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Abstract

A multidimensional scaling function ¢(Z) € L?(R™) has two fundamental properties:
one, it is orthonormal to its translates by an n dimensional lattice I', and two, it
satisfies a dilation equation ¢(Z) = Yser cy¢(MZ — 7) for some expanding matrix
M such that MT' C T. If V; is the space spanned by {¢(M?Z — ¥)}ser, then the
functions 91, . .. , ¥|det M|-1 are wavelets if they and their I' translates form a basis for
Wy, the orthogonal complement of V4 in V;. In this thesis, I first describe the set of
cy's that determine non-zero compactly supported scaling functions and also how the
cy’s determine the degree of smoothness of ¢. I then prove that for every compactly
supported multidimensional scaling function, there exist |det M| — 1 wavelets, and
that in certain special cases these wavelets can be chosen to be compactly supported
as well. Finally, I show how to construct, for every acceptable matrix M, a com-
pactly supported scaling function ¢ with compactly supported wavelets 1; such that
J¢i(Z)z1dZ =0for alli=1...|det M| — 1. The major tool in these constructions
is the wavelet system’s polyphase matrix.
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Chapter 1

Introduction

1.1 What is a Multiresolution Analysis?

Multiresolution analysis (or multiresolution approximation) was invented by Mallat
and Meyer as a way of formalizing the properties of the first wavelets that allowed
them to describe functions at finer and finer scales of resolution.

A rank 2 multiresolution analysis of L>(R) is a sequence V}, j € Z, of subspaces

of L?(R™) that satisfy the five conditions of

e Nesting: 1 - VaocVa,cVocWViCVy---,

Density: The closure of UjezV; is L*(R),

Separation: NjezV; = {0},

Scaling: f(z) € V; <= f(2z) € V};1, and

Orthonormality: There exists a scaling function ¢ € V; such that {¢(z —

)},ez, the set of all the Z-translates of ¢, forms an orthonormal basis for V.

The rank 2 part of the name comes from the Scaling property which insures that

V;+1 is a better resolution approximation to L?(R) than Vj is. Similarly, one defines

1Be warned that there is no agreement yet as to “which way the V;’s go”—Daubechies, for
example, has V; C V;_;.



a rank m multiresolution analysis (with integer m > 1) by replacing the Scaling
condition with f(z) € V; <= f(mz) € V1.

One example of an rank 2 multiresolution analysis of L?(R) is the Haar basis, for
which V4 is the space of functions constant between integers. V; is the space of func-
tions constant between values in 277Z, and the scaling function ¢ is the characteristic
function of the unit interval [0,1]. The only nontrivial thing to prove is the Density
condition.

Of all the properties that can be derived from the definition of a multiresolution
analysis, two stand out as most important. First, it yields a basis for L?(R). Define
W; to be the orthogonal complement of V; in Vj4,, so that Vj;, = V; @ W; and thus
Viga = Vis1 ® W1 = V; @ W; ® Wy By induction, V; = Vo ® @]_, Wi, and by the
Density property, the closure of Vo & @52 o Wi is L?(R). We have an orthonormal
basis for Vj; assume we have one for W, as well. (This basis will later turn out to be
generated by the wavelets and their translates. In section 3.1, we will give a recipe for
getting wavelets from the scaling function.) But because the W; spaces have the same
scaling property that the V; spaces do—i.e., that f € W; <= f(mz) € W;4;—having
a basis for W, makes it easy to get a basis for W;: just compose all the functions in
the basis with m’z and multiply the function by mU/2 to preserve orthonormality.
An orthonormal basis for V; together with orthonormal bases for the W; means we
have an orthonormal basis for L2(R).

Second, the scaling function satisfies the dilation equation:

6() = ¥ e,plmz —9), ¢ €R.

YEZ

ProOF: The combination of the scaling and orthonormality conditions guarantee
that {/m¢(mz — v)} forms an orthonormal basis for V;. But g € Vo C Vi = ¢ €
Vi. O

Because it (mostly) reduces the behavior of ¢ to the behavior of a concrete set
of scalar values (the c,), the dilation equation is a powerful tool for the construction

and analysis of multiresolution approximations. For the rest of this thesis, we will

9



be concerned with these questions: for which c,’s is there a solution to the dilation
equation? For which c,’s is ¢ orthogonal to its Z translates? What conditions can
be put on the ¢,’s to make ¢ smooth (where smoothness can be anything from being
continuous, to having many derivatives, to having many “vanishing moments”)? And
finally, given that W, C V; implies that any function % in W, also satisfies a dilation

equation

Y(z) = Z d,é(mz — ),

v€Z
how can enough sets of d,’s be constructed to give a basis of Wj?

Let us now move to the question of multiresolution approximations of L?(R™).
Our definition of a mulitresolution analysis over L?(R) really depended only in two
ways on the fact that we were working with functions over R. First, we translated
them by integers, and second, we composed them with multiplication by an integer
m > 1. Both of these are easily generalized: first, to translation by an arbitrary n-
dimensional lattice I, and second, to multiplication by an expanding (all eigenvalues
have magnitude greater than 1) matrix M such that MT C M. Such a matrix M is
called an acceptable dilation.

That said, a rank M multiresolution analysis of L2(R") is the same as a multires-

olution analysis of L?(R), except with the two modified axioms of
e Scaling: f(Z) € V; <= f(MZ) € V;41, and
e Orthonormality: There exists a scaling function ¢ € V; such that {¢(Z —
¥) }ser, the I-translates of @, form an orthonormal basis for V.

Multiresolution approximations of L?(R") have most of the same properties as
multiresolution approximations of L2(R). They yield a basis for L?(R™), and the

corresponding dilation equation is:

$(E) = ) csp(MZ 7).
Fer
Figures 1-1 through 1-5 show the graphs of the scaling functions associated with
selected multiresolution approximations of L?(R) and L?(R?). Note that the mul-

10



6(7) = 6(2) + 82 + (7)) + (27 + (g)) + 622 + (}))
Figure 1-1: The Haar Rank 21 Scaling Function ¢ = x(q,12

tidimensional multiresolution analysis framework is more general than the normal
multiresolution analysis framework, even in the one dimensional case because it al-
lows lattices besides Z and it allows negative integers m < —1 as acceptable dilations.
Figures 1-3 and 1-4 show “rank -2” scaling functions; as discussed on pages 256 and
257 of [Daubechies 92al, these are always more symmetric than the associated rank
2 scaling functions.

Figures 1-1 and 1-5 show scaling functions that are the characteristic function of
self-affine tiles. As discussed in section 3.2, self-affine tiles are tiles of R™ that satisfy
an equation of the form MT = U, T + k for some set K of digits. Such tiles can

always be made into (albeit not very smooth) scaling functions.

11
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1.2 Overview

The remainder of this thesis is divided into two parts. The first part (Chapter 2)
describes how to verify whether a given set of cy values leads to a multiresolution
analysis. The requirements that ¢ be a function in L2(R"), be orthonormal to its T
translates, and generate a complete multiresolution analysis of L?(R™) are all trans-
lated into conditions on the ¢y, with the majority of attention going to the case
when ¢ is compactly supported. Chapter 2 also discusses wavelets, and reduces their
properties to that of the polyphase matrix A(Z). Finally, various measures of the
smoothness of a multiresolution analysis (such as its ability to reproduce polynomials
or differentiability of its scaling function) are considered, and rules given for their
determination.

The second part of this thesis (Chapter 3) describes various methods of construct-
ing multiresolution approximations. By factorizing the polyphase matrix, it is shown
how to construct, for every acceptable dilation matrix M, a compactly supported
scaling function ¢ with compactly supported wavelets ; such that [ ¢;(Z)z; dZ = 0.
(This is the “degree €; vanishing moment” condition, one of the measures of smooth-
ness discussed in Chapter 2.) In addition, the problem of how to construct wavelets
given a scaling function is considered, with special consideration paid to the problem

of retaining compact support.
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1.3 Notation

Symbol Definition

a complex conjugate of a
|la] magnitude of a, |a| = Vaa
Rez real part of z
M* M?, conjugate transpose of matrix M
T a vector, usually in R
r an n dimensional lattice in R™
3, &, 5,... | vectorsin T
Vi subspace of a multiresolution analysis,
= {Zser 050(M'T — 7) | a5 € C, Lyer laz[* < oo}
P f the projection of f onto V;
Wi the orthogonal complement of V; in Vj,;.

L*(R™) the set of measurable functions f : R® — C such that [g. |f(Z)|*dZ < 00
< f,g> | the inner product in L*(R"), < f, ¢ > = [g~ f(£)g(Z) d

f=g  |L*®R) equality: o |£(2) - 9@ dZ =0

1) a scaling function

U; a wavelet

M a dilation matrix

m | det M|

3 coefficients of the scaling function in the dilation equation,
= < ¢(Z), p(MZ - 7) >

d; 5 coefficients of the i-th wavelet, d; s = < ¥;(Z), 9(MZ — 7) >

K the set of ¥ for which c5 # 0

b; 3 Dirac delta function, = 1 if 7 = j and 0 otherwise

7(1) i-th component of the vector 7

ez(%) = 5?,5

I4] iyt ...ty

16



Symbol Definition

o ) ()

a<b a; < b; for all 4

fo the starting function in the Cascade algorithm

fn = Y ser C5fa—1(MZ — 7), n-th iterate of fo in the Cascade algorithm
Go(7) =<f9(Z-9)>

T matrix with (¥,0) entry ‘—&%m Y der Cug+5-5CF

Yo, - -+ ,Ym—1 | & fixed ordering of the elements of I'/MT

Ag matrix with (¢, j)-th entry d; \rz o

A(Z) = \/ﬁ Yker A,;;EE, the polyphase matrix
¢ = k(M) | K =k+ M7 for some y € T

|K| cardinality of the set K

XQ the characteristic function of the set @

] end of proof

17



Chapter 2

Verifying a Multiresolution

Analysis

This chapter concerns the following questions: Given a set of c5’s, do they define a
scaling function? Does this scaling function generate a multiresolution analysis? How
smooth is it?

We start by determining under what circumstances the c;’s define a non-zero

L?(R™) solution to the dilation equation.

2.1 The Cascade Algorithm

In this section, we discuss a simple procedure which under a wide variety of situations
allows us to explicitly construct a solution to a dilation equation. This procedure,

the Cascade Algorithm, starts by choosing a fy € L?(R"), then iterates
Far1(E) = 3 cyfa(MEZ — 7).
yer

If it is successful, then the solution f = lim,_, fn, Will exist and solve the dilation
equation f(Z) = X cyf(MZ — 7).
Since we are working in a complete inner product space, the sequence f, converges

if and only if it is a Cauchy sequence. We will thus be very interested in < f,, fmn >

18



and similar expressions. Luckily, there is a simple recurrence relationship for these.
If we are given f,g € L*(R") then we may define the vector d@;4(7) = < f, g(Z— %) >
It follows that

afn+1;9n+l ('7) = < fn+1a.9n+1(f— ’_)") >

= 3 c5C5 < fo(ME — ), ga(MZ — M5 - §) >
aerﬂer

= X3 ot [ fa(ME - @)ga(MZ — M7= §)d3
aerﬁ—er

= > D ¢ < falli — @), gu(@ — M7 - B) >
Set jer #det M| tMI

= < fol@), gn(@ + & — M7 - B) >
a%* E 8] det M] tMI

1 -

= Z E CM7+6—-cﬂ|det Ml < fnagn(m - 5) >

6erﬁer

= Z ldet Ml Z cM"y-I-ﬂ "Cﬁaf,“gﬂ((S)

Thus, if we define the matrix T to have entry

1
T"y‘,f = |det Mi Z M7+ﬂ—5cﬂ’

then 6fn+1:9n+1 = Tdfmgn = Tn+15f \g°
Notice that even if only a finite number of the c5’s are nonzero, T is still technically
an infinite dimensional matrix. The following lemma justifies using truncated, finite

dimensional versions of T in this situation.

M-z
]

is less than one. [This will be true for some M~3.] Let B(p,r) = {Z : |F—p| < r}, the

Lemma 2.1.1 Let K = {7 : ¢35 # 0} be finite, and assume that s = maxz.z—;

1—;~

n-dimensional ball of radius r centered at P, contain all the points {(I — M)~17,7 €
K}, and let v' = ZXL. Then

e Iflim f, converges to a compactly supported function f, then the support of f
is contained in the ball B(p,r'),

19



e If the support of f, is contained in B(p,r"), then so is the support of fni1, and

o If the support of fr is contained in B(p,), ¥ > 7', then the support of fny1 1s
contained in B(p, 7' + s(F —1')).

ProoF: The support of f,.; is W (supportf,), where

wWX)=J M Y(X+79)
FeK
is an operator on the Hausdorff metric space H(R™) of all compact subspaces of R™.
W is a contractive operator, and its contractivity factor is s < 1. Because H(R") is
complete ([Barnsley 88]), W has an unique fixed point Ay, and this compact set will
be the support of f if f exists.

To show that Ay C B(5,r'), it suffices to show that W (B(p,r')) C B(p,r'). In
particular, it suffices to show that M~1(B(p,r') +7) C B(ﬁ, ') for each 7 € K. If we
let 75 be the fixed point of the function £ — M~1(Z + 4) and £ be an arbitary point
in M~*(B(p,r') + 7), then

d(p,Z) < d(P,75) + d(J, %)
< r+s(r+7)
= r+$r+M
1—s
_ T+ sr
T 1-s

which proves that Z € B(p,7’). [ d(¥5 %) < s(r + r') because d(¥5,2) < r + ' for
Z e B(p,r').]

Finally, the statements on the support of f,,; follow from the contractivity of W.
g

For the rest of this section, we will assume that f, is compactly supported and

that only a finite number of the c5’s are non-zero.

Theorem 2.1.2 (The Cascade Algorithm Theorem) The Cascade algorithm con-

20



verges to a compactly supported nonzero function in L2(R™) if and only if the following

conditions hold.

e T has 1 as an eigenvalue.
o For every eigenvalue A # 1 of T with [A| > 1,

t si—k

SN 650V Wi pis - g, =0

=1 j=1
forallr >0 and k =0...max(s;) — 1, where
1. there aret Jordan blocks with eigenvalue X in the Jordan form factorization
of T=SJS1,
2. the i-th Jordan block is s; by s;,

3. U ; 15 the column of S corresponding to j-th column of the i-th Jordan block

with eigenvalue A (U;; =0 for j > s;), and
4. Wi; is the row of S~ corresponding to j-th row of the i-th Jordan block
with eigenvalue A (W;; =0 for j > s;).
e For every etgenvalue A =1 of T,

t

Z Z T 5( 6 JWigj - Gfo,5 =0

=1 j=1

forallr >0 and k =1...max(s;) — 1 and

EZUH(O w” a’fofr %ZZ'UU O)wzj Gfo.fo 7 0

i=1j= i=1j=1
as r — oo, with the same conventions as above.

PROOF:  As previously noted, L?(R") is complete, so the Cascade algorithm con-
verges if and only if the sequence f, is Cauchy. We thus want to prove that the

uniform convergence of

Ifn_fmlz\/< fasfa > =< for fm > — < frs o>+ < fmyfn>—0

21



as n,m — oo is equivalent to our stated conditions.

Let’s consider < f,, f, > first. We know that it is equal to @y, ¢, (0) = (T"ay, z,)(0).
If we decompose T into its Jordan factorization T' = SJS~!, then < f,, fn> =
(8J"Say, 1,)(0). If we think of this as a scalar sum, then the contribution of each
Jordan block to this is

A1 0
A1 o
(["71 o 'D’s] - afo,fo)(ﬁ)
e 0 A -
ot (P ]
AR Wy * Gfo,fo
= [0:(0) ... 7,(0)] :
- 0 A" | Ws - &fo,fo

If |A\| < 1, then the middle matrix goes to the zero matrix and the contribution is

0. Otherwise, the contribution is

F05 (" )

i=1 =i\~

Summing over all Jordan blocks with the same eigenvalue X gives

t Sk - Sk n o
DD %0 (J’ ) NV 5 - B g

-1

k=11i= Jj=i
max(s;)—1 n . t si—k .
= ) (k) XEY 0D Ui (0) ks + Bro o
k=0 i=1 j=1

As n — o0, the above sum is dominated by the k¥ = max(s;) — 1 term. For it to

converge, either (’,:) A"~* must be 1 for all ¥ (which is the A = 1 and k = 0 case), or

si—k

t
> > Tij(0)i ks - Gfo,5o = 0.

i=1 j=1

22



But then the sum is dominated by the next lower k term, and we can repeat the
argument all the way down to k = 0.

Thus, if it exists,

S < o> = 33 5,005 T
i=1j=
where 7;; and j; ; are associated with Jordan blocks having eigenvalue A = 1.

Now let’s look at < fy, fm >. Without loss of generality, we may assume m > n
and m = n+r. As before, < fp, frm > = (T8, 1,._,)(0) = (SIS~ 1d}, 5, )(0). All of
the above analysis of the Jordan block contribution to this goes through with dy, f,
replaced with dy, f..

Thus, if it exists,
t s o
lim < fo, fagr > =Y i (0)@i; - Ggo, s,
=1 j=1

where ; ; and j; ; are associated with Jordan blocks having eigenvalue A = 1.

Convergence is uniform because each component of the vector dy, s, is bounded:

| < anfT(f—;y‘) > l
< AllfE =)
| follfrl-

@0, 7, (7)]

We already proved that |f,| = /< f;, fr > converges as r — oc; this implies that | f;|
and thus |Gy, ,._.| and | < fn, fm > | are bounded.

Finally, for

\/< fmfn> _.<fn7fm>_ <fm,fn>+<fm,fm>—">0

as m,n — 00, we need

Re(< fa, fm >) = < fr, fn>.

23



But the final condition in our theorem states just that.
So, just to wrap it all up, we’ve shown that Re(< f,, fm >) = < fn, fn >, which

means that

<frifa>=<fufm>—<fm o>+ <fm, fm>—0

as m,n — 0. The convergence is uniform, so |f, — fm| = 0 and lim,_, f, is in
L?(R™) as desired. O

The big problem with this theorem is that while we can easily compute 7"’s Jordan
factorization and eigenvalues from the c5’s, we have no a priori knowledge about dy, ;.
There are two general approaches to getting around this limitation: either assume
that @; x+; - fo(Z — -) satisfies a rank M dilation equation, or assume that fj all by

itself does. The following corollaries illustrate both approaches.

Corollary 2.1.3 Assume that Y zer fo(Z — ) is a constant. [The fundamental do-
main of I' is a popular choice.] Then the Cascade algorithm converges to a compactly

supported non-zero function f in L2(R") if
e T has 1 as a simple eigenvalue,
e All other eigenvalues of T are less than one in absolute value,

e The eigenvector of T associated with the eigenvalue 1 does not have 0 as its 0

entry, and
® Yp=ko S = 1 (Condition 1) where B = k(M) if I = E+ M7 for somey € T.

PrOOF:  The idea is that Condition I guarantees that I7 = I, and the assumption
on fo guarantees that 1. fo(Z—-) is a constant C. But the constant function C satisfies
a very simple rank M dilation equation: C(%) = C(MZ). So, 1@, s, = 1-dy, s, for
all .

24



So first let’s prove that Condition 1 guarantees that IT = I:

(TT)(S) = 2 Tfy,f
yer
= 3 o & w7
yer fer
1 —
= Taeu ] & % X Cunsid

fger 7e€r

X% )Y o

ger  F=f-5(M)

1
| det M|

= 1.

Next, let’s prove that I - Ao fr = I Gfo.f0 = <1, fo>:

T-@pp = 3 < fo fr(@—k)>
ker
= <> folZ+Ek),fr>
ker

= <C,fr>
= Y <C fra(MZ—Fk)>

ker
1
= X C[gerag <O 1>
kel

= < Cafr—l >

and the result follows by induction.

Finally, notice that when T has 1 as a simple eigenvalue and all other eigenvalues
are smaller in absolute value, the conditions on our Cascade Algorithm theorem for
convergence simplify to just 7(0)w-ay, 5, — #(0)@-dj, s, # 0 where 7 is the eigenvector
and W the right eigenvector associated with the eigenvalue 1. But we have shown that

@=1,1-3,y =1-dy,,, and we assumed that #(0) # 0. We are done. [

Lemma 2.1.4 If ¥p_zycp = 1 (Condition 1), then the Cascade algorithm con-

verges only if Yser fo(Z — 7) is a constant.

25



PROOF:  Let P(f) = Yser f(Z — ¥) be the periodization of f. Condition T implies
that

P(fn+1)(f) = an+1(f"’7)

J€r

= D> cafa(MZ—M7-a)

yel aer’

= Y > Y cypusfaMT—M(F+8)-9)

¥€T fer der/MT

= 3 3 fulME- MY -3)

¥' €l fer/MT

- Z fn(Mf""YH)

5'€r

= P(fa)(MZ).

Now, if the Cascade algorithm converges, lim,_,., P(f,) will also converge. But given

that P(fn41) = P(fa)(MZ), this is impossible unless P(f,) = P(fo) is constant. [J

The following proposition proves that Condition T can be expected to hold under

a large variety of situations.

Proposition 2.1.5 If Y5.r ¢(Z — 7) is not identically zero, and if there ezists a
self-M-affine T tile T, then condition 1 holds.

PrROOF: Let D be 7T7s digit set, and consider the function ¢ = xr S ser ¢(Z — 7).

It satisfies the dilation equation
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because

xT Y $(EZ—7)

3N
= xr Y, > cyp(MZ - M7-7)
eI ¥'el’
= X X Y Curandb(ME— M7 - M - )
€T &€T dep
> cuaraxTd(ME — MY — MG - d)
deD G€T
= Y Cyarap(MZ ~ d).

JGD aer

©-t
Il

Let ;= (2,755( M) ¢5). We claim that

Z |Ed-|2 = | det M|
deD
and
Z E&' = l det Ml
deD

must hold. The first equation follows from the Cascade Algorithm Theorem’s mandate
that ¢’s T matrix satisfies T€; = &. The second equation — Condition 1 — holds if
[ &(%) dZ # 0 because

[é@ai= [ ¥ edmz-§di= l_de%T/I—l(-z &) [ 8@z
deD deD
But say that [&(Z)dZ = 0. Then [5¢(Z)dE = ¢z, ---5d';1kf¢~’(f) dZ = 0 for any
subtile S = (M~1Z+ M~1d;)...(M~'&+ M~d;)T. But the collection of all unions
of subtiles is dense in 7, so this would imply $(f) = 0, which we assumed was not
the case.

Finally, the only solution to the two equations 3"z, |¢4% = |det M| and 3 g, é7 =
| det M| is when ;= 1 for all d € D, because the minimum value of Ygep 1Eql? for &z

lying on the hyperplane 35, ¢y = |det M| is when ¢z=1. [
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Note that ¥ 5cr ¢(Z—7) is very rarely identically zero; it can’t be if [ ¢(Z) dZ # 0,
for example. It is widely believed but unproven that for every expanding matrix M
there exists a self-M-affine I tile; Lagarias and Wang [Lagarias 93] prove that this is
true for |det M| > n+1 and for n < 4.

The other approach, as previously mentioned, is to assume that f; satisfies a rank

M dilation equation. For example, let’s say that

fo(B) =D befo(MZ — k)

ker

for some set of b;. Then,

6f01fr(’7) = <f07fr(-7?—’7) >
= Y b Y TG < fo(MZ - &), fr_o(MZ — MY - f) >

aer  ger
1 7 e 4 - - -
= [det M| > > baCs < fo(@), fra(@+3—MT—B) >

1 . o
= Tdetaf] & 2 weres 75 < for fra(@= 0
o B

1 o
= Tdeti] & & mers 550 osea (7)-
57

If we define the matrix R to have entry

then @y, 5, = Ry, 5,_, = R'Gs, ,-

Corollary 2.1.6 Say fo satisfies the dilation equation

fol@) = X bef (MZ — k)
ker
and that there are only a finite number of non-zero b;’s and c3’s. Then the Cascade

algorithm converges to a compactly supported nonzero function in L2(R™) if and only
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if the following conditions hold.
e Both T and R must have 1 as an eigenvalue.

e For every eigenvalue A # 1 of T with |A| > 1 and eigenvalue X' # 1 of R with
X > 1,

SN GO (o s - Govgo) (Wipss - o) =0

t si—k t si—k
=1 j=1 =1 j'=1

for k=0...max(s;) —1 and ¥’ =0...max(s}) — 1, where

1. there aret Jordan blocks with eigenvalue ) in the Jordan form factorization
of T = SJS™! and t' Jordan blocks with eigenvalue X' in the Jordan form
factorization of R = QKQ™,

2. the i-th Jordan block of T s s; by s; and the i-th Jordan block of R is s
by s,

3. v;; is the column of S corresponding to j-th column of the i-th Jordan block
with eigenvalue A (U;; =0 for j > s;),

4. t;; is the column of Q corresponding to j-th column of the i-th Jordan block
with eigenvalue X' (t;; = 0 for j > s.),

5. W;; is the row of S™! corresponding to j-th row of the i-th Jordan block

with eigenvalue X (W; ; =0 for j > s;), and
6. U;; is the row of @' corresponding to j-th row of the i-th Jordan block
with eigenvalue X' (4;; =0 for j > s}).
e For every eigenvalue A =1 of T' and eigenvalue X' # 1 of R,

si—k si—k'

¢ ¢
>3 33,5 (0) (Tt pr457 * o, o) (Wiks - Tor,57) = 0
i=1 j=1 ¢'=1 j'=1

-~

fork=1...max(s;) —1 and ¥' =0...max(s]) — 1.
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e For every eigenvalue A # 1 of T with |A| > 1 and eigenvalue X' =1 of R,

t si—k t Si—K

Z Z E E '71',1'(6) (ﬁi',k'+j' ‘5fo,fo)(’d/'i,k+j : ﬂ',j') =0

i=] j=1 i'=1 j'=1
for k=0...max(s;) — 1 and ¥ =1...max(s]) — 1.

e For every eigenvalue A =1 of T and eigenvalue X' =1 of R,

t s; '8 t s
Re(D-D "> > @i (0)(@e g - Grogo) (Wig - o)) = D D Gij(0)ij - Bpo 5o # 0

i=1 j=1¢=1j'=1 i=1j=1

and
t si—k ' S;—k

SN S G0 (@ ks - Bponto) (Wigrs - o gr) =0

i=1 j=1 i'=1 j'=1

for k=1...max(s;) — 1 and ¥’ = 1...max(s}) — 1.

PrOOF: Let R = QKQ™! be the Jordan form factorization of R. We know that
fo.f, = Ry 1o = QK" Q7 1@, 5, The contribution of each Jordan block of K to this

vector is

- ar
Al 0
A1 g
([ ] @fo,f0)
B
K P L
[ P (S’T_I)/\r—s’+1 i oo
. . )\" ul : a’fo,fo
= [t1 )

0 x| LT

If || < 1, then the middle matrix goes to the zero matrix and the contribution is 0.

Otherwise, the contribution is
S

i - s T ity o, =

#=1 =i
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Summing over all Jordan blocks with the same eigenvalue A gives

¢ s’k, s;c,

- r it R
Z Z tk"il Z ( ! .’) Ar J’+1’ (uk’rjl . a'f01f0)
k'=1#¢=1 3= J =1

max(s';)—1 r . t/ s’;-—k’_‘
= Z (kl)’\r— Z Z ti',j'(ﬁi’1k'+j' 'afo,fo)'

k'=0 =1 j'=1
Of course, we aren’t interested in dy, s, as much as we are in the expression

i—k

t
> G0 Tikss - Gy,
i=1 j=1

]

The contribution of the A eigenvalue Jordan blocks of R to this expression is
max(s's)-1 /. b si—k ¢ S~k . .
> (k') XYY D g (0)(@arast - Ggo o) Wiy - i g
K'=0 i=1 j=1 ¥=1 j'=1 :
and if this is to be 0 for all r, then we must either have A=1 and &' =0 or

t si—k ¢ s;—k

Z Z Z Z ’Uiyj(a)(ﬁi',k'-l-j' - 6fo,fo)wi’k+j . i;:l,jl =0.

=1 j=14#¢=1 j'=1

Thus, if it exists,

t st S
Mm Wm < fo, fasr >= 33 30 > 5(0) (@, - Gposo) (@is - Br7)

t=1 j=14'=15=1

where #; ; and wj;; are associated with Jordan blocks having eigenvalue A = 1 and

ty s+ and iy j are associated with Jordan blocks having eigenvalue X' = 1. O

2.2 Cascade Algorithm Examples

1. M= 2, K = {Oa 1a2a 3}3 fO = Xlo0,1]-
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The support of any solutions will be in [0, 3].

S92 S_.3 0 0 0
Sg S—1 S—2 s-3 O
T= ‘;‘ S9 S1 So S-1 S—2
0 s3 s 81 S
0 0 0 s3 59

where s; = Y_j Ck+;Ck- fo satisfies the dilation equation fo = fo(2z)+ fo(2z—1),

S0 i} .
G+a O 0 0 0
G+ G+ t+6G G 0

R=% 0 G G+T T+T 5+0

0 0 0 & G+a

0 0 0 0 0

Since &y, s, = €p, only the upper right 3 by 3 submatrix of R matters when

computing R"dy, 5,; call this submatrix R. R' has the following eigenvalues:

- — — 2 A(m
atatata and °1+czi‘/(°1+ci) ACT%2-%%)  The requirement that R’ have 1

as an eigenvalue leads to two possibilities: either co 4+ ¢; +¢c2 +c¢3 = 2, or
Coc3 — €12 + 2¢1 + 2¢, = 2. For both these cases, the corresponding eigenvector
is (G3(2—@—21), (2—6—C3)(2—C—C1), Co(2—Cz—C3)) and the corresponding left
eigenvector is ((Go+¢1)(2-6—G), 2—6—G)(2-80—0), (¢ +53)(2—C—G3)).
In the first case, the limit ¢ will satisfy [¢dz = 1 if ¢ exists. By Proposi-

tion 2.1.5, condition T must then hold, so we know that ¢y + ¢, = ¢; + ¢3 = 1.

.M=2K={0,1,2,3},co+ca=c¢1 +c3=1.

As proven in corollary 2.1.3, these conditions on the c;’s guarantees that 7" has
1 as an eigenvalue and T as a left eigenvector. They also in this case imply that
T has 1/2 as an eigenvalue as well, with (¢; + ¢co — & — &)1 + (2,1,0, -1, -2)

as the left eigenvector.

That leaves three other eigenvalues to worry about. They are solutions to the
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following cubic:

T8 T8 T4 278 TR 1714 2 4
3¢co ()" ¢y c¢oTc . c1co? (T 5¢12 (1) co o
+ 0 (41) 1 0 4l 1 + 02 (C1)2 CoC1 + 10 4( 0) 1 ( ;) 0 C0
'@ a@e  a'a@) | o @)
4 4 4 4
__003 (¢1)" %o _ G (e1)° e B 13 (e7) ¢’ (%)’ a1
4 4 4 2
c? (@)’ a’%@)? o @)’ *ua @)} oz
+¢o (Go)” c1”C1 — -

7@ wme _3w'ame |, 30 @) |, o'n _ (@°a _ o (@)

8 8 8 8 8 8
o't o (@) (@)’ o’@)® 5a’(w)’ L 3¢’ (@)° o’ (%)’
8 8 8 8 8 8 8

—\3 P —_— = —_—. 2 2— —\2 | —
co (1) 7 ¢1°C1co Co 3 3coGocili | GoTici”  ci'toco  3cp (@) aa

8 8 4 8 8 8

3’ @e sotmn (@) an o (@’e , o' @'a 3¢’ (@)’
8 8 8 8 8 8

_9¢ (6—1)3 a_ % @)P’ea  c’aa @) ’a  zeg _3zal
8 8 8 8 4 4

_ _ __ _\2 \2
CicoT  C1GT  xCoCr TP 5 Tl Teir 3¢’ (Co) z 3 (a)’z

4 4 4 g T 4 4

—\2 _— —_ _2 —_
ca (@) xz cTlepz® ¢ Gl N 3¢ (@) czr  cotiz
4 2 2 4 4

ae? @)’z , 3za (@)° o L 3z0’mE a6
2 4 4 4 4

3c’Goliz ¢ TTei T N 3 c1’coet L aa® G (e)’ La (@)’
4 2 4 4 4 4

— — — — —_— —\2 _—
a’el a’t 3zga e 3z 3zcl’ty 3z (61)° | zCic?

4 4 4 4 4 4 4

_a’ (@)’ + a’@)’am  za’(@)’ z@)a? 5Ec’ (@)«
4 2 2 2 4 .
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3. M=2 K={0,1,2,3}, cx € R.

When the coefficients are real, two simplifications occur. First, s; = s_;. Sec-
ond, < f,f(z + j)> = <f,f(z — j) >, so when examining the behavior of

< fa, fn(z — §) > it suffices to consider the three by three matrix

The requirement that 1 be an eigenvalue of T” is a quintic in ¢y and c¢3, so may
be solved for at least one solution in these when the other four coefficients are

fixed.

34



2.3 Orthogonality of the Scaling Function

Proposition 2.3.1 If ¢ is orthogonal to ¢(Z — 7) for all ¥ € T, then

ZCM,Y+ 5 = 05 5| det M|
ger

forally €T.

PrOOF: By hypothesis, we have that < ¢, #(Z — 7) > = g6 ; for some g. On the
other hand,

<$¢E-F)> = <Y cap(ME—@),Y csd(MZ — M5 - f) >

ael B‘el“

= ldetM|ZEcac5<¢(u) OG- M7—F+a)>

@€l ger

= Z Z cacﬂgéo MA+f—a
|det M)| set fer THo-a

Taet ] 2= M
| det M)| et
Setting this equal to gd; 5 gives the result. O

Corollary 2.3.2 If ¢ is orthogonal to ¢(Z — %) for all ¥ € T', then T has 1 as an
eigenvalue and e5 as an associated eigenvector.

Proor:

1 —
(Teg) M) = Tos = Tqegaa] 2 Cus+i% = Joo
B

Proposition 2.3.3 IfT has 1 as a simple eigenvalue and ez as the associated eigen-

vector, then ¢ and ¢(Z — 7) are orthogonal for all ¥ € T.

PROOF:  As noted in the previous section, T@y 4 = @y 4. On the other hand, if T

has 1 as a simple eigenvalue and e; as the associated eigenvector, then dy 4 = Aej
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for some constant A. This implies that @y ¢(7) = <@, #(Z — 7) > = 0 for 7 # 0, as
desired. [J
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2.4 Orthogonality of Wavelets

In this section, we show how to verify that a given set of wavelets are both mutually
orthonormal and orthogonal to a given scaling function. Recall that the purpose of
wavelets is to give a basis for Wy, the orthogonal complement of V; in V4. (V] =

Vo & Wy). In particular, Wy C Vi, so a wavelet 1); satisfies

Y=Y dizd(MZ — 7)
¥er
for some set of d; 5 because the ¢(MZ — ¥) are an orthogonal basis for V;.

The d;5’s are similar to the c5's in that they give a constructive handle on the
wavelets. We will thus be concerned about imposing conditions on the d;5’s that
ensure orthonormality, and later when we are trying to construct wavelets, we will
be interested in finding sets of d;;’s that satisfy these conditions. Our analysis is
simplified if we adopt the convention that vy = ¢, so that for example, do,E = c;.
A scaling function along with a complete set of wavelets is referred to as a wavelet

system.

Proposition 2.4.1 (Shifted Orthogonality Condition) If <4;,%;(Z — E)> =
966,1':‘61:’.7' foralli,j€0...|det M| -1 and ke T, then

Z d; 54 m5%;,5 = 9,305 7 det M|
ger

foralli,j€0...|det M| -1 and v € T.

37



PrOOF:

<Y E-T> = XY diad, ;< $(MZ — &),$(MZ — M7 - ) >

@€T ger
= diad, 5 <¢a,¢ﬂ+a-M7-B’ >
;NetMIZ (@, )
1
= : S+
%]detMlzd"‘ 3890007+ 5-6

Ber

Setting this equal to gd; ;d; 5 gives the result. [

The above orthogonality condition can be rephrased more elegantly if, following
[Kautsky 95], we put it into matrix form. Define the matrix Az by saying that
its (4, j)-th element is d; mz44; for some fixed ordering of the elements §; of I'/MT,

=0...|det M| - 1.

Proposition 2.4.2 (Shifted Orthogonality Condition: Matrix Version) The

shifted orthogonality condition is equivalent to

S AAL = | det M35l
ler

for every kel.

PROOF:

Qo ArA: D6i = 222 (AD6w (AR D k)

fer ler k

= Z Z d; Mz+gkdg ME+MI+§,
fer

= Zdﬂ '§,7+ME
Fer

On the other hand, the (7, j)-th entry of |det M|d5 ;I is | det M|d550;;. O
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Definition 2.4.3 A matriz valued function A(Z) is called paraunitary by rows if
A(D)A(Z)* = I for T on the |det M| dimensional torus T = {Z : z;T; = 1,i =

..n}. If A(Z)*A(Z) = I for T € T, then A(Z) is called paraunitary by columns,
and if A(Z) is paraunitary by both rows and columns, then it is simply called parau-

nitary.

Lemma 2.4.4 The polyphase power series matriz

A —k
\/ det M kezr

is paraunitary by rows if and only if the matrices A; satisfy the shifted orthogonality

condition.

PRrooF:

ABA@) = 13 M,(z -"")(]%A-xJ

= o MI(ZA #)(L 4327)

Jel"

- ldetM|Z 2 AT

€T k—j=1

- |detM| Zx ‘\:A Pk

ker

= [det Ml Zf‘ldetM‘éG’;I
1€l

= I
O

Theorem 2.4.5 The set of wavelet systems satisfying the shifted orthogonality con-
dition and forming a basis of Vi is in one to one correspondence with the set of

paraunitary power series matrices.

PROOF: [ADAPTED FROM [STRICHARTZ 93].] By lemma 2.4.4, the set of wavelet

systems satisfying the shifted orthogonality condition is in one to one correspondence
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with power series matrices that are paraunitary by rows. We will now show that

wavelet systems that form a complete basis of V; are in one to one correspondence

with the set of power series matrices which are paraunitary by columns.

Let f be an arbitrary function in V5. Then

f=> fap(MZ - @)

aer

for some set of f5’s because {¢(MZ — @) }zer is a basis for V;. We want to see under

what conditions

for some set of gs;’s.

95,

f= i > 97:%i(Z — )

i=0 €T

But, because of orthogonality,

< f:l‘pi("f—;y.) >
> fa < $(MZ — &), 9:(Z - 7) >

aer

S faY di5< ¢(MZ — &), p(MZ — M7 - f) >

aer Ee]_"
fz ) d.
54 i anes

1 —
|det M| 2. Fures%i
BeT

So, we want to see when

Zf&ﬁb(M-’”“

aer

which is equivalent to

ur+e = Tqeeaa] tMI Z > 2 farne s gtia-nay

= |detM|ZZEfM7+5d Eqﬁ’ )

=0 ¥€T' ger

- |detM| Z Z Z fM'Y-I-ﬁdzﬂ Z dz'y’¢(M$ M’)’

i=0 €T ger

i=0 J€T' ger
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and also to

| det M|-1
S YT pdiaony = | det M8as.
=0 4er

On the other hand, the polyphase matrix A(Z) is paraunitary by columns when

(A(Z) AD))(ep) =

E M|< > 4575 4 es

ler

= |det ] : Zf‘ Z(A%Az+;)<a,ﬁ)

| det M|— 1

= Z 2, (ADes(4zeus
]—
= ]de Er Z; & ME+50 %5, ME+ ME+75
K

= ‘5a,ﬁ

which is equivalent to the above expression. O

Corollary 2.4.6 If ¢,%,... ,%, and their translates form an orthonormal basis for
Vi, then r = |det M| — 1.

PROOF: By the preceeding theorem, the r +1 by | det M| polyphase matrix associ-

ated with ¢,%y,... 1), is paraunitary. But only a square matrix can be paraunitary,
sor=|detM|—-1. O
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2.5 Putting it All Together

We are now ready to return full circle and show how good scaling functions and
wavelets give rise to multiresolution approximations. We use the abbreviation m =

| det M| throughout.

Lemma 2.5.1 If a scaling function ¢ and associated wavelets v; are orthonormal
to each other and their T' translates, then they along with the rescaled wavelets

mi/24);(MIZ) and their T translates are all orthonormal.

ProoF: First we show that the translate of any rescaled wavelet is orthogonal to

the scaling function; that is
< ¢, mI P (MIZ — k) > = 0.
By hypothesis this is true for j = 0; we prove the general case by induction:

< oMY (MIZ—k)> = mIPY cy < (MZ —F,9:(M'Z - k) >

v

= miPHY ¢y < ¢(@), yi(MI T+ MITH — k) >
4]

But since k — M3-15 € T, each inner product in the above sum is zero by induction.
Second we show that the rescaled wavelets and their translates are orthonormal.

By rescaling and translation, all we need to prove is that
<, mk/2'¢'j (MFZ —7)> = 0,700,k05 5-
We are given that this is true for k = 0, so we may assume k£ > 0. But then

< Yy, MY (MPZ - 7) > = mF?Y dg; < $(MZE - @), ¢;(MFE - 7) >

= mt1Y " dg; < ¢(@), (M T+ MFla - ) >

and every inner product in the above sum is zero by our first result. O
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Lemma 2.5.2 A compactly supported scaling function ¢ orthonormal to its T' trans-

lates generates a multiresolution analysis of L2(R™) if and only if

[ #(@ dz = \/vol(R~/T).

PROOF: [INSPIRED BY A PROOF SKETCH IN [STRICHARTZ 94].] We want to show
that U;ezV; = L2(R™). If P,f is the projection of a function f into V;, then what we
want is equivalent to lim; o, P;f = f for all f € L?(R™). Since we are in L2, this
in turn is the same as saying lim;_,c ||Bif — f||2 = 0 or even lim;, || Bif|I2 = || f||2
since ||B;f||2 + ||P.f — fl[3 = ||f||? by the Pythagorean theorem.

Now,
Bif =3 < f,|det M[?¢(M*Z — 7) > | det M|?¢(M'Z — 7)
Jer

which implies

\PfIE = <Bf,Pif>=Y | < f,o(M'E —7) > [*| det M[".

yer

Now let xp be the characteristic function of a n dimensional ball B with unspec-
ified radius and center. Linear combinations of such functions are dense in L?(R™),

so it suffices to prove that lim;_, || Pixs||2 = ||x5]|[2- But

IPixsll; = |det M"Y | < xp,¢(M'Z~7) > |

yer
= |det M['Y | / S(Miz—7) > di?
yer B
= |det M|™ (@ — 7) dit)?.
et IS [, 0@ = 7)o

Now, for large i, M*B will be a very large hyper-ellipsoid. The support of ¢(@—7)
will either be entirely outside of this hyper-ellipsoid (in which case it contributes 0 to
the sum), partly inside the hyper-ellipsoid, or entirely inside the hyper-ellipsoid, in
which case its contribution will be |det M|~%| [ ¢(Z) dZ]|2.
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Specifically, _ .
_ | det M|~ vol(M*B)| [ $(Z) dz)?
vol(R»/T)

|| Pixa|?

| det M|
~ vol(R"/T)

[(Rl + Ry) area(OM'B)) | / é(Z) dz i + (2R, + 2R2)K]
where

e The support of ¢(Z) is contained by a ball of radius Ry,

R™/T, the fundamental region of the lattice I, is contained by a ball of radius
R27

K is the maximum of | [y #(Z) dZ|? over all compact subsets X of R",

OM'B is the boundary of M*B, and

vol(M'B) is the n-dimensional measure of M'B, while area(0M"B) is the n— 1-

dimensional measure of OM*B.

The proof of this bound on || P;xg||? is simple. Let M*B— R, be the hyper-ellipsoid
obtained by removing a ball of radius R; from all the boundary points of M*. The
number of ¢(% — ¥) whose support is entirely inside M*B will be less than or equal
to the number of lattice points 7 inside M*B — R;. But this will be approximately
equal to 1‘%&%%‘1, with the absolute value of the error bounded by 5‘%%‘1‘—((1%;—@1

Next, we need to consider the ¢(# — ¥) which are only partially inside M*B. The
contribution of these to the sum will be at most |det M|~*K, by the definition of
K. To find the number of these functions, we need to count lattice points inside
the hyper-annulus consisting of those points within distance R; of 8M*B. But there
will certainly be less than (2R; + 2R2)% of these. Combining this with the
previous bound (and a liberal application of the triangle inequality), gives the desired
bound.

Finally, note that vol(M*B) = | det M|¢ vol(B) = | det M|*||x5||? and that

lim area(OM*B)

2 Tdetn Y
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Thus,

lim || Pixs|lz = llxsll2 vol(R"/T)

and the theorem is proven. [

Theorem 2.5.3 Given any compactly supported function ¢ which is orthonormal to

its I' translates and satisfies [ ¢(Z) dZ = /vol(R?/T"), then

Vi={>_ ay¢(M’Z - ) |a; € C,)_ |as|* < o0}

5er jer
is a rank M multiresolution analysis of L(R™).

PROOF: [ADOPTED FROM [STRICHARTZ 94].] The nesting, scaling, and orthonor-
mality conditions follow immediately from the definition of V}, and completeness by
the preceding lemma. The only thing left to prove is éepa.ration. This follows from
the bound

feEV, = max|f(Z)? < C|det M} < f,f >

because f € V; for all j would imply (as j — —o0) max |f(Z)|2 = 0 and thus f(£) = 0.

To prove the bound, write

2
F@F = |3 < f,|det MP2¢(MZ ~ 7) > | det M}2$(MZ - 7)

el

jer

2
= |det MP |3 o(MIF - 7) [ £(@)80M77 - %) dy1

yer

2
|des M1 ( [ 1£(@)P dg) ( / d@')
|det M|¥ < f, f >

/ (Z S(MIE ~ ) (Mg — »?)) (Z $(MIZ — F)p(M7§ — 7’)) dj

yer ¥'€r

= |detM | [ 5@ (Z S(MIE — 7§ — 7‘)) d#

IN

> o(MZ - 7)p(Mig - 7)

yer
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= |detM¥ < f,f>
> X ¢z 7)g0E—7) [ SMITT-N)g(M'F—7) di

Jer 4'eT
= |detMP < f,f>3 > o(MZ—F)(MIZ — 7)b55
Jer 4'er
= |detMP < f,f> Y |p(MIZ— )]
Jer

IA

|det M|% < f,f >C

where the first inequality comes from the CBS inequality and the second from the
fact that ¢ is compactly supported. [

Theorem 2.5.4 The Cascade algorithm applied to a starting function ¢o converges to

a compactly supported function ¢ which generates a rank M multiresolution analysis
of L*(R") if

® Yserbo(Z—7) =1,

o [¢odZ = \/m,

e Only a finite number of the c;’s are non-zero,

e T has 1 as a simple eigenvalue and e5 as the associated eigenvector,
o All other eigenvalues of T are less than one in absolute value, and
* Yision e =1 (Condition 1)

ProoOF: By corollary 2.1.3, the Cascade algorithm converges under these conditions
to a non-zero compact function ¢ with [¢dZ = [ ¢odZ = \/m . By propo-
sition 2.3.3, T having 1 as a simple eigenvalue and e; as the associated eigenvector
guarantees that ¢ with be orthonormal to its I' translates. But theorems 2.5.2 and
2.5.3 imply that a compactly supported function, orthonormal to its I' translates, and

with \/vol(R"/T) as its integral, will generate a rank M multiresolution analysis of
I?(R"). O
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Theorem 2.5.5 Assume that

Z) =Y bep(MZ — k

ker
for some finite set of bg. Then the Cascade algorithm applied to a starting function

$o converges to a compactly supported function ¢ which generates a rank M multires-

olution analysis of L*(R™) if and only if
o [¢odi = /vol(R"/T),
® Both T and R must have 1 as an eigenvalue.
o Only finite number of the cy’s are non-zero,

e T has 1 as an eigenvalue and eg as the associated eigenvector,

® > yercy = | det M| (Condition 1),

For every eigenvalue X\ # 1 of T with [Al > 1 and eigenvalue X' # 1 of R with
X >1,
t si—k t si—k' . .

> Ui (O) (Bt 51+ g, 0) (Wi s - T ) = 0

=1 j=14=1 j'=1
fork=0...max(s;) -1 and k' = 0...max(s}) — 1,
o For every eigenvalue A\ # 1 of T with I\l > 1 and eigenvalue N =1 of R,

t si—k ¢ si—k

Z Z Z Z 'UlJ(O Uy N a¢o ¢0)(w, k+j ° tz’ )= 0
=1 j=1 i'=1 1j5'=1

fork=0... max(s;) —1 and ¥' =1 .. .max(s}) — 1, and

e For every eigenvalue \' =1 of R,

Z Z ul g a¢o d>o)tt' ( ) _‘¢o,¢0(6)

2[ 1,7,_
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and
t s~k

D X (@ prsqr - Gporg0)te s (0) =0

=1 j'=1

for k' =1...max(s}) - 1.

PROOF: Same as the previous theorem, but using the conditions associated with

corollary 2.1.6 instead of corollary 2.1.3. [0
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2.6 Regularity

There are many different yet related ways to require that a multiresolution analysis be
“regular” to degree p € Z". Below are listed some of the more important or popular.

We use the notation that @ < b if a; < b; for all 1.

e [Derivatives] The f-th derivative 87¢ of the scaling function exists.

¢ [Polynomial Representation] For every compact set X and polynomial g(Z)
of degree less than or equal to P, there is a function f € V; which agrees with

g(Z) on X.

e [Vanishing Moments] < #°,¢; >=0forall0 < §< Fandi=1...|det M| -
1.

o [Strang-Fix] ¢(7), the Fourier transform of ¢, has a 0 of order 7 for all 7 =
210 — 0: (£)%¢(¥) =0for 6 < < 7.
e [Sum Rule I]
Z 6‘775'621&17-'7 =0

for every 7€ T/M*T —0and 0 < 5< p.

e [Sum Rule II}

for every k' € ;5= and 0 < & < 5, where Cs is a constant not dependent on k.

(These are by no means the only measures of regularity possible. For examinations
of other measures of regularity [such as Sobolev smoothness or Holder continuity], see
[Cohen 96], [Karoui 94], and [Jia 97].)

Some of these criteria are obviously related. For example, Polynomial Represen-
tation implies Vanishing Moments, and they are equivalent if ¢ generates a complete
multiresolution analysis of L?(R"). The following sections examine, explain, and

motivate each of these notions more closely.
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2.6.1 Derivatives

In this section we investigate the L?(R™) existence of derivatives of the scaling func-
tion. It is clear that if a particular derivative exists for the scaling function ¢ then
it exists for all the wavelets, since these are just linear combinations of translates of
$(MZ).

By the repeated application of the chain rule to the dilation equation, we get

Fo=3 3 My (¢)(Mz - F)

ker |7=f

where r = |4,

-1
M[’"],’: = (;) Z Z _Mk'lh e Mk',k,,

Ekl +'~'+€kr =z é‘k’l +"'+é.k;. =j

and M;; is the (4, j)-th entry of M. The matrix M, was studied by Cabrelli, Heil,

and Molter in connection with vanishing moments; they prove the following result.

Lemma 2.6.1 [Cabrelli 96] Let X be the vector of eigenvalues of an arbitrary matriz

A. Then the eigenvalues of Ay, are Y for every vector ¢ such that |q] = s.

PrOOF:  [Sketch] Choose a basis such that A is upper-triangular; this does not
change Ajq’s eigenvalues. In fact, there is an ordering of monomials of total degree s
such that A will also be upper-triangular when A is. But then the values X appear

on Apg’s diagonal, and we are done. [J

Armed with this result, we return to the study of &¢. To investigate the L2(R™)

existence of these derivatives, it is natural to consider the vector

G, 7, 7) =< 8¢, 8 p(Z - 7) >
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where [¢| = |7| = r and 7 € I'. We have the recurrence relation

-‘-,‘ C‘C, a4 -
iGN =2> > 3 Idt‘]m “M% 3 (@, 7,0 T — M7)

lerVer |i=r|7|=r

and if we define the matrix T}, to have entry

. CM7+z—q'Cz
Tiesm@ a0 Z | det M]| ":M[']"*
we get the equation dj) = Tjd(, which may be analyzed using the techniques of
section 2.1. Notice in particular that

= MMz T35

M@za.6.7.9)

which means that Tj,j is a Kronecker (tensor) product: Tin=Mp®MpQT.

Proposition 2.6.2 If 8¢ € L*(R™) for all |i| = r and if M has X as its vector of
eigenvalues, then T has X gs an eigenvalue, for some j and k such that III =

k| =r.

PROOF: If 8¢ € L*(R™) for all [3| = r, then by the Cascade Algorithm theorem,
T};) must have 1 as an eigenvector. Let ¥ be the corresponding eigenvector. Without
loss of generality, we may assume 7 = @ ® b® W, where @ and b are eigenvectors of
My and 17 is an eigenvector of T. Specifically, let M@ = od, M[T]I; = ,BE and
T = M. Then Tjy¥ = (M ® M ® T)(@® b ® 7)) = (MIa) ® (MFp) @ (Tw) =
(ad) ® (86) ® (MJ) = 0BA(E@® b ® W) = afM7. Thus, A = EI?' But by lemma 2.6.1,
a =X and 8 = X for some j and K such that |7] = kl=r. O

In the one dimensional case, M,; = M", and T must have M™% as an eigenvalue

in order for ¢ to have r derivatives. In higher dimensions, the situation becomes more

1 1
/2, 1/2, or —i/2 as an eigenvalue for  and —Q to both exist. For 8¢ to exist for

complicated. For example, M = [ } has 1 + ¢ as eigenvalues, so T must have

all [¢| = r, T must have one of 2" or £2~"i as an eigenvalue.
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2.6.2 Vanishing Moments

It is possible to calculate explicitly the moments of a given wavelet or scaling function.

This is because we can assume that [ ¢ dZ is known and because

[Fodz = ¥ [Fesp(mz-7)dz

’YEP

= T -~ 37 20 [ (M7= AP da

yer

= |detM|Zc,/( (M0 + Py5(2))9(@) di

where P;5(Z) is a polynomial of degree strictly less than p. If we assume that we
have already calculated [ #7¢(%) dZ for § < 7, then we can calculate [ P55(Z)¢(%) dit
and call it Cj5. Thus,

[ Fodz = g T es( [ 2V (@) dE + C)

'YEI"

Now consider the matrix M[‘sll where s = |p]. If we let X|;(Z) be the vector,
indexed by vectors ¢ such that |§] = s, then [Cabrelli 96] shows that M[—s]l satisfies
the equation

X1 (M™1E) = M Xi5)(2)-

Thus, we can write

Pa = o 1 - -1 - -
[ Xu(@) dz =Gy + Taet 1] ;Cv | M3 Xy (@) d2

where Cjy is the vector with 7 entry

1
[det M| ;cfcﬁ‘

But then, assuming that 35 cy = | det M| (Condition 1), we can solve this equation
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and get
/ Xiq(8) dZ = (I - M) 'Cyy.

I- M['s]l is always invertible because all of M ~1’s eigenvalues, and hence all of M[;f s

eigenvalues as well, are less than one.
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2.6.3 Fourier Analysis of Wavelets

The Fourier transform of a function f in L?(R") is defined as
P = —iTE g
@) = [ f(@e " az
The dilation equation allows us to deduce a beautiful form for ¢:

o) = Y cd(Mi—7)

yer

_ ;cv/Rnf(Mx—'y)e' 2 4

= 2 de?Ml [ 1@~ A)e M a
¥

R |de(?M| / F (e M) g
’7

— Cy  -ivM~15 / N o—it-M=1d %
; aet Mle fu)e du

— Cy  —ie-M=15\ 20 pf—% s

where M~* is the adjoint (i.e., the conjugate transpose) of M~1. If N = M~ and

m(7) = Ty raane” ", then we can write
$(7) = m(ND)$(N)

In particular,

3@ = s [[mvin
j=1
= 30 [T m(v0)
i=1

since N is eventually contractive. Note that ¢(0) = Jgn ¢(Z) dZ = 1/vol(R"/T) since
¢ is assumed to be the scaling function of a complete multiresolution analysis of
LER™).

54



The zeros of ¢ will play an important role in determining the regularity of ¢. The

following proposition tells us where they are.
Proposition 2.6.3 If ¢ satisfies Condition 1, then (%) = 0 for 7 € 2nT — 0

PROOF: We saw above that ¢(7) = m(N7)@(NT), so the zeros of ¢(7) are either

zeros of m(N%) or N~J times such a zero. Now,

. .
(2.1) m(N7) = %I—ag—]\l—[e WMy
(2.2) =Y ¥ CY+8 -t MY ~it-M~'&
7 ek GEMT | det M|
(2.3) = g~ M
¥ e mr

because "M ™'@ = 1 for ¥ € 2aT and & € MT, and ¥ gcpr I_fi.?elﬁf.—l = 1 by Condition
1.

Now, ;L= is a finite abelian group under addition and ¥ — e~**M~'7 is a homo-
morphism from Mr—r to a multiplicative subgroup of the roots of unity, just as long
as 7 € 27T. In other words, e=#M™'7 is a character, and it is well known that the
sum of a nontrivial character over the elements of its group is zero. This proves that
m(N7) is zero whenever 7 € 271", 7 & 2n M*T.

Finally, every 7 € 22T — 0 is either not in 27 MT or is N~ times such a 7, SO ¢3

has zeros at all those places. [

Lemma 2.6.4 The scaling function coefficients satisfy the sum rule

> e =
yer

for all ¥ € T'/M*T — 0 if and only if #m(w) =0 for & € &L — 2nT.
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PROOF:  m(@) = X5 1z " s SO

Fm(w) = Z]detMl it
|1 5P, —i0-F
;IdetMl( i)7yre
= 0.

Theorem 2.6.5 The sum rule

z C’y =5 27rw'y =0
yer

—

for all0 < §< pand v € T/M*T — 0 implies the Strang-Fiz condition
1o S
=) =0
(52)°3(9)
for all0 < §< § and ¥ € 2aT — 0.

ProOOF: Since (@) = m(N7)$(N?),

Assume that v € 2rM*I". Then by lemma 2.6.4, aim(Nf)‘) =0for0<7<p, s0
8°$(%) = 0. If on the other hand, 7 € 27 M*T, then N*% ¢ 2w M*T for some k. Also,
¢?(N17) =0 for 7 € 2nM*T — 0, and by induction we may assume that 8§<2>(NU) =0
for 0 < § < pand 7 € 2rM*T — 0. Thus,

k-1
FH(T) = m(NT)PH(NT) = P (N*T)m(N*7) ] m(N'D)

=1

But then NX7 ¢ 2x M*T and m(N*%) = 0 so 84(7) =0. O
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2.6.4 Sum Rules

Proposition 2.6.6 Sum Rule I

z C,Y’-)"s 2mig-y =0

yer

for 7 € T/M*T — 0 and the Sum Rule II

Y. 7 =0Cs
=7 (M)
are equivalent.
PROOF:
z 57 =35 e2miTY Z ch’-}-ﬁ(M& + __B')é’eZﬂ'iﬁ-(M&‘+E)
yer M&+f=7

_ Z z CM&‘+[3'( Mé& + B‘)Eezvrw.ﬁ

ael’ ,EGF

= LY cyansMa+ f)’

Ber aer

Now, if Sum Rule ITholds, then Y zcr ¢4 +3(M c'i+,3‘)s~ = Cyand then Yger€

0. On the other hand, say Tger Cprays€ ™ ? Saer(Ma + B)* = 0 for all 7 €
I'/M*T — 0. We can write this in matrix form by letting F be the Fourier ma-
trix with (7,0) entry e2™# [§ € I'/M*T,§ € T'/MT] and Z be the vector with
entry Y ger(Ma + ,ﬁ)g . Then FZ = C'¢é, for some constant C’'. Since F is a Fourier

matrix, we can invert it to get that 7 = C'F~l¢; =

|

|detM|

—1—C'T. But this is the same
as saying Y ger(Ma + B =C' forall §e '/MT, which is precisely Sum Rule II.

Notice that this proposition gives us an explicit formula for Cj:

CE’ |det Ml Z ZMOﬂ 2 cMa+f3 Ma +ﬁ)s =

ael

o7

| det M|

Lot
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Theorem 2.6.7 If the scaling function coefficients satisfy the sum rule

Z CEEE = Cg

=k'(M)

a1

for 0 < §< 7 then ¢ has P vanishing moments.

PROOF: By proposition 2.6.6 and theorem 2.6.5, this sum rule implies the Strang-
Fix condition. But by [Strang 73], the Strang-Fix condition implies the Polynomial
Representation property, which coupled with the fact that the wavelets are orthogonal

to the scaling function, implies the vanishing moments condition. [J
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Chapter 3

Constructing a Multiresolution

Analysis

3.1 Constructing Wavelets

The analysis in section 2.4 tells us that the problem of finding wavelets given a scaling
function is the same as the problem of given a paraunitary (by rows) power series
vector P, finding a paraunitary power series matrix A(Z) with 7 as its first row.

For certain values of | det M|, this problem is not hard. For example, if | det M| =

2, then A(Z) = { aﬁr'l @ is paraunitary whenever = (a(Z), b(Z)) is. There
—b(Z) a(Z)

are similar formulas for | det M| = 4 and | det M| = 8 [Meyer 92], but not for any other
value of | det M|. The obstruction is topological: if p(Z) covers all of the 2| det M|—1
dimensional sphere S (which it certainly can do if n is large enough), and if the rows of
A are given by a formula which only depends on p’s values (i.e., if 4 is an “orthogonal
design” [Geramita 79]), then rows of A determine |det M| — 1 linearly independent
vector fields on the S. But by [Adams 62], this can only occur when 2|det M| — 1
equals 3, 7, or 15.

On the other hand, there is a solution to the problem if it is not required that the

rows of A(Z) follow a simple pattern.
Theorem 3.1.1 For every smooth paraunitary power series vector p, there is parau-
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nitary power series matriz A(Z) with P as its first row.

Proor: First, find an invertible power series matrix B(Z) with p' as its first row.
[Madych 94] shows how to do this when F(Z) is smooth; in section 3.1.3, we will show
how to do this when ¢ is compact. Next, apply Gram-Schmidt to B. This preserves
the first row, and turns B into a paraunitary matrix. If we interpret all of the divisions
and square roots involved in the Gram-Schmidt process as their formal power series

analogues, the answer A(Z) will be a paraunitary power series matrix. [0

The main problem with this construction is that A(Z) will not be polynomial
even when p is. To put it another way, the wavelets it constructs will not be com-
pactly supported even when ¢ is. The following three subsections solve this still open
problem in the following special cases: when p'is one dimensional, when the number
of monomials in g is less than |det M|, and when a certain quadratic form can be

diagonalized.
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3.1.1 The Method of Kautsky and Turcajova

In [Kautsky 95], Kautsky and Turcajovéd give a method for obtaining compactly sup-
ported wavelets from a compactly supported scaling function in the one dimensional

case.! This section describes their approach.

Lemma 3.1.2 Every paraunitary matrizc A(Z) of the form B + Cz is equal to (I —
P + Pz)H with H unitary and P a symmetric projection matriz satisfying P* = P
and P?2 = P.

Proor: Let H = A(1) = B+ C. Because A(Z) is paraunitary, H must be unitary.
The shifted orthogonality conditions imply that BB* + CC* = (H — C)(H* - C*) +
CC*=1-CH*—-HC*+2CC* =1 and that BC* = (H - C)C* = HC*-CC* =0.
Together, this means that HC* = CC* = CH*, which means that CH* must be a
symmetric projection matrix, and B+ Cz = ((I — P) + Pz)H for P = CH*.

Lemma 3.1.3 Every paraunitary polynomial matriz A(z) of one variable z in degree

d may be factored as
A@)=I—-P+Puz)I—-Py+ Pxz)...(I - P4+ Pyz)H

with H unitary and P; a symmetric projection matriz.

PROOF: Let A(Z) = Ap + A1z + ... A,z?. By the shifted orthogonality conditions
we know that AgA} = 0. Let P be a symmetric projection matrix such that PAy =0

and (I — P)A; = 0. For example, let P project onto A4’s column space. Then

(Pz '+ (I - P))A(Z) = PAyz '+ (PA+(I-P)A)+...
+(PAg+ (I — P))z% ' 4+ (I - P)A,
= (PA1+ (I —=P)A) +...+ (PAs+ (I — P))z? 1.

![Lawton 96] gives a different algorithm, also based on a factorization of A(Z), for solving this
problem.
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But now we have a paraunitary polynomial matrix of degree d — 1; it is paraunitary
because the product of two paraunitary matrices is paraunitary. Applying the pro-
cedure iteratively until d = 1 we are left with degree 0 paraunitary matrix H which

must be unitary. Since then
H=(Pa '+ =PF))... (P + (I - P))AE)
and since (I — Py + Pyz)(Payz! + (I — P;)) = I, we get
(I—Py+ Pu)(I — Py + Poz)...(I — P+ P)H = A7)

as desired. 0O

Corollary 3.1.4 For every paraunitary vector polynomial p(z) of one variable, there

is a paraunitary matriz polynomial A(z) with p(z) as its first row.

Let p(z) = Po + Prx + ... + Pyz®. Because F is paraunitary, pop% = 0. Thus we can
find a symmetric projection matrix P such that Ppy = 0 and (I — P)p; = 0. For
example, let P project onto py. Then (Pz~! + (I — P))p(z) will be a paraunitary
vector polynomial of degree d — 1, and we may iterate. When we are done, we will
have a vector p such that || = 1. Choose a unitary matrix H with p as its first row;

this can always be done. But then
(I - P+ PISL‘)(I - P+ sz) . (I — P+ Pd.’L‘)H

is a paraunitary matrix polynomial with 7 as its first row. 0O

Unfortunately, this construction does not extend to higher dimensions because

not every A(Z) is factorizable in this way. For example, A + Bz + Cy + Dzy where

—1—v/2—
=1 2+v2 -1-V2 ,B=l 2-V2-a 3+2§2a
6 —2-v2 1++2 6 -ﬁ;:_zijﬁa 1-vV2+a
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—2—+/2+a
co 1-v2+a -;326,2# } bl 1+v2 2+\/§]
: 6

1
6| w2 -3 14v2 2+v2

is paraunitary for all a but not a product of degree 0 and 1 paraunitary matrix

polynomials unless a = 0 or a = 1. This can be verified using the following lemma.

Lemma 3.1.5 (The Projection Lemma) If a wavelet system Az satisfies the shifted

orthogonality condition, then so does Bz, where

=Ry
PROOF:
_ZB;B,§+I~ = 2.2 2 A;—c‘A;'7
ler leT =Rz k+I=Rj
= Z Z Z AzAzi g
leTl I=RZ k=Rw=R(j—~%)
= Z Z Z AzA%ig
k=Rd il I=R%
= Z ZAEA;?+1E
P
= Z 6"1‘7]
k=R
= 5-,,31
O
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3.1.2 The Rotation Method

Consider the matrix which rotates €; onto 5(Z) and leaves everything orthogonal to
the plane containing these vectors unchanged. The transpose of this matrix will have
first row 7 and will be paraunitary; it is thus a good candidate for A(Z).

The matrix which performs a rotation of 6 from ¢ to d while leaving everything

orthogonal to that plane unchanged is given by
I — (1 —cos6) (& + dd¥) + sin 0(deT — &d¥)

under the assumption that ¢ and d are orthonormal. To rotate €5 onto p(Z) (both of

which have unit length), set &= &), d = ﬁ%%)L}:;(::)::—LL:g_gn’ cosf = < p(Z), € >, and

sin @ = ||7(Z)— < H(F), &1 > €1]|- The matrix becomes

-‘(f)T— < é‘l,ﬁ(i) > é‘{))
z), € > &

+ (p(@)- < 9(&), & > &)ef — & (p(@)T - < &,p(%) > &F).

I - (1-<9(@),& >)(@&e +

Notice that this expression contains no square roots, and the only division is by

IP7(@)- < p(&), & > &l =1-| <p(E), & > |

Theorem 3.1.6 If p(Z) contains fewer than | det M| monomials, then there ezists a

paraunitary polynomial matriz with P(Z) as its first row.

PRrROOF:  Since p(Z) contains fewer than |det M| monomials, there is some unit
vector ¥ such that < F(Z), 7> = 0. With out loss of generality, let 7 = €; and let R
be the matrix constructed above which rotates €; onto 5. Then R? is a paraunitary

polynomial matrix with 7’ as its first row. O

Theorem 3.1.7 If 2|det M| > n+1, then the rotation method produces |det M| —1

wavelets from every compactly supported scaling function.

PROOF:  Consider §(Z) as a mapping from the torus T = {Z € C" : |z;| = 1,7 =

1,...,n} to the sphere S = {ff € C™: §- 7 = 1}. Since ¢ is compactly supported, 7
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is polynomial and hence Lipschitz. T is n (real) dimensional and S is 2| det M| — 1
dimensional, so by Sard’s theorem, the set p(T) is not dense in S. Thus we can find
a point 7 € S such that the distance between ¢ and 7(T) is greater than some ¢ > 0.
Without loss of generality, let ¥ = €. Then | < 5(%),& > | < V1 — € < 1, and the
matrix which rotates € onto p(Z) has rows which are bounded by W < ¢

— € -
u
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3.1.3 The ABC Method

In this section, we show how to find compactly supported wavelets from a compactly
support scaling function, assuming a certain quadratic form can be diagonalized. The

proof relies on the following version of the famous Quillen-Suslin theorem.

Theorem 3.1.8 If A(Z) is an r by m (r < m) Laurent polynomial matriz which is
paraunitary by rows, then there erists an invertible Laurent polynomial matriz B(Z)

with A(Z) as its first v rows.

PrOOF: [Rotman 79] Let P be the ring of Laurent polynomials C[z1, 7", . . . Z,, ;1.

Define f : P™ — P" by f(qi,---qm) = [q1 ... gu]A*. Since f(A) = I, we have the
exact sequence

0= kerf - P™ 5 Pr 0

P" is projective, so the sequence splits and we have P™ = kerf® < A;,... , A, >
where A,,..., A, are the rows of A. Also, kerf is a finitely generated projective
P-module, so by the Quillen-Suslin theorem, it is free and has a basis Pry1, ... , Pm.

Let B(Z) be the matrix with A(Z) as its first 7 rows and pj; as its i-th row, ¢ > 7.

Then B is a basis for P™, and thus invertible, and we are done. [

Fitchas and Galligo [Fitchas 89] and Logar and Sturmfels [Logar 92] give con-
structive proofs of the above theorem using Grobner bases. In particular, Fitchas
and Galligo’s algorithm gives a bound of O((md)™) on the degrees of the polynomi-
als in B when the polynomials in A have degree less than d.

We should note that finding an invertible Laurent polynomial matrix with a given
top row is equivalent to the problem of finding compactly supported biorthogonal
wavelets given a compactly supported scaling function; see [Karoui 94] or [Strang 95)
for more details about biorthogonal wavelets. Once biorthogonal wavelets are con-
structed, it is easy to make “pre-wavelets” [Riemenschneider 92], functions which
span W, with their I' translates, but aren’t mutually orthogonal. The proof of our

next theorem starts with this construction, in fact.
Theorem 3.1.9 FEach of the following statements are implied by the ones under it.
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1. For every paraunitary Laurent polynomial vector p(Z), there is a paraunitary

Laurent polynomial matriz A(Z) with § as its first row.

2. For every Laurent polynomial matriz B(Z) such that B(Z)B(Z)* has determinant
1, there is a Laurent polynomial row vector U(Z) such that UB is paraunitary

(i.e., TBB*?* = 1).

3. For every Laurent polynomial matriz B(Z) such that B(Z)B(Z)* has determinant

1, there is an tnvertible Laurent polynomial C such that CBB*C* is diagonal.

PROOF: (2) = (1): Our strategy is to build A(Z) one row at a time. We start
with s =1 rows of a paraunitary by rows matrix A(Z) already built.

By theorem 3.1.8, there is an invertible Laurent polynomial matrix B(Z) with
A(Z) as its first s rows. Let B; be the i-th row of B, considered as a row vector. We
can assume that B;A* = 0 for i > r, otherwise just set B, = B; — B;A* A. [Remember
that AA* = 1]

Since B(Z) is invertible, BB* has determinant 1. If we let C(Z) be the s + 1
through m rows of B(Z), then det(BB*) = det(AA*)det(CC*) = det(CC*) = 1.
Now apply part (2) to C to get a paraunitary Laurent polynomial vector #C. This
vector is paraunitary, Laurent polynomial, and orthogonal to all the rows of A(Z), so
we may add as the s + 1-th row of A(Z), and begin again. Stop when s = m — 1,
because given a m — 1 by m paraunitary matrix A(Z), it may be easily extended to
a m by m matrix by letting the last row be the exterior product of the first m — 1.

(3) = (2): Cisinvertible, so its determinant must be a monomial. In particular,
the determinant of CBB*C* must be a positive real constant. But CBB*C* is a
diagonal matrix, so its determinant is the product of its diagonal entries. On the
other hand, the only way a product of Laurent polynomials can be a constant is if
each one is a monomial and hence invertible. Let o be the first entry of CBB*C*;

then f/‘-’—ac’BB“C*\—e}g’k =1 and 7= OB is paraunitary. [
Now, consider the following algorithm

The ABC Algorithm
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Input: A k by m Laurent polynomial matrix B(Z) such that det B(Z)B(Z)* = 1.

N/

Output: A Laurent polynomial matrix B(Z)

1. Set r to 1.

2. If r = k, then terminate with output B(Z) = B(Z).

3. If head | B;|? > head | B,11/?, then switch B, and B, 1, set r equal to max(1,7 —

1), and goto Step 3.

4. For s from 1 to k, s # r, and while head < B, B, > is divisible by head |B,|?,

replace B, with B; — aB, where o = heﬁﬁ;’fgfg 2,

5. If head | B,|? < head |B,41|?, then set r equal to r + 1.

6. Go to Step 2.

Theorem 3.1.10 The ABC algorithm always terminates in a finite number of steps,

and its output has the following properties:

1. There exists an invertible Laurent polynomial matriz C(Z) such that B' = CB.

2. det B(Z)(B(Z)")* =1, and

3. head |B{|? does not divide head < B}, B > for all i,j =1...k, where B] is the

i-th row of B'.

Proor: First, note that the matrix B is only changed in steps 3 and 4, and that

both of these changes (switching two rows, or subtracting a multiple of a row from

another row) are easily inverted. Second, the existence of an invertible C' such that

B’ = BC implies det B(Z)'(B(Z)')* = 1. Third, the only time the algorithm repeats

a step with the same r value is when one of the head |B;|’s is reduced, and since this

can only happen a finite number of times the algorithm must always terminate.

To prove the last claim, notice that at all steps of the algorithm, the following two

properties hold:
e head |B;|? < head |By|? < ... < head | B/|?, and

68



e head |Bj|? does not divide head < B}, B; >, for all i < .

These properties are true initially, and the only possible place they could be broken
is at steps 3 or 4. Step 3 is safe because it only switches rows of B and decrements r

when it does. Step 4 doesn’t break the first property because

head < By, B, >
head | B, |?

head < B,, B, >

head | B; — head [B.]

B,|? = head | B;|*> —

head < B, B; >

head | B,|?
head < B,, B, >

head < B,, B, > head | B,|?
head | B,|? head < B,, B, >

head < B,, B, >
head | B, 2

head < B;, B, > +

head | B,|?

= head | B,|? — head < B,, B, >

which is less than or equal to head |B;|? by Cauchy-Schwartz. It doesn’t break the

second property because

head < B,, B, >
head | B, 2

head < By, Bs — B, >

head | B,|?

= head < By, B, > “hesd <B.B.>

head < By, B, >

and for k, s < r, this always is equal to head < By, B; > by a similar argument. [J

Corollary 3.1.11 For every paraunitary Laurent polynomial vector p(z) of one vari-

able, there is a paraunitary Laurent polynomial matriz A(z) with P as its first row.

Proor: Take any Laurent polynomial matrix B(z) such that det B(z)B(z)* = 1,
and run the ABC algorithm on it. Since the entries of the output B’ will all be Laurent
polynomials of one variable, head | B{|> does not divide head < B}, B; > implies that
(head < B}, B >) < head | B}f* in the monomial ordering. Now consider the equation
det B(z)'(B(z)")* = 1. Because det B(z)'(B(z)')* = |B;|?...|Bi|* + E(z), where E
is the sum of terms, each of which has head monomial less than head |B}|2...|B}|?,
this implies that head |B{|?>...|B}|*> = 1. But this implies that |B}|?...|BL]> = 1,
which in turn implies that each |B}|? is a constant. This further implies that B'(B’)*
is a diagonal matrix, which by Theorem 3.1.9, implies the existence of A(z). O
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3.1.4 Unitary Coordinates

In this section, we discuss a method of parameterizing wavelet systems satisfying the
shifted orthogonality condition.

Recall that wavelet systems satisfying the shifted orthogonality condition are in
an one-to-one correspondence with paraunitary matrices A(Z). Our parameters, the
unitary coordinates, will essentially just be the discrete fourier transform of A(Z).

Specifically, let

s1—1s2-1 Sp—1 o '
A(E) = z Z e Z Ai17i21"'7in$7]'.1$1éz A m:’:”
21=0 i2=0 in=0
and let
» 2mi 2mi 2mi
(=(es1,es2,...€%).

—_

Then we define the unitary coordinate Uy to be A({ %Y. Uk, ks, ks is unitary because
A(Z) is paraunitary and |(-"E | =1.
Conversely, given unitary coordinates, we can reconstruct the wavelet system with

the formula

s-—1 0,

J
§1892...8p =

where S = [0,51) X [0,82) X --- X [0, $n).
Unfortunately, the Uy, x, . k. are not independent. The shifted orthogonality con-
dition }° A;A;-. B 56,13] implies that

5 (zc”-f'?v,;) (z 8f+f>'°"v,;) _ s

jesj+ies \kes kKes
SR+l -5k _ 2
2 UlUs > OFTETE = |SPyy
kes kKes jes,j+les

This equation can be simplified in two ways. First, if [= 0, the inner sum becomes
ZJ-.ES(C_";"E); which equals |S|5k—,_,;,5. Also, if k = K/, UgUr = I and the inner sum
s =0

becomes 3 Fesj+ic
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We are left with

Z UU3 Z §(5+5E’—§E=O

keS k'#kesS Jj€Sj+les

The set of unitary matrices satisfying this condition for all {'is on a one-to-one corre-

spondence with the set of orthonormal wavelet systems.
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3.2 Constructing Haar Tiles

This section investigates the simplest class of multidimensional wavelets, those gen-
erated by self-affine tilings. These are the natural generalizations of the Haar scaling
function x(g,1)-

A T-tiling of R™ is a closed subset 7 (called the tile) of R™ such that
] U:y'epT + _; =R", and
e (it T+@)N(ntT+F)=0foradfel, a4

where int 7 is the interior of 7.

A tile is said to be self-affine if there is an expanding matrix M such that MT =
Ugex T + k. K is said to be T’s digit set. The fact that vol(MT) = vol(Ugep T+ k) =
ek Vol(T) implies that |K| = |det M]|.

Given a self-affine I'-tiling of R", it is easy to see how it generates a scaling
function. Just set ¢ = x7, the characteristic function of the tile 7, then the self-
affineness of 7 implies that ¢ satisfies the dilation equation ¢ = > zc4 10(MZ — Q).
The fact that 7 creates a ['-tiling guarantees that ¢ is orthogonal to its I' translates
and that the multiresolution analysis so generated is complete.

Conversely, given a multiresolution analysis where ¢ = cyxqo for some set @,
then zor [c*QIxo(Z — 7) = 1 and Q U (Q + 7) has measure 0. Also, xyo =
Yrex Xo(MZT — E), s0 MQ = UpxQ + k. Thus, @ is a self-affine I'-tiling. Our
previous results on multiresolution approximations imply that vol(Q) = vol(R"™/T")
and ¢ = (vol(R"/T))~1/2.

Given this equivalence between self-affine tiles and multiresolution approximations
where the scaling function is the characteristic function of a set, we define a Haar
multiresolution approximation to be one arising from a self-affine tile. Every Haar
multiresolution approximation has degree 0 vanishing moments, and so satisfies the

degree 0 sum rule
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Since cj; is a constant not depending on k, this implies that each of the k£ € K comes
from a different coset of I'/MT'. Since |K| = |det M|, K in fact forms a full set of
representatives of I'/MT.

Not every full set of cosets of I'/MT generates a self-affine tile, however. In fact,
it is unknown whether for every expanding matrix M there is a set K such that K is
the digit set for a self-affine tile [Lagarias 93]. One way to check whether a particular

set K generates a self-affine tile is to use the Cascade algorithm.
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3.3 Constructing Smooth Scaling Functions

In this section, we show how to construct compactly supported wavelet systems sat-

isfying the sum rule

Z C,-c']-ch= Cs

=k'(M)
where Cj is a constant not dependent on k. As shown in section 2.6.4, this sum rule
implies degree p’ vanishing moments.

Given a wavelet system’s polyphase matrix A(Z), we can write the sum rule as
&A@ DH®)(0) = C5l

where D3(Z) = Z;Di_;:z':"? and D is the |det M| by | det M| diagonal matrix with
(4, ) entry (M ;+,77j)’7 for the same fixed ordering of coset representatives g, . .. , 7jdet M|-1
of I'/MT used to define A(Z). For example, D3(Z) = ;1 #. One advantage of trying
to solve the sum rules in this form is that it explicitly brings the wavelets into the
problem; as we saw in the last section, it is not currently known how to get compactly
supported wavelets from a compactly supported scaling function.

First we consider the case where A(Z) = B + C#. By the results in section

3.1.1, we know that we may write A(Z) = H(I — P + PZ') with H unitary and P a

symmetric projection matrix. The degree 0 sum rules imply that
&[H(I — P+ PF)(I + I77°)](0) = C4T

or

&H = Cjl.

Because H is unitary, we see that C; = \/ﬁ and that H should be chosen to be

the wavelet system associated with a Haar tile.
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The degree €; sum rules imply

oy

&H(I — P+ PF)(Dy 5+ D, Z))(0) = CsI
I[(I - P)Dg 5+ PD; ;] = Cil
1P(Dy ;- D) = I(CiI—Dgy).

The matrix D, ;— D, 5 is diagonal with (k, k) entry (M T+ %)% — G = M, -7 where
M; is the j-th row of M. Thus,

-

(M;-)IP = (C;,1- 1D, 5).

€5,

P is a projection matrix, so this equation is solvable if and only if (C% 1 —1D, §) and

J €5,
(Cs I- ID,,:,. §) — (M; - 9)T are orthogonal. This implies

Cy1-Cy1-2C,1-1D, 5+ 1D, 5- 1D, 5~ (M, -3)(Cy,1- T+ 1D, 5-1) =

€5,

| det M|(Cy,)® — 241 Dy, 6C, — | det M|(M; - 3)Cy, +tr(Dy, 5)° + (M; - ) tr Dy g =
which is a quadratic in C,. It has a real solution when
4(tr Dy, 5)° + | det M|*(M; - 9)* — 4| det M|tr(D,, 5)* > 0

which, assuming that M; -1 0, can easily be satisfied by choosing 7 to be large. We

have thus proven

Theorem 3.3.1 The wavelet system A(Z) = H(I — P + Pa':':) can be made to have

degree 0 and €; vanishing moments whenever

A0S )+ |det MP(M; -1 > 4|det M| Y 75

Jk€L/MT Fx€T/MT
3.3.1 Examples

l.n=1y =k M > 1. Then M; = M = |det M|, and to have degree 1
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Figure 3-1: A Rank 2 Scaling Function with One Vanishing Moment

vanishing moments 7 must satisfy

4((M—21)M)2+M4i2 > 4MM(M—— lé(ZM— 1).

But this is the same as 2 > %, which always holds for non-zero, integer 3.

2. m=1 M=2 yo=0, g = 7. i must satisfy 4(49) + 4(2i)? > 8(49), which
means that |i| > 4. Working out the case i = 4 gives C} = £YI5 and the

. NREERZEA N .
matrix P = 3 . Figure 3-1 shows the resulting scaling function.
V15 1
[ 11
3. n=2 M= }, v = (0,0), y1 = (1,0). If we want degree (1,0)
-1 1

vanishing moments, then i = (41,4,) must satisfy 4 + 4(i; + i) > 8 which is
true whenever i, + i, # 0. For degree (0,1) vanishing moments, then i must

satisfy 4(—i; + 42)? > 0 which is always true.

Note that under the these conditions, a wavelet system of the form B + C#
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can’t have both degree (1,0) and (0,1) vanishing moments at the same time,

because that would imply TP = ‘il']f-"i2 (C,Cy = 1) = :‘11_1_—1.2(02,02) which is
impossible.
20
.n=2, M= [ }, Yo = (0,0), y1 = (1,0), yo = (0,1), and y3 = (1,1). If we
0 2

want degree (1,0) vanishing moments, then ¢ must satisfy 16 + 16(2i;)2 > 32
or ¢; # 0. Similarly for degree (0, 1) vanishing moments, we must have i, # 0.

Again, it is impossible for both conditions to hold at once.
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