H(X3|X1,X2) + 3¢
Ry + Rg > H(Xz,X3|X1) + 3e

Now, X; computes K a,nd/‘tgoadcasts its value E(l the X5 and X3 nodes. DSEoding at Xo (X3)
occurs by choosing the KV for which (z2,kN) € AN(K, X3) ((z3V,kN) € AN (K, X3))
where AN (K, X,) (AN (K, )E;Q) is the restriction of AY (K, X1, X2, X3) to (K, X2) (risl)ec-
tively, (K, X3)). Now, P(KN # K~) — 0 at node 2 if Ry > H(K|X>) and P(KY #
KV) — 0 at node 3 if Ry > H(K|X3).

So, under the fusion center scheme, we have that (R, Ry, R3) is achievable if

R1 > max{H(K|X2), H(K|Xs)}
Ry > H(X,) X3, X1)
R3 > H(X3|X1,X2)

Ry + R3 > H(X3, X3]|X1).

Finally, we note that these conditions are similar to those derived in [35]. There, three
nodes broadcast their data sequences to each other via a satellite. In our case, node 1 can
be thought of as the satellite. Our set-up is a somewhat more straight-forward application
of SW-like ideas, however, because in [35], the satellite is not required to be able to decode
the data sequences of the communicating nodes.

Optimal Choice of Fusion Center

Once a node is designated as a fusion center, the rate region, R, for the achievable rate
vectors, R € R" for n nodes, can be determined. Given that rate region, one can choose the
rate vector that minimizes a certain function, u(R), depending on the application, subject
to R € R. Following [7], in section 3.1, we find it convenient to take that function as the
sum of the entries of the rate vector, u(R) = 1’R, where 1 is the vector of ones.

Now, if any of the nodes can be freely picked to be the fusion center, then an optimal
choice of fusion center can be made. Number the nodes 1,2,...,n and for each i let
node ¢ act as the fusion center, and determine the corresponding rate region, R;. Compute
R} = argming g, u(R). The optimal choice of fusion center is i* = argmin;cf; 5

,...,n}R;'

2.4.2 No Gain for Two Nodes

For the two node case of our set-up, Figure 2-1, the K-achievability rate region coincides
with the omniscience rate region in many interesting cases, because in these cases it turns
out that H(K|X2) = H(X1|X2) and H(K|X;) = H(K|X32). Thus, to get information about
K, the nodes exchange as much information as they would have to exchange to communicate
their entire data sequences. Functions, K, for which this is true can be derived using the
following proposition.

Proposition 2.4.1. Suppose that the function f(X;, X?) is either

(1) injective, or,
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(2) both the mappings
{f(X1,X2) x X1} — X
{f(X1,X2) x Xa} = X3
are injective.
Then,
H(f(X1,X2)|X1) = H(X2|X;1)
H(f(X1,X2)|X2) = H(X1]X>)
Note that (1) implies (2) but the converse is not true. As an example, consider

f(X1,X2) = X1 @ X5, the modulo 2 sum, and X;,X, € {0,1}. This function is not
injective, but (2) holds.

Proof. This proof follows exercise 5 in [5], page 43. Using the chain rule, we can write

H(f(X1,X3),X2|X1) = H(f(X1, X2)|X1) + H(X2|f(X1, X2), X1)
= H(X3|X1) + H(f(X1, X2)| X1, X3).

But H(f(X1,X2)| X1, X2) = 0. Further, if either (1) or (2) holds, then H(X;|f(X1, X2), X1) =
0. O

Example 2.4.2. An example of an interesting function K for which the omniscience region
and the K-achievability region coincide in the two node case has each f; equal to a linear
function of Xi* and Xo', fi = Y5, ;X1 + B Xa;. Then, H(KN|X,V) = H(X,V|X,V)
VN. To see this, it suffices to consider H(K,, K2|X11,X15), where K3 = X;; + X2; and
K2 = (X11 + X13) + (X21 + X22)-

H(Ky, K2|X11, X12) = H(X11 + X21, (X11 + X12) + (X21 + X22)| X11, X12)
@ H(X31,X21 + Xa3| X131, X12)
b
@ H(X31, X2 X11, X12),

where (a) follows by proposition 2.4.1 and (b) can be seen by an application of the chain
rule:

H,Y1+Yz2) = HN) + HY: + Ya|1h)
= H(1h) + H(Y2|11)
= H(1,Y2).
Finally, we note that the K-achievability and omniscience rate regions no longer coincide
when there are three sources (nodes), even in the simple case when K is linear. For example,

let fi = X1; + Xo; + X3;. While on one hand we have that H(K|X2, X3) = H(X1|X2, X3),
on the other hand, for the set of constraints of the other form,

H(K|X3) = H(X1 + X2|X3) < H(X1, X2|X3). (2.19)

Further, the inequality in equation (2.19) may be strict for certain joint distributions of
(X1, X2, X3). For example, consider (X3, X>), which are independent and P(X; = 0) =
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P(X; =1) =1/2 and P(Xy = —1) = P(X; = 0) = 1/2, and K = X; + X5. Then,
H(X,) = H(X3) = 1 and H(X1,X,) = H(X1) + H(X2) = 2, while H(K) = 3/2. So,
H(X1 +X2) < H(Xl,X2).

2.5 Summary

In this chapter, we looked at compression rates required for communicating nodes to com-
pute a function of all the data in the network with low probability of error. The joint
probability mass function of the source was known at all nodes; the task of the nodes was
to take advantage of the joint probability mass function in compressing their messages ef-
ficiently for decoding K. We have seen that the lower bound to the boundary of the rate
region for K achievability also is a lower bound to the SW omniscience rate region, which
means that if the objective of the nodes is to reliably acquire a function of all the data
in the network, they may only need to exchange information at rates lower than would be
required for each of them to acquire all other nodes’ data.

We have seen that, for a class of interesting functions, this is not true for two nodes.
But, in the next chapter, we will see that when there are more than 2 nodes, things may
change. Indeed, for the modulo-2 sum computation example, the K-rate region and the
omniscience rate regions coincide for two nodes. However, for more than two nodes, we
present a source, described by a joint probability mass function, for which we will show
achievability of a point that does not belong to the omniscience rate region. This point is
the vertex of the cone defining the lower bound to the K-rate region boundary, defined by
the inequalities in Theorem 2.2.1. Furthermore, the example will generalize to modulo-q
summation when the source random variables take values on a finite field of order q.
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Chapter 3

A Tight Bound: Computation of
the Modulo-¢ Sum

To show that the lower bounds of Theorem 2.2.1 are also sufficient conditions for the
achievability of a rate triple, it must be shown that there exist codes with rates that are
arbitrarily close to the boundary of the rate region described by the lower bounds, for which
the probability of error approaches zero asymptotically. In the proof of the Slepian-Wolf
Theorem (5], a “random binning” encoding scheme is used whereby each encoder randomly
assigns a codeword/index to each of its messages. Decoding occurs by joint typicality.
However, in the case where decoding of a function of the data streams is required, and in
the absence of feedback, it is not clear how the random-binning encoding scheme can be
used as the nodes do not know what value K takes until after the nodes exchange some
information.

In this chapter, it will be shown that when K is the sample-wise modulo-¢ sum of the
nodes’ data streams, there exists a specific joint distribution of the source for which the
rates specified by Theorem 2.2.1 are also sufficient, even when no interactive communication
is used. For our scenario, when there are only two nodes in the network, the omniscience
rate region and the K-rate region coincide. However, this is no longer the case when there
are more than two nodes.

Ahlswede and Csiszar [1], and later, Orlitsky and Roche [28], studied compression rate
requirements to decode K (X7, X¥) correctly with high probability; but, they limited their
study to two sources (nodes) only, (X1, X3). In [1], the authors determine a class of functions
(“highly sensitive” and “sensitive”) for which, when there is no interactive communication
between the nodes, the region of rates necessary and sufficient for decoding K with high
reliability coincides with the Slepian-Wolf rate region. Thus, they conclude that “To Get a
Bit of Information May Be As Hard As to Get Full Information,” as their paper is entitled.

We provide an example for which Ahlswede and Csiszar’s conclusion no longer holds
when an additional node is added to the network. In particular, in keeping with the results
in [1], when K = X; + X2 mod 2, and z,,z; € {0,1}, the “Omniscience/SW rate region”
(rates required for omniscience) coincides with the “K-rate region” (the rates required for
K-computation). However, when there are three nodes, z; € {0,1}, ¢ = 1,2,3, and K =
3" X; mod 2, for a certain probability mass function on the joint source (X1, X2, X3), the
Omniscience and K-rate regions, no longer coincide. We generalize this example to (1) an
arbitrary number of nodes, i = 1,2,...,n and (2) when the source random variables X;
take values in a finite field of order ¢, z; € GF(g), and K = }_ o4, X; mod q, a; € GF(q).
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We provide an explicit characterization for the K-rate region as a function of » and gq.

3.1 Main Results

Suppose that K; = Xi; & Xo; and z1,22 € {0,1}, where @ denotes modulo-2 addition.
The omniscience rate region and the K-rate regions coincide for the two node case because
H(K|X;) = H(X;|X;) for ¢, j = 1,2 and i # j. However, in this chapter we show that this is
not necessarily the case for three nodes. We show that the rate triple R}, = [h(p), h(p), h(p)]
is achievable for a specific joint probability mass function of the source. It turns out that

% is also on the boundary of the K-rate region, and does not belong to the omniscience
rate region. Furthermore, we show that the rate triple R}, minimizes the £; norm of the
rate vector, R = [R1, Rg, R3], subject to the rate vector belonging to the K-rate region. We
compare R}, to R, the rate vector belonging to the omniscience rate region, with the
smallest £; norm. The rate advantage in compressing for K rather than for omniscience is
captured by the ratio of the £1 norms of the minimizing rate vectors, R(n) = ||R5[|1/||R%]1,
which depends on the number of nodes, n. Interestingly, for our particular set up, as n grows,

R(n) — 1/h(p).

3.2 The Korner-Marton/Wyner Lemma

In this section, we describe the key lemma that we use to show achievability of rates arbi-
trarily close to the boundary of the K-rate region, when nodes compute the sample-wise
modulo-g sum of their data streams. The existence of these codes can be shown because
in that particular case, an analogy can be made between the joint source and the binary
symmetric channel (BSC), so the channel code can be used as a source code in our problem.
The Channel Coding Theorem assures the existence of codes that achieve capacity and
parity check codes are linear codes that do so for the BSC [12, 34, 16].

In the papers of Wyner [34] and Korner and Marton [16], (X1, X2) is a discrete memo-
ryless source with binary symmetric joint distribution,

P(X1:X2=0):P(X1:X2:1): (1—]3)

1
P(X1 = 0,X2 = 1) = P(Xl = 1,X2 = 0) = 5]). (3.1)

DO =

The X; source sequence and the X5 source sequence are encoded separately at two encoders.
The codewords are transmitted noiselessly to a decoder that is to produce the X; and X,
sequences with low probability of error. Wyner draws an analogy between coding for this
source and coding for a binary symmetric channel. He uses established results for the BSC
to conclude existence of a source code with achievable (R;, Rp) if the rate pair (R, Rs) is
in the rate region specified by the SW inequalities. Thus, he provides a new proof for the
SW Theorem for a very special case.

Korner and Marton, on the other hand, use the same idea to establish the existence of
distributed codes with the rate pair (h(p), h(p)) which guarantee decoding K = X;® X, with
high reliability. Note that for this K, H(K|X2) = H(X;|X2) and H(K|X;) = H(X2|X1);
further, for the chosen source distribution, H(K) = H(K|X;) = H(K|X1) = h(p). We
also note that the Korner-Marton statement is interesting because this achievable rate
pair does not belong to the SW rate region for the same set up (Figure 2-2). Because
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decoding is “centralized”, there is the additional condition that Ry + Ry > H(X3, X3),
where H(X1,X3) =1+ h(p). Clearly, this condition does not hold for (k(p), h(p)), p # 3.

For convenience, we repeat below a lemma from [16] that is attributed to results of Elias
in [12]. This lemma contains the needed result of the analogy with the BSC, which can be
found in [34], and is explained below.

Lemma 3.2.1. Let a sequence {K;}2, of i.i.d. binary random variables be given. For
fixed € > 0 and for sufficiently large N there exists a 0-1 matrix A of M x N entries and a
function ¢ : {0,1}™ — {0,1}" such that

(C1) M < N(H(K) +e),

(C2) letting A(kY) denote the modulo-two product of the matrix A with the binary column
vector kN of length N, we have P(y(A(KY)) # KV) <.

Now, the idea used by Korner and Marton is to use A at both the X; encoder, to
encode va , and the X, encoder, to encode Xév . Now at the decoder, 1 is applied to
AX{) @ A(XY). By linearity of A and (C2) of lemma 3.2.1,

Py(AXY) @ A(Y™) # KV) =P(p(AXV @ Y")) # K)
=P(Y(AKKY)) # KY) <e.

Since A maps the length N binary messages of X; to binary codewords of length M,
there are 2M possible codewords. The rate of this source code is therefore —11\7 log2M = M/N,
and we have by (C1) of Lemma 3.2.1 that h(p)+¢€ > 7{,— log 2M . Similarly for the X encoder.
Hence, (h(p), h(p)) is an achievable pair (recall definition 2.1.1).

The proof of the Lemma that is given in [16, 34] and below uses an analogy to channel
coding for the BSC, however, there is an intuitive interpretation of the Lemma that relates
to the typical set, A?’ , with respect to the distribution of K [20]. The idea is also found in
the proof of Theorem 3.2.1 ([5] p.54) where it is shown that, on average, NH(K) bits are
needed to represent a sequence of IID random variables, KV. Because for N sufficiently
large, Pr(AN) > 1—¢, what is effectively needed in order to encode KV and decode it with
high reliability is to enumerate a subset of the possible realizations of KV, the elements of
the typical set,

AiV = {(klak‘% R ykN) : 2_N(H(K)+6) < p(k17k2a .. -akN) S 2_N(H(K)_6)}’

of which there are no more than 2V(H&)+€) 55 no more than N(H(K)+ €) bits are needed.

The outputs of the linear operator A are vectors of length M < N, which means that
there are 2™ possible sequences that can be mapped to the elements of the typical set. For
M large enough, that map will be injective. But M need not be any larger than N (H (K)+e)
to ensure low probability of decoding error.

Proof. (Lemma 3.2.1) The existence of A and 3 such that (C1) and (C2) of Lemma 3.2.1
holds for N sufficiently large is guaranteed by the Channel Coding Theorem and standard
results for the BSC (see [12] page 206). Let U be the input of a BSC and V its output. Note
that if the channel crossover probability is p, V = U @ K, where K and U are independent
and P(K = 0) = 1 — p. Now, when U is uniformly distributed, the joint distribution of
(U,V) is given by (3.1).
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By the Channel Coding Theorem, there exist a sequence of codes, with rate R, such
that if R < C, for sufficiently large block length N, the average probability of error is
arbitrarily small. For the above BSC, C = 1 — h(p) = 1 — H(K); and when the channel
input is uniformly distributed that capacity is achieved, that is, there exist codes with rate
R arbitrarily close to capacity, R + € > C, for which the probability of error goes to zero
as block length increases. Furthermore, for the BSC, such codes include parity check codes
and decoding is accomplished by maximum likelihood decoding.

Decoding the channel output occurs by multiplying (modulo 2) the parity check matrix,
A, consisting of zeros and ones, by V¥. Since the choice of A must be such that UM
belongs to the null space of A, A(VN) = A(KN). Now, decoding can be performed by 1
as described in/_[l2] page 201, such that 1/J(A/(_};{ NY)= KN, and UN = KN + VN, An error
oCCurs Y when {UN # UM}, or equivalently, { KN # KN}. So, for codes with R < C, we have
P({KN # K"}) = 0, which is (C2) of Lemma 3.2.1.

Finally, note that the codewords at the input of the channel have length N. Since they
belong to the null space of A, there are at most N — M messages (and N — M information
digits). So, the rate of the code is R = (N — M)/N. For the capacity achieving code
with this rate, substituting in R + ¢ > C, and using C = 1 — H(K), we obtain (C1) of
Lemma 3.2.1. O

3.3 Modulo-2 Sum Computation in an n-Node Network

For the three node case, when K = X; & X2 @ X3 and for the appropriate probability
distribution on (X1, X3, X3), the achievability of the rate triple (h(p), h(p), h(p)) follows
due to a simple extension of of the above lemma to three sources. Furthermore, the rate
triple is on the boundary of the K-achievability rate region. The idea can also be extended
to more than three nodes, as we show below.

n=3. We determine the K-rate region under the following assumptions. Let

1. n=3,

2. K=X10 Xo® X3, and

3. the source variables (X1, X2, X3) have the following joint probability mass function.
P(X; = X2 =0|X3=0)
=P(Xi =X =1|Xs =0) = 5(1-p),
P(X,=0,X2=1|X5=0)
—P(X; =1,X; = 0Xs = 0) = -;—p. (3.2)

and 1
PX;=0=P(X5=1)= 3 (3.3)
We assume that X, X3, and X3 are pair-wise independent.
Then, H(K|X;, X;) = H(K|X;) = h(p), and indeed, by symmetry, all entropies in equa-
tion (2.16) are equal to h(p). In fact, H(K|X;, X;) = H({X;, X;}°|X;, X;), where {X;, X;}¢
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is {X1, X2, Xs}\{Xi, X;}. Finally, H(X1, X2|X3) = H(X1|X3) + H(X2| X1, X3) = 1+ h(p),
and, by symmetry, so are the remaining entropies of the same form that define the SW rate
region.

Now, we have that,the omniscience rate region, R¢, is determined by the equations

R1 > h(p)
Ry > h(p)
R3 > h(p)
Ri+ Ry > 1+ h(p)
Ry + R3 > 1+ h(p)
Ry + Rs > 1+ h(p), (3.4)

Furthermore, we have the following theorem, which is the core of the main result of this
chapter.

Theorem 3.3.1. For K = X1®X2®X3 and for the probability mass function on (X1, X2, X3)
defined in equations (3.2) and (3.8), (R1, Rz, R3) is achievable iff (2.16) holds. Specifically,

Ry > h(p)
Ry > h(p)
R3 > h(p)
Ry + Ry > h(p)
Ry + R3 > h(p)
R; + R3 > h(p), (3.5)

where h(p) = —plogp — (1 — p) log(1 — p).

Proof. The converse part of Theorem 3.3.1 was shown in section 2.3. To show the achiev-
ability part of the Theorem, it suffices to show that by an extension of Lemma 3.2.1,
(h(p), h(p), h(p)) is also an achievable rate triple, so it belongs to the K-rate region, Rg.
This is true because here the K-rate region is fully specified by the first three inequalities
of (2.16); any rate triple satisfying the first three inequalities will also satisfy the last three.
So, the rate region is a cone whose vertex is (h(p), h(p), h(p)).

By Lemma 3.2.1, there exists A and % such that (C1) and (C2) hold. For our source
coding problem, we apply A to X' at the X3 encoder and use v at the decoders of the
receiving nodes. By symmetry, we can use the same A and 9 at all the nodes. The decoding
works by applying 9 to A(X)) ® A(XY) ® A(XY) because, by linearity of ﬁl&a operator A,
YAXY) o AXY) 0 AXD)) = v(AXY o XY © X)) = w(A(KN)) = KN. Now, since
H(K) = h(p), (h(p), h(p), h(p)) is an achievable rate triple. O

Two important details should be mentioned here. These will be used later in extending
our argument to more than 3 nodes.
1. For the achievable triple to be (h(p), h(p), h(p)), we must have H(K) = h(p).

2. The point (h(p), h(p), h(p)) will be the vertex of the cone that is the K-achievable
rate region when H(K|X;, X2) = H(K|X1) = h(p), and, moreover, all the conditional
entropies defining R i are equal to h(p). This constraint imposes structure on the joint
distribution of the source.
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Finally, it is clear that (k(p), h(p), h(p)) & Ro for p # 1, since in this case h(p) < 1. So,
the last three conditions in 3.4 do not hold.

n > 4. Lemma 3.2.1 indeed holds for any n, source (X1, Xo,...,X,) and Ky =)0 | Xy
mod 2. Thus, achievability of h(p)1 for 1 € R™ for the n node case follows in the same
way that was argued above for the three node case, as long as (X1, Xa,...,X,) has the
appropriate joint probability mass function.

Corollary 3.3.2. For any n, there exists a joint source (Xi,...,X,) with appropriate
joint probability mass function such that, when K; = > & | X;; mod 2, the rate vector
(h(p),--.,h(p)) € R" is

e the vertex of the cone defining the lower bound to the K-rate region boundary, R; >
h{p) fori=1,...,n,

e and, is achievable.

Example 3.3.3. Let n=4. Let the joint probability mass function on (X1, X2, X3) defined
by (3.2) and (3.3) be equal to the conditional probability measure, P(X;, X2, X3|Xs =
0). Let P(Xy = 0) = %—, and let any 3 random variables taken from X, Xs, X3, X4 be
independent, e.g. P(Xl =x1,X2 = T9,X3 = 133) = P(Xl = CL‘])P(Xz = ZE2)P(X3 = 333),
and let the marginals all be uniform. Then, h(p)1 € R? is achievable. Note that,

1. For K = X190 X0 X300 X4, H(K) = H(K|X1, X2, X3) = H(K|X1,X2) = HK|Xy) =
h(p), so, the right hand side of all the inequalities defining Rx (4-node equivalent
to 2.16) is h(p).

2. H(X4]|X1, Xz, X3) = h(p). Also, H(X1, X2|X3, X4) = 1+h(p) and H(X1, X2, X3|Xy) =
2 + h(p), as can be computed by applying the chain rule.

So, the SW constraints defining the rate region for omniscience, R, are,

o
1
>
—~
3

o O OO0 O = OOO
- OO~ OO OO O
— O R R P OFROFRODOMFOO
O H PO - OO0 OO
&
v

3.4 Minimum Achievable Rates: Omniscience versus K-achievability

We compare the omniscience and K-rate regions to quantify how much is gained, in terms of
being able to compress more and communicate at lower rates, by compressing for K rather
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than compressing for omniscience. For this, we choose to characterize the rate region by a
single number as in [7], namely,

u(R*) = lr{lei%u(R), (3.7

where u(R) = 'R, R = [Ry, Ry, ..., Ry, and R is either the K-rate region, R, or the
omniscience rate region, Ro. We quantify the change as n grows of the rate savings gained
due to compressing for K, by computing R(n) = u(Rp)/u(Rk).

R}%. For the chosen joint probability mass function of the source, (X1, Xo,...,Xy),
the Tght-ha,nd side of all the inequalities defining the K-rate region is h(p), for any n. It is
obvious that any solution satisfying the first n constraints, R; > h(p) for i = 1,...n, will
simultaneously satisfy all the rest, namely, that the sum of any pair, triple, ..., n-tuple of
rates must be greater or equal to h(p). Now, since any permutation of the indicies of the
rates, R;, yields the exact same minimization problem (3.7), we must have that, for every
i, R} = ¢, where c is a constant. Clearly, ¢ = h(p), and u(R}) = nh(p).

Rp. In general, there are st (7) inequalities that define the SW rate region. The
first n are constraints on R;; in our example, the right-hand side of all the inequalities is
h(p). The next (}) inequalities are on all the possible ways to sum two pairs of rates out
of n; in our example, the right-hand side of all the inequalities is 1 + h(p). The m*® set
of constraints are on the (,','l) possible ways to sum m out of n rates; in our example, the
right-hand side of all the inequalities is m — 1 + h(p).

For our example, only the last n equations determine the solution to the minimization
problem; if a rate vector satisfies the last n constraints, it simultaneously satisfies all the
remaining inequalities. To see this, first consider the last n constraints that have the form

Ri+Ry+---+ Rp1 2n—2+ h(p).

Assume, Vi € {1,2,...,n},
n — 2+ h(p)

Ri> ——— (3.8)

Now, consider the m*® set of constraints for m < n — 2, for example,
Ri+Re+---+Rp>m—1+h(p).
Then, for the choice of R; in (3.8) we have that these constraints are satisfied.

m(n — 2) m

>

Ri+ Ryt + B> ———="+ ——h(p)
1-m

=w+h(p)_%l__

h(p)
(;) mn—-2) n-1-m
- n-1 n—1
=m — 1+ h(p),

+ h(p)

where (a) holds because h(p) < 1; in fact, equality holds for p = 1/2 and inequality is strict
otherwise.

Finally, any permutation of the indices of the rates, R;, in the minimization problem (3.7)
will result in the same problem. Therefore, the minimizing solution must consist of a vector
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with the same entries, for every i, R; = ¢, where c is some constant. So, we must have that
¢ = "2 and w(Ry) = =25 (n — 2+ h(p)).

n

u(Ry)/u(R}). Substituting the results of the above computations we have that

- 288
_n— 2+ h(p)
(n — Dh(p)

1

SN .
n—oo h(p)

We note here that this result is not surprising in view of the fact that the number of
constraints for both minimization problems, (3.7) with R = Rx and with R = R, is linear
in n. So, neither rate region, Rx or R, shrinks more rapidly than the other as n increases.

3.5 Generalizing to Finite Fields: Modulo-¢ Sum Computa-
tion '

Lemma 3.2.1 can be generalized to the case when the sources Xj, Xs,..., X}, take values
from a finite field of order ¢, GF'(g), and K =Y ;' ; &;X; mod g, where a;’s are constants
in GF(q).

Lemma 3.5.1. Let a sequence {K;}°, of i.i.d. random variables taking values in GF(q)
be given. For fixed ¢ > 0 and for sufficiently large N there exists a matrix A of M x N
entries which are elements of GF(q) and a function v : GF(¢)™ — GF(q)"N such that

(C1) Mlogq < N(H(K) +¢),

(C2) letting A(k™) denote the product in GF(q) of the matrix A with the column vector
kN of length N, we have P(¥(A(KN)) # KN) <e.

This lemma then establishes the existence of a decentralized coding scheme with the
achievable rate vector H(K)1, where 1 € R™ is the vector of ones. In particular, the
encoder of source i = 1,...,n applies the matrix A to its sequence XiN . The decoder at j,
upon receiving A(X{) for k # j, and having its own A(X JN ), forms the sum 37, o; A(XN)
mod q. Now, by linearity of A,

Z o AXY) mod g= A(Z ;XY mod q)
i=1 i=1
= A(KYN)

So, application of the decoding function % to the sum will result in ¥(A(K"Y)) = KN , for
which, by lemma 3.5.1, P(¥(A(K™)) # KV) < e.

Again, the lemma can be interpreted in terms of the typical set of K~ AN . As before, for
N sufficiently large, P(AYN) > 1 —¢, so, it is possible to get low probability of decoding error
by enumerating the elements of the typical set. Again, there are no more than 2VHE)+e)
of those elements. Now, A generates ¢™ sequences, so our code can enumerate as many
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sequences. Since we need not enumerate more than 2N #H(K)+e) sequences, we have that
M ~ 9gN(H(K )+e€)
! < .

The lemma can also be shown by analogy with a symmetric discrete memoryless channel
(DMC), as was done above for ¢ = 2. To see this, consider ¢ = 3. Let U be the input of a
DMC, and V its output. Let the channel transition probability be given by the following
matrix, P, where the entries are p;; = P(V =3 —1|U =i— 1), for ¢,j € {1,2,3},

1 D2 1-p1—po
P=|1-p1—p2 " )
D2 1-p1—p2 n

Note that for this channel, the output can also be written as V = U + K mod ¢, where U
and K are independent and K has the distribution: P(K = 0) = p; and P(K = 1) = ps.
Consequently, H(K) = —p; logpy — palogpa — (1 — p1 — p2) log(1 — p1 — p2).

By the Channel Coding Theorem, there exist codes for which, when the block length is
sufficiently large, the probability of decoding error can be made arbitrarily small as long as
the code rate, R, is smaller than the channel capacity, C. Further, for a DMC with inputs
belonging to GF(gq), there exist linear codes which are capacity achieving. If the messages
are sequences of length N — M, and the channel inputs and outputs are of length N, then
the rate of the channel code (the number of information bits divided by the block length) is
R= !—oﬂy—, and the parity check matrix that is used to decode the outputs of the channel
has dimension M x N.

Now, it can be shown (Theorem 4.5.2, [12] p.94) that for a symmetric DMC, capacity
is achieved when the inputs have equal probabilities. Using this fact in Theorem 4.5.1 [12]
p.91, the capacity of the channel with the above transition probability matrix is C = log 3 —
H(K). Since a uniformly distributed input can achieve capacity, we have that R +¢ > C.
Substituting the expressions for C and R, we obtain (C1) of Lemma 3.5.1.

Having established that there exists a decentralized source code with the achievable rate
vector H(K)1, we proceed, as before, to construct a source joint probability mass function
for which the rate region defined by the K-achievability inequalities is a cone whose vertex
is the point H(K)1. Since it has already been established that the vertex is achievable, it
follows that every point in the cone is also achievable. Constructing such source probability
mass functions can be done for any g, but, again we illustrate for ¢ = 3. First, we have the
general statement of our result in the following corollary.

Corollary 3.5.2. For any n, there exists a joint source (X1,...,X,) with appropriate
joint probability mass function such that, when K; = "I ; @;X;; mod g, the rate vector
(H(K),...,H(K)) e R" is

e the vertex of the cone defining the lower bound to the K-rate region boundary, R; >
H(K)fori=1,...,n,

e and, is achievable.

Example 3.5.3. For this example, let n = 3 and K = Z?=1 X; mod 3. Let the sources
(X1, X2, X3) have the following joint probability mass function. Let Py be the matrix whose
elements are p?j =PX1=i-1,Xo=j—1|X3=0) for 3,5 € {1,2,3}, P; be the matrix
whose elements are p;; = P(X; =i —1,Xy = j — 1|X3 = 1) for i,5 € {1,2,3}, and P, be
the matrix whose elements are p; = P(X; =i — 1, Xy = j — 1|X3 = 2) for 4,5 € {1,2,3}.
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The matrices are

1 ! D2 1~p1 ~po]
Po=§ P2 1-p1—p2 D1 ;

|1 —p1—Dp2 N P2

[ P 1-p1—p no ]
P1=§ 1-p1—p2 1 D2 ,

I DN D2 1—p1 —p2]

1 [1—p1—p2 2l D2 ]

P2=§ 1 D2 1-p1—p2

| D2 l-p1—p2 P1 i

Furthermore, we assume that X3 is uniformly distributed.

Then, we have that H(K) = H(K|X;) = H(K|X;,X;), H(X;|{X;}¢) = H(K), where
{Xi}¢ is {X1, X2, Xs}\{Xi}, and H({X;}¢|X;) = log3 + H(K). So, the K-achievability
rate region is defined by

R, > H(K)
Ry > H(K)
Ry > H(K)

and the Slepian-Wolf rate region is defined by

Ri+ Ry > log3+ H(K)
Ry + R3 ZlOg3+H(K)
Ri+ R3 > log3+ H(K).

The construction of a source joint distribution can be done for 4 nodes starting form the
3 node joint distribution as was done in Example 3.3.3 for the binary case. Indeed, if we
generalize the above to n nodes when the sources take values in GF(q), we have that the
rates in the K-rate region satisfy R; > H(K) and the rates in the SW-rate region satisfy
R; > 1= ((n—2)log g+ H(K)). Thus, we have that

_ u(Ry)
uw(RY%)
(n—2)logqg+ H(K)
(n—1)H(K)
log g
oo H(K)

R(n)
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3.6 Summary

In this chapter, we have demonstrated that when nodes need to compress their data in order
to reliably compute the sample-wise modulo-g sum of their data, they need to exchange
information at rates lower than would be required for each of them to acquire all other
nodes’ data. This is not true for the two node case, but, when there are more than 2 nodes,
things change. Indeed, for the modulo-2 sum computation example, we presented a source
for which we showed achievability of a point that does not belong to the omniscience rate
region. This point turned out to be the vertex of the cone defining the lower bound to the
K-rate region boundary, defined by the inequalities in Theorem 2.2.1. Furthermore, the
example was generalized to modulo-¢ summation when the source random variables take
values on a finite field of order g.
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Chapter 4

Computation via Noisy Channels

We consider a network of n nodes communicating via noisy channels. Each node has some
real-valued initial measurement or message. The goal of each of the nodes is to acquire an
estimate of a given function of all the initial measurements in the network.

We seek to understand the limitations imposed by the communication constraints on
the nodes’ performance in computing the desired function. The performance is measured by
the mean square error in the nodes’ estimates of the desired function. The communication
constraints consist of (1) the topology of the network, that is, the connectivity of the
nodes, and (2) the noisy channels between nodes that communicate. In order to capture
the limitation due to the communication constraints, we assume that that the nodes have
unlimited computation capability. Each node can perform any amount of computation as
well as encoding and decoding for communication.

In this formulation, each node has an initial value from a source having some distribution;
each node knows nothing of the source distributions of other nodes. This is unlike the
“source coding” formulation of Chapter 2 where we assumed that the joint probability
mass function of the source was known at all nodes. In that chapter, the task of the nodes
was to take advantage of the joint probability mass function in compressing their messages
efficiently for decoding a function of the data in the network. Another difference between
the two formulations is that here, each node has some real-valued initial measurement or
message. In Chapter 2, nodes generated their messages, a data stream, by sampling from
their respective sources which were discrete.

As was the case in Chapter 2, the formulation of this chapter lends itself to Information
Theoretic techniques. We use Information Theoretic inequalities to derive lower bounds
on information exchange necessary between nodes for the mean square error in the nodes’
estimates to converge to zero. One way we use this bound is to determine an upper bound
on the rate of the channel code in terms of the capacity of the channel and the required
rate of convergence of the mean square error to zero. Another way we use the Information
Theoretic technique is to determine a lower bound on computation time that must be
satisfied by any algorithm used by the nodes to communicate and compute, so that the
mean square error in the nodes’ estimates is within a given interval around zero. In the
latter case, the bound is in terms of the channel capacities, the size of the desired interval,
and the uncertainty in the function to be computed.

Existing results include algorithms with upper and/or lower bounds on the time for
the nodes to reach agreement or compute a certain quantity with given accuracy, when
communication is subject to topological constraints, but perfect when present [2, 3, 33,
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32]. Another set of work investigates algorithms for computation when communication is
unreliable. The channels in the network are explicitly modelled. The researchers propose
an algorithm that will perform the desired computation while satisfying some performance
criterion. For example, in [11], each node in the network has one bit. Nodes broadcast
messages to each other via binary symmetric channels. The goal is for a fusion center to
compute the parity of all the bits in the network. Gallager proposes an algorithm that can
be used while guaranteeing a desired probability of error. He exhibits an upper bound that
is a constant multiple of the bits that must be transmitted per node. Recently, it has been
shown in [14] that this algorithm is optimal. The authors produce an algorithm-independent
lower bound that is of the same order as the upper bound.

Many different formulations and corresponding bounds can be found in the literature.
Two examples are [10, 18]. In [10], the authors derive Information Theoretic bounds on
the number of bits that must be exchanged for nodes communicating via noiseless channels
to acquire each other’s data. In [18], the authors present lower bounds to the number of
messages that must be communicated by two sensors to a fusion center that must determine
a given function of the nodes’ data. However, the transmitted messages are real-valued
vectors and the lower bound is on the sum of the dimensions of the message functions.
Several formulations and results relevant to computation in wireless sensor networks can be
found in a detailed survey by Giridhar and Kumar [13].

Our approach and, hence results, are quite different. We capitalize on Martins’ suc-
cessful use of Information Theoretic tools in [19, 20, 21, 22] to characterize fundamental
performance limits of feedback control systems with communication constraints. We use
Information Theoretic inequalities, reminiscent of those of Rate-Distortion theory, in a dif-
ferent setting with different objectives. In particular, we have a network of nodes whose
objective is to compute a given function of the nodes’ data, rather than to communicate
reliably to each other their data.

The Information Theoretic approach captures fundamental performance limitations that
arise in the network due to the communication constraints. This happens because the
analysis is independent of the communication algorithm used by the nodes. The lower bound
we derive in this chapter enables us to characterize the effect of the network structure on
algorithm running time. As we will further discuss in the next chapter, for nodes exchanging
information over erasure channels to compute the sum of their initial conditions, the lower
bound is indeed tight in capturing the network constraints.

In the next section, we describe the problem formulation and state the main theorem of
this chapter. In section 4.2 we recall the Information Theoretic definitions and properties
that we will need. In section 4.3 we prove our main theorem. Finally, we end by discussing
a technical difficulty that arises in applying our lower bound and we suggest a technique to
circumvent this difficulty.

4.1 Problem Formulation

A network consists of n nodes, each having a random initial condition or value. We represent
the initial condition at node ¢ by the random variable X;(0). Let X(0) represent the vector
of all the initial condition random variables, [X1(0) ... X,(0)]'. Each node is required to
compute a given function of all the initial conditions. That is, node % is required to estimate
Ci = fi(X(0)). We let C = [C; ... C,]. Suppose that nodes 1 to m belong to set S.
Whenever we use a set as a subscript to a variable, we mean the vector whose entries are
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that variable subscripted by the elements of the set. For example, Cs = [C} ... Cp]’.

We assume that time is discretized into intervals, and enumerated by positive integers,
{1,2,...}. During each time step, a node can communicate with its neighbors. At the end
of time-slot k, node 7 uses the information it has received thus far to form an estimate of
C;. We denote this estimate by X;(k). Let, XF denote the finite sequence of estimates at
node i, {X;(1), X;(2),...Xi(k)}. The estimates of all nodes in the network at the end of
time slot k are denoted by the vector X (k) = [X1(k) ... Xn(k)]'. And, the estimates of
nodes in set S are denoted by Xg(k) = [X1(k) ... Xn(k)].

The nodes communicate via noisy channels. The network structure is described by a
graph, G = (V, E), where V is the set of nodes and FE is the set of edges, (%,5). If node i
communicates with node j via channel with capacity C;; > 0, then (3,5) € E. If (4,5) ¢ E,
we set C;; = 0. We assume that all channels in the network are independent memoryless
discrete-time. Further, for each of the channels, one channel symbol is sent per 7, = 1
second. Each node generates an input for its encoder every 7 seconds, and by the Kt input
generated, X;(k), N channel digits have been sent; so, N7, = k7. When 7, = 1, the time T'
until the ¥* node estimate, X;(k), has been generated is T = k7. With no loss of generality,
we assume in what follows that 7 = 1. So, X;(k) = X;(T).

We consider two mean square error criteria. The operator || - || is to be interpreted, when
the argument is a vector, C, as ||C||?> = 3 C2.

Cl. E(|X(T) - C|?) < 8272, and,
C2. E(Xi(T) - C;)? < p2~*, forallic {1,...,n},

where 8, € RT\{0}.

The first criterion requires that as the number of nodes increases, the per node error is
also smaller. It suggests that as the number of nodes, n, increases, we require the mean
square errors at each of the nodes, F(X;(k) — C;)? to decrease like 1/n. This criterion is
appropriate if, for example, the initial values at the nodes are independent and each node
is to estimate the average of the initial values in the network. As the number of nodes
increases, the variance of the average decreases. In circumstances where this does not
happen, the second criterion may be more appropriate.

The “computation time” is the first time at which the desired performance criterion
holds. We seek a lower bound on the computation time, T, that holds if the desired mean
square error criterion, C1 or C2, is satisfied. That is, if C1 or C2 holds, then how large
must T be?

4.1.1 Main Result

The main theorem of this chapter provides a lower bound to computation time as a function
of the accuracy desired, as specified by the mean square error, and the uncertainty in the
function that nodes must learn, as captured by the differential entropy.

Theorem 4.1.1. For the communication network described above, if at time, T, the mean
square error is in an interval prescribed by o, E(X;(T) — C;)? < 3272, for every node, then
T is lower bounded by

T > max E(S)
T SCV Y iese Zjes Cy’
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where S¢ = V\S and,
7 S| o
L(S) = h(Cs|Xs(0)) — 5 log 2mef + |S|§

This theorem captures the fact that the larger the uncertainty in the function to be
estimated, or the larger the desired accuracy, the longer it must take for any algorithm to
converge.

4.2 Information Theoretic Preliminaries

The differential entropy of C is denoted by h(C). The mutual information between X and
C is denoted by I(X;C).

When indicated, we will need to use the most general definition of mutual information.
It can be used when the random variables are arbitrary ensembles, not necessarily both
continuous or both discrete. We repeat this definition from [29, p.9]. The conditional
mutual information is similarly defined; see [29, Ch. 3].

Suppose X and C are random variables that take values in the measurable spaces
(2x,Sx) and (Qc, S¢), respectively. Sx denotes the sigma algebra of subsets of 2x. Let
the probability distributions of X and C be Px and P¢. Let Px¢ be the joint distribution
of X and C.

The mutual information between X and C is

Pxc(E; x F})

I(X;C) =sup Y _ Pxc(E; x Fj)logm’

1§

where the supremum is taken over all partitions {E;} of Qx and partitions {F;} of Qc¢.

In the remainder of this section, let C and X be continuous random variables. The
definitions for mutual information and differential entropy for this case are repeated from 5,
Ch.9].

Let X and C have the probability densities p(z) and p(c). Let their joint density be
p(z, c). Then their mutual information is defined as

v [ote oy 2@
I(X,C)—/p( .0)log B2 de de

The differential entropy of C is defined as
we) = - [ o) 1ogp(c) e
The conditional differential entropy h(C|X) is
h(C|X) =~ /p(w, c) log p(c|z) dz dc.
The following properties of differential entropy will be used.

(1) Conditioning reduces entropy, h(C|X) < h(C). Equality holds if C and X are inde-
pendent.
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(2) Differential entropy, h(X), is maximized, over all distributions with the variance
Var(X) = o2, by the normal distribution. If X had a Normal distribution, it would
have entropy %log 2mec?. Hence, for any distribution of X with Var(X) = o2,

h(X) < % log 2mea?.
Further, if X is a vector of random variables, X = [X; ... X,,}', then
WXi,..., X,) < %log(27re)"!ZI,
where Z is the covariance matrix of X and |Z| is the determinant of Z.
Next, the following properties of mutual information will be needed.

(1) Mutual information can be written in terms of differential entropies as

I(X;C) = h(C) - h(C|X).
(2) By the chain rule for mutual information,

n
I(X1,Xa,... Xn;C) = ZI(X,-;C|X1, LX)

i=1

(3) By the data processing inequality, if Y = f(C) for any (measurable) function f, then
I(C; X) > I(Y; X).

Finally, when the argument in k(-) is a vector of length n, for example, C = [C},...,Ch)’,
it is interpreted as the joint differential entropy h(Ci,...,Cy). Similarly, when the argu-
ments in I(-;-) are vectors of length n, for example C' and X, it is to be interpreted as

I(Cl,...,Cn;Xl,...,Xn)-

4.3 Proof of Main Theorem

In this section, we present the proof of Theorem 4.1.1. The core idea is to characterize the
information flow between arbitrary “cut-sets” of the network. A cut divides the network
into two sets, S and S¢ = {1,...n}\S. Suppose that nodes 1 to m belong to set S and
nodes m + 1 to n belong to set S€. So, the estimates of the nodes in set S at time T are
Xs(T) = [Xi(T) ... Xm(T)). The initial conditions of the nodes in sets S and S¢ are
denoted by Xg(0) = [X1(0) ... Xn(0)] and Xsc(0) = [Xpm+1(0) ... Xn(0)].

The quantity that will play a central role in the proof of Theorem 4.1.1 is the mutual in-
formation term, I{Xg(T); Xs<(0)|Xs(0)). This is mutual information between the estimates
of the nodes in set S and the initial conditions of the nodes in set S¢, assuming that all
nodes in S have each other’s initial conditions. Leading up to the proof of Theorem 4.1.1,
we prove 3 lemmas related to I(Xg(T); Xs<(0)| Xs(0)).

In the first of our series of lemmas, we bound from above I(Xg(7T); Xs<(0)| Xs(0)), by
the mutual information between the the inputs and the outputs of the channels that traverse
the cut.
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Lemma 4.3.1. For a given cut in the network, and corresponding cut-sets S¢ and S,
N
I(Xs(T); Xs:(0)| X5(0) Z ); Use(D|Us(1)),

where N is the channel code block length, Use is a vector of the variables transmitted by
the encoders of the nodes in S¢ and Vg is a vector of the variables received via channels by
the decoders of the nodes in S. The (I) refers to the I** channel use.

In the second lemma, we bound from above I(Vs(l); Use(1)|Us(l)) by the sum of the
capacities of the channels traversing the cut.

Lemma 4.3.2. Suppose a network is represented by the graph G = (V, E). The edges of
the graph represent channels with positive capacity. If the channels connecting the nodes
are memoryless and independent, then,

I(Vs(1); Use(DIUs(1) < Y > Cyj.

i€5¢ jeS

The proof of this lemma makes apparent the value of the conditioning in the mutual
information terms. This conditioning is equivalent to assuming that all nodes in S have
access to all information that is available at the nodes of the set .S, including information
about Xg(0). In this way, we capture the information that is traversing the cut, without
including the effect of information exchanged between nodes in the same set.

Finally, in the third lemma, we bound from below the term I(Xs(T); Xsc(0)| Xs(0)). We
show that this term is bounded from below by the information that must be communicated
from the nodes of S° to the nodes of S in order for the nodes of S to compute their estimates,
I(Xs(T);Cs|Xs(0)). We then bound this from below by an expression that involves the
desired performance criterion and the desired function.

For the mean square error criterion C1, we have the following lemma.

Lemma 4.3.3. If E(||X(T) — C||?) < 827 then

I(Xs(T); Xs5:(0)| X5(0)) = L(S)
where,
L(S) = h(Cs|Xs(0)) ~ 2 tog2mes + L 1og 51 + 1512,
and, |S| is the size of the set S, specifically, |S| =

The lower bound involves two terms. These are (1) the desired accuracy in the nodes’
estimates, specified by the mean square error criterion, and (2) the uncertainty in the
function to be estimated, Cg, quantified by its differential entropy. The larger the desired
accuracy, the larger the « in the mean square error criterion. This implies a larger lower
bound on the information that must be conveyed. Also, the larger the uncertainty in the
function to be learned by the nodes in set S, the larger the differential entropy term. Hence,
the lower bound is larger.

For the mean square error criterion C2, we have the following corollary.

Corollary 4.3.4. If, for alli € {1,...,n}, E(X;(T) — C;)? < 5272, then,

I(Xs(T); Xs5¢(0)|Xs(0)) > L(S),

48



where L(S) = h(Cs|X5(0)) — Bllog 2re + |9]%.

When, for all i, E(X;(T) — C;)? < 272, we again have a lower bound that depends on
the desired accuracy and the uncertainty in the function to be estimated. However, L(S)
is smaller than L(S) due to the weaker error requirement of C2.

In the next sections, we prove the above lemmas. Then, we prove Theorem 4.1.1.

4.3.1 Proof of Lemma 4.3.1

We prove the following inequality:
N
1(X5(T); Xs(0)[X5(0) Z ); Us<(D|Us (1)), (4.1)

where IV is the channel code block length, Use is a vector of the variables transmitted by
the encoders of the nodes in S¢ and Vj is a vector of the variables received via channels by
the decoders of the nodes in S.

Recall that by the assumptions we made in our problem formulation, the end of the kt*
time slot corresponds to time T. So, Xg(7T") = Xs(k). In this proof, it is convenient to use
Xs(k). We need to refer to the sequence of estimates at node ¢ up until time 7. The most
natural way is to enumerate using integers: X¥ = {X;(1), Xi(2),... X;(k)}.

For this proof, we use the general formulation for multi-terminal networks of [5, section
14.10]. let U; be transmitted by the node i encoder and V; be received by the node i decoder.
We denote a sequence of length N transmitted by i as UYN = (U;(1),Us(2), ... Ui(N)). The
indices in brackets represent channel use. As before, if nodes 1 to m belong to S, we have
that Vg = (V4,...,Vy). Similarly, we have that Vg(l) = (Vi(1),..., Vin(l)), representing the
variables received after the [-th use of the channel.

We assume that the the estimates at node 7, X; 5 are a function of the received messages
at that node, V" and its own data, X;(0), X! ko ¢1( , Xi(0)). The message transmitted
by i in the lth channel use, U;(1), is also a functlon of of the received messages at that node,
V}7! and its own data, X;(0), Us(1) = ¥(Vi™1, X4(0)).

As in [5], the channel is a memoryless discrete-time channel. In our case, for convenience,
we assume the channel to be continuous, represented by the conditional probability distri-
bution function p(vy,...,vs|u1,. .., u,). However, we note that the inequalities below hold
even in the case that the channel is discrete. In this case, the random variable arguments of
I(-;-|-) would be arbitrary ensembles, and so we use the general definition for I(-;-|-) as the
“average conditional information” in {29, Ch.3], and for the conditional entropy, h(X|Y),
we use h(X|Y) = I(X; X|Y). All the equalities and inequalities below will continue to hold.
We refer the reader to [29, Ch.3] for technical details.

The following inequalities proceed in the same manner as Theorem 14.10.1 in [5]. For
convenience, we repeat the steps here using our notation.

I(Xs(k); Xs5¢(0)| X5(0))

D1Xs(1),..., Xs(k); X52(0) | Xs(0))
=I(Xs5(1),...,Xs(k), Xs(0); X5:(0)| X 5(0))
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(b)I(V1N7 Xs5(0): X5¢(0)|X5(0))

I(Vs(1),. ( ); X5¢(0)| X5(0))

Il

1=

N
ZI (Vs(1); X5¢(0)[ Xs(0), Vs (I - 1),..., V(1))
1

o~

Mz

h(Vs(1)|Xs(0), Vs(l = 1),..., Vs(1))

o~

1
— h(Vs(1)| Xs¢(0), X5(0), Vs(l - 1),...,Vs(1))

e N
23 A(Vs(0)|Xs(0), Vs (l ~ 1), Vs (1), Us(L)
=1

— h(Vs(1)| Xs:(0), X5(0), Vs (I = 1),...,Vs(1), Us(1), Use (1))

N
<Y hVEOIUS0) - AV OISO, Use )

l 1

@ Z ); Use()|Us(1)).

Above,
(a) holds by the data processing inequality,
(b) holds again by the data processing inequality, because X¥ = ¢;(V:"¥, X;(0)),
(c) follows by the chain rule for mutual information,

(d) follows by the definition of mutual information, (or, in the discrete channel case, it
follows by Kolmogorov’s formula [29, Ch.3] and by noting that the entropy term is
well-defined since V; would take values in a discrete set),

(e) follows, for the first term, because U;(!) = 9;(V{ ™!, X;(0)), so it does not change the
conditioning; and the second part follows because conditioning reduces entropy,

(f) holds, for the first term, because conditioning reduces entropy, and for the second
term, because the channel output depends only on the current input symbols,

(g) from the definition of mutual information.

4.3.2 Proof of Lemma 4.3.2

In this lemma, we consider a network that is represented by the graph G = (V, E). The
edges of the graph represent channels with positive capacity. If the channels connecting the
nodes are memoryless and independent, we show that,

I(Vs(); Use(IUs(D)) < D Cyj.

€8¢ jeS
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For simplicity of notation in the rest of the proof, we omit the braces after the random
variables, (I). For example, instead of Vg(l) we write Vs.

As we had in the previous lemma, U; is transmitted by the node i encoder. Previously,
we had not specified which nodes will receive this code letter. In our set up, however, there
is a dedicated channel between every two nodes that have an edge between them. So, the
transmitter at node ¢ will send out codewords to each of the neighbors of 7, that is all j,
such that (¢,j) € E. We denote the encoder’s code letter from i to j as U;;. U; represents
all messages transmitted by the encoder of node i. So, U; = {Uj;}, for all j, such that
(i,j) € E.

Similarly, V; is received by the node i decoder. It consists of all the digits received by
i from its neighbors, all j such that (j,7) € E. If there is a link from node j to 4, the
code letter from node j arrives at the decoder of ¢ through a channel. We denote the digit
received at ¢ from j as Vj;. V; represents all the received messages; so, V; = {V};}, for all j,
such that (j,7) € E.

In order to make our notation in the proof simpler, we introduce dummy random vari-
ables. In particular, we will use Us; and Vi; even if (i,j) ¢ E. Effectively, we are intro-
ducing a link between nodes ¢ and j. But, in this case, we set C;; = 0. So now, we let
Uz = {Uila RPN Um} and ‘/z = {‘/li; e 7Vni}-

The key to the proof is the memorylessness and independence of the channels. That is,
the output of a channel at any instant, V;;(l), depends only on the channel input at that
instant, U;;(1). Because of this, we have that

I(Vs; Use|Us) < Y ) I(Vij; U).

i€Se jeS
To obtain this expression, we express the mutual information in terms of the entropy,
I(Vs; Use|Us) = h(Vs|Us) — h(Vs|Use, Us).

Next, we express the entropy terms using the chain rule. We assume that nodes 1 to m
belong to set S and nodes m + 1 to n belong to S¢. Then,

m
h(Vs|Us) = > h(V;|Vj-1,..., W1, Us),
i=1

and,

3

h(Vs|Use,Us) = > h(V;|V;1, ..., Vi, Use, Us).
j=1

Because conditioning reduces entropy, we have that
m
h(Vs|Us) < Z (V;|Us).

For every channel, given its input, the channel output is independent of all other channel
outputs. So,

h(Vs|Use,Us) = > h(V;|Use, Us).

=1
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Combining the two inequalities, we have,
m
I(Vs; Use|Us) < Z (V;|Us) — h(V;|Use, Us).

Now, let j = 1 and consider the expression h(Vi|Us) — h(V1|Uge,Us). Recall that we
have assumed that Vi = {V11,...,Vs1}. Also, we have that U; = {Uj,...,Up}. So, Us
includes {Uh1,...,Un1}.

For the first differential entropy term we have the following sequence of inequalities.

n
h(V1|Us) © Z h(ValVii—pis - V11, Us)

i=1
m n

b

(*—)Zh(VﬂlUn)-f- Z A(Vit|Vii—1y1s - -5 Vi1, Us)
i=1 i—m+1

(6) &

S h zllel Z h zl
i=1 t=m-+1

where,
(a) follows by the chain rule,

(b) follows because the channels are independent; so, given Uy, Vi1 is independent of all
of the other random variables,

(c) holds because conditioning reduces entropy.

Next, observe that

n
d
h(VilUse,Us) L S~ h(Via[Vi_1y1, - -, Vi, Use, Us)
=1

© Zh(ViﬂUﬂ),
i=1

where,
(d) follows by the chain rule,

(e) follows because the channels are independent; so, given U;;, V;; is independent of all
of the other random variables.

Finally, combining these inequalities,

h(Vi|Us) = h(V1|Use, Us) < Z (V1) — h(Vaa|Un)
i=m-+1

n
Z I(Viy; Un).

i=m+1
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Hence we have the desired expression,

I(Vs; Use|Us) < Z > I(Vig; Uyy).
ieSe jes

Finally, to complete the proof, we note that
1(Vij;Uij) < Cij.

This is because, by definition,
Ci; = max I(Vi;; Uyy),

where the maximum is taken over all distributions of the channel input, U;;. O

4.3.3 Proof of Lemma 4.3.3 and Corollary 4.3.4
Recall that the lemma stated that if E(||X(T) — C||?) < 82~% then

I(Xs(T); Xse(0)| X5(0)) > L(S)

where,

S| |S] a
5 log 2mef3 + 5 Iog|S|+|S|§,

and, |S| is the size of the set S, specifically, |S| = m.
We start the proof by observing the following.

L(S) = h(Cs|Xs(0))

I(Xs(T); Xs¢(0)| X5(0))
W1 (xXs(T); X(0)|Xs(0))

(gf(Xs(T);Cs|Xs(0))

where

(a) that is, I(W;Y,U|U) = I(W;Y|U), can be verified by the chain rule for mutual
information:

IW;Y,U|U) = I(W;Y|U)+ I(W;U|U,Y)
= I(W;Y|U),
because I(W;U|U,Y) = 0.
(b) follows by the data processing inequality, because C; = f;(X(0)).

Second, we obtain a lower bound on I(Xs(T); Cs|Xs(0)) in terms of the desired mean
square criterion. We have the following series of inequalities.

I(Xs(T); Cs|Xs(0)) = h(Cs|X5(0)) — h(Cs| Xs(T), X5(0))
= h(Cs|Xs(0)) — h(Cs — Xs(T)|Xs(T), X5(0))

2 h(CsIXs(0) - h(Cs - Xs(T)) (42)
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where, (c) follows because conditioning reduces entropy.

Now, because the multivariate normal maximizes entropy over all distributions with the
same covariance,

h(Xs(T) ~ Cs) < 5 log(2me)™|2], (43)

where, Z is a covariance matrix whose diagonal elements are Z;; = Var(X;(T) — C;), and
|Z| denotes the determinant. Recall that S is the set containing nodes 1 to m, so it has size
m. Also, Xg(T') — Cs is a vector of length m. So, Z is an m by m matrix. Now,

@
12| < [] Var(Xi(T) - Cy)
=1
m

<[IE&x(T)-Ci)?
=1

‘21(”“)’" . (4.4)

m

Here, (d) follows due to Hadamard’s inequality. To see (e), we have the following proposi-
tion, which is shown in the Appendix.

Proposition A.1.1 For > 0, subject to > ;~; % < v and y; > 0, [[~; y; is maximized
when y; = L.

Now, (e) follows by setting y; = E(X;(T) — C;)? and observing that

Y v = E(|Xs(T) - Cs|?)

i=1
< E(1X(T)-CI?)
<p27%,

where the last inequality follows by the assumption of our lemma.

Finally, using (4.4) and (4.3), we bound (4.2) from below and obtain L(.S). O

Proof of Corollary 4.3.4. Recall that in this corollary, we had the weaker condition that for
alli € {1,...,n}, B(X;(T) — C;)? < 8272 In this case, we show that we have the smaller
lower bound,

= S

L(S) = h(Cs|Xs(0)) — |7|10g27reﬂ + |S’|%.
To see this, observe that E(X;(T) — C;)? < #27° implies E(|| Xs(T) — Cs|?) < |S|827¢.
So, replacing 3 in L(S) of the previous lemma by |S|3 yields the desired result. O
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4.3.4 Proof of Theorem 4.1.1

The proof proceeds in several steps. First, as shown in Lemma 4.3.1, for a given cut in the
network and corresponding cut-sets S¢ and S,

N
I(Xs(T); X5¢(0)| X5(0) Z (Vs(1); Us(DUs (D)), (4.5)

where N is the channel code block length, Ugse is a vector of the variables transmitted by
the encoders of the nodes in S¢ and Vs is a vector of the variables received via channel by
the decoders of the nodes in S.

Second, by Lemma 4.3.2, because we have assumed that the channels connecting the
nodes are memoryless and independent,

I(Vs(1); Use(DUs(1)) < > D Ci. (4.6)

i€S¢ jeS
Third, we combine equations (4.5) and (4.6) with Corollary 4.3.4 to obtain

L(S)
N > ,
Eiesc ZjeS Cij

(4.7)

Finally, we have that

T > max L(s)
SCV 3 iese 2jes Cij’

because (i) (4.7) holds for any cut, and, (ii) by assumption, each of the channels transmits
one symbol per second, so T'= N.

4.4 A Technical Difficulty and its Resolution

Making use of the lower bounds derived above involves computing the differential entropy
of the random variables to be learned in the network, specifically, h(Cgs|Xg(0)), where
Cs =[C} ... Cp). If the C;’s are different random variables, then the differential entropy
term is well-defined. However, if two entries of Cs are the same random variable, for
example if both are f(X(0)), then A(Cs|Xs(0)) will be —o0.

One way to avoid this looseness is by viewing all the nodes in the set S as one node.
Then we can use the Information Theoretic technique to derive a new lower bound for this
scenario. This will result in the new lower bound not recognizing that the information
traversing the cut is destined to |S| nodes.

However, the lower bound derived in this chapter can be used capture the effect of |S]|.
To do this, we introduce auxiliary random variables associated with the nodes of set S¢, to
be learned by nodes in S. This technique will be used in the next chapter. In the examples
below, we demonstrate the computation of h(Cs|Xg(0)) when we introduce the auxiliary
random variables.

Example 4.4.1 (The Solution). Let nodes {1,...,m}, m < n/2, belong to set S, so that
Cs = [Cy ... Cp]/ Let C1 = f(X(0)) and C; = f(X(0)) + asej; for i € {2,...,m}. One
can think of €;, being associated with a node in set S¢, that is, j; € {m+1,...n}. So, node
7i’s initial condition would be (Xj;(0),¢€;;).

55



Furthermore, we assume that f is separable, meaning f(X(0)) = fs(Xs(0))+ fsc(Xs<(0)).
Finally, we assume that the X;(0)’s and ¢;’s are mutually independent. Then,

h(Cs|Xs(0))
=h (fse(Xs:(0)), fse(Xs¢(0)) + azejp, - - -, fse(X5¢(0)) + ame;,, | X5(0))

‘é’h(fsc(xscw)) Fe(Xse(0) + 0atyy - - (X5e(0) + ames)

Oh(fse(X5(0))) + Zh aie;j;)

Dn(fse(Xse(0))) + Zh &) + logH |ail,

where,
(a) follows because we have assumed that the X;(0)’s and ¢;’s are mutually independent,

(b) follows by the chain rule for differential entropy, and again using the fact that the
X;(0)’s and ¢;’s are mutually independent,

(c) follows using the fact that h(ase;;) = h(ej;) + log |a;|, as shown in shown in [5, Ch.9].

In the next example, we assume that the function f is a linear function and that the
auxiliary random variables are independent Gaussian random variables. For this scenario,
we then obtain the expression for the lower bound of Corollary 4.3.4.

Example 4.4.2 (Using the Solution for a Linear Function). In addition to the
assumptions in Example 4.4.1, let f(X(0)) = 37, B;X;(0). We assume that ¢;,,... €,
are independent and identically distributed Gaussian random variables, with mean zero and
variance 7. Then, the differential entropy of €;; is h(e;;) = log 2men.

So, substituting in the expression from Example 4.4.1, we have that

h(Cs|X5(0) (Z BiX; )

JESE

-1 m
log 2men + logH la;|. (4.8)
i=2

To evaluate h (Zjesc B X; (0)) , we use the Entropy Power Inequality, namely, for inde-
pendent X;(0)’s,
92h(Zjese £iX3(0) > Z 22h(8; X;(0))

jESe
(Z BiX; ) >
jES°

Now, if we assume that each X;(0) is uniformly distributed in the interval between 1 and
B +1, X;(0) ~ U1, B + 1], then,

h(B;X;(0)) = log |3;|B.

which implies that

l\Dlr—\

jese

log (Z 22h(5jx,~(o))) .
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1 1
hDBix;0)) = 5 log B> p;| =logB+ 5 log > 8 (4.9)
jES® JjES© jeSse

Finally, we evaluate the lower bound of Corollary 4.3.4 for this scenario. Recall that we had
= |S] o
L(8) = h(Cs|Xs(0)) — =~ log2mef +|S]3,

and |S| = m. Assuming that 8 = 1 and using equation (4.8) together with the inequality
of equation (4.9), we have that

B ; c,82 % :’l i
£(S) > log (Sses \/%H 21a|+%(a+logn). (4.10)

4.5 Summary

In summary, our use of basic Information Theoretic definitions and inequalities has led to
a lower bound that we have applied to a formulation for distributed function computation.
The lower bound on information consists of a term that arises due to the mean square
error criterion and a term due to the function that is to be estimated. Using techniques of
Network Information Theory, we have shown how the bound on information can be used to
obtain a lower bound on computation time time.

In the next chapter, we use the techniques of this chapter to find a lower bound on
computation time when nodes compute a sum via erasure channels. We present a distributed
algorithm for computation in this scenario and provide an upper bound the run-time of the
algorithm. Both bounds depend inversely on conductance, which captures the limitations
due to the network topology. Therefore, we conclude that our lower bound is tight in
capturing the effect of the network topology via the conductance.
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Chapter 5

A Tight Bound: Computation of
the Sum via Erasure Channels

In this chapter we apply the lower bound developed in Chapter 4 to a specific scenario
where we find our bounds to be asymptotically tight. Specifically, we consider a scenario
nodes are required to learn a linear combination of the initial values in the network while
communicating over erasure channels. Our lower bound suggests that in this scenario, the
computation time depends reciprocally on “conductance.” Conductance essentially captures
the information-flow bottle-neck that arises due to topology and channel capacities. The
more severe the communication limitations, the smaller the conductance.

To establish the tightness of our lower bound, we describe an algorithm whose computa-
tion time matches the lower bound. The algorithm that we describe here can in fact be more
generally used for distributed computation of separable functions, a special case of which
is the sum. The desired function, a sum, is simple, and the algorithm that we describe has
computational demands that are not severe. So, the time until the performance criterion is
met using this algorithm is primarily constrained by the limitations on communication.

Indeed, we show that the upper bound, on the time until this algorithm guarantees
the performance criterion, depends reciprocally on conductance. Hence, we conclude that
that a lower bound we derive using Information Theoretic analysis is tight in capturing the
limitations due to the network topology. Alternatively, one can interpret this tightness as
the fact that the algorithm we describe here is the fastest with respect to its dependence
on the network topology, as quantified by the conductance.

In the next section, we describe the problem formulation and the main results of this
chapter. In section 5.3 we derive the lower bound that scales reciprocally with conductance.
In section 5.4 we describe an algorithm that can be used to compute the sum via erasure
channels. We derive an upper bound on its computation time; we show that this upper
bound also scales inversely with conductance.

5.1 Problem Formulation

A network consists of n nodes, each having a random initial condition, denoted by the ran-
dom variable X;(0). Suppose the initial values at the nodes are independent and uniformly
distributed, X;(0) ~ U[1, B + 1]. Each node is required to compute a linear function of all
the initial conditions, C' = >7%_; 3;X;(0). Node ¢’s estimate of C at time k is denoted as
Xi(k).

59



The nodes communicate via noisy channels is described by a graph, G = (V, E), where
V is the set of nodes and E is the set of edges, (7,7). If node i communicates with node j
via channel with capacity C;; > 0, then (4,7) € E. If (¢,7) ¢ E, we set C;; = 0. We assume
that the graph is connected.

We assume that all channels in the network are independent memoryless discrete-time.
Further, for each of the channels, one channel symbol is sent per second. We assume that
the channels are symmetric, C;; = Cj;. Furthermore, they are erasure channels, so that
Cij = pij, where p;; is the probability node j receives node 4’s bit without error. The
matrix P = [p;;] is a doubly stochastic matrix that captures the communication limitations
due to the channels.

The conductance of a graph, ®(G), is a property that captures the bottle-neck of in-
formation flow. It depends on the the connectivity, or topology, of the graph, and the
magnitudes of the channel capacities. It is defined as

Yies,j¢s Cij

®(G) = min E

ScvV
0<|S|<n/2

In the case of erasure channels, we substitute in C;; = p;;, and we denote the conductance
as ®(P).

5.1.1 Main Results

Consider any algorithm that guarantees that for any realization of the initial values, with
high probability each node has an estimate within 1+ of the true value of C, at time T". The
Information Theoretic lower bound maintains that such algorithm must have a computation
time, T, that is inversely proportional to conductance.

Theorem 5.1.1. Nodes communicate in order for each node to compute a linear com-
bination of all initial values in the network. Let A represent a realization of the initial
conditions, A = {X1(0) = z1,...,Xn(0) = 2, }. Any algorithm that guarantees that for all
ie{l,...,n},

P (IX,(T) - €l < ec]A) >1-6,

must have
1 1

2
n

1
B€2+§

2
where, Be? € [0, 1-— 'B‘;] )

Next, we provide an algorithm that guarantees, with high probability, the nodes’ esti-
mates are within the desired e-error interval around the true value of the sum. We provide
an upper bound on this algorithm’s computation time. The computation time is inversely
proportional to conductance.

Theorem 5.1.2. Let P be a stochastic and symmetric matriz for which if (i, j) ¢ E, p;; = 0.
Suppose that node i has an initial condition, x;. There exists a distributed algorithm AP< by
which nodes compute a linear sum, f(z,V) = Z?:l Bjx;, via communication of quantized
messages. The quantization error will be no more than a given v = @(%), and for any

60



e € (vf(z,V),7f(z,V) + 3) and & € (0,1), the computation time of the algorithm will be

m _ _1. (logn +logé 1) logn
Tj,;’g(e,a)zo(e 2(1 4 logs~1) U087 +10807") log )

®(P)
where, ®(P) is the conductance evaluated for Cij = p;;.

So, setting § = J; in the above bound, we have

1 logn
cmp _ -2
5% (e3) =0 (5677
The computation time of this algorithm depends on the network topology, via the con-
ductance of the graph, in the same reciprocal manner manifested by the lower bound. Thus,
we conclude that the lower bound is tight in capturing the effect of the network topology

on computation time. Conversely, the algorithm’s running time is optimal with respect to
its dependence on the network topology, as captured by the conductance.

5.2 Motivation: Capturing the Effect of Topology

The conductance of a graph, ®(G), is a property that captures the bottle-neck of information
flow. It depends on the the connectivity, or topology, of the graph, and the magnitudes of the
channel capacities. The more severe the network constraints, the smaller the conductance.
As we will see later in this chapter, it is also related to time it takes for information to
spread in a network; the smaller the conductance, the longer it takes.

Example 5.2.1 (Conductance for Two Topologies). Consider two networks, each has
n nodes. We calculate conductance for two extreme cases of connectivity shown in Figure 5-
1. On the one hand, we have severe topological constraints: a ring graph. Each node may
contact only the node on its left or the node on its right. On the other hand, we have a case
of virtually no topological constraints: a fully connected graph. Each node may contact
every other node in the network.

For the purpose of illustrating the computation of conductance for the two topologies,
suppose that in both cases, the links from a given node to different nodes are equally
weighted. So, for the ring graph, let C;; = C = %, for all i # j; for the fully connected
graph, let C;; = C = -11;, for all ¢ # j. Assume that for the ring graph, C; = % If the
channels were erasure channels, this would be the probability that node ¢ makes contact
with no other nodes. For the fully connected graph, let C;; = % So, in both cases, we have
that the sum of the capacities of channels leaving a node is 1, }:j Ci; =1

Figure 5-1: Two ways to connect six nodes: a ring graph and a fully connected graph.

FNT
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Now, we compute the conductance of the ring graph. Recall that conductance is

. Z'i S,j SCi'
MO= my ST
0<|S|<n/2

Consider any cut that divides the ring graph into two sets, S and S°. For any such cut,
there will be exactly two links crossing the cut, going from S to S¢. So, D¢ Sj¢s Ci; = %,
and

!Nh—-

(G) = gm‘r}
0<|S?§n/2

wnn

S|

Since we minimize over all cuts such that |S| < n/2, the ratio is minimized when the cut
divides the ring into two sets of equal size, and |S| = n/2. So, ®(G) = L.

Next, we compute the conductance of the fully connected graph. Consider any cut that
divides the graph into two sets, S and S¢. For any such cut, there will be |S||S¢| links

crossing the cut, going from S to S¢. So,

2ies,j¢s Cij _ |5]|5¢| 2
S| S|
_ 15

n
n—|S|

n

The last equality is minimized where || = n/2, so, ®(G) = 1.

So, for two networks with the same number of nodes, the network with the more severe
topological constraints has smaller conductance. In general, for a ring graph, we have
®(G) = O(%), while for a fully connected graph we have ®(G) = O(1).

The popular algorithms for computing a linear function of initial conditions, such as
averaging and consensus, are based on linear iterations. The convergence of such iterative
algorithms depends on a reversible (or symmetric) and graph conformant matrix P. Usually,
the running time of these algorithms scales like q)—(}j—)i. Specifically, for a ring graph it is
F(%’TZ ~ n?, which means roughly n? iterations are needed for the algorithm to converge.
In section 5.4, we describe an algorithm that does not use linear computations, and its run-

time scales like 5(1—5. So, for a ring, roughly n iterations are needed. In the next section, we

show that the run-time necessarily scales like ﬁ. So, for computation over a ring graph, n
iterations are both sufficient and necessary. More generally, our algorithm scales optimally
with respect to the graph topology.

5.3 The Information Theoretic Lower Bound
In this section, we provide the proof of Theorem 5.1.1. We will use the techniques that
we have developed in Chapter 4. In particular, we will use the results of Examples 4.4.1

and 4.4.2, namely equation (4.10).

Proof of Theorem 5.1.1. Recall that C = Z?:1 B;X;(0). Suppose that we have any realiza-
tion of the initial conditions, A = {X;1(0) = z1, ..., X,(0) = z,,}. We are given an algorithm
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that guarantees, for every such realization, that at time T each node, 4, has an estimate,
Xi(T), of C: 3°%_, Bjz;. Furthermore, for this algorithm, the estimate X;(T') is within an
e-interval of the true value of C, with desired probability. That is,

P (|X,~(T) _Cl< aClA) >1-4. (5.1)
The proof proceeds in several steps. The proofs for steps 1 and 2 follow this proof.

1. Any algorithm that satisfies the probability condition of equation (5.1) must satisfy,
for small enough 4, a mean square error criterion:

E(X;(T) - C)? < 2E(C?).

2. Let C; = C and C; = C + ag;; for i € {2,...,m}, where €j,,...,¢€;,, are independent
and identically distributed Gaussian random variables, with mean zero and variance
7. Let the €;,’s be independent of the initial conditions, X;(0). Then,

E(X;(T) - C;)? < e2E(C?) + a®n.
3. Next, let S* and (5*)¢ be the sets for which

Yies,jgs Cij
|S]

is minimized, and assume S* is the set with smaller size, |S*| < . For purposes of this
proof, we enumerate the nodes in set S* from 1 to m. Then, let Cs« = [C: ... Cp)’,
where the C;’s are those of Step 2.

4. Now, we can apply our Information Theoretic inequalities to this set-up. We think of
¢;; being associated with a node in set (S*)¢, that is, j; € {m+1,...n}. So, node j;’s
initial condition would be (X};(0), €j;). Denote [€j, ... €j,] by €. Using the derivations
of Chapter 4, we have that

T Y Y Cy 2 I(Xs-(T); X(5+)e(0)| Xs+(0))
i€(S*)e jes
(@)
= I(Xs+ (T); X(5+(0), €l X5+(0))
> I(Xg+(T); Cs+| X5+ (0))
> L(S),
where, (a) follows because Xg+(T') is the vector of estimates produced by the algo-

rithm, and depends on the initial conditions, X;(0)’s, while the ¢;,’s are independent
of X-,'(O)’S.

Recall that

L(5*) = h(Cs+| X5+ (0)) - Ii | log 2mef + IS*l%.
Note that from Step 2, we have that 3 = 1 and a = — log(¢2E(C?) + a?p).

5. Next, we compute h(Cs+|Xg+(0)) given the assumptions of our formulation. Recall
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that we have performed these computations in Example 4.4.2. We obtained the fol-
lowing:

1
B (Lyese)" o™ s n
V2men 2 (% e2E(C?)+a2n)’

where we have substituted in o = — log(¢2E(C?) + a?n).

L(S*) > log

. Finally, we make the appropriate choice of our parameters, a and 7. Assume, without

loss of generality, that .
2\ 2
(ZJGS‘ ﬁJ ) >1,

2me
3\ 7T
otherwise, we can just scale our choices for @ and 7. Let a = (HB") , then,
= S*| 1
£(s)> 20 {10g
2 5_2%0_2) + a2

Next, let n = B. Then, because m — 1 < %,

1\ 2

2 = n
<)}

Observe that E(C2?) < M B2, where M is some integer. So,

2 (2 2
%+a2§ezMB+(l) .
7 B

Combining with Step 4, we have that

Ty Yeys Bl 1

-
i€(S)e jes e2MB+ (§)*

Rearranging, we have that

1 1 1

T>= log .
- ; *)C i * C'l” 2
2 Yies )ISZ*IJGS J e2MB + (%)"

2
Here, we must have e2M € [0, 4 (1 -(3) ")) , in order for the lower bound to be
positive.

i c i Ci‘ . s .
Finally, because we had chose our S* such that —Z'ﬂﬁ%:lie—s—’ is minimized, we have

that
Zie(S*)c ZjeS* Cij
|5*| '

$(G) =
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Remark We show in the next section that out lower bound is tight in its reciprocal de-
pendence on the conductance term. So, for fixed n, we have a scaling law that is tight in
the case of severe communication constraints, such as very small channel capacities due to
low transmission power.

In the case of increasing number of nodes, however, B must increase exponentially
with n for our lower bound to remain valid. The requirement is a by-product of using a
formulation based on random variables together with Information Theoretic variables. This
requirement ensures that as n increases, our bound properly captures the number of bits
that are transferred.

When we consider sums of independent identically distributed random variables, Central
Limit Theorem type arguments imply that as the number of the random variables increases,
there is some randomness lost, because we know that the distribution of the sum must
converge to the Normal distribution. However, in a setting where the initial conditions
are fixed values, as in the case of the algorithm we describe below, the addition of a node
clearly will not reduce the information that needs to be communicated in the network. To
counterbalance the probabilistic effects, we need to have B increase as the number of nodes
* increases.

Next, we complete the proof of Theorem 5.1.1 by proving the statements of Step 1 and
Step 2.

Proof of Step 1. We show that for small enough 4, P (]X,- M -C|< eClA) > 1-—4 implies
E(X;(T) - C)? < e2E(C?).
First, observe that,
P (|x(T)-Cl2 eCIA) <6

is equivalent to
P ((Xi(T) ) S 6202|A) <4,

Next, when we condition on A, C is a fixed number. So, we have we have that
B ((%:(T) - 0P|A) = / P ((X(T) - O 2 o|4) da
0

e2C? 00
- / P ((X:(T) - O 2 a]4) + / P ((X(T) - C)? > z|4) de
0 €2C?
<e2C? + 6k,
where the last inequality follows

o for the first term, because P ((X,(T) -C)2> :z:lA) <1, and,

e for the second term, because P ((Xi(T) -C)2 > :1:|A) < 6 for all z € [€2C?, 00). We
have also assumed that for every A, (X;(T") — C)? is bounded from above.

Finally, we have that

E(X(T) - C)? = B (E ((X:(1) - C?|4)),
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where the outermost expectation is with respect to the joint distribution of the initial
conditions. Choosing é to be very small, we have the desired result. a

Proof of Step 2. We show that if E(X;(T) — C)? < €2E(C?), then E(X;(T) — C;)? <
e2E(C?) + a?n, where C; = C + acj,, and €;, has mean zero and variance 7 and is in-
dependent of all the X;(0)’s.

E(Xi(T) - C;)* = E(Xi(T) - C — ag;,)?
= E(Xi(T) - C)* + E(ae;,)* — 2E(X(T) — C)(ae;,)
@ B(X:(T) — C)? + E(ae;,)? + 2B(Xi(T) - C)E(ac;,)
Q B(X:(T) - C)? + Efac;,)?,
where,

(a) follows because X;(T') is the estimate produced by the algorithm, and depends on the
initial conditions, X;(0)’s, while ¢;; is independent of X;(0)’s, and,

(b) follows because €;, has mean zero.

5.4 A Tight Upper Bound: An Algorithm

Next, we describe the algorithm that achieves the lower bound. That is, we exhibit the re-
ciprocal dependence of the algorithm’s computation time on the conductance of the graph.
Because the function that is to be computed, the sum, is relatively simple, and the algo-
rithm requires little computation overhead, the limitations that arise are due primarily to
the communication constraints. In fact, the dependence on the algorithm’s run-time on con-
ductance arises due to the fact that the algorithm uses an information spreading algorithm
as a subroutine. Information spreading depends reciprocally on conductance: the more
severe the connectivity constraints, the smaller the conductance and the longer it takes for
information to spread in the network.

We describe in detail the problem formulation in the next section. The algorithm that
we describe is based on an algorithm by Mosk-Aoyama and Shah [24]. In section 5.4.2 we
discuss this algorithm and its applicability to our formulation. In section 5.4.3 we summarize
our main results. In section 5.4.4, we describe the contributions of [24] in the design of an
algorithm for distributed computation of a separable function, in a network of nodes using
repeated communication of real-valued messages. In section 5.4.5, we describe the algorithm
when the communicated messages are quantized, and analyze how the performance of the
algorithm changes relative to the performance of the unquantized algorithm of [24].

5.4.1 Problem Formulation

Let an arbitrary connected network of n nodes be represented by the undirected graph
G = (V,E). The nodes are arbitrarily enumerated and are the vertices of the graph,
V = {1,...,n}; the enumeration is for the purpose of analysis only as the computation
algorithm does not depend on the identities of the nodes. If nodes 7 and j communicate
with each other, then the edge (i, 7) belongs to the set E.
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Each node 7 has a measurement or initial value z;(0) € R. We let the vector z represent
all the initial values in the network, z = (z1(0) ... z,(0)). The goal of the nodes is to
each acquire an estimate of a given function, f, of all the initial values. In this section, the
function f is separable, defined as follows. Here, 2V denotes the power set of V.

Definition 5.4.1. f: R" x 2V — R is separable if there exist functions fi,..., f, such that
for all S CV,
f(z,8) = fi(x:(0)).
icS

Furthermore, we assume f € F where F is the class of all separable functions with
fi(zi(0)) >1forall z;(0) e Rand i =1,...,n.

The performance of an algorithm, C, used by the nodes to compute an estimate of
f(z,V) at each node, is measured by the algorithm’s (g, §)-computation time, T (g, 6).
It is the time until the estimates at all nodes are within a factor of 1 + ¢ of f(z,V), with
probability larger than 1 — 4. The definition follows, where §;(k) denotes the estimate of
f(z,V) at node ¢ at time k.

Definition 5.4.2. For € > 0 and ¢ € (0,1), the (¢, d)-computing time of an algorithm, C,
denoted as T;"® (g, 0) is defined as

Te™(e,0) = sup sup inf {k : PUL{5i(k) ¢ [(1 - €)f(z, V), (L +€)f(z,V)]}) < 6}

The algorithm described here depends on the nodes’ use of an information spreading al-
gorithm, D, as a subroutine to communicate to each other their messages. The performance
of this algorithm is captured by the -information-spreading time, T7) (J), at which with
probability larger than 1 — 4 all nodes have all messages. More formally, let S;(k) is the set
of nodes that have node i’s message at time k, and V is the set of nodes, the definition of
T3 (8) is the following.

Definition 5.4.3. For a given § € (0, 1), the é-information-spreading time, of the algorithm
Da T%pl‘(&), is
T3"(8) = inf{k : P(UL1 {Si(k) # V}) < 6}.

Consider a model where each node may contact one of its neighbors once in each time
slot. If the edge (i, j) belongs to F, node i sends its messages to node j with probability p;;
and with probability p;; sends its messages to no other nodes; if (%, j) ¢ E, p;; = 0. So, the
matrix P = [p;;] is a stochastic matrix that describes the information spreading algorithm.
The information spreading time if this algorithm is derived in terms of the “conductance”
of P.

Definition 5.4.4. For a stochastic matrix P, the conductance of P, denoted ®(P), is

®(P)= min ZGS|+TS’°’

C
0<|S|<n/2

5.4.2 Background

The algorithm that we describe is based on an algorithm by Mosk-Aoyama and Shah [24]. In
that formulation, each node has a fixed real-valued initial condition, that is bounded away
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from zero. Nodes compute a separable function ! of the initial values in the network. The
algorithm guarantees that with some specified probability, all nodes have an estimate of the
function value within a desired e-interval of accuracy around the true value. In [24], each
node may contact one of its neighbors once in each time slot. If the edge (i,j) belongs to
E, node i sends its real-valued message to node j with probability p;; and with probability
pii sends its message to no other nodes; if (i,5) ¢ E, pij = 0.

The algorithm of [24] is a simple randomized algorithm that is based on each node
generating an exponentially distributed random variable with mean equal to the reciprocal
of the node’s initial value. The nodes sample from their respective distributions and make
use of an information spreading algorithm to make computations and ultimately obtain an
estimate of the desired function.

The advantage of this algorithm is that it is completely distributed. Nodes need not keep
track of the identity of the nodes from which received information originates. Furthermore,
the algorithm is not sensitive to the order in which information is received. In terms of its
performance, the algorithm’s computation time is almost optimal in its dependence on the
network topology, as the computation time scales inversely with conductance of the graph
representing the communication topology. For a large class of graphs, conductance grows
like O(1/diameter).

The drawback of the algorithm in [24], however, is that it requires nodes to exchange
real numbers. As such, the algorithm is not practically implementable. Below, we quantize
this algorithm, so that instead of sending real-valued messages, nodes communicate bits.
Now, node i can send to j one bit with probability p;;, and no bits otherwise. This is
equivalent to node i communicating to j via an erasure channel with capacity C;; = p;;,
so, ®(G) = ®(P). 2 We will show that the effect of communicating bits instead of real-
valued messages is to slow down the original algorithm by logn; however, the dependence
of computation time on conductance is unchanged.

Another difference between our formulation and the one in [24], is that we assume that
the initial conditions lie in a bounded interval, (1, B], whereas in [24] there is no upper
bound. We need this assumption to show that our algorithm will also guarantee that
with some specified probability, all nodes have an estimate of the function value within a
desired e-interval of accuracy around the true value. However, due to communicating a
finite number of bits, € cannot be arbitrarily close to zero.

Finally, we recall that in deriving the lower bound of the previous section, we had
assumed a joint probability distribution on the initial conditions. However, we will describe
the algorithm for fixed initial-values at the nodes. If the initial conditions were in fact
distributed according to some joint probability density function, the algorithm that we
describe below can be used for any realization of the initial values to guarantee, with the
desired probability, the e-accuracy criterion. So, the algorithm satisfies the “if” condition
in the statement of Theorem 5.1.1.

As such, the computation time of the algorithm we describe below must scale reciprocally
with conductance. We provide an upper bound on the run-time and show that, indeed, it
does scale inversely with conductance. Thus, the contribution of this work includes the non-
trivial quantized implementation of the algorithm of [24] and its analysis. As a consequence,

A linear function of the initial conditions is a separable function.

2For the purpose of analysis, it is more convenient to consider erasure channels for which log M bits are
sent noiselessly with probability p;;, and there is an erasure otherwise. This avoids the need to account for
receivers keeping track of individual bits that make up each message. Furthermore, the reciprocal dependence
in our bounds between the computation time and conductance will be unchanged.
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we obtain the fastest, in terms of dependence on network topology, quantized distributed
algorithm for separable function computation.

5.4.3 Main Result

The main result of this section is stated in the following theorem.

Theorem 5.4.5. Let P be a stochastic and symmetric matriz for which if (i,j) ¢ E, pi; = 0.
There ezists an algorithm AP2 for computing separable functions f € F via communication
of quantized messages, with quantization error no more than a given vy = @(%), such that
for any & € (vf(z,V),7/(x,V) + }) and & € (0,1),

T % (,8) =0 (E'2(1 +logé™1)

(logn +log 1) logn
APQ :

(P (5.2)

For example, the bound implied by the above theorem when § = ;1, is

1 log®n
mp i -2 .
5% (o72) =0 (75
Recall that by the Information Theoretic lower bound derived in this chapter, we have
that the computation time is lower bounded as

> ! log 1
~ ®(P) BE2+(%)%’

where B is a constant such that for all ¢, f;(z;) < B.

Because the computation time and graph conductance are reciprocally related in both
this lower bound and the upper bound in (5.2), we conclude that our results are tight in
capturing the scaling of the computation time with respect to the graph conductance. So,
our algorithm is optimal in its dependence on the network topology.

T

5.4.4 TUnquantized Function Computation

In [24], a randomized algorithm is proposed for distributed computation of a separable
function of the data in the network, so that with some specified probability, all nodes have
an estimate of the function value within the desired interval of accuracy. The computation
algorithm assumes that the nodes exchange real-valued messages whenever a communication
takes place. The algorithm depends on

e the properties of exponentially distributed random variables, and,

e an information spreading algorithm used as a subroutine for the nodes to communicate
their messages and determine the minimum of the messages.

The Algorithm

The following property of exponential random variables plays a central role in the design
of this algorithm. Let W?,..., W™ be independent exponentially distributed random vari-
ables, where W* has mean 1/6;. Then, the minimum, W* = min;—; __, W?, will also be
exponentially distributed, and its mean is 1/, 6;.
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Suppose that node ¢ has an initial value 6;. Each node needs to compute ) ;"_; ;. Node
i generates an exponential distribution with mean 1/6;. It then draws a sample, W* = w?,
from that distribution. All nodes do this. They exchange their samples so that each
node knows every sample. Then, each node may compute the minimum of the samples,
w* = minj—;,__n w. w* is a realization of W*, which is exponentially distributed, with
mean 1/, 6;.

For the algorithm proposed in [24], the nodes perform the above procedure on r samples
from each node rather than one. That is, node ¢ draws independently r samples from its ex-
ponential distribution, W%, ..., W;. The nodes exchange information using the information
spreading algorithm described below. Ultimately, each node acquires WY,..., W}, where
Wy is the sample-wise minimum, W}* = min;—;, . » W'li. Then, for its estimate of ), 6;,

each of the nodes computes ,

YW

Recall that as 7 increases, 13°7_, W;* approaches the mean of Wy, namely 1/ 37", 6;. It
is shown that, for large enough r, the nodes’ estimates of )" ; 6; will satisfy the desired
accuracy criterion with the desired probability.

Computation of Minima Using Information Spreading

The computation of the minimum using the information spreading algorithm occurs as
follows. Suppose that each node i has an initial vector W* = (W},...,W}) and needs to
obtain W = (W,...,W,), where W; = ming—; n VV{‘. To compute W, each node maintains
an r-dimensional vector, @' = (@, ..., %), which is initially 4*(0) = W*, and evolves such
that (k) contains node i’s estimate of W at time k. Node i communicates this vector to
its neighbors; and when it receives a message from a neighbor j at time k containing w (k7),
node i will update its vector by setting wj(k*) = min(w}(k™),w] (k™)), for I =1,...,r.

As argued in [24], when an information spreading algorithm D is used where one real-
number is transferred between two nodes every time there is a communication, then with
probability larger than 1 — 4, for all 4, w*(k) = W when k = rT3"(5), because the nodes
propagate in the network an evolving estimate of the minimum, an r-vector, as opposed to
the n r-vectors W1,..., W™,

The Performance

The first of the two main theorems of [24] provides an upper bound on the computing time
of the proposed computation algorithm and the second provides an upper bound on the
information spreading time of a randomized gossip algorithm. These theorems are repeated
below for convenience as our results build on those of [24].

Theorem 5.4.6. Given an information spreading algorithm D with 8-spreading time Ty (0)
for & € (0,1), there exists an algorithm A for computing separable functions f € F such
that for any € € (0,1) and 6 € (0,1),

)

T{"(,6)=0 (5“2(1 + log ~HTF" (5)) .

In the next section, we state a theorem analogous to this one, but for the case where
the nodes are required to communicate a finite number of bits.
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Next, the upper bound on the information spreading time is derived for the communi-
cation scheme, or equivalently, the randomized gossip algorithm, described in section 5.4.3.
We refer the reader to [24] for further details on the information spreading algorithm, in-
cluding an analysis of the case of asynchronous communication. The theorem relevant to
this chapter follows.

Theorem 5.4.7. Consider any stochastic and symmetric matriz P such that if (i,j) ¢ E,
pij = 0. There exists an information spreading algorithm, P, such that for any § € (0,1),

logn + logd—}

5.4.5 Quantized Function Computation

The nodes need to each acquire an estimate of f(z,V) =) 1., fi(zi(0)). For convenience,
we denote f;(z;(0)) by 8;, and y = f(z,V) = Y_i-, 6; is the quantity to be estimated by the

nodes. We denote the estimate of y at node 7 by yj? . The @ is added to emphasize that this
estimate was obtained using an algorithm for nodes that can only communicate quantized
values using messages consisting a finite number of bits.

We assume that node i can compute 8; without any communication. Further, we assume
that there exists a B for which: for all ¢, 6; € [1, B].

Recall that the goal is to design an algorithm such that, for large enough &,

P{N{l52k) -yl <ey}} 21-6,

while communicating only a finite number of bits between the nodes. Again, we take ad-
vantage of the properties of exponentially distributed random variables, and an information
spreading algorithm used as a subroutine for the nodes to determine the minimum of their
values.

Computation of Minima Using Information Spreading

We use the same scheme that was described in 5.4.4 for computation of minima using
information spreading. Now, node i quantizes a value 1?;} that it needs to communicate to
its neighbor, j, where node ¢ maps the value 1?); to a finite set {1,... M} according to some
quantization scheme. Then, log M bits have to be communicated between the nodes before
j can decode the message and update its w7. So, when each communication between nodes
is a single bit, the time until all nodes’ estimates are equal to W with probability larger
than 1 — ¢ will increase by a factor of log M, to k = rTp) (J) log M.

Summary of Algorithm & Main Theorem

The proposed algorithm, A€ is summarized below.

1. Independently from all other nodes, node ¢ generates r independent samples from an
exponential distribution, with parameter 6;. If a sample is larger than an m (which
we will specify later), the node discards the sample and regenerates it.

2. The node quantizes each of the samples according to a scheme we describe below. The
quantizer maps points in the interval [0,m] to the set {1,2,..., M}.
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3. Each of the nodes performs steps 1 and 2 and communicates its messages via the
information spreading algorithm, D, to the nodes with which it is connected. The
nodes use the information spreading algorithm to determine the minimum of each of
the r sets of messages. After rT7" () log M time has elapsed, each node has obtained
the r minima with probability larger than 1 — 6.

4. Node i sets its estimate of y, QiQ, to be the reciprocal of the average of the r minima

that it has computed.

Here, r is a parameter that will be designed so that P {ﬂ?=1{|yj? -yl <ey}p>1-46

is achieved. Determining how large r and M must be leads to the main theorem of this
section.

Theorem 5.4.8. Given an information spreading algorithm D with §-spreading time Tg1 " (6)
for 6 € (0,1), there exists an algorithm A2 for computing separable functions f € F via
communication of quantized messages, with gquantization error no more than a given v =
©(2), such that for any £ € (vf(z,V),7f(z,V) + }) and 5 € (0,1),

T (e,6)=0 (5‘2(1 +1log 5~ (log n)TSF" (g)) .

Remark Here, we point out that the condition in the theorem that € € (yv,yy + 1/2)
reflects the fact that due to quantization, Q? can never get arbitrarily close to y, no matter
how large r is chosen.

Before proving this theorem, it is convenient to consider the algorithm described above,
excluding step 2; that is, with no sample quantization. The derivation of the computation
time of this modified algorithm will lead to determining the appropriate truncation param-
eter, m. Next, we introduce a quantization scheme and determine the number of bits to
use in order to guarantee that the node estimates of y converge with desired probability;
we find that this number of bits is of the order of logn.

Determining m

Before we state the lemma of this section, we describe the modified computation algorithm,
.A%,, which consists of steps 1 to 4 above excluding 2, and we introduce the necessary
variables.

First, node i, independently from all other nodes, generates r samples drawn indepen-
dently from an exponential distribution, with parameter 6;. If a sample is larger than m,
the node discards the sample and regenerates it. This is equivalent to drawing the samples
from an exponential distribution truncated at m.

Let (Wf)r be the random variable representing the {** sample at node i, where the
subscript “T” emphasizes that the distribution is truncated. Then, the probability den-
sity function of (W})r is that of an exponentially distributed random variable, W}, with
probability density function lei (w) = 6;e7%" for w > 0, conditioned on the the event
At = {W} < m}. For w € [0,m],

f;etw
fowpyr W) = T

72



and f(Wli)T (w) = 0 elsewhere.

Second, the nodes use a spreading algorithm, D, so that each determines the minimum
over all n for each set of samples, [ = 1,...,r. Recall that we consider the random variables
at this stage as if there was no quantization. In this case, the nodes compute an estimate

— . —- =1
of Wi = minj—;.»(W})r; we denote the estimate of W; at node ¢ by W; . Furthermore, we
denote the estimates at node i of the minimum of each of each of the r set of samples by

-t

W = (I/T/Zz, . ,ﬁ\/rz), and the actual minima of the r set of samples by W = (Wy,..., W;).
It it is shown in [24] that by the aforementioned spreading algorithm, with probability

at least 1 — §/2, the estimates of the r minima, Wz, will be be equal to the actual minima,
W, for all nodes, i =1,...,n, in rTp" (6/2) time slots.

Last, each of the nodes computes its estimate, ¢;, of ¥ by summing the » minimum
values it has computed, inverting the sum, and multiplying by r:

. r
Y= ——7-
2= Wi
The following lemma will be needed in the proof of Theorem 5.4.8.
Lemma 5.4.9. Let 64,...,60, be real numbers such that foy all,0; > 1,y =>",6;

and W = (Wy,...,W,). Furthermore, let W = (I//_V?ll, .. .,I/T/Z) and let §; denote node 7’s
estimate of y using the modified algorithm of this section, .A%A.

2
For any p € (0,1/2), and for I = ((1 — p,)%, (1+ ,LL)%), ifm>lnn—In(l-e %)

Al , =~ _ 2
PlUL{g ¢I}VieV,W =W ) <e "5,
where, ;' =137 v/ﬁz,

=1 - -
Proof. First, note that when {Vi € V,W = W}, we have that for all i, §; = %Z{zl wi.
So, it is sufficient to show that

. _ 2
P (%ZW, ¢1) <e .
=1

Let W' = minj—1,_n Wf, the minimum of independent exponentially distributed ran-

3

dom variables, W}, with parameters 6, .. ., 6, respectively, then W}* will itself be exponen-
tially distributed with parameter y = 3, 6;. Observe that the cumulative distribution func-
tion of W, P(W, < w), is identical to that of W}*, conditioned on the event 4; = {7, A}},
where A} = {W} < m}, P(W} < w|4;), (see Appendix for proof). Hence, we have that

1 - T 1 : * r
P (;ZW, ¢ I) =P (;ZW, ¢ I|n]_, A,) :
=1 =1
Now, because P(AN B) < P(A), it follows that

1 g * T 1 - *
P(;ZWI ¢I|mf=1Al>P(ﬂl=1Al) SP(;EWz ¢I>-

=1
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From Cramer’s Theorem, see [8], and the properties of exponential distributions, we have

that .
1
bt * < o~ T(p—In(1+p))

and for p € (0,1/2), e~"(k-n(1+u)) < T

Next, we have that P (N]_; A;) = (P (A4;))", because the Ay, ..., A, are mutually inde-
pendent. Furthermore, P (4;) > 1 — ne™™. To see this, note that the complement of 4; is
Af = {U {W} > m}}, and P (W} > m) = e~%™_ So, by the union bound, we have

P (4]) < Ze’e"m <mne ™,

1=1

where the last inequality follows because Vi, 8; > 1.
Finally, putting all this together, we have that

r _ 2
P (-71: ZVVI ¢ I) <(1-ne™)TeTE.
l=1

2
Letting 1 — ne™™ > e e completes the proof. O

Proof of Theorem 5.4.8

Before we proceed with the proof of the Theorem, we describe the quantization scheme.
In step 2 of the algorithm A<, node i quantizes the sample it draws, a realization of
(W})T denoted by wi. The quantizer Q maps points in the interval [0,m] to the set
{1,2,..., M}. Each node also has a “codebook,” @1, a bijection that maps {1,2,..., M}
t0 {wgq,, Wey, - - . , Wqy, }, chosen such that for a given 1, |wf — Q~1Q(w})| < . We will denote
Q~'Q(w}) by (uwf)q-

While we do not further specify the choice of the quantization points, wg, , we will use
the fact that the quantization error criterion can be achieved by a quantizer that divides the
interval [0, m] to no more than M intervals of length 7y each. Then, the number of messages
will be M = m/~, and the number of bits that the nodes communicate is log M.

Proof. We seek an upper bound on the (g, §)-computation time of the algorithm A9, the
time until, with probability at least 1 — 4, all nodes i = 1,...,n have estimates ;&? that are
within a factor of 1 & ¢ of y. That is,

PUL {97 ¢ [(L—e)y, (L +e)y]}) < 6.

First, suppose that we may communicate real-valued messages between the nodes. We
analyse the effect of quantization on the convergence of the node estimates to the desired
1 + € factor of y. For this, we compare the quantized algorithm, A2, with the modified
algorithm 'AJQ\A' _

Note that for the above quantization scheme, for all i,! and any realization of (W})r
denoted by w?,

(wi)g € [w] —v,wi+1],
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hence,

min ('“’l)Q € [ nllin wh -1, 1{11n w} +'y]
=1,...,n

1,-—1 ey

and,
I . I~ . i s
; Z'ii{nnn(wl)q < -'l’-' Zi—nlunnwl A ; Zi-—nlnnnwl - (53)
=1 yorey 1= =l 1o =l

Note that 2 3~7_; min(w})q is a realization of @)1
Now, suppose that the information spreading algorithm, D, is used so that in O(rT3 " (6/2))
time,

P(um W £ W) <5 (5.4)

Consider the case where {ﬂ;;l{ﬁz = W}}, we have from Lemma 5.4.9 that, for any u €
2
(0,1/2),if m=Inn—In(1—e"7),

1 .- 1 1 2
P(1 W (a-wla+ul))cer?.
= Y Y
Combining with (5.3), we have that
n ~AQ\— 1 1 L2
P UL @) ¢ (l—u)g—%(1+u)§+'y |y {7 = W) e,
But the event
~Qy—1 1 1
(@) ¢ (1—11)5 —7,(1+u)§+7
is equivalent to

{69 ¢ (A + @+ My - () ) }-
And, letting ¢ = p + yv,

(T+e) Q-8 c(1-21+2).

So,

2

—~
P (U {132 - ol > 2o} 10 (7 = ) <%
Letting r > 6p21n 26!, we have that

—

aﬁ,

N S,

e <

Combining this with (5.4) in the Total Probability Theorem, we have the desired result,

P(UL {3 ¢ [(1 - 2¢)y, (L +2e)]}) < 6.

Finally, recall that when the nodes communicate their real-valued messages, with high
probability all nodes have estimates of the minima that they need in the computation of
the estimate of y in O(rTyy " (6/2)) time. So, the computation time is of that order.
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Now, when instead the nodes need to communicate log M bits, as in the quantization
algorithm described in this section, the information-spreading algorithm will be slowed
down by log M. Each bit requires T. %pr(é) time slots to disseminate through the network, so
(log M)T7"(6) time slots are needed until the quantized messages are disseminated and the

minima computed. Consequently, the computation time of the quantized algorithm will be
O((log M)rT"(6/2)).

2
But, M = m/~, and by design, for a given p we choose m = Inn —In(1 — e"‘T); S0
m = O(log(n)). Furthermore, we choose 7, such that v = ©(L). Then,

log M < loglogn + logn,

50, log M = O(logn) bits are needed.
As we have previously seen, for p € (0,1/2), r > 6u~2In26~!. But, u = € — yv; and,
v = 6(1/n) so, yy = O(1). We therefore have, for € € (yy,yy +1/2),

T4 (6,6) = O ((logn)e (1 + log 6 )T (6/2)) .

5.5 Summary

We have shown how a distributed algorithm for computing separable functions may be
quantized so that the effect of the quantization scheme will be to slow down the information
spreading by log n, while the remaining performance characteristics of the original algorithm
will be virtually unchanged, especially with respect to its dependence on conductance. This
result is stated in Theorem 5.4.8.

Combining the result of Theorem 5.4.8 with that of Theorem 5.4.7 yields Theorem 5.4.5.
Comparison with a lower bound obtained via Information Theoretic inequalities in Chap-
ter 4 reveals that the reciprocal dependence between computation time and graph conduc-
tance in the upper bound of Theorem 5.4.5 matches the lower bound. Hence the upper
bound is tight in capturing the effect of the graph conductance ®(P).
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Chapter 6

Bounds Capturing Computational
Limitations

In our derivation of lower bounds in previous chapters, we assumed no constraints on nodes’
computational abilities. They had no limited memory or power. In fact, we assumed that
they could run whatever algorithm necessary to make their computations, and they could
employ whatever communication algorithm (encoding and decoding) needed. We assumed
no constraints on the evolution of the nodes’ estimates, X;(k), apart from the desired mean
square error criterion. Because of this, we had to loosen our lower bounds to the point of
considering the mutual information between X;(T') and the initial conditions, rather than
the mutual information between the sequence (X;(1),..., X;(T)) and the initial conditions.
As a result, we obtained lower bounds that must hold regardless of the computation or
communication algorithm that is used.

In this chapter, we explore, via two examples, lower bounds that capture, in addition to
communication constraints, the effect of limited computational resources. Such scenarios
arise, for example, in belief propagation algorithms or multi-agent problems when there are
bit constraints. In these scenarios, nodes make specific, usually simple, computations.

In section 6.1 we consider limitations that arise due to the computational architecture.
Specifically, we consider algorithms that have a tree-based architecture. The computation
at any node can depend only on that node’s initial condition and messages received from
child nodes. We apply techniques of Chapter 4 to a simple 3-node tree where messages flow
via channels from the leaf nodes to the root node. The root node is to compute a function
of its own initial condition and the initial conditions of the leaf nodes. We obtain lower
bounds on channel capacities if at time T" the mean square error in the root node’s estimate
is within a known interval.

In section 6.2 we consider two nodes that can communicate via quantized messages with
the goal of computing the average of their initial values. We fix the computation scheme at
each of the nodes: the updated estimate of the average at a node is a convex combination of
its own data and the data it receives from the other node. We obtain a lower bound on the
number of bits that must be communicated between the nodes in order for the norm of the
error in the nodes’ estimates to converge to zero at a desired rate. The goal is to capture the
trade-off between accuracy of the estimates and the communicated bit requirements, and
hence resources dedicated for communication. Because we fix the computation scheme, we
are able to explicitly incorporate the effects of the computation scheme into our analysis.
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6.1 Lower Bounds for Tree-Based Algorithms

In this section, we consider computational limitations that arise for algorithms that run
over directed trees. In particular, any computation at a node can depend only on that
node’s initial value and messages received from that node’s children. Messages are received
via noisy channels.

Consider the directed tree shown in Figure 6-1. Each node has an initial condition,
X;(0). Node 1, the root, receives messages from its children, nodes 2 and 3. Node 2 sends
its messages through a channel with capacity Cs;; similarly, node 3 sends its messages
through a channel with capacity Cs;. The root needs to acquire an estimate of a given
function of the initial conditions in the network, C = f(X1(0), X2(0), X5(0)). We denote
its estimate of C at time T by X;(T'). Suppose that at time T, the mean square error
in the estimate is in an o-interval, E(X;(T) — C)? < 27°. Then, the channel capacities
are bounded from below, as a function of a, T, and the differential entropy of the desired
function.

To derive the lower bounds, we use the techniques developed in Chapter 4. First, we
derive a lower bound on T'Cs; . Consider the cut that divides the network to a set containing
nodes 1 and 3, S = {1,3}, and a set containing node 2, S¢ = {2}. Information traverses
this cut via channel Cs;. In Chapter 4, by using Network Information Theory arguments,

we saw that
T > Cij > I(Xs(T); Xs¢(0)| Xs5(0)),
i€Se jes

which, when substituting for S = {1,3} and S°¢ = {2}, becomes

TCa > I(Xy(T), X3(T); X2(0)|X1(0), X3(0)).

However, note that in the case of the directed tree, any estimate at node 3, X3(T'), can
only depend on node 3’s own initial condition and messages received from its children, and
hence cannot depend on the initial conditions of node 2, X2(0). So,

I(X1(T), X3(T); X2(0)|X1(0), X3(0)) = I(X1(T); X2(0)| X1(0), X3(0)).

Figure 6-1: The root node receives messages through channels from its children. It computes
a function of the initial conditions in the network.
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Now, we have that

TCx > I(X:1(T); X2(0)]X1(0), X5(0))
> I(X1(T); C|X1(0), X3(0))
> h(C1X1(0), X5(0)) + § — 5 log2re,
where the second inequality follows by the Data Processing Inequality and the last inequality

follows by the same arguments used in Chapter 4.
Similarly, for S = {1,2} and S¢ = {3},

1
TCs; > h(C|X1(0), X2(0)) + % - Elog 2me.
Finally, for S = {1} and S¢ = {2, 3},

T(Ca1 + Ca1) 2 h(CIX1(0)) + 5 - %log ore.

Putting these inequalities together, we have the following theorem.

Theorem 6.1.1. Consider the network of 3 nodes arranged in a directed tree, in Figure 6-1.
The root receives messages from its children via noisy channels and estimates a function of
the initial conditions in the network, C = f(X1(0), X2(0), X3(0)).

If at time T the mean square error in the root’s estimate of C is within an a-interval,
E(X1(T) — C)? <272, then, the channel capacities must satisfy

Car 2 7 (WOI(0), Xa(0) + § — 5 Tog2re)

Csz > % (h(ClX] (0),X2(0)) + % - %log 27!'6)

1 1
Co +C31 > T (h(Cle(O)) + % - §log 27re) . (6.1)

Remark Suppose we define a “capacity region,” the region of capacity vectors, (Cz1, Cs1),
that are necessary for E(X;(T) — C)? < 27 to hold. This is somewhat analogous to the
rate regions we defined in Chapter 2. Recall that, there, the rate region was the set of
code rates that are both necessary and sufficient for the probability of decoding error to
approach zero asymptotically. Here, in the case of a “capacity region” it only makes sense
to consider necessity. If we wanted to consider “tightness,” we need to look at lower bounds
on T, in terms of the capacities, and produce an algorithm with computation time achieving
the lower bound, as we have done in Chapter 5.

The utility of a capacity region is that it provides us with a “negative result.” For a
given T and q, if a vector, (Cg1,Cs1), is not in the capacity region, then no algorithm will
satisfy E(X1(T) — C)? < 27©. The set of inequalities (6.1) define the capacity region. Its
shape will, in general, depend on the differential entropy terms and the value of a. One
possible shape is shown in Figure 6-2.

Example 6.1.2. Consider the 3-node directed tree of Figure 6-1. Suppose the initial
conditions were independent and identically distributed, each Normal with mean zero and
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Figure 6-2: The region of capacities that are necessary to ensure the accuracy level « in the
root’s computation at time T

variance v. Let C = 32, 3;X;(0). Then,

A(C1Xa(0), Xs(0)) =  log 2mel3
A(C1Xa(0), X2(0)) = 5 log2mefiy

R(CIX(0)) = 3 log2me(] + BE)v

Substituting in the lower bounds of the set of inequalities (6.1), we have the following
capacity region.

1/1 1
Cs31 > — ( (a+logv) + Elogﬁ32)

T\ 2
1/1 1 S
C21+C312T -2-(a+logv)+§log(ﬂ2 + 33%) | .

Therefore, the channels must be such that they are able to accommodate more information
reaching the root about the random variable with the larger weight in the sum, C.

6.2 Quantized Consensus: A Two-Node Example

Recently, there has been a resurgence of interest in the consensus/flocking problem, some
formulations of which are a special case of work done by Tsitsiklis [32] in the 1980’s. For
example, in the case of the flocking problem, which models the aggregate behavior of schools
of fish or flocks of birds, each agent updates its estimate of a certain parameter, like direction
of motion, as a function of information it receives from its set of neighbors, which varies
across time. In [15] a discrete-time model of flocking (Viscek model), where for a fixed
communication topology agent update equations are linear and communication between
pairs of agents is bidirectional, is analyzed using tools from matrix theory. Results provide
(sufficient) conditions, involving the frequency of communication of the agents, under which
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the asymptotic convergence of the estimates of all the agents to the same constant value is
guaranteed.

Similar results are provided in [23], for a more general model for the agent dynamics.
Now, still in discrete-time, agent dynamics are allowed to be nonlinear, provided that the
nonlinear function describing each agent’s dynamics (update rule) satisfies a strict convexity
assumption. Set Lyapunov theory and graph theory are used to derive necessary and/or
sufficient conditions for asymptotic agreement under both unidirectional and bidirectional
communication cases.

In the work done by Tsitsiklis [32], also in discrete-time, agents, or “processors,” ex-
change some or all of their estimates, or values of their state variables, with other processors.
Each agent updates its estimate by taking a linear convex combination of its estimate and
estimates of the same variable that it received from other processors, possibly with delay.
However, in addition to using information that is received from other processors to update
its estimate, each agent may (but does not necessarily have to) add a quantity that it com-
putes, possibly corrupted by noise. For example, this quantity could be that which causes
the agent’s state to move such that a cost function of the states is minimized.

Under certain assumptions on the agent update model, the communication topology and
frequency, and the cost function, it is shown that the estimates of all the agents asymptoti-
cally converge to the same value. Further assumptions are needed to show that the value to
which the states converge is a stationary point of the cost function or the global optimum.
Key in the method of proof is the ability, due to linearity of the agent update model, to
come up with a “global” state that describes the entire system.

The results of the original work [32, 33] are restated for the consensus problem in [2].
Convexity of the update equations, strong connectivity of the nodes, and bounded delays
are among the conditions that are needed to guarantee asymptotic consensus. A new result
presented is that the bounded intercommunication intervals requirement can be relaxed if
the communication between the nodes is bidirectional (symmetry). Further, it is shown
that the bidirectional communication need not occur simultaneously; it suffices that the
nodes exchange and update their values within a bounded interval of time.

In a special case of the consensus problem, the “average consensus” problem, the nodes
each have an initial state and the goal is for each of the nodes to acquire an estimate of an
average of all the initial states in the network by receiving information from its neighbors.
This problem is the focus of the work by [26]. Here, agent dynamics are linear continuous-
time and communication delays are allowed. The conditions on communication topologies
that ensure average consensus are presented; it is found that if the graphs formed by the
communicating nodes are always strongly connected and “balanced”, average consensus will
be achieved, and the rate of convergence is related to a property of the graphs. Analysis
makes use of Lyapunov equation, matrix theory, and graph theoretic tools. Olfati-Saber
goes on to make use of the idea of achieving average consensus by suggesting a scheme for
distributed Kalman filtering using an algorithm that depends on average consensus reached
on quantities measured and computed by individual sensors [25].

The work in the literature explores the effect on achieving “consensus” of communication
topology, that could vary across time, or communication of varying strength, as modeled by
weights on the communication links. Some of the work even allows delays. However, when
a communication link is present, no further communication constraints are assumed. In this
chapter, we study the effect on achieving “average consensus”, or computation of the average
of the data in the network, that communication constraints impose. Specifically, we start
with the simple case in which the nodes are fully interconnected, but communicate over a
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noiseless finite rate channel, that is, via quantized messages. If there are no communication
constraints, each node should have acquired the average value after the first communication
occurs. If communication occurs via quantized messages, however, this is no longer true.
We seek necessary conditions on the rate of communication of the nodes for the error in
each node’s estimate of the average to be small beyond some prescribed time.

This problem does not fit into any of the frameworks mentioned above, and those of
which we know. Even the most general of the frameworks, (23] which allows nonlinear
updates, does not apply in our case because the strict convexity assumption is violated.
Further, even if there was a way to fix this, the results presented there still need to be
somehow related to the communication constraints imposed by the channels between the
nodes.

We present a formulation for 2 interconnected nodes below. The 2-node case is an
illustrative exercise. First, even for this simple case, various issues concerning the interplay
between computation and communication arise. Second, a correct formulation and results
derived for the simple 2-node case can be extended to any n-node fully interconnected
network.

The more interesting results possibly lie in further extensions. The first direction is to
consider communication topologies that are not fully interconnected; equivalently, we allow
the rates of the channels connecting some of the nodes to be zero. The second direction is
to consider more general channels between the nodes, and use the techniques of Chapter 4.
In this case, however, we make explicit assumptions on the evolution of the node estimates,
and use these in our inequalities.

6.2.1 Problem Statement

We consider two nodes, 1 and 2, that communicate via quantized messages. Node 1 sends
information to 2 through a channel with rate B; > 0 and node 2 sends information to 1
through a channel with rate Rz > 0 (R; and R are the information capacities of the noiseless
channels). There are two components to this system: computation and communication. The
computation part refers to the updating that each of the nodes performs on its state, which
is an estimate of the average of the initial conditions of the two nodes. The communication
component refers to a node’s sending of information through an encoder, noiseless channel,
and decoder to the other node. Specifically we have,

1 Computation. Assume that node 1, (node 2), performs its updates at times k;, (;), €
Z*,i=1,2,3,.... Then,

zi(ki+1) = alml(k,-) + agZa (ki) (6 2)
xz(li + 1) = Oé](il(l,;) + ang(li), )
and
a:l(ki+m) = :Z,'l(k‘-i+1) m=2,...,kix1 — k; (63)

mg(l,~+n) = :Bz(l,;+1) n=2,...,05;41 -1

where x1, z2 € R" are the states of the nodes which represent their estimate of the
network average, ¢ = o121(0) + aaz2(0). Z1, £2 € R™ are the inputs to nodes 2 and
1 respectively, that are received through the noiseless channels, at the output of the
decoders. For simplicity, we assume n = 1 through out, though it is possible to extend
arguments to any n € Z*. Finally, a; and a; € R*\{0}, and oy + ap = 1.
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Figure 6-3: Two nodes communicate a finite number of bits for computing the network
average.

2 Communication. Suppose that the state at node 1 (node 2) is available at its encoder,
E1 (E32) which interfaces the node with the communication channel, C; (C2). Then,
the outputs of each of the decoders, D, and D, which interface the channels C; and
C> to nodes 2 and 1, respectively are

i‘l(k) = ¢1((B1(k1),$1(k2),...,(l}1(kn),k) (64)
E2(k) = da(z2(hr),z2(l2), ..., z2(ln), k), '

where k,, and I, are the latest times at which communication occurs before k, k,41 >
k> knand l,41 > k 2 1. ¢, © = 1,2, represents the operation of the encoder,
channel, and decoder between the nodes.

6.2.2 Convergence to the Network Average

Our goal is to derive a necessary condition on the rate of communication of the nodes for
the convergence, with rate r, of each node’s state, the estimate of ¢, to the actual value c.
However, to begin, we show that there exists a certain scheme, under which for any € > 0
there exists a time, T, such that ||z;(k) —¢|| <€, Vk >T.

An IlNlustrative Scheme

Consider the following scheme, in which we assume that the encoders and decoders, (E;, D;),
i = 1,2, have upper bounds, L;, of the magnitudes of the initial conditions, z;(0) and z2(0).
The computation update occurs at both nodes simultaneously once only at time 7. At every
time k£ < T, node 1 (node 2) sends R; (R;) bits noiselessly to node 2 (node 1), so we have
£1(k) = d1(21(0), k), (Z2(k) = ¢2(22(0),k)). The map ¢; has the following operation. E;
is composed of a bijection, f;, of the interval [—L;, L;] onto [0, 1], which maps z;(0) to a
number in the unit interval. The binary representation of this is found, and R; bits are
sent over the channel C; at every time step. These bits are received at the decoder, D;,
which by time k has the first kR; bits in the binary representation of f;(z;(0)). This is
converted to decimal to obtain a number in the unit interval. This is then mapped back
onto [—L;, L;], using f;!. The output of D; at time k, Z;(k), will be an approximation of
z;(0) with magnitude of error |e;(k)| = |2;(k) — z;(0)| < B;2~FFs,

Now, when the update occurs at time 7", we have for node 1,

1(T) = arz1(T 1) + apda(T - 1) .
= az1(0) + 02(0) + agde (T — 1) — az.’l)z(O) (6.5)
= ¢+ ag(Z2(T — 1) — z2(0)).
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So, at time T, |z1(T) — ¢| < apBe2~T-VE2 and |25(T) — ¢| £ 1612~ TV So, to ensure
that |z;(k) — c¢| <€, V k> T we must have that T > max{l — 'Rl_l log <5, 1~ %2 log 751

Here, we note that our communication scheme presumes that the decoders have infinite
memory to store the received bits. Encoders and decoders are envisioned to be located at the
nodes; for example, F; and D, are located at node 1. So, because we have already assumed
infinite memory in the decoders, hence the nodes, we may assume infinite memory at the
encoders. In practice the memory of the nodes not only must be finite, but may be required
to be small to satisfy design constraints, such as physical size and energy consumption. The
more interesting results probably arise in the case that the nodes have finite memory and
must therefore encode and decode in real time.

Second, we note that the update equations 6.2 add constraints to the problem by explic-
itly requiring that the computation at node i makes use only of the most current value of z;.
Clearly, if the nodes were assumed to have infinite memory, then this is a rather artificial
requirement; it seems inefficient not to allow the nodes to use all information that they have
access to, in particular, all past values of their own estimates of c. We have adopted the
structure of equations 6.2 in keeping with the formulations the literature, and as a starting
point, so that comparison can be made.

Indeed, if the requirement on the structure of the update equations was relaxed, then
the optimal strategy when both nodes have infinite memory is trivial. Node 7 sends its
initial value, z;(0), to node j according to the encoding/decoding strategy described above.
As time passes, node j will have a better estimate of z;(0), Z;(k) = ¢:(z:(0), k), which
it may combine to its own initial value: z;(k + 1) = o;z;(0) + 04&;(k). Thus, the nodes
may continuously update their estimates as they receive information. The longer the nodes
communicate, the better their estimates of ¢ become.

But this is not true under the update equations 6.2. For example, suppose that the input
to E; by node i is its current state (estimate of ¢), which it must then send according the
scheme described above. Then, once the first update occurs, no further communication be-
tween the nodes can improve the nodes’ estimates of ¢. Under the above encoding/decoding
scheme, Z;(T — 1) — 2;(0) < 0, so, z;(T) < ¢. Now, re-using the above scheme, starting
node i at z;(T) and updating at 7' > T will result in |z;(T”) — ¢| > |zi(T) — ¢| because
(i) the communication scheme consistently underestimates the value sent over the chan-
nel, and (ii) the updates are convex combinations. So min(z;(T"),z2(T)) — 6 < z;(T") <
max(z1(T), z2(T)) < c .

Furthermore, we note that under the naive scheme described above, which does not use
the infinite memory to remember past estimates, once the update occurs at time 7', no
further updates by the nodes can improve the nodes’ estimates of c. In particular, even if
node 1 had access to z2(T), it does not know whether z(T') is a better or worse estimate
of ¢ than z1(T'), because it does not know c. Finally, using similar arguments, one can see
that there is no advantage in the first updates of x7 and 3 occurring asynchronously.

Necessary Conditions

We wish to show that if there is a computation/communication scheme for which there
exists a T such that |z;(k) —c| < B27T7 for all k > T, then h(R;, R2) > r for some h. Note
that if the conclusion holds for a scheme that satisfies the stated condition then it must
hold for any scheme that satisfies the stronger requirement that the rate of convergence of

1The § arises due to the particular encoding/decoding scheme and the finite rate communication. Recall
that in this case, we will have z1(T") = a1z1(T) + a2£2(T) and z2(T") = azz2(T) + 11 (7).
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the estimate to ¢ is 7 |z;(k) — ¢| < 827*" Vk. Clearly, |z;(k) — ¢| < f27* Vk implies that
there exists a T such that |z;(k) — ¢/ < 82777 for all k > T.

We assume that the upper bounds, L;, of the magnitudes of the initial conditions, z(0)
and x2(0) are known, which enables us to make simple counting arguments. We consider
two scenarios. The first is where there is a single update at each node, or |K| = |L| = 1,
where K = {kj,k2,...}and L = {l3,ls, ...} are the sets containing the update times of the
nodes. For this scenario, because the “computation” part of the scheme is trivial, we can
show that if there is a scheme for which there exists a T such that |z;(k) — ¢| < 827" for
all k > T, then h(R1, Rz) > r. Further, we expect that the bound we derive (the function
h) is tight.

The second scenario is that for which one or both of |K| and |L| are greater than 1, that
is, there can be several updates. Here, without considering the structure of the updates at
all, one can show that the weaker statement holds, namely, if there exists a scheme such
that |z;(k) — c| < 827%" Vk then g(Ry, R2) > r for some g. We do not know how tight the
bound that we obtain is. Because we do not take into consideration the constraints imposed
by the nature of the computation, we expect that it may not be achievable.

First Scenario (|K|=|L| =1) For the first scenario |K| = |L| = 1, consider node 1. It
follows, as in equations 6.5, that

|z1(k) — ¢ = ag|22(k* — 1) — z2(0)]

for all kK > k*, where k* € K. Now, assume that T > k*, which must be the case if z;(0) # ¢
for i = 1,2 because z;(k) = z;(0) for £ < k*. This assumption is not restrictive because
the effect of communication that occurs for £ < k* can be manifested in z;(k) only for
k > k*. These k > k* are the times for which |z;(k) — c| < 82777 can hold as a result
of communication, which is the concern here. To illustrate this point, suppose z;(0) = ¢,
which implies that z2(0) = ¢ because ¢ = a121(0) + a222(0). Then, |z;(k) — c| = 0 for all
k < k*, independently of information exchanged, which allows no conclusion concerning the
relationship between r and Ry, Rs.

So, by assumption, it then follows that we must have |Z2(k* — 1) — z2(0)| < %Q‘T’.
Furthermore, this must hold for any x2(0). But since the channel is noiseless finite rate,
at time k* — 1 there can be at most 2F2(¢"~1) choices for x3(0). That is, the decoder can
choose among at most 272(*"=1) values for £;(k* — 1) and z2(0) must be within a radius of
—0%2“:". So, if 29(0) € [—Lg, La], then the decoder must be able to cover [—Lg, Lo] with a

2f2(k*=1) «cells” each having a maximum radius of %2‘”. Thus, we must

maximum of
have that
2R2(k*—1)_/6_2—T1‘ > L2.
(%) -

So, rewriting our condition, we have that »r < £z1R, + 110 B Similarly, from
g T T 108 2L

node 2, we get that r < £Z1R; + %log —5—. So, we conclude that r < min{£=1R; +
T T a1l T
1 log s -———kT_le—F%log—L}.

arly)? azlo

Second Scenario (|K| or |L| > 1) First we note that the reason we need to consider
this scenario separately is the fact that the node update equations, 6.2, require that z;(k;)
be used in the computation of z;(k; + 1). Indeed, if we were to use z;(0) at every update
instead of z;(k;), then the proof of scenario 1 will go through.
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However, rather than derive a particular encoding/decoding scheme and make any ex-
plicit assumptions on the computation besides those of the communication/computation
formulation, we simply assume that there exists a scheme under our formulation such that
|zi(k) — c| < B27%" Vk 2 and show that g(R;, R) >  for some g. Thus the derived bounds
may not be tight.

Suppose, for simplicity, that £ € K, L Vk € N. Consider node 1. We have that
l‘l(k + 1) = alxl(k) + Ot2j2(k).
So,
lz1(k +1) = efl = laa(z1(k) — ¢) = aa(c — #2(k))|| < B2~ *+17,

and hence
|on ||z (k) — el — anllE2(k) — cf]| < B27F,

which we rewrite as
. 1 —kr
|22(k) — ¢l < a—z(alliml(k) —c|| + B27F7).

But, [|z1(k) —¢|| < 827k so,

1 + o 2_’”..

[ £2(k) — cl| < B——

Now, using this inequality together with the assumption that ||zo(k) — ¢|| < #27*", and the

triangle inequality we have that
llz2(k) — 22(R)| lz2(k) — ¢ = Za(k) + ¢

[22(k) = cll + [|22(k) — c| (6.6)

81+ 1—:’;291)2""'.

INIA

Here we use the same counting argument we have used before. Inequality 6.6 must hold
for arbitrary zs(k). Now, because we have assumed that updates may occur at each time
step, z2(k + 1) = apxa(k) + a121(k), or, 22(k) = abz2(0) + o k_ol ok~1=41 (1), we note
that at time k, z2(k) lies in an interval of length 205 Ly. However, because the channel is
noiseless finite rate, at time k there can be at most 252% choices for z9(k). So, in order for
inequality 6.6 to be true, we must have that

2f2k3(1 4 1275 > b L.

14+ oq
&5]
Rewriting, and using the fact that a; + a2 = 1 we have that r < Rs —log ag—+ log QZ%Z

Similarly, starting the analysis from node 2 we have that r < Ry —log oy — 1 log . Finally,
combining these we have that

L10é1 Laas

r <min{R; —logag — — log 27 —logas — — log %

Iz

%We believe that we can easily derive a similar result for |x;(k;) —c| < 275" Vj, where k; € K fori =1
and k; € L for i = 2. But, this is merely an exercise in book-keeping, which we may come back to as time
permits.
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Thus, our analysis has led to an upper bound on the rate at which the error in node’s
estimates can converge to zero, if nodes can only communicate via quantization of given
resolution. That the bound is tight is not clear. In order to show this, one would need
to produce an algorithm that achieves the error rate under the given communication con-
straints.

Still, the bound captures the effect of the computation algorithm, that is imposed on
the nodes, in a qualitatively intuitive way. Specifically, the “log o;” term arises due to the
computation scheme. The closer the ¢; to 1, the more heavily node i’s own initial condition
is weighted in ¢. Thus, node ¢’s value needs to be communicated to the other node more
accurately so that the other node can compute ¢ with the desired accuracy.

6.3 Summary

In this chapter, we incorporated the effect of computational limitations into our lower
bounds. We considered two examples. In the first, the computational limits arose from
having an underlying tree architecture. We showed how the approach of Chapter 4 is
applicable; we characterized the capacity region. A future direction is to generalize the
three node example that we considered here.

In the second example, we considered a popular model for distributed computation,
where each node updates its estimate by taking a convex combination of its own data and
data received from neighboring nodes. We looked at a case where the communication con-
straint consisted of the requirement that a finite number of bits is exchanged. In this case,
we were able to produce a bound using simple inequalities on norms. A future direction
would be to use the techniques of Chapter 4 in the more general setting of having channels
between nodes. We would make explicit assumptions on the evolution of the process gov-
erning the node estimates, X;(k). It is likely that this would entail the use of more powerful
techniques or machinery applied to the sequence of estimates.
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Chapter 7

Future Directions

We have set out to study distributed computation under communication constraints, in a
setting where there is a network of nodes, each having a piece of information that may
be needed by other nodes for computing a given predetermined function. In particular,
we sought to understand the limitations imposed by the communication constraints on the
computation performance that may be expected of the nodes of the network.

Two Information Theoretic formulations rendered themselves naturally to model “com-
munication constraints.” In the first, the subject of Chapters 2 and 3, the communication
constraint was that nodes compressed their sequences of data before broadcasting noise-
lessly to all other nodes. The performance criterion required from each node was that as
the sequence length increased, the probability of error, in recovering the entire sequence of
corresponding function values, asymptotically approached zero.

In the second formulation, the subject of Chapters 4 and 5, the communication constraint
was that nodes had to transmit their messages via noisy channels, some of which may have
capacity zero, that is, not all nodes need to be interconnected. The performance criterion
for the nodes, in this case, was that the mean square error in nodes’ estimates of the function
to be computed be bounded after some amount of exchange of information.

In both of the above formulations, we assumed no computational limitations; our bounds
captured limits due to communication constraints. In Chapter 6, however, we began to
consider situations where computational limitations arise. We illustrated the use of our
lower bound techniques via two examples; and, we suggested that this is an area that is
open for further investigation. In the following paragraphs, we recapitulate the main results
of this thesis and suggest possible future directions.

7.1 Computation via Compressed Data

In Chapter 2, we looked at compression rates required for communicating nodes to compute
a function of all the data in the network with low probability of error. Our formulation
is motivated by the problem of estimation, when the sensing is distributed, of a stochastic
process that may be generated by a dynamic system. Each source variable represents the
measurements collected by one of the nodes. The nodes may communicate their measure-
ments, and, it is desirable to do so after having compressed the outgoing messages (as it
leads to savings in power used for transmission, for example). The nodes are assumed to
broadcast their messages to all the nodes in the network, which is a situation that may
arise in communication via satellites. Even though our formulation (and results) imply
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that consensus is reached asymptotically, for N sufficiently large, the formulation is still
reasonable when the time scale of the evolution of the dynamic system is much slower than
the time scale of communication.

The formulation presented in this chapter for studying distributed computation when the
communication of the nodes is constrained is useful for three reasons. First, the inequalities
that define the rate region are simple; they involve the conditional entropy rates of the
function K, which are easy to compute. Second, the formulation can be easily extended
to an arbitrary number of nodes, and hence the rate region can easily be defined for an
arbitrary number of nodes. Finally, our set-up inherently involves feedback.

We have seen that the lower bound to the boundary of the rate region for K achievability
also is a lower bound to the SW omniscience rate region, which means that if the objective of
the nodes is to reliably acquire a function of all the data in the network, they may only need
to exchange information at rates lower than would be required for each of them to acquire
all other nodes’ data. We have seen that this is rarely true for the two node case, but,
when there are more than 2 nodes, things change. Indeed, in Chapter 3, for the modulo-2
sum computation example, we presented a source for which we showed achievability of a
point that does not belong to the omniscience rate region. This point turned out to be
the vertex of the cone defining the lower bound to the K-rate region boundary, defined by
the inequalities in Theorem 2.2.1. Furthermore, the example was generalized to modulo-q
summation when the source random variables take values on a finite field of order q.

The next question that arises naturally is: what are other functions or sources for
which we can show that there exist codes with rates arbitrarily close to our lower bound
to the “K-rate region” boundary. Another approach is to look for tighter bounds to the
“K-rate region” for certain functions of interest. One possibly fruitful avenue is to explore
coding schemes that involve feedback, where nodes are allowed to update their estimates
of K as they receive messages from other nodes and hence adjust their outgoing messages
accordingly.

In another direction, one may seek to characterize the rate region, for the distributed
computation set-up of this chapter, under further communication constraints. For example,
suppose that the nodes were required to compress their messages, before broadcasting them,
but now must do so securely. That is, the encoding must occur such that an eavesdropper
cannot compute K. Then, the shape of the rate region must change according to how much
secrecy is imposed on the nodes.

7.2 Computation via Noisy Channels

In Chapter 4, our use of basic Information Theoretic definitions and inequalities has led to
a lower bound that we have applied to a formulation for distributed function computation.
In Chapter 5 we applied the Information Theoretic technique to a scenario where nodes
communicate via erasure channels to compute the sum of all the initial values in the net-
work. The lower bound that we obtained is tight in capturing the spectral graph property,
conductance, that represents the effect of the topology of the network.

Immediate extensions include generalizing the information rate lower bounds, for exam-
ple, investigating various distortion measures for the nodes’ performance. Another avenue is
the use of the tools developed in this thesis to obtain tighter lower bound and performance
limitations for restricted computational models, like directional algorithms such as belief
propagation. We have illustrated this for two examples in Chapter 6.
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More fundamentally, one of the factors that allowed for the derivation of such a simple
bound is that we have abstracted away the interdependence of the nodes’ estimates as they
evolve over time. We believe that this contributes to some “looseness” in the bound; and, if
nothing else, it is the reason that the bound does not capture the dynamics of computation.
One way that this might be remedied is to consider alternate information quantities, such
as directed information.

In a different direction, open is the question of the achievable information rates and
corresponding channel codes that can be used in the network setting, especially where the
presence of feedback information may be taken into account. We have had the need to
consider achievability in this thesis. In particular, in Chapter 5, we presented a simple
algorithm for the computation of separable functions via erasure channels. By providing an
algorithm that achieves our Information Theoretic lower bound, we showed that our bound
is tight. Equivalently, we have produced the fastest algorithm with respect to its dependence
on the conductance of the underlying graph. But, because the channels are simple, we did
not need to explicitly consider code rates. Further, we did not need to harness the power
of feedback in this scenario.
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Appendix A

Appendix for Chapter 4

A.1 Proof of Proposition A.1.1

Proposition A.1.1. For v > 0, subject to > ;% < and y; > 0, [T, ¥; is maximized
when y; = 1.

Proof. One way to see this is the following. First, the vector that achieves the maxi-
mum, y* = [y ...y;) must lie on the boundary of the optimization region, meaning that
S . yf = «; otherwise, if for some € > 0 we have that ) ., ¥7 < 7 — ¢, then for any
6 € (0€), (yt +0)+ Yoyl <vbut (y7+08)[[imayf > [Ii, i, contradicting the opti-
mality of y*.

Next, substituting y; = v — >, % in the function we wish to optimize, we obtain
flyz, ... un) = (v — 2o ¥i) [[1=p vi; differentiating f with respect to yi for k = 2,...n,
we have

d n n
= {11w | (r—2u - _w).
Yk i=2 =2
ik i#k
Setting the derivatives to zero for each k, k = 2,...n we obtain n — 1 equations in n — 1
unknowns, in matrix form:

(In—l +1, 1;:,-1)'.’7 = 71n—11

where I,,_; is the identity matrix with dimension n — 1, 1,—; is the vector of n — 1 ones
and § = [y2...yn|"

To solve for §j, we use the identity, (I, +AB) ™A = A(I, + BA)™}, for any two matrices
A € R™*™ and B € R™*", Letting A = 1,_; and B = A’,we have that

(In—l + 1n-—11;;—1)_11n—1 = ln—l(l + (n - 1))_1-

SO’ Yi = %

Finally, computing the second derivatives of f and evaluating at y; = I, we have that
for k,j = 2,...n, dy%i; f=-2 (%)"—2. So, the matrix of second derivatives is negative
semi-definite. O
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A.2 2-Node Network Example

In this section, we illustrate the techniques of Chapter 4 for the special case of 2 nodes. We
show an application for which our lower bound can be used to relate the rates of the channel
block codes to the channel capacities and the rate of convergence of the mean square error
to zero.

Consider two nodes, 1 and 2, communicating via noisy channels. Let X;(k), X2(k),
and C be continuous scalar random variables. Then, the following lemma will be used to
show that if the mean square error in the nodes’ estimates is required to converge to zero
exponentially, then information flow between the two nodes is lower bounded by a term due
to the desired rate of convergence.

Lemma A.2.1. If the mean square error converges to zero with rate r, E(X;(k) — C)? <
B27* where 8,7 € R*\{0}, then

I(X1(k);C) > h(C) - -;—log27re,6+ %t

Proof. First, we have that

I(X1(k); C) = h(C) — h(C| X1 (k))
= h(C) - h(X1(k) - C|X1(k))

(a)

2 h(C) — k(X1 (k) - C)

®

> h(C) - %log ameVar(Xy(k) = C)
© 1 .
> h(C) - §log27reE(X1(k) -0)%

where,

(a) follows because conditioning reduces entropy,

(b) follows because the Normal distribution maximizes entropy over all distributions with
the same variance, and,

(c) follows because for any random variable X, Var(X) < E(X?), and the logarithm is
a monotonically increasing function.

a

A similar inequality can be derived for the conditional mutual information, I(X;(k); C|W),
where W is a random variable.

Corollary A.2.2. If E(Xy(k) — C)2 < 827% then

I(X(k); CW) > h(CIW) — . log2mef + .
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Proof. We have the same series of inequalities that we encountered in the previous lemma.
But, now, we condition all terms on W.

I(Xy(k); C|W) = h(C|W) — h(C|X1(k), W)
= h(C|W) — k(X1 (k) — C| X1 (k), W)
> h(CIW) — k(X1 (k) - C).

A.2.1 An Application: A Bound for Code Rates

Next, we use the above corollary to relate the rate, Rj2, of the channel code to the rate of
convergence 7 and the capacity, Ci2, of a discrete time memoryless channel between nodes
1 and 2. Below, we let U; denote the codeword letter at the output of the node 1 encoder,
that is transmitted from node 1 through the channel to node 2. V, denotes the letter that
is received, at the output of the channel, by the node 2 decoder. The relevant variables are
shown in Figure A-1.

Each node has access to its own initial condition, X;(0). The nodes exchange information
in order to learn C, a function of both the initial conditions, C = f(X1(0), X2(0)). We
assume that the codeword that is generated by encoder i for the I*! transmission depends
on node #’s initial condition and its past received messages at decoder i; that is, U;(l) is a
function of V/~! and X;(0). Each encoder generates N channel digits or transmissions per
node sequence of length k. Finally, we assume that the channels between the two nodes are
independent.

The theorem below essentially says that the channel must have enough capacity for

both reliable transmission, meaning arbitrarily small probability of decoding error, and
exponential convergence of the estimates of the nodes.

Theorem A.2.3. If node 1 sends information to node 2 via a discrete time memoryless
channel with capacity Ci2, such that the mean square error in node 2’s estimate of C
converges to zero with rate r, E(Xa(k) — C)? < 827%, where B,r € R*\{0}, then the rate
of the channel code, R12, must satisfy

r
Ci2 > 5312-

Proof. First, we use the results of Lemmas 4.3.1 and 4.3.2. Setting S = {2} and S¢ = {1},

U

V5
E—"Cy D,

Figure A-1: Set-up for Theorem A.2.3. Two nodes communicating via noisy channels to
estimate a function of their initial conditions.
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observe that

N
NCy2 > ZI(Ul(l); Va()|Uz(1))
=1
> I(Xa(k); X1(0)| X2(0)).

Next, we have that

I(Xa(k); X2 (O)1X2(0)) © T(Xa(k); X1(0), X2(0)| X2 (0))
(2") I(Xa(k); C| X2(0))
where,

(a) that is, I(W;Y,U|U) = I(W;Y|U), can be verified by the chain rule for mutual
information:

I(W;Y,U|U) = I(W;Y|U) + I(W;U|U,Y)
= I(W;Y|U),

because I(W;U|U,Y) = 0.
(b) follows by the data processing inequality, because C = f(X1(0), X2(0)).
So, from Corollary A.2.2,

1 1 kr
> - add
Clg_N (h(C|X2(0)) 5 log 2mef3 + 2 ) ,
which holds for all &, and therefore holds as k, hence N, goes to infinity.
Finally, we obtain the desired result by noting the following conditions and facts.

(i) First, h(C|X2(0)) is finite, as long as, given X3(0), C is random and has a support
set of non-zero measure.

(ii) Second, Rj2 = limg .0 % must be finite and smaller than Cjz if the probability
of decoding error can be made arbitrarily small, according to the Channel Coding
Theorem.

0
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Appendix B

Appendix for Chapter 5

As in Chapter 5, we let (W'li)T be the random variable representing the [** sample at node
i, where the subscript “T” emphasizes that the distribution is truncated from m onwards.
Then, the probability density function of (I/Vli)T is that of an exponentially distributed
random variable, W}, with probability density function fo (w) = G;e=%* for w > 0, condi-
tioned on the the event A} = {W} < m}. For w € [0, m],

0,;6_9iw
and f(vvli)T (w) = 0 elsewhere.

Let W; = min,-:l...n(I’Vf)T. Let W = minj=; _.» VVf, the minimum of independent
exponentially distributed random variables, W}, with parameters 6y, ...,60, respectively,
then W} will itself be exponentially distributed with parameter y = Y, 6;.

Lemma B.0.4. Let Wll, ..., W be independent random variables. The cumulative distri-
bution function of W; is identical to that of W, conditioned on the event A; = {ﬂ;;lA}'},
where A} = {W} < m},

P(Wi < w) = P(W] < wldy).

Proof.
P(W} > wlA) =P( min W} > w|ni; 4)
i=1,...,n
(i—)P(VVII Zw?"':vvln Zwl n:'l=1 ;)

n
QTP > wi4j)

i=1

= [[P(Wi)r = w)
=1

Q pnr (W)r > w)

Qe > w),

where,
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(a) holds because for random variables X; and X3, the events {min{X;, X2} > z} and
{X1 > z} N {X3 > z} are equivalent, and,

(b) follows by the independence of the random variables W}, ..., W

The above lemma can be used to show the following theorem.

Theorem B.0.5. Let W}, i = 1,...,n, be independent exponentially distributed random
variables, each W'l" with parameter 0;, where 6; > 1 for all i. Let (VV;)T be the truncated
version of W} for which P((W})r > m) = 0, for some m > 0. The expected value of the
minimum of the truncated exponentials, W; = min¢=1,,,n(W,")T, is bounded as follows,

(1 e vm)~1 (5 - (-?1; + m) ne"m) <EW]<(1- ne“m)_lé,

where y = >0, 6;.
Remark Note that the above bound implies that for all n, as m approaches infinity, the

expected value of W, approaches %, which is the expected value of W, as should be the
case.

To prove this theorem, we need the following lemma.

Lemma B.0.6. The expectation of W}* conditioned on the complement of A; = {N2,{W} < m}},
is upper bounded as,

1
B[W;|4f) < 7 +m.

Proof. Consider the event B = {N_,{W} > m}}, then it is straightforward to verify that
the probability density function of W}* conditioned on B is

e ¥(w-m)  forw>m
fwypp(w) = {y

0 otherwise,

which is the probability density function of an exponential random variable with parameter
y that is shifted to the right by m. Therefore, E[W}*|B] = % +m.
Next, the result of the theorem follows by noting that

E[W;'|B] - E[W/|Af] > 0.

To see this,

m

EW71B] - BW71AT = [~ (fwpiatw) = fwpiar(@)) duw = [ wiiwgiag(widu

(g m / ” (fw,*ua(W) — fwyag (W)) dw—-m /0 " fwp)ag(w)dw

=m (/moo fwyp(w)dw — /O fW,*|A,C(w)dw)
®o,
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Here,
(b) follows because each of the two integrals in the previous line is equal to 1, and,

(a) holds for the first integral because on (m, 00), w > m and fw~p(w) — fwy|ac(w) > 0,
as will be shown below; and for the second integral because on [0,m], w < m and

fwpiag(w) 2 0.

Finally, to show that for w € (m,00), fwyB(w) — fwyjas(w) = 0, we first use the Total
Probability Theorem to express le*| Ag (w) as

fwp1a5(w) = fwpiagns (W)P(BIAY) + fwy|agnpe (w)P (B A7)

Next, recall that B = {N[_;{W} > m}}, and A; = {N_;{W; < m}}. Then,
C

ag 0 Be = {{n (W < mp} U {nma (Wi > m)} ]

which says that not all the VVf’s are larger than m, nor are they all smaller or equal to m;
in other words, there is at least one of the W'li’s that is smaller or equal to m and one that is
larger than m. So, conditioned on Af N B¢, the minimum of the W}'’s, W}*, must be smaller -
than or equal to m, and P(W}" < m|Af N B¢) = 1. Hence,

>0 for0<w<m
=0 otherwise.

fwyaenpe(w) {

Furthermore, we have that A7 = {U,{W} > m}} , S0 it is clear that B C Af and BN Af =
B so that fixacnp(w) = fuy) p(w). Observing that P(B|Af) < 1, we have the desired
result, for w > m,
fwyiag(w) = fwyaenp(w)P(BA]) < fwp p(w).
ad

Proof of Theorem B.0.5. 1t follows from Lemma B.0.4 that E[W;] = E[W}|A;]. By the
Total Expectation Theorem,

EW] = EW/'| AP (4) + EIW|A[IP(4]), (B.1)

where, because W}" is exponentially distributed with parameter y, E[W}*] = 1/y.
Next, we find bounds on P(4;) and P(Af), where 4; = {ﬂ;”‘:l{W'li < m}} and Af =
{ur_,{W} > m}}. Although it is clear that

n

P(A) = [Ja-em,

i=1

it is convenient to find upper and lower bounds for P(4;). First, we have that by the union
bound,

P(4) <Y P{UW/ >m}) =) e ™ <ne™m,
=1

i=1
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where the last inequality follows because, for all 1, §; > 1. So,
P(4;)>1—-ne™.

Next, observe that Af D {N,{W; > m}}, so
PUD 2 P > m})) = [[ oo = e
i=1

So,
P(A)<1-e¥
Finally, for the upper bound on E[W[*|A;], because E[W;*|Af] > 0, we have from equa-
tion (B.1),
EW/'] 2 E[W/|AJP(A),
and, rearranging,

EW7A) < = EW] < (1— ne-m)-li.

1
P(4)
For the lower bound on E{W}*|4;], we rearrange equation (B.1),

EW;|A) = ﬁ) (E[W}] — EW; | A5P(49)).

Using the fact that E[W}*|Af] < % + m, we obtain the desired result,

EWA]> (1 —-evm)! (-1- - (-;— + m) ne‘"‘) .

Y
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