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Finite difference approximation of
eigenvibrations of a bar with oscillator
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Abstract. The second-order ordinary differential spectral problem
governing eigenvibrations of a bar with attached harmonic oscillator is
investigated. We study existence and properties of eigensolutions of
formulated bar-oscillator spectral problem. The original second-order
ordinary differential spectral problem is approximated by the finite
difference mesh scheme. Theoretical error estimates for approximate
eigenvalues and eigenfunctions of this mesh scheme are established.
Obtained theoretical results are illustrated by computations for a model
problem with constant coefficients. Theoretical and experimental results of
this paper can be developed and generalized for the problems on
eigenvibrations of complex mechanical constructions with systems of
harmonic oscillators.

1. Introduction

We investigate the longitudinal eigenvibrations of a bar of length [. Denote by p(x),
E(x) and S(x) the density, the elasticity modulus of the bar material and the square of
transversal cut of the bar at the point xeQ=[0,/], Q= (0,1). Suppose that the end
x=0 is fixed, a spring of stiffness K is attached to the end x =/ and a load of mass M
is attached to the spring. By w(x,f) we denote the deflection of the bar cross-section with
coordinate x € Q at time 7 >0 and by 711(t) the longitudinal deflection of the load of mass

M from the equilibrium position at time ¢ >0. These functions satisfy the following
system of equations

2
i(p(x) Ow(x,t)j_r(x)a w(x,1) =0,xeQ, >0, (1)
Ox ox or2
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ow(l,1)
Ox

Mn"(t)=-Kn(t)+ Kw(l,1), t >0, 3)

w(0,1) = p(l) - Kn(t)—Kw(l,t)=0, >0, (2)

with coefficients p(x)=S(x)E(x), r(x)=S(x)p(x), xeQ, >0.
The eigenvibrations of the mechanical bar-oscillator system are described by the
functions w(x,?) =u(x)sin(ar), xe€Q, n(t)=zsin(wt), t>0, with constants z and

o.Letus denote o =K/M, A= @?, then from (3) it follows that
oz-Az=u(o. 4)

For A#0, by (4) we have the formula z=ocu(l)/(c—A), and using (1)~(3) we
formulate the following differential spectral problem with rational dependence on the
spectral parameter: find A and u(x), xeQ, satisfying the following equations

(p()u'(x)) + Ar(Du(x)=0, xeQ, 5)

u(0) = p(u'(D)— Ao — A)~' Ku(l) =0. ©)
For A =0, by (6) we derive the equality u(!)=0, and then using (1) and (2), we get the

following limit linear spectral problem: find A0 =5 and u(x), xe Q, satisfying the
following equations

(p()u'(x)) = A Or(x)u(x) =0, xeQ, 7)
u(0)= u(l)=0. (8)

In the present paper, the rational bar-oscillator differential spectral problem (5), (6), is
approximated by the finite difference scheme. The theoretical error estimates of
approximate eigensolutions of this finite difference scheme are derived. Obtained
theoretical results are illustrated by computations for a problem with constant coefficients.

Spectral approximations for compact operators are investigated in the papers [1-4].
Generalizations of spectral approximations for holomorphic Fredholm operator functions
are derived in the papers [5, 6]. Preconditioned iterative methods for solving linear spectral
problems are proposed and investigated in the papers [7—14]. Iterative methods for solving
spectral problems with nonlinear parameter are proposed and investigated in the papers
[15-26]. Numerical algorithm without saturation for solving problems of mathematical
physics and mechanics were constructed and investigated in [27-38]. This paper develops
and generalizes results of the papers [1-6].

2. Rational spectral problem

Introduce functions p(x), r(x), xe€Q, and assume that there exist positive numbers
a;, B, i=12, satisfying the following conditions o) < p(x)<a,, [ <r(x)< S,

x € Q. We also define nonnegative numbers K and M.
Introduce the following linear parameter eigenvalue problems.
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For u e (0,0), find numbers () and nonzero functions w(x), x €, such that

(P(W'(x) + 7 (p)r()w(x) =0, xeQ, ©)
w(0)= p(hHw'(1)— y () (o = )~  Kw(l) = 0. (10)
For u € (o,o), find numbers y(x) and nonzero functions w(x), x e, such that
(P(OW'(x)) + ¥ ()r()w(x) =0, xeQ, (11)
w(0) = p(hw'(1) - (o — )~ Kw(1) =0. (12)

The linear parameter eigenvalue problem (9), (10), has positive simple eigenvalues
Vm(t), we(0,0), m=1,2,... The linear parameter eigenvalue problem (11), (12), has

positive simple eigenvalues y,,(u), pe(o,0), m=2,3,.. The limit eigenvalue

problem (7), (8), has positive simple eigenvalues ﬂ,,(no), m=1,2,... Set y;(u)=0,

uelo,o), and 7m(0'):/1,510_)1, m=2,3,... Then the functions y,,(u), ue[0,0),

m=1,2,..., are continuous and non-increasing. Therefore, the functions u—y,, (1),

nel0,0), m=1,2,..., are continuous and increasing. Consequently, each of the

equations gt —y,,(¢)=0, pe[0,00), m=1,2,..., has a unique root 4,, m=12,...

These roots are eigenvalues of the rational spectral problem (5), (6).

Theorem 1. The rational spectral problem (5), (6), has positive simple eigenvalues A,,,,

l

m=1,2,... and corresponding eigenfunctions u,, =u,,(x), Jr(x)um (X)u,, (x)dx =1,
0

m=12,...

The proof of this theorem uses the statements of problem (7), (8), parameter spectral
problems (9), (10), and (11), (12).

3. Numerical experiments

Let us define xj=jh, 0<j<N, h=I/N. Denote pj=p(xj), rj=r(xj),

Vx,j = (y Y ) / h, s, j= (y Y- ) / h. Approximate the differential rational
spectral problem (5), (6), by using the finite difference method

h .
=Py )z, j = (PYs)yj=A 21y, 1S JSN -1, (13)
0, - L " Kyy = A" Ly (14)
Yo=Y 2hPN—l)’x,N—l 2hPN)’x,N h oo YN ) NYN-

N-1 N
Let us denote [y,z) = Z hy;z;, (y,2]= Zh)’izi-
i=0 i=1
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Theorem 2. The finite difference rational spectral problem (13), (14), has eigenvalues

) = (5™ 3™y )T,

ﬂ,lh <AQh < ...<ﬂ,]<l, +1 and corresponding eigenvectors y seees YN

1<m < N +1, satisfying the following conditions

l[py(m) y(m))+l(py£m) y(m)]‘i‘i[((y(m))zzlh (15)
5 Y o Vx > x o Vx ﬂ,h— N m>
m
(ry™ 3" [y, y M) = 2, (16)

for ISm<N+1.
Theorem 3. For approximate eigenvalues and corresponding eigenfunctions the

estimates | A2 — 2, |<ch? and || y"™ —u™ |, <ch?® hold, where ¢ is a constant

independent of h, I um _ y(m) lh= gllax N | ugm) _ ygm) I
J=U,1,...,

u™ Y™ 14 ™,y > 0, ug-m) =uy,(x;), 0Sj<N, 1ISm<N+1.
Theorems 2 and 3 can be established by applying theoretical results [1-6].
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Fig. 1. Eigenvalues of the rational spectral problem.

Figure 1 shows the experimental results for a model problem with constant coefficients.
To illustrate Theorems 1, 2 and 3, we solve problem (5), (6), for [ =1, M =0.01, K =1,
p=1, r=1. We apply the approximate method (13)-(16) on the uniform mesh for

N =40. Figure 1 shows the functions y; (1), 1<k <5, the eigenvalues 4, 1<k <5,
of problem (5), (6), the eigenvalues /15-0), 1< j<4, of problem (7), (8). We see that the

experimental results are consistent with Theorems 1, 2 and 3; namely, y;(x)—>0 as
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u—>o, Vi) — /1,50) as u—> o, 1<k <4. Theoretical and experimental results of

the paper can be developed for the problems on eigenvibrations of complex mechanical
constructions with systems of harmonic oscillators.

This work was supported by Russian Foundation for Basic Research, project nos. 20-31-90086, 20-
08-01154.
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