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ABSTRACT

This research is concerned with the optimal feedback con-
trol of linear stochastic systems. Particular emphasis is placed
on the solution of problems for which the cost is nonquadratic and
the plant state cannot be determined by the controller without
error. The plant and feedback controller are treated as discrete
systems in time. It is shown that the optimal feedback control
can be determined as a function of the mean plant state, condi-
tioned on the measurements available to the controller. Recur-
sion formulas are derived which permit the determination of this
optimal control function. The theory is applied to the problem
of minimum fuel midcourse guidance of spacecraft. Both fixed
time of arrival and variable time of arrival guidance schemes are
investigated, and an Earth-Mars mission is used as the basis for
computing numerical examples. It is found that the optimal con-
trol is determined by a threshold. If the estimated state lies out-
side the threshold, the optimal control corrects to the threshold.
Inside the threshold the optimal control is zero. Minimum fuel
lateral control of are-entry vehicle is examined and a numerical
solution, based on the Apollo re-entry system is presented. It
is found that the optimal re-entry control is also determined by
a threshold. Quadratic cost problems are treated, producing the
discrete control/estimation separation theorem. The theory is
then generalized to handle problems for which the system is con-
tinuous. A partial differential equation is derived which must be
satisfied by the optimal control function. Solution of a quadratic
cost problem is accomplished, producing the continuous control/
estimation separation theorem. A minimum energy problem with
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arbitrary terminal cost is treated and a particular closed form
solution is obtained. Finally, the continuous analogue of the dis-
crete variable time of arrival problem is examined.
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CHAPTER I

INTRODUCTION

1.1 Background

The general field of system optimization has been highly
developed in two distinct, but related areas, namely stochastic
estimation theory and optimal control theory. Further, optimal
control theory has evolved in two separate directions, deter-
ministic optimal control and stochastic optimal control. As a
basis for further discussion, some significant results obtained
by investigators in these areas will be briefly described in the

following three paragraphs.

Stochastic estimation theory attempts to solve the problem
of estimating the state of a system so as to minimize a specified
penalty. The penalty usually takes the form of the mean value of
some function of the estimation error. This theory has been
notably successful in solving problems for which the system is
linear and the penalty is mean square estimation error. Wiener(75)
developed the mathematical basis for the theory. He showed that
the weighting function of the minimum mean square linear esti-
mator satisfies an integral equation (the Wiener-Hopf equation).
By specializing to stationary problems he was able to develop the
method of spectrum factorization which provides a systematic
approach to the solution of this equation. The Wiener-Hopf equa-
tion and the resulting optimum linear estimator involve only the
second order statistics of the system. If the system state and
the measurements available to the estimator are gaussian pro-
cesses, then the minimum mean square linear estimator is opti-

(64)

mum for a wide class of penalty functions In addition, in



cases where the probability density of the system is not known,
but only second order statistics are available, there is good
justification for using the minimum mean square estimator be-
cause it is optimum for wide classes of penalty functions and
density functions. Many authors have extended Wiener's original
work to handle various nonstationary and/or nonlinear problems.

(40)

, who developed practical methods of

(41)

Significant advances were made by Kalman , Kalman and Bucy

and independently Battin(S)
solving nonstationary problems. By applying the state space ap-
proach to the estimation problem, they were able to define the
optimum estimator in terms of difference or differential equations.
Since the solution takes this form, realization of the actual esti-
mator is a relatively straightforward problem in computer pro-
gramming or analogue circuit design. More recently, some
progress has been made in the area of nonlinear filtering(lsf 38, 178)
for cases in which the state or the measurements are nongaussian
processes. At present however, no compact systematic approach
to these problems has been found. The existing methods generally
involve truncated series expansions of the posterior state prob-

ability density.

Deterministic optimal control theory is an outgrowth of the
calculus of variations. The theory can be used, in principle, to
design a controller that will drive a plant so that some specified
cost function is minimized. In recent years significant contribu-
tions have been made by many authors. Methods have been de-
veloped that permit the solution of practical control problems
which could not be solved using the classical methods. Two dif-
ferent approaches have been used in the development of these
methods. Lawden(so), Breakwe11(14), and others have invented
ingeneous techniques which permit the relaxation of one or more
of the conditions that must be met in the application of the classical
calculus of variations. In general these techniques apply to
specific problems or classes of problems. The other approach,

(59)

taken by Pontryagin et. al. has produced a general extension



of the classical calculus of variations, in the form of the well-known
maximum principle. The application of this result allows solution
of a wide class of optimal control problems. In addition to these
analytical methods, a number of numerical techniques have been

developed. Kelley(51) and Bryson(16)

developed the method of
steepest descents which is extremely useful for determining the
optimal control as a function of time. By contrast, Bellman's

(6, 22)

method of dynamic programming can provide the optimal
feedback control; although the computational requirements involved

in this method are far more stringent than for steepest descents.

Stochastic optimal control theory attacks the problem of
controlling a plant, in the presence of random input disturbances,
SO as to minimize a mean cost function. The parameters of the
plant, its state, and the statistics of the input disturbances are
assumed to be known deterministically by the controller. This
theory has its roots in the theory of Markov processes. There is
extensive literature on Markov process, for example, Doob(zl),
Wax(74) and Strétonovich(67’ 69) .

optimal control problem as a decision process was accomplished
(6,17,38)

Formulation of the stochastic
by Bellman He applied the well known imbedding technique
of dynamic programming to derive the recursion formulas which
must be satisfied by the optimal control. In his development,
Bellman assumes that the plant state is a Markov process and

that the state can be measured by the controller without error.

As a result of these assumptions the optimal control becomes a
function of the known state. Only a few computer solutions of
stochastic optimal control problems have been reported. Some

(1,2) (73)

interesting examples are given by Aoki , Tung and Striebel

and Dreyfus(22

A very common engineering problem is the design of a
feedback controller to minimize a cost function when the plant
state cannot be measured perfectly. The controller must then

operate with partial information and elements of both stochastic



estimation theory and stochastic control theory are necessary in
determining the optimum system. In such cases it is appropriate

to consider a mean cost function because the plant state, the con-
trol and the cost are all random processes. By specializing to
problems for which the plant is a linear system and the cost function

(30) (39)

is a quadratic form, Gunkel and Franklin , Joseph and Tou s

Florentine(zs), Potter(GO) (71)

and Tung were able to prove a
separation theorem. This theorem states that the problems of
estimation and control may be solved independently. The estimator
(41). The feedback

controller is designed using the calculus of variations to minimize

is designed by the methods of Kalman and Bucy

the cost function, assuming that there is no uncertainty. The
cascade combination of these two systems provides the optimum
over-all feedback controller. However this theorem cannot be
applied to many important problems for which the cost function is

(24) and Stratonovich(ss)

nonquadratic. For such cases Fel'dbaum
have shown that if there exists a finite set of sufficient statistics,
which determine the expected cost to complete the process, then

the optimal control becomes a function of these sufficient statistics.
Stratonovich shows that the optimal control is obtained by solving
recursion formulas for the cost function in the space of the sufficient

statistics.

1.2 Description of the Problem

The primary goal of this research is to develop a systematic
method of determining optimal feedback controllers when the plant
is a linear stochastic system, the state cannot be measured without
error, and for arbitrary cost functions , In particular, solutions
to problems for which the cost function is not quadratic are desired.
The approach will be first, to derive the conditions that must be
satisfied by the optimal control and second, to apply these conditions
to some example problems in the control and guidance of spacecraft.
The object in solving example problems is to demonstrate the use-

fulness of the theory for providing practical engineering solutions



and to try to provide some physical insight.

1.3 Synopsis

As an aide to the interested reader, the remaining chapters
of the work are briefly summarized below. FEach summary attempts

to outline the content of the chapter and point out significant results.
CHAPTER 2 - Optimal Control of Discrete Stochastic Systems

The class of systems to be handled and the cost function to
be minimized, are carefully defined. Equations are developed per-
mitting calculation of an estimate of the plant state based on the history
of measurements available to the controller. This estimate turns
out to be the conditional mean of the plant state, based on the
measurement history available to the controller. An expression
for the posterior probability density of the state is also developed
and it is shown that the estimated state is a sufficient statistic
for determining this posterior density. Additional properties of the
estimated state are determined in preparation for development of
the optimality conditions. A minimum expected value function is
defined as the minimum cost to finish a partially completed process.
Recursion formulas are derived which must be satisfied by the
minimum expected value function and it is shown that the minimum
expected value function depends only upon the estimated state and
time. Solution of the recursion formulas produces the optimal
control as a function of the estimated state. A useful form for the
recursion formulas is determined for purposes of digital computation.
The recursion formulas are generalized to handle cases for which
multiple measurements are taken by the controller between control
application times. Proper terminal conditions are determined for
cases in which the terminal control function is specified instead of

a terminal cost function.



CHAPTER 3 - Applications of the Discrete Theory

The problem of minimum fuel, variable time of arrival,
midcourse spacecraft guidance is described. Errors out of the
plane of the reference trajectory are ignored. The optimality
conditions of Chapter 2 are applied, producing a one dimensional
recursion formula for the minimum expected value function.
Necessary and sufficient conditions for the optimal control are
developed. It is shown that the optimal control is determined
by a threshold. If the estimated state lies outside the threshold,
the optimal control drives the estimated state to the threshold.

If the estimated state lies within the threshold, the optimal con-

trol is zero. Equations convenient for digital computation are

obtained and a step by step procedure for calculating the optimal
control function is described. A computed reference trajectory

is described and the numerically calculated optimal control function
for this trajectory is presented. It is found that applying two

partial corrections very early in the flight can save an appreciable
amount of midcourse guidance fuel. Monte Carlo simulations of

the optimal control system are described and the computed cost
probability distribution, using the optimal control, is presented.

A comparison is made between the optimum and a near optimum

linear controller and it is found that the near optimum linear
controller does an extremely good job as compared to the optimum.

As a second example, the minimum fuel, fixed time of arrival,
midcourse guidance problem is formulated. Errors out of the

plane of the reference trajectory are ignored. It is shown that

this problem may be reduced to two state variables and necessary

and sufficient conditions for the optimal control are derived. It is also
shown that the optimal control is determined by regions in the estimated
state space. If the estimated state lies in a certain region 9 (n) the
optimal control is zero. Outside $(n) the optimal control drives the
estimated state, in a specified direction, to a point on the boundary

of ¥(n). Equations convenient for digital computation are developed anc



the step by step procedure for determining the optimal control
functions is described. The reference trajectory of the previous
example is used as the basis for solving an actual numerical
problem. The calculated optimal control functions are presented
and methods of implementing the optimal control on a guidance
computer are briefly discussed. The third problem handled in
this chapter is minimum fuel lateral guidance of an atmosphere
re-entry vehicle. It is shown that this problem can be reduced
to two state variables. Recursion formulas for the minimum
expected value function are derived and a computation procedure
for determining the optimal control functions is described.
Characteristics of the Apollo spacecraft re-entry system are
used as the basis for calculating an actual numerical solution.

It is found that the optimal control is again determined by a thresh-
old. If, for example, the vehicle is banked to the right, so that
its 1lift vector is pointing to the right of the target, then if the
estimated miss distance at the target lies to the right of the
threshold, the optimal control will roll the vehicle to the left. If,
however, the estimated miss distance lies to the left of the thresh-
old, the optimal control is zero and the lift vector remains to the
right. Similar conditions hold if the vehicle is banked initially to
the left. The threshold values are calculated as functions of time
along the reference trajectory. The final example treated in this
chapter is the general quadratic cost problem. The solution is
determined in terms of a matrix difference equation and con-
stitutes an independent proof of the well known quadratic cost

control/estimation separation theorem for discrete systems.

CHAPTER 4 - Optimal Control of Continuous Linear Stochastic
Systems

A class of continuous systems and the accompanying cost
function to be minimized, are carefully defined. A discrete system
is described which, in the limit as the time step goes to zero, has

the same statistics as the continuous system. A recursionformula



for the discrete minimum expected value function is derived by

the methods of Chapter 2. Taking appropriate limits, as the

time step approaches zero, a partial differential equation is ob-
tained for the continuous minimum expected value function.
Solution of this equation, to satisfy the appropriate terminal condi-
tion, produces the optimal control function for the continuous
problem. The various terms of this differential equation are

briefly discussed.
CHAPTER 5 - Applications of the Continuous Theory

Three example problems are solved. The first is the
general quadratic cost problem, and its solution produces the
familiar control/estimation separation theorem for continuous
systems. The second problem has a single state variable plant
with quadratic penalty on the control and an arbitrary terminal
cost function. By specializing so that the terminal control forces
the terminal estimated state to lie in a specified interval, the
solution of this problem can be written in terms of error functions
(erfs). Finally, the continuous analogue of the variable time of
arrival midcourse guidance problem is solved; for a special case
in which the control is determined by a threshold that stays con-

stant in time.
CHAPTER 6 - Conclusions, Contributions, and Recommendations

Aspects of the theory which are felt to be of value, as de-
sign tools, are discussed and the limitations of the theory are
enumerated. Those parts of the research which the author feels
are original are explained. Finally, some problems which cannot
be handled by the present theory are described and areas of

possible future research are outlined.



CHAPTER 2
OPTIMAL CONTROL OF DISCRETE LINEAR STOCHASTIC SYSTEMS

2.1 General Discusssion

The purpose of this chapter is to derive the optimality
conditions for control of a discrete linear stochastic system.
It will be shown that the optimal control is a function of the
mean plant state, conditioned on the measurement history.
Recursion equations will be derived for the minimum expected
value function and solution of these recursion equations produces

the optimal control as a function of the conditional mean state.

2.2 Problem Statement

It is assumed that the dynamics of the plant may be described
by discrete linear equations. Consider the transition of the plant

state vector from time tn to time tn The transition is de-

+1°
scribed by the linear vector equation.

x(n+l) = &(n + 1, n) x(n) + 8(n+1, n) u(n) + v(n)
(2-1)
where

x(n) = state vector of dimension k
u(n) = control vector of dimension p
&®&(n+ 1,n) = state transition matrix (kx k)

6(n +1,n) = control influence matrix (k x p)

The initial state x(0) is a k vector of normally distributed
random variables with known statistics and v(n) is a k vector of
normally distributed random variables, independent of x(n) and

u(n), with known statistics given by



E [v(n)] = o0
E[vinvTm]= v (2-2)
E[vimvTm]=0 i#n

Control sets U(n) are defined so that problems involving
constraints on the control may be handled. Ql(n) is an arbitrary
set in the space of the control vectors and control vectors which
are elements of A(n) are said to be admissible controls. The set
Ql (n) can depend upon parameters other than time; for example,
it may depend in some way upon the history of the control up to
time t . Itis only required Ql(n) be known by the controller, in
a deterministic sense, at the time t - The set Ql(n) represents
all possible control vectors that can be applied at tn' Commonly

Ql(n) is a compact set.

The feedback controller has available to it a measurement
process m(n). The measurement m(n) is taken and processed
simultaneoulsy with the control u(n). Thus, the data received at
time tn can be incorporated into the decision process that results

in the control u(n). The measurement process is described by

m(n) = H(n) x (n) + w(n) (2-3)
where m(n) is an 4 dimensional vector with
H(n) = measurement matrix (g x k)

and w(n), the measurement error, an {vector of normally dis-
tributed random variables, independent of x(n) and v(n) with

known statistics given by

E [w(n)] =0
E [W(n)wT(n)]'W(n) (2-4)

B [wn) wTiH]=0  i#n

10



Measurement begins at time ty and ends at time t , so the first

measurement is m(1) and the last measurement is m(q).

The plant state vector and the measurement vector are
subject to random disturbances so it is appropriate to consider
cost functions which are mean values of functions of the state
and the control. Thus the cost J, to be minimized, is written

in the form of a scalar equation
q

J = E z L(x(n), u(n), n) + ¢ (x(gq+1)) (2-5)
=1
Control begins a time t 1 and the last control decision is
made at time t . Time t
q+l
L(x(n), u(n), n) is a specified scalar incremental cost at each time

is a specified terminal time,

step and ¢ (x(q+1)) is a specified scalar terminal cost function.
It is to be understood that the expectation in (2-5) is conditioned

on all available a priori information.

Using these definitions the optimization problem can be

defined in specific terms as follows:

"Find the admissible control u(n), as a function of the
past history of measurements up to time tn’ that drives the state

x(n), so that the expected cost J is minimized".

It is important to note that the incremental cost function
L(x(n), u(n), n) and the terminal cost function $(x(q+1)) are not
required to be quadratic in x(n), u(n) or x(q+1). Also, inherent
in the definitions is the assumption that the effect of the control
on the state is known without error by the controller. If the
actual system has noise in the control channel, then this noise
may be modelled by including it in the disturbance v(n). However,
cases for which the noise in the control is statistically dependent

upon either the state or the control, are specifically excluded.

2.3 Estimation and Sufficient Statistics

If there are no errors in the measurements and the measure-

ment matrix H(n) is square and nonsingular, then the state is known

11



perfectly and the optimal control can be specified as a function of the
state. In general, however, the state cannot be determined exactly,
so the control action must be based on the information available

to the controller, namely, the measurement history. It will be
shown that this information can be summarized in the form of a
sufficient statistic. The problem of determining the sufficient
statistic is approached by deriving an expression for the posterior
probability density of the state, conditioned on all a priori infor-

mation and the measurement history up to time to

To develop an expression for the posterior probability
density of the state, first define two k vectors y(n) and z(n). The
vector y(n) contains all uncertainty about the state and z(n) describes
the known effect of the control history upon the state. Thus y(n) and
z(n) satisfy '

y(n+1) =& (n+ 1, n) y(n) +v(n)  y(0) =x(0) -  (2-6)

z(n +1)=&(n+1,n) z(n) + 8(n+1, n) u(n)
(2-7)

2(0) =0, u(0) = 0
and from (2-1)

x(n) = y(n) +z(n) (2-8)

Also, a pseudo measurement process r(n) is defined by the equation

r(n) = m(n) - H(n) z(n) ‘ (2-9)

Since m(n) is known by the controller and z(n) can be calculated
using (2-7), r(n) is known by the controller. Using (2-3) and (2-8)
produces

r(n) = H(n) y(n) + w(n) (2-10)

Equations (2-10) and (2-6) describe a linear system perturbed by
uncorrelated normally distributed random disturbances or errors.
The pseudo measurement process r(n) is composed of linear

combinations of the elements of the vector y(n), plus the random

12



(40)

measurement errors w(n). Kalman and Battin(Sllave shown

that the minimum variance estimate of y(n), given the measure-
ments r(n), can be calculated from the following recursion

formulas.

. -1
5n) = $/(n) + P (n)H (n) [H(n)P/(n)HT(n)+W(n)] [r(n)-H(n)’&’(n)]
$(n+1)= &(n+1,n) §(n)
£(0)

P(n)

E [x(0)] (2-11)
Pln) - P’(n)HT(n)[Hm)P/(n)HT(n) + w<n)] —1H(n)P/(n)
P(n+1)= &(n+1,n) P(n) & L(n+1) + V(n)

P(0) = E [(x(o) - E[x(o)])(x(O) - E[x(m])T ]

where

$(n)

P(n)

minimum variance estimate of y(n)

- covariance matrix of errors in estimating y(n)

If the estimation error e(n) is defined as

e(n) = $(n) - y(n) (2-12)
then,

E[e(n)]= 0 (2-13)
and

E[e(m)e’(n) |= P(n) (2-14)

In order to investigate some of the statistical properties
of the error e(n), define the history of pseudo measurements from
the initial time up to time t  as the n-4 dimensional vector R(n).

Hence

o(1)]
r(2)

R(n) =

[x(n)_

13



(40)

It has been shown by Kalman™ 'that the minimum variance estimation
error e(n) must be uncorrelated with the pseudo measurement

history R(n).
E[e(n) RT(n)] =0 (2-15)

Since x(0) is normally distributed and v(n) and w(n) are normally
distributed, it is clear from (2 -6) and (2-10) that y(n) and r(n)
must be normally distributed. It follows from (2-11) and (2-12)
that $(n) and e(n) must be normally distributed. There-.

fore, since e(n) and R(n) are uncorrelated and normally distributed,

they must also be statistically independent.

Now define the history of actual measurements from the

initial time up to time t, as the n.¢ dimensional vector M(n).

[ m(1)
m(2)

M(n) =

| m(n) |

Also assume that some arbitrary admissible control function uf-],
of the measurement history M(n), is specified, so the control at

time tn becomes

u(n) = u[ M(n), n:| (2-186)
and (2-7) may be written as
z(n+1) = &(n + 1,n) z(n) + 6(n+1,n)u[M(n), n]
(2-17)

From equations (2-17)and (2-9) it is clear that the pseudo measure-
ment process r(n) can be considered to be a deterministic function
of the actual measurement history M(n). Fig. 2.1 illustrates, in

block diagram form, a method by which r(n) might be calculated

14



from the measurements m(n).

m(n) CONTROLLER uln

(nel) z(n) -
Oln+1,n) }— : UNI
u[M(n),n] " : DEL Hin Dy gl

§i{ne+l,n)

Fig. 2.1 Calculation of r(n) from m(n)

By similar reasoning, the actual measurement process
m(n) can be considered to be a deterministic function of the
pseudo measurement history R(n). Fig. 2.2 illustrates the

calculation of m(n) from pseudo measurements r(n).

rin)e

~> min)

v(n)| CONTROLLER
8(ne+l,n) u[M(n),n]

H(n)

§(nel,n)

Fig. 2.2 Calculation of m(n) from r(n)
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Clearly the measurement histories M(n) and R(n) contain the
same statistical information. Since the error e(n) is independent
of R(n), and M(n) is a deterministic function of R(n), it follows

that e(n) and M(n) must be independent.
Consider an estimate of the state X(n) defined as
R(n) = Hn) + z(n) (2-18)

From (2-7), (2-8), (2-9), (2-11) and (2-18), recursion formulas

for X(n) can be derived as

-1
XAn) = &’(n) + P’(n)HT(n) [H(n)P’(n)HT(nHW(n)] [m(n) - H(n)ﬁ’(n)}

(2-19)
2{n+l) = d(n+1,n)%n)+ 6 (n+1, n)u(n) (2-20)

and P (n) is calculated using the last three of equations (2-11). The

error in the estimate ®(n) is, from (2-8), (2-12) and (2-18)

K(n) - x(n) =[§(n)+z(n)] - [y(n) + z(n) ] = e(n)

(2-21)
so the error in R(n) is identical to the error in $(n). It was shown
above that e(n) and M(n) are independent so the error in the estimate
Rn) is independent of the measurement history M(n). Of importance
here is the fact that even through x(n) and %(n) may not be normally
distributed processes, because the control function u[M(n), n] may
be nonlinear, the error in %(n) and the measurement history M(n)
are still independent. In addition, the conditional mean of the

error in Q(n), given the measurement history M(n), is zero.
E[&(n) - x(n)] M(n)] = E[em) |Mm)] = E[em)] = o (2-22)

Also, since %(n) is a deterministic function of M(n), the conditional
mean of the state given the m easurements M(n), is the estimate

%(n).

E [ x(n) M) ] = E[#0) - em)| Mn)]= E[&n)|[Mm)] = n)
(2-23)
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At this point the statistical properties of the estimate X(n)
and the error e(n) can be utilized to derive an expression for the
posterior probability density of the state x(n). To that end, consider
the state as the difference between the estimate ®(n) and the error

e(n)
x(n) = %n) - e(n) (2-24)

Since %(n) is a deterministic function of the measurements and e(n)
is a normally distributed random variable, independent of the
measurments, with statistics given by (2-13) and (2-14), the

posterior probability density for x(n) is

[s— ﬁ(m]TP(n)'l [s - §(n)]}

(2-25)

-k 1
o [0 ] - 7 | -

poj=

It is assumed that the error covariance matrix P(n) can be calculated
a priori. Since P(n) and Q(n) uniquely determine the posterior state
probability density and P(n) is known a priori, the estimate R(n) is

a sufficient statistic for determining the posterior state probability
density. Thus, R(n) summarizes all posterior information about

the state that is obtained by the controller from the measurement
history M(n), and the posterior probability density of x(n) may be

written as

) [SlM(n)]= £y (E1&M)) (2-26)

2.4 Statistics of the Measﬁrement Information

In the preceding section, recursion formulas were derived
for calculating the expected value of the state conditioned on the
measurement history. An expression for the posterior probability
density of the state was also developed. To obtain the optimal
control function, some additional properties of the estimate R(n)
are necessary. Thus, define the (k X ¢) matrix K(n) and the k
vector s(n) as follows

-1
K(n) = P'(n) HX(n) [H(n)P '(n)HT(n)+W(n)] S
2-217
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s(n) = K(n)[m(n) - H(n) &"(n)] (2-28)
and (2-19) becomes
&(n) = &'(n) + s(n) (2-29)

The vector X’(n) is the estimated state extrapolated forward from
time t _, to time t and s(n) represents the incremental change in the
state as a result of processing the measurement m(n). Using (2-3)

the vector s(n) is written as
s(n) = K(n)[H(n)x(n) + w(n) - H(n) 8/(n)] (2-30)
and from (2-1) and (2-20)

s(n)=K(n){ H(n)[é(n, n-1)x(n-1)+ 6(n, n-l)u(n-1)+v(n-1)]+w(n)

“H(m)[®(n, n-1)%(n-1) + 6(n, n-1u(n-1)) |
| (2-31)

Employing (2-21) produces
s(n) = K(n){ H(n)[v(n-1) - &(n, n-1)e(n-1)] + w(n)}
(2-32)

so that mean and covariance of s(n) are, using (2-11), h

E[s(n)] = 0
E [s(n) ST(n)] - K(n)|H(n)P'(n) HT(n)+W(n)] KT (n)
(2-33)

and by (2-27) the covariance of s(n) becomes

-1
E[s(n)sT(n)] = P'(n)H(n) [H(n)P'(n)HT(n)+W(n>] H(n) P ‘(n)
(2-34)

Since e(n-1), v(n-1) and w(n) are normally distributed and
independent of M(n-1), then from (2-32), s(n) must be normally
distributed and independent of M(n-1). From (2-16), (2-19) and
(2-20) R(i-1) and ¥/(i) are deterministic functions of M(n-1)
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for all i £ n; so it follows that s(n) must be independent of G\((i-l)
and )Ic\'(i) for all i= n. Further, from (2-28), s(i) is a deterministic
function of M(n-1) for all i<n; so s(n) and s(i) are independent for
all i<n. Thus, the s(n) are independent increments of a gaussian
process. Finally, since e(n) and M(n) are independent and s(n)

is a deterministic function of M(n); e(n) and s(n) must be independent.

2.5 Determination of the Optimal Control Function

» In this section the results obtained above are used to derive
the conditions that must be satisfied by the optimal control function.
Consider a partially completed process at the time tn in the interval
ty = tn< tq+ 1 - Assume that some arbitrary admissible control
function u[M(l) ilhas been used in the past and an admissible control
function u [M(l) 1)] is to be used in the future. Define a minimum

expected value function c’ [M(n) n] as follows:

C*[M(n), n:l = minimum expected cost to complete

the process from time tn, given the measurement

history M(n), using the admissible control function

uEM(i) i] in the interval t,=t, <t and the admissible

control function u’ [___M(l) 1:lln the interval t =t < tq 1°
By definition u*EM(i), 1] is the admissible control function which,
if used in the interval t = t, <tq+ 1’ will produce the minimum
expected cost to complete the process. Also, define an expected
value function CEM(n), u(n), n] as

C[M(n), u(n), n:lE expected cost to complete the process
from time to given the measurement history M(n),
using the admissible control function u [M(i), i]in the
interval ty = t <t applying an admissible control
u(n) at tirr}be tn’ and using the admissible control
function u” [M(i), i Jin the intervalt_ <t, < tos1 -

The difference between C and c* at time t | is the result of using

the control u(n) at time t instead of the control u (n)
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Now consider the values of C and C " at the terminal time
tq+ 1 The last control decision is made at time tq. so at the
terminal time the functions C and C  are identical. Thus, from

equation (2-5) and the definitions of C and c*
C*[M(q+1), g+ 1)) = C[M(qr1), g+ 1= E[# (x(d+1))| M(g+1)] (2-35)

The expectation operation in (2-35) requires the posterior probability
density for x(q+ 1), given the measurement history M(q+1) and

q+1° This
probability density was derived in equations (2-25) and (2-26), so

using the control function u[M(i), i] for ty = t, <t
if a function @ (?{(q +1)) is defined as

o0 00
BRrn=[ag ... [ag s, k@),
~ oo - o0

(2-36)

then the expected value functions at the terminal time become

Pias 0] - CPtas 1, ar1] <5 vl
(2-37)

Since the right hand side of (2-37) is a function of %(q+1) only,
which is itself a function of M(q+ 1), then without loss of generality
the expected value functions C and C>:< at time t +10 may be con-
sidered to be functions of )'E(q +1) instead of M(q+1). This important
change of independent variable is achieved because Q(q+ 1)is a

sufficient statistic.

Using the definition of C once again, the expected value

function at time tq can be expressed as

c[M(q), u(q), a]= E[L(x(q), u(q), @) + ¢ (x(q+1))|M(q), u(q)]

(2-38)
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and if a function Ij(;\{(n), u{u), n) is defined thus

o0 o0
L(X(n), u(n), n) = fd‘g"l C Idsk L(&, u(n), n)fx(n)(«‘ilﬁ(n))
] ~ 00

(2-39)
then by the same arguments used above

c[M(q), u(q), q]= L(X(q), u(q), q) + E[$ (x(q+1))|M(q), u(q)]
(2-40)

To evaluate the second term on the right of (2-40), it is necessary
to determine the posterior probability density for x(q+1), given
the measurement history M(q) and the control u(q). The derivation
of this probability density and an expression for the expectation

in (2-40) is a somewhat tedious task. For that reason, the
derivation is performed in Appendix A and the result, when

substituted into (2-40), produces

c[M(q), u(q), ¢ = L(k(q), u(q). @)

o0 oC
e Jan o farg )@@ (@ +L) (2-41)
=cC = oC
where x’(q+1) is given by (2-20) and the probability density
fs(q+ 1) (¢) is normal with mean and covariance given by (2-33)
and (2-34).

Obtaining C>'<|:M (q), q]from (2-41) is an ordinary minimiza-
tion problem. Clearly the minimum expected cost to complete the

process from time tq is given by

C'[M(q), q] = u(qriigl(q) {E(?c(cv, u(q), q)

7 0 o0
s faty o [ar g0 )®) 3 @ (@) m}
~ o0 el

(2-42)
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by

c* Ras1),a+1) - 9 Rigs1) (2-45)

Since the error covariance matrix P(n) is known a priori;
the posterior probability densities fx(n)(gl %(n)) and fs(n)(g) are
known a priori as functions of &, Q(n) and n. Therefore f()lc\(n), u(n), n)
and 5 (?{(q +1) can be calculated a priori as functions of &(n), u(n), n
and Q(q.;.l), respectively. With these functions the system (2-44),
(2-45) is closed and the solution for C*(Q(n), n) is realized in the
%(n) space. Since the solution is obtained without leaving the Rn)
space, the control that produces the minimum expected value function
must itself be a function of the sufficient statistic gi\(n). Therefore

the minimizing control function is written as
sk KA
W M), n] = v Ew),n) (2-46)

Now consider the minimum expected value function at time tO’
before the first measurement is taken and before any control is
applied. From (2-44) and (2-20) the minimum expected value

function at the initial time is

N % g b3 A
C"((0),0) = ‘[dgl... Jd;kfs(l)(mc (2(1,00%(0) 4+ ¢ ;1) (2-47)
-0

- 00

where )?(0) is the a priori mean of the plant state. By definition
c* (x(0), 0) is the minimum expected cost to complete the process
from the initial time, using control which is a function of the
measurement history. Therefore C*(Q(O), 0) is the minimum of

the cost J in equation (2-5).

min[J]= c*(%0), 0) (2-48)

B3
It follows that the control u (Q(n), n), obtained by the solution of

(2-44) and (2-45), is the optimal control function.
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At this point it will be useful to write out the optimality
conditions and the auxiliary equations necessary for determining

the optimal control function. They are as follows:

c*Gm), n) = a(me au(n) {E(Q(n)’ .

oC oC ~

* A,
+jmdgl...Ldgkfs(ml)(t_,)c (% (n+1)+§,n+1{

(2-49)

%X'(n+1) = & (n+1,n)%(n) + 6(n+1,n)uln) (2-50)

o0 oC
C*(Ra+1),q+1) = 8 (R(q+1) = [ag ... [de (@) (g €l Ra+ 1)
o0 e

(2-51)
oC o0
L(X(n), u(n), n) = JdEl. . ‘[dEk L(§, u(n), n) fx(n)(g' X(n)) - (2-52)
~oC =oC
S )
fx(n)(c’" %) =(@2mn 2 [Pl 2 exp {-% [C_, -;\c(n)]T P(n)_l[é —)I;(n)]}
(2-53)
K -1 .
£ ) = @m 2 |stml "2 exp{-% ¢t s-(n>'1z;} (2-54)

-1 ,
St) =P’ () HL(m)[H@PMH () + W(n)] ~ H@m) Pin)  (2-55)

Equation (2-49) is the recursion formula that must be satisfied
by the minimum expected value function with the equation for %/ (n+1)
provided by (2-50). Equations (2-51) and (2-52) give the expected
terminal cost function and the expected incremental cost functions
necessary in (2-49). Equations (2-53) and (2-54) determine the
probability densities for the state x(n) and the processed measurement
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information s(n). Equation (2-55) produces the covariance matrix
for s(n). Since the error covariance matrix P(n) is known a
priori, the system of equations(2-49) through (2-55) is complete

KON
and the optimal control function u (x(n), n) can, in principle, be

calculated a priori.

It is essential to realize that for most practical problems
equation (2-49) must be solved by some form of approximation on
a digital computer. Methods of solution utilize the techniques of
dynamic programming and the concomitant requirement for large
amounts of high speed storage is a significant difficulty. For a
problem \-)vith k state variables, the minimum expected value
function must be stored as a function of k variables and the integral
on the right in (2-49) must be carried out over the entire k dimen-
sional state space. In addition, if the control is of dimension p,
the minimization on the right in (2-49) must be carried out over
p variables. In general, solutions for most problems involving
more than three state variables are virtually impossible with
contemporary computers. There are, however, many practical

problems of small dimensionality that can be handled.

2.6 A Useful Form for Digital Approximation

Basic to the usefulness of the theory developed above is the
ability to obtain computer solutions. In this section a convenient

method for computing C” is described.

Let a function C>'<‘ "be defined as

7 . L © sk
c’ (Q,n) = Idgl... J'dz;kfs(n+l)(g)c (§+r: ,n+1)
- 00

)
(2-56)
then (2-49) may be written as
c*(Rm), n) = min L(xm), un),n) + € ‘Rr(ny 1), n)}
u(n)eU(n)
(2-57)
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Equation (2-56) requires a k dimensional integration over the entire

s(ny 1) (t) is
the Green's function, evaluated at 7 = 1, for the k dimensional

state space. It can be shown (see Appendix B) that f

diffusion equation

2

—99—(3%—'51 -2 Tr [stey DT 0<r <1  (2-58)
i o

where the (k xk) matrix of second partial derivatives is defined as

2 2
9 "D(E, 1) 0 D(E, T) _
i Fs—(%r (2-59)

If D(&, 7) is the solution of (2-58) with the initial condition

D(g,0) =C (&, n41) (2-60)

then from Appendix B and equation (2-56) , c™'in (2-57) is given by
C'®7(n+1),n) = DR’ (ns1), 1) (2-61)

In many cases (see Appendix C) it is easier, from the stand-
point of digital computation requirements, to approximate the
. solution of the diffusion equation by central differences than to
approximate the k dimensional integral with quadrature formulas.
If the difference equation method is chosen for the calculation of
the minimum expected value function, then equation (2-49) above
is replaced by equations (2-57), (2-58), (2-60) and (2-61). In
a similar manner, the functions L(2(n), u(n), n) and-af (Q(q+l)

may be determined as solutions of diffusion equations.

2.7 Multiple Measurements Between Control Applications

In some problems there will be many measurements taken
between the times when control is applied. If such is the case and

control is applied at time trl and again at time tn + J.; where j 2 1,
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and j measurements are taken in the interval tn < t= tn.,_j’ then
Q(n+j) can be written as
n+j
A . . A . N
x(n+j) = » (04§, 0)X(n) 4 6m+j, nuln) + 5 & (nyj, i) s(i) (2-62)
/
i=n+1
Also, if the following are defined
R1(n+]) = +j, 0)&MN)*+0(n +], n) u(n) (2-63)
nij
s/(nsj) = Z & (n+7,1) s(0) (2-64)
1=n+1
then (2;62) becomes
Rntj) = R (n+)) + s (n4j) (2-65)

Now equation (2-65) has the same form as equation (2-29) and

s /(n+j) is normally distributed with statistics

E[s'(n+j)] =0

(2-66)
n 4 j
)

i=n+1l

E [s ’ (n+j) s'T(n+j)] = & (n+j, i)P'(i)HT(i) [H(i)P'(i)HT(i)

-1 T
+W(i)] HOP/ (D) “(n4j, i)

Since s’ (n + j) is a linear combination of the processed measurement

increments s(i), equations (2-49), (2-54) and (2-55) become

C>:<(>/é(n), n) - min (L (X(n), u(n), n)
u(n)eU(n)

0 o0
+ fdér“ Idékfs'(n+j)(§)C*(§<"(n+:i)+§:n+i)

- 00

(2-67)
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k 1
7 N -
fs 1 (ne )t = (27 |S'<n+3)| 2 exp{-'%éTS'(nH) 1?;}

(2-68)
n4 _] -
R, \ RO, \ AT,
S’(n4+j) = Z Bn +3,1)PA()H ™ (i) [HOP/OH™ (1) + W(i)| HE)PA)P " (n4]
i=n+1
(2-69)
with equation (2-50) replaced by equation (2-63). Thus, ‘the theory
is generalized to handle multiple measurements between control
applications. When j = 1, these equations reduce to (2-49), (2-54)
and (2-55).

2.8 Specification of the Terminal Control Function

For some problems it is more meaningful to specify the
terminal control function than to specify a terminal cost function.,
In such cases the expected cost becomes
a
J-E z L (x(n), u(n), n) (2-170)

n-1

with the terminal control u(2(q), q) specified. Then the expected

cost to complete the process from time tq is

C [M(q), u(q), q] = E [L(x(q), u(q), q) | M(q), u(q)] - T(R(q), u(q), q)

(2-71)
and since u(ﬁ(q), q) is specified, the expected value functions at
time tq become
sk -_— AN
Cc @), q = CR@),q =L(x(q), u(Q(q), q), ) (2-172)

Equation (2-72) is the terminal condition for the recursion formula
(2-49). Solution of (2-49), (2-72) will provide the control functions
u"\(ﬁ(n), n) that min@mize (2-70), subject to the specified terminal

control function w(%(q), q).
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CHAPTER 3

APPLICATIONS OF THE DISCRETE THEORY

3.1 General Discussion

In Chapter 2 a theory was developed for determining
optimal controllers for linear stochastic systems, when the cost
function may be nonquadratic. As with any theory, its usefulness
must be demonstrated by the actual solution of practical problems.
Four such probelms are treated in this chapter. The first two
problems require the determination of optimal midcourse velocity
corrections for spacecraft on interplanetary missions. The
third problem is the determination of the optimal control for an
atmospheric entry vehicle. Finally, the theory is applied to
the quadratic cost problem, producing the discrete control/estima-

tion separation theorem.

3.2 Minimum Fuel Variable Time of Arrival Guidance

Consider the midcourse phase of an interplanetary space-
craft mission. Due to random errors made in injecting the space-
craft into its interplanetary trajectory, impulsive midcourse
velocity corrections are necessary, if the vehicle is to hit the
target with sufficient accuracy. The spacecraft uses chemical
fuel rockets to perform these velocity corrections. During
the midcourse phase the spacecraft is tracked by radar systems
based on earth. The radars provide velocity measurements in
the directions of the radius vector from Earth to the spacecraft
and the measurements contain normally distributed random errors.
Estimates of spacecraft position and velocity are computed from

this information, using recursion formulas (2-19) and (2-20).
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It is assumed that there is a reference trajectory defined
which passes through the nominal point of injection and the nominal
target point. At the target point there is a non-zero relative
velocity between a spacecraft on the reference trajectory and the
target planet. This relative velocity vector is glven the symbol
VR - The guidance is variable time of arr1va1 so deviations
from the reference trajectory, at the nominal time of arrival,
parallel to the relative velocity VR carry no penalty. Also, the
reference trajectory is assumed to lie in a plane and spacecraft
deviations out of the trajectory plane are ignored. Except for
the injection errors, there are no random disturbances to the
spacecraft trajectory so the covariance matrix V(n), defined in
equation (2-2), is identically zero. Since out of plane errors are
ignored, the deviation of the actual trajectory from the reference
trajectory can be described by a four dimensional deviation state
vector (2 coordinates of position and 2 coordinates of velocity)-

Therefore, if a velocity correction is made at time tn, the deviation

at time tml becomes
. 0
s§y(n+1) = & (n+1,n)éy(n) + ®(n+1,n) 1|av (n) (3-1)
where
6y(n) = deviation state vector before correction (4 dimensional
&(n+1,n) = state transition matrix(4 x 4) , evaluated along the
reference trajectory
Av(n) = velocity correction vector (2 dimensional)
[?] = compatability matrix (4 x 2), first two rows are

zero, last two rows are (2 x 2) identity matrix

and it is assumed that the state deviations and velocity corrections
are sufficiently small so that linearizations about the reference

trajectory are valid.

Let time tq+1 be the nominal time of arrival at the target.
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If a transformation of state variables is defined as follows
8y’ (n) = d(q+1,n) 6y(n) (3-2)

then the transformed state deviation vector 6y'(n) is the deviation at
time tn’ extrapolated forward to the nominal time of arrival. The
vector §y’(n) can also be thought of as the deviation from the reference
trajectory, at the nominal time of arrival; given that 6y(n) is the
deviation from the reference trajectory at time t and no velocity
corrections take place for all time in the interval tn St=t

g+tl’
Using (3-1) and (3-2) an expression for §y’(n+1) can be written as

8§y (n+1) = &(g+1,n+1)®(n+1,n)6y(n)+&Hq+1, n+1)P(n+1, n) [?]Av(n)

(3-3)
and applying (3-2) produces
6y’ (n+1) = 6y’ (n) + ®(gt+1, n) [OJ Av(n) (3-4)
I

Equation (3-4) is the difference equation satisfied by éy'(n). If

the position components of this vector are resolved into a coordinate
system such that an axis (1) lies in the trajectory plane orthogonal
to the relative velocity VR and points generally away from the sun
and an axis (2) lies parallel to vy and generally along the flight

path, then deviations in position at the target are, from (3-4)
4 7
éyl(n+1) = 6y1(n) + 1“11(n) Avl(n) +1“12(n)AV2(n) (3-5)
s 7
6y2(n+1)== 6y2(n) + F21(n) Avl(n) + F22(n)Av2(n) (3-6)

The component 6y1(n) is the deviation in position orthogonal to VR

and 6yé(n) is the deviation in position parallel to VR with the (4 x 2)

matrix IT'(n) defined by
I'(n) = &(g+1,n) [?] (3-7)

so I'(n) appears as the last twocolumns of ®(q+1, n).
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Since the guidance is variable time of arrival; the deviation
6yé (n), along the relative velocity vector VR is ignored and each
velocity correction is applied in the direction that maximizes the
sensitivity of 6y1(n+ 1) to the velocity correction magnitude. This

sensitivity is maximized if the velocity correction at time tn is

given by
(n)
Av, () = ‘11 u(n) (3-8)
-\/;il(n) + Iﬂlz()
Av,m) = T2 u(n) (3-9)

'\/;;1“ﬂ + rlz()Z‘

where u(n) is a scalar that determines the magnitude and sign of
the velocity correction. If the scalar state x(n) and scalar, non-

zero control sensitivity 8(n+1, n) are defined as

x(n) = éyl; (n) ' (3-10)

6 (n+1, n) ='\ﬁ"11(n)2 + l“lz(n)2 -—-'\/(;13(q+ l,vn)2 + ¢14(q+ l,n)2

(3-11)

then equations (3-5), (3-8) and (3-9) produce the scalar relation

x(n+1) = x(n) + 6(n+ 1,n) u(n) (3-12)

Equation (3-12) is the equation of state for the minimization prob-
lem. Its simple form is a result of the transformation (3-2) and
the fact that for variable time of arrival guidance, no penalty is
attached to 6y2' (n).

Using these definitions it is possible to state the optimal
control problem in specific terms. It is desired to minimize the

expected total fuel required to perform the midcourse maneuvers,
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assuming that the velocity corrections are performed at specified
times. Since the spacecraft rocket engines are chemically fueled,
the sum of the magnitudes of the scalar controls u(n) is simply
related to the amount of fuel used. Two guidance schemes will

be investigated. The first scheme has no terminal cost function
but at the last correction time tm’ a total correction is made so
that ®'(q+1) is driven to zero. The incremental cost at each

correction is
L(x(n), u(n), n) = [ un)| (3-13)

with the terminal control specified as

A
i (m), m) = - 6(;<7—+(§n—)n-17 (3-14)
Hence L (%(n), u(n),n) is given by
TR, utm),n) = [ dg[um] £, €] 2 = [a) (3-15)

and the terminal condition on the minimum expected value function

is determined by (2-72) as

C*(m), m) = TR(m),uX(m), m), m) = QJ-—L)(ﬁff"m (3-16)

Since the last correction drives the estimated state to zero, the
statistics of the error in hitting the target correspond to the statis-
tics of the estimation error at time t_ . By performing the last
correction at a time when enough measurements have been taken

so that the estimation error statistics satisfy the target miss
distance requirements, the spacecraft will hit the target with the
required accuracy. This scheme will be called total final correction

guidance. The second scheme has L(x(n), u(n), n) given by

L(x(n), u(n),n) = |u(n)| (3-17)
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with a quadratic terminal cost function
P 2
¢ (x(qt+1)) =5 x(q+1) (3-18)

In this case L (}(n), u(n), n) is again given by (3-15) and the 6 (X(q+1)

function is

o0
e =F fases o E[Rar)) = § BqrD? +Pq+D)
@ ' (3-19)

so in this case the terminal condition on the minimum expected

value function is
C*(&a+1),q+1) =3 Ka+ 1%+ P(q+1) (3-20)

This scheme will be called quadratic terminal cost guidance.

It is important to realize that the scalar state x(n) is the
deviation from the reference trajectory extrapolated forward in
time to the nominal time of arrival, and taken perpendicular to
the relative velocity vector VR Thus R(n) is the estimated target
miss distance, as calculated from the measurements and velocity
corrections up to time t . Hence P(n) is the variance at time t
of the error in the estimated target miss distance and it is assumed
that the measurement schedule is known a priori so that P(n) can
be calculated a priori. From equation (3-12) it is clear that the
state transition matrix for this problem is the scalar unity. Also,
from (2-69) and the recursion formulas for P(n) in (2-11), the

variance S{n+j) can be shown to satisfy
S'(n+j) = P(n) - P(n+j) (3-21)
with the probability density for s’(n+j) given by (2-68), with k = 1.

If two correction times are specified as times: tn and tn+j’

and there are j measurements taken in the interval;tn <ts tn+j’

then the minimum expected value function must satisfy (2-67), so

0
c*(ktn), n) = 1‘3;{)‘ {lu(n)l + [a fsf(mj)(g)c*(fc"(nﬂ)%, n+j) ) (3-22)
. o |
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No restrictions are placed on the control so Q(n) occupies the
entire real axis. Equation (2-63) provides a scalar equation

for the extrapolated estimate.

4'(n+j) = An) + 6(n+j, n)u(n) (3-23)

%
Let a function C ’ be defined as

' @m = [ag g () C R+ L0 (3-24)

- 00

and C:F' (2, n) may be interpreted as the minimum expected cost
to complete the process from the point 2 at time tn if no control
is applied at time t, (i.e. u(n) = 0). Using this definition (3-22)

becomes

c*@m,m = T8 (] + ¢ @@+, (3-25)

To obtain the minimum on the right of (3-25), the derivative of

the function in braces is taken with respect to u(n).

gu(.n) = sgn [J(n)] ' ac;l(k\’ 2 e(n+j,’ 2 (3-26)
0

L=%"+j)
It can be shown (see Appendix D) that the resulting optimal control

r 3

z sgn [Q(n)]a(n) - %(n) if I&(ﬁ)l > a(n)

function is given by

% A f8(n+ j, n) &
u (X(n),n) = :
0 it | 2] = atn)
= Z (3-27)
where the positive quantity « (n) satisfies
*, Q . _
8C ‘(X,n) 6(n+j,n =1 (3-28)
A ..
ox £ = a(n)
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Another way of describing the optimal control function at time tn

is as follows:

The value o (n) determined by (3-28) defines an
interval %(n) onthe?® axisags-~a(n) = 2= a(n). If '}E(n) lies
inside ¥(n) or on the boundary, no control is applied. If
®(n) lies outside F(n), the optimal control drives ﬁ'(n+j)
to the boundary of ¥(n). Application of non-zero control
will move &’ (n+j), but only at the expense of fuel. In®(n)
the expense of applying any non-zero control is greater
than the resulting saving that can be incurred by the
movement of ®/(n+ j). Conversely, outside ¥(n) it is
possible to apply controls at less expense than the saving -
attained by the resulting movement of 2+ j). In fact,
the maximum net saving is produced by applying control
such that X’(n+ j) is driven to the boundary of F(n). The
boundaries of F(n) are determined by @ (n) according to
(3-28). Now 8(n+j,n) is the change in state per unit of

*/
applied control (fuel) and af is the change in cost (fuel)

0X
per unit change in state. Hence, a point at which the

product of these two quantities is unity, as in (3-28), is
a point at which saving and expense just balance each
other. Inside B (n) there is a net loss for any nonzero
control and outside F(n) there is a net saving for proper

application of control,

Finally, if the optimal control given by (3-27) is
applied, then (3-25) becomes

( 2
A
IX‘S)!n}ff,(r?) + C*1(a fn),n) if |%(n) >« (n)
e, = ?
c* 'R), n) it |8 = atn)
~ J
(3-29)
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Clearly, the optimal control problem becomes the problem
of determining the set of positive numbers a(n), one for each
velocity correction time. The solution requires digital computation
and can be accomplished in the 2 space, which for this problem
is the real axis. Calculations begin at the terminal time with
the terminal condition given by (3-30), if the total final correction

guidance scheme is used.

c*% m) = aa‘%‘,lﬁ) m= n+j (3-30)

If quadratic terminal cost guidance is used then the terminal

condition is
* 4 _ A (A2 ‘ .
C (X,q+1) = 5 (X" + P(q+1)) q+l = n+j (3-31)
The function c (&, 1) is computed by approximating the solution of

the diffusion equation as described in Section 2.6. The initial

condition and differential equation are given by

D(3,0) = C(&, n+j) (3-32)
2
QM:_L S{n+ j) 9"D(x, 7) 0<7=1 (3-33)
oT 2 A2
0X
and C "/ (%, n) is given by
¢ (dn) = D& 1) (3-34)

The value a(n) is realized by numerically differentiating c '(}’(\, n)

with respect to £ and finding the point on the R axis that satisfies

%, A
aC /' (x, n)

A
0
x 2= a(n)

9(n+j,’n‘) =1 (3-<35)
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. K
Finally C" (%, n) is determined from

r M am)n it N> am)

(3-36)
if 'Ql s a(n)

Computations beginning with (3-32) are then repeated the required
number of times until the initial time is reached (i.e. n= 0). In
Fig. 3.1 is pictured a typical sequence of computations from time

t ,.totimet .
n+j n

ﬂ(,‘c‘(a'n_’j)

aln)

Fig. 3.1 Computation Seqﬁence for Determining a(n)

3.3 Numerical Example of Minumum Fuel V, T, A, Guidance

To demonstrate the actual numerical solution of the problem
described in Section 3.2, a spacecraft mission to Mars was
simulated. Since many body gravitation effects do not appreciably
influence the minimization problem, a two body matched conic
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reference trajectory was computed. Two conics were used, a
geocentric hyperbola in the vicinity of Earth and a heliocentric
ellipse for the long interplanetary phase of the flight from

the Earth sphere of influence to the Mars sphere of influence.

The gravity of Mars was ignored in order to simplify the calcula-
tions. In effect the ti-ajectory aims at a point on the Mars sphere
of influence, at the nominal time of arrival. The gcocentric hyper-
bolic trajectory begins at a point 100 miles above the Earth's
surface and matches {he heliocentric ellipse in position and velocity,
at a point 425, 400 miles from the center of Earth. The hyperbolic
transfer angle is approximately 135°. The heliocentric elliptical
portion of the trajectory is a 180° transfer from approximately

the Earth sphere of influence to the target point near Mars.

Orbital elements of the geocentric hyperbola and the heliocentric

ellipse are listed in Table 3.1.

Conic Semimajor Axis Eccentricity
Hyperbola_ 31, 300 mi. 1.130
Ellipse 117.3 x 106 mi. 0.208

Table 3.1 Orbital Elements of the Matched Conics

An approximate plot of the trajectory is shown in Fig. 3. 2.

DIRECTION IN WHICH

X(n) 1S MEASURED HELIOCENTRIC ELLIPSE

ATCHING POINT

GEOCENTRIC HYPERBOLA

TARGET
POINT INJECTION POINT
MARS ORBIT EARTH ORBIT

Fig. 3.2 Earth-Mars Reference Trajectory (not to scale)
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Total time on the reference trajectory from injection to
nominal time of arrival is 6160 hours, of which approximately

56 hours are spent on the geocentric hyperbola.

The (4 x 4) state transition matrix ®(g+1, n) was computed
as a function of time t along the trajectory. The matrix T'(n)
defined by (3-7) appears as the last two columns of &(g+1,n).
Using (3-11) the control sensitivity was calculated as a function of

time t , and is plotted in Fig. 3. 3.

40000
Oin+in)
(-2 ) 20000

mph
->
o _1 - 1 'l 1 Il ) S i
0 2 4 6 8 10 6155 6160
by (he.)

Fig. 3.3 Control Sensitivity

The spacecraft was assumed to be an unmanned probe and
the variances of injection errors were chosen as typical for such
a mission. It was also assumed that the cross correlations between
injection errors are identically zero.

the flight are listed in Table 3. 2.

Injection error variances for

Altitude Range
Position Error Variance 1 (mi)2 16 (mi)z
Velocity Error Variance | 400 (m.p.h.)? | 20(m.p.h.)?

Table 3.2 Injection Error Variances
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In the vicinity of the earth, velocity measurements are
taken every hour beginning one hour after injection. It is assumed
that these measurements are always taken in the direction from
Earth's center to the spacecraft. The variance of errors in the
measurements is 0.01 (m. p. h. )2. Using these statistics the
(4 x 4) covariance matrix, of estimation errors at the target,
was calculated as a function of time(see Battin(4), Chapter 9).

The upper left hand corner element of this matrix is the variance.

of error in estimated miss distance at the target. It is plotted

in Fig. 3.4.

'0" =

10"°F

10° -
P(n)
(mi)® 0}

107

[ 3 | 1 i [ 1 1 1 1 [
10 0 ] 2 3 4 5 6 7 8 9 10

t, (hr)

Fig. 3,4 Variance of Error in Estimated Miss Distance
at the Target
From this figure it is clear that the measurement at two hours
drastically reduces the error variance at the target. This occurs
because between them, the two measurements at 1 and 2 hours, very

accurately determine the magnitude of the spacecraft velocity, which
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is the important factor in determining the target miss distance.

The last velocity correction is made at 56 hr. (i.e. at

the conic matching point), at which time the error variance is

below 4 X 104 miz.

Thus, the root mean square error in estimat-

ed target miss distance, at the last correction time, is less than

200 miles.

Total final correction guidance is used (i.e. the

estimated target miss distance is eliminated at the last correction),

so the root mean square miss distance is less than 200 miles.

Using the computation method described in Section 3. 2, it

was soon found that optimum corrections after 2 hours and before

56 hours produce negligible savings in fuel.

Physically this can

be explained with reference to Figs. 3.3 and 3. 4 which display

relatively small decreases in control sensitivity and error variance

after 2 hours and before 56 hours.

In effect the terminal miss

distance is known quite well after the measurement at 2 hours, so

a fairly accurate correction can be made at that time.

In addition,

since the sensitivity does not change appreciably after 2 hours

and before 56 hours, little can be gained by applying part of the

correction at say 3 or 4 hours and the remainder at 56 hours.

By contrast, appreciable savings can be accrued by corrécting at

1 and 2 hours because the sensitivities are appreciably higher.

In fact a measurement and correction before 1 hour can produce

even greater savings.

This possibility was not investigated,

however, because it did not seem operationally feasible to require

a velocity correction earlier than one hour after injection. Thus,
velocitycorrectiontimes were chosen as 1, 2 and 56 hours. The
control sensitivities and error variances at these times are listed
in Table 3. 3.
. . mi, -\ 2
Time t_ (hr) 6 (n+j,n) (—m) P(n) (mi.)
10
0 35, 790 3,661 x 10
1 19, 380 1.424 x 1010
2 15, 780 5.592 x 10"
56 9, 754 3,300 x 10%
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Using these values, the variances S ’ (n+j) were calcualted
by (3-21). They are

S'(1) = 2.237 x 1010 (mi. )2
$'(2) =1.419 x 1019 (mi.)2
S’(56) = 5.589 x 10' (mi.)2

From these data, the a(n) values for total final correction

guidance were computed as described in Section 3. 2, producing
a(1) = 158,100 mi,
a(2) = 6,800 mi-

and the optimal controls are given by (3-27) so

158, 100 sgn [9(1)] - 20) if |§(1)| > 158,100 mi

19, 380
u 1), 1) =
0 if |R(1)| = 158, 100 mi.
(3-37)
6,800 sgn &(2ﬂ - R(2) oA, .
15780 if Ix(2)|> 6,800 mi.
sk A
u (x(2),2) = N
0 it |%(2)] = 6, 800 mi.
(3-38)

where the units of ¥ andu" are miles and miles per hour, respectively.
Numerical results also showed that the optimum variable time of
arrival guidance corrections must be applied essentially parallel

to the reference trajectory velocity vectors.

The initial minimum expected value function C*(Q(O), 0)
was calculated using Eq (2-47). It was assumed that the space-
craft contains an inertial measurement unit for determining the
injection velocity and that this data is used to obtain %(0). In
addition, the injection engine cutoff system produces errors, so
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€(0) is assumed to be a normally distributed random variable with
zero mean and variance equal to the variance of the error in £(0),
(i.e. 3.661 x 1010
by integrating C*(Q(O), 0) over the probability density for £(0), pro-

miz). The minimum expected cost was calculated

ducing a value of 13.4 m.p. h. as the minimum three correction

cost.

A comparison can be made between the mean cost of the
optimum three correction control, and the expected fuel required
to apply a single total correction at 56 hrs, which is the guidance
technique usually employed in this context. The expected fuel re-
quired for a single total correction at 56 hrs is 22,1 m.p. h., or
an increase of about 65% over the minimum three correction
cost. The saving is, of course, due to the very early application
of optimum corrections at 1 and 2 hours. Similarly,a comparison
can be made between the optimum three correction controller
and the mean cost of applying three total corrections. The mean
cost of applying three total corrections at 1,2 and 56 hrs is 16.7

m.p.h., an increase of about 25% over the optimum.

As a check on the accuracy of the computations, Monte
Carlo runs were made using the optimal control. Three thousand
runs were completed using a normal random number generater to
simulate injection and measurement errors. The averaged cost
for these simulated optimum trajectories was 13.2 m.p.h. or
0.2 m.p.h. less than the computed optimum. Since the standard
deviation of the averaged cost is about 0.1 m. p. h., there is
reasonably good agreement between the two computations.
The Monte Carlo simulations also provided the probability
distribution of the total cost using the optimal control. It appears
as Fig. 3.5.
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Fig. 3.5 Total Cost Probability Distribution Using
Optimal Control

Some interesting statistics can be obtained from the calculated
probability distribution. For example, the probability of a
particular optimum trajectory costing less than the minimum
mean cost (i.e. 13.2 m.p.h.) is 0. 608, so about 61% of the
trajectories will cost less than the mean. Further, the prob-
ability of a particular trajectory costing more than three times
the mean (i.e. 39.6 m.p.h.) is 0.007, so less than 1% of the

trajectories will cost more than three times the mean.

From (3-37) and (3-38) it is obvious that the optimal
control is a nonlinear function of the estimated state. Breakwell
and Striebel(lz) have developed a method for determining a near

minimum fuel control. Their theory obtains the optimum controller
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from the class of all linear controllers. For purposes of comparison
the near optimum linear control functions were determined for
corrections at 1 and 2 hours, assuming that the correction at

96 hours is a total correction. They are

_0.31 %(1)

u(x(1), 1) = 19, 380 (3-39)
ud(2), 2) = - L2 X2 (3-40)

The velocity correction at 1 hour decreases the estimated miss
distance by 31% and the velocity correction at 2 hours decreases
the estimated miss distance by 97%. It was found that Breakwell
and Striebel's near optimum linear controller expended only 4%

more fuel, on the average, than the true optimum.

The optimal control law for quadratic terminal cost guidance
was also computed. The terminal cost function for this case is
given by equation (3-20). The value X was chosen so that the
terminal cost function ¢ (x) has the same value at x = 1, 000 miles,
as the amount of fuel required to correct a 1, 000 mile error at
56 hours. Thus, errors greater than 1, 000 miles are weighed
heavily and errors near zero are weighed very little. The calculated
value of A is

X = 0.205 x 107° (ZLP-N.)
mi
Performing the computations as described above, the optimal
control at 1 and 2 hours was determined to be identical, to within
computational accuracy, to the optimal control for the total final
correction case. The optimal control at 56 hours was determined

as

(500 sen[(&(56))]- £(56) ’
| 9750

u*(&(56), 56) = | ‘
0 if [%(56)] = 500 mi

if |S‘:(56)| > 500 mi

(3-41)
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The estimated cost was calculated as 13.5 m. p. h.

Thus, the optimal control for quadratic terminal cost
guidance is essentially the same as the optimal control for total
final correction guidance, the difference appearing in the control
applied at 56 hours. Since the chosen value of X prescribes
heavy weighting to terminal errors greater than 1, 000 miles,
the terminal correction must eliminate almost all the error
(i.e., only 500 miles remain). Therefore,the functions C*(ﬁ, 56)
for both cases, are almost identical. Since the solutions are
obtained by taking steps backward in time, the remaining computa--
tions for both cases do not differ appreciably. It may be concluded
that for quadratic terminal cost guidance, when heavy weighting
is applied to terminal errors, the optimal control approaches

the optimal control for total final correction guidance.

3.4 Minimum Fuel Fixed Time of Arrival Guidance

In this section the fixed time of arrival guidance problem
is examined. It closely parallels the variable time of arrival
problem of Section 3.2, except that terminal deviations parallel
to the relative velocity vector VR must also be controlled.
Equations (3-5) and (3-6) are the difference equations satisfied

by the deviations at the target. They are repeated here

ayl’(n+1) = 5y, (m) + I (0) Av () + Ij,(m) Av,(n) (3-42)

6yé (n+1) = 6y2' (n)+ T,,(n) Avl(n) + Iy,(n) Avy(n) (3-43)

along with the equation for the (4 x 2) matrix I'(n)
@)

I'(n) = 3(q+1,n) [ I] (3-44)

If the two dimensional state vector x(n) is defined as

6y1’(n)
x(n) = (3-45)
6y2’(n)
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and the (2 x 2) nonsingular control sensitivity matrix 6(n+1,n) is

given by
I, I ,mn ®,5(q+1,n &, ,(q+1,n)
6(n+1,n) = =
1‘21(n) L o(n) ® 55(q+1,n) ®44(qt+1,n)
/ (3-46)
with the two dimensional control specified as
Avl(n)
u(n) = (3-47)
sz(n)

then (3-42) and (3-43) can be written as a two dimensional vector

equation
x(n+ 1) = x(n) + 6(n+1,n) u(n) (3-48)

This is the equation of state for the fixed time of arrival optimization
problem. It is two dimensional because two coordinates of the
target miss vector are to be controlled and the out of plane errors

are ignored.

The optimization problem is to find the control function
u*(?((n), n) that minimizes the expected total fuel necessary to
perform the midcourse velocity corrections. Correction times
are specified and the velocity corrections are made using chemically
fueled rocket engines. The incremental cost at each correction
time is

L(x(n), u(n),n) = I u(n)n (3-49)

and therefore L(%(n), u(n), n) is given by

o0 o0
TG, u),n) = [de, [de, Jum] £,E]2@ = | un |

- 00 - 00

(3-50)
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Total final correction guidance is used so a total final correction

is made at time tm‘ Thus the control at tm is specified as

u(k(m), m) =-6(q+ 1, m)" L &(m) (3-51)
and the terminal condition for the minimum expected value function
is

E _ -1 A
C (&m), m) = |f 6(q+1,m)” " %(m) (3-52)
From equation (3-48), the state transition matrix for this
problem is the (2 x 2) identity matrix. The error covariance
matrices P(n) and the measurement information covariance

matrices S’(n+j) are (2x2). From (2-69) and the recursion

formulas for P(n) in (2-11), it can be shown that

S “(n+j) = P(n) - P(n+j) (3-53)

Let tn and tn+j be two correction times, so there are j measure-

ments taken in the interval tn <ts tn+j' The minimum expected:

value function must satisfy (2-67) so
c*@m,m =20 Jum) + fd; jd; (OC G (), n )
>77 7 u(n) 1 2 s’ (nt+j) yro.nT
(3-54)

and no restrictions are placed on the control soQU(n) occupies the
entire two dimensional control space. The extrapolated estimate
is

%'(n+j) = &) + 6(n+j,n) uln) (3-55)

sk
Now define a function C ’ as

@ = [ary [ty 1, @ CRetneg) (3-56)

=00 -0

so the condition for optimization becomes

c*(&m),n) = min{"u(n)ﬂ + C*'('}E'(n+j),n)} (3-57)

u(n)
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To find the control function that minimizes the function
in braces in (3-57), it is necessary to consider separately,
optimal controls which are zero and optimal controls which are
non-zero. Consider first those possible cases for which the
optimal control u*(n) is equal to zero. Then for any non-zero

control u(n) the inequality

ﬂ‘u(n)" + C*’(&(n) + 6(n+j,n) u(n);n) 2 C*'(ﬁ(n),n) (3-58)

must hold. C ' is analytic in the entire & space so (3-58) can be

expanded as

% 1
um || + ¢/ @m),n) + [MJO(n+j,n)u(n)+e(n) 2 ¢*(%(n), n)
o % aA_ &
= X(n)
(3-59)
where the gradient of C*’ is defined as the row vector
2C™ (&, n) 5C* " (%, n)
__.A_’ = —_— j=1,2 (3-60)
9% 9%,
J
and €(n) is given by
2. %A
1 T T . 0" C ,n .
e(n) = 5 u (n) 67 (n+j,n) ———;E-E—l 6(n+ j,n) u(n)
0X
%=
(3-61)
with the matrix of second partial derivatives defined as
b3
32c* &, n) _|8%c™ &, n) o
—--——2——’—- T —_— i=1,2;j=1,2
A A A
ox 0X. 0X.
1]
(3-62)
and the vector §given by
£ = X(n) + v6(n+j,n) u(n) 0sys1 (3-63)
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Dividing (3-59) through by || u(n)|| yields

2C (%, n) . ul) . e(m .
1+ ——35} 6(n+j, n) (] + o] = 0 (3-64)
% = %(n)

Inequality (3-64) must hold for all non-zero vectors u(n). By
choosing the magnitude of u(n), the third term on the left of (3-64)
can be made arbitrarily small. Similarly, by choosing u(n) in
the proper direction, the second term can be made negative if
the gradient is non-zero. Therefore, if (3-64) is to hold, a -

necessary condition is

9 C>:< “(&, n)

A 6n+j,n)| = 1 (365)
0X .

% = %(n)

In addition, it is shown in Appendix E that the matrix of second
partial derivatives (3-62) is positive definite in the entire ¥ space.
Thus, since 6(n+j, n) is nonsingular, €(n) given by (3-61) must

be positive for all non-zero u(n). Hence, if the optimal control
u* (n) is zero, it is unique and the corresponding 2(n) must lie

in the region®(n) determined by

A
0C (X,n) f(n+j,n)
R

Fn) =44%: 1 (3-66)

because (3-59) holds with strict inequality for all non-zero controls

u(n).

Attention is now turned to cases for which the optimal

control u (n) is non-zero. For this situation, the inequality

[o" @+ ¢ @ + o@+im w5 k@D (3-6)

must hold. Expanding as before yields

100 % 3
amll + cFéw,n + {a_c_‘_’f_’_‘l’_]e(nﬁ,n)u“ (n)+e(n) = C "(&(n), n)

%

k=2 (3-68)
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where now

2 *[ A
(n)6 (n+j, n) ———2(—}5‘—132 9(n+j,n)u*(n)
o%

*®
€(n) =-% T

&=£

(3-69)

and the vector § is similarly redefined. Dividing (3-68) through
%
by "u (n)" produces

ac™ (&, n) u (n) eln) - _
1+ [————89{ ]9(n+3,n) “u (n“ + "u (r?)ﬂ (3-170)
%=%(n)

Since €(n) is positive, a necessary condition for (3-70) is

ac™ 2, n)
0%

f(n+j,n)]| > 1 (3-71)
ﬁ:}’?(n)

Thus, if a region®n) is defined as

R(n) = “M 6(n+j,n)“ >»1} o (3-172)

then if u*(n) is non-zero, the corresponding %(n) must lie in region
®R(n). R(n) and F(n) are disjoint and together occupy the entire %
space, so if ®(n) lies in the region @(n), the optimal control is
zero and coversely if #(n) lies in region ®R(n), then the optimal

control is non-zero.

At this point there remains the problem of actually determin-
*®
ing the non-zero optimal control when &(n) lies in ®(n). Since u (n)
is non-zero, the derivative of the function in braces in (3-57) can

be used. It is written as

. T *I
gu(n) = [—-(-IH(n)n + ——l—-acaf& n) 8(n+j, n) : " u(n)" >0
X

2=%(n)+6(n+j, n)uln)

(3-73)
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and setting the right hand side equal to zero produces necessary

conditions for the optimal control. The direction of u_ (n) is given
by

_up . . GT(n+j,n) oc” () |
o @l 9

X=%(n)+6(n+j, n)u*(n)

(3-74)
and its magnitude raust be such that
aC” (&, n)
= _—A——_-

8(n+j,n) |l - ’ o
2% (3-175)

%=%(n)+6(n+j, n)u" (n)

Also, the second derivative of the function in braces in (3-57)

is

T
2{ } I- uén)u (n)
941 u” (n) u(n) T, . aC" %, n) )
= + 67 (n+j,n) | ——==—| 6(n+j,n)
u®? |/ T e o%2 arn
v njuin &=%(n)+6(n+j, n)u(n)

(3-176)
It can be easily shown that the first term on the right of (3-76) is

a positive semidefinite matrix for all non-zero vectors u(n). In

BZC>x (&, n)
Appendix E it is shown that — - is positive definite for

o8

all % and since 8(n+j, n) is nonsingular, the second term on the
right in (3-76) is a positive definite matrix. It follows that a
local minimum exists for u*(n) satisfying (3-74) and (3-75).
Furthermore, the absolute value function is semi-concave and

it is shown in Appendix E that Cﬂ< (%, n) is concave, so the function

in braces in (3- 57) must be concave. Therefore the function in
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braces is unimodal (i. e., there is only one extremal). Hence,
u* (n) satisfying (3-74) and (3-75) provides the absolute minimum

and is the unique optimal control.

By comparing (3-‘75) and (3-66) it can be seen that the
optimal control drives the estimated state to some point on the

boundary of &(n). Because of its eventual importance, define the
boundary of &(n) as

®(n) = {}'E : = 1} (3-77)

Sk
and let vectors b designate elements of ®(n). Thus, if b is

*I A
LACHRE ¢:9% )} (x,n) 0(n+j, n)
ok

the point in ®(n) to which the optimal control drives the estimated

state, then the optimal control direction is given by (3-74) so

* %, T ,a .
u ) _ gTin4y,n) |2C—_(E.n) (3-78)
o (] 2% .

& = b e®B(n)

To each element b of ®(n) there is associated an optimal control

direction and an optimal trajectory direction given by the vector

d(b, n) where

5C" 'T(%,n)
oR

d(b,n) =- 6(n+j,1) 6 (n+j,n) (3-79)
2=be®B(n)

S *
Since b is the point in ®(n) to which u (n) drives the estimated

state, b must satisfy

% . 2 %
b =&(Mn) + p d(b ,n) b € ®B(n) (3-80)
F
o =[] > o
*
and once b 1is known, the optimal control is determined by
* - *
u(n) = 6(n+j,n) l[b - s‘c(n)] (3-81)

Hence the problem of determining the optimal control becomes

* %
the problem of obtaining b to satisfy (3-80). The point b in
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b/
@(n) must be found such that the difference between b and %(n)
lies in the direction d(ba: n). A typical solution is illustrated in
Fig. 3.6.

A
X2
\
gln) //
R(n) ;(\(n)
OPTIMUM N
TRAJECTORY ',/ B(n)
b*
, Z(n)
d(b,-n)’s
>3

Fig. 3.6 Typical Solution for b’ (n)

To obtain the solution it is necessary to know the boundary ®(n)

.and the vectors d(b, n) as functions of points b in®(n). Knowing
*

these, ®(n) can be searched for the point b satisfying (3-80).

The point is unique because the optimal control is unique.

To formulate an actual control function, it is necessary

to determine the boundary curve®(n) in the & space and the vector
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functions d(b,n). Determining these requires digital computation.
A two dimensional grid is necessary to represent the % space.
Computation begins at the last correction time tm’ with the

condition.

m=n+j (3-82)

c*@, m) = || 6(q+1, m) 1%

Then an approximate solution of the two dimensional diffusion

equation
D&, 7T _ 1l , . . 0°D(2.7) , LDk L . 9%D(&, 7)
—_— . = =S (n+J)——’-— + 28 (n+3)-——¢-—- +S (I‘I‘*‘])-—;
oT 2 11 2 12 A 22 A2
R 0%, 0% o%
1 1772 2
(3-83)
with the initial condition _
&
D(,0) = C (&, n+j) (3-84)

is calculated using central difference techniques, in the interval |
&
07 =1. It follows that C ’(&,n) is given by

%
C ’'(%.,n =D&, 1) (3-85)
The boundary curve ®(n) is obtained by searching the two dimensional

& grid to find points b that satisfy the equation

*I A
____BC (%, n) f(n+ j, n)
ok

(3-86)

=1
X=b

and at each point b thus obtained, the vector d(b,n) is calculated

as
*IT A
d(b,n) = - 6(n+j, )6 (n+j,n) [w] (3-87)
8% %=b

By making the search fine enough, the points b will lie sufficiently
close together to give an accurate representation of the boundary
@(n) and the vector function d(b,n). Then, at each point of the b4

*
grid, the function C (&, n) is determined by
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"e(mj,n)'l [b* - 52]||+ c* ", n) if feRn)

* A

¥, n) =
N/
C (%, n) if %e 3(n)
(3-88)
where b is attained by solving the transcendental equation
* %
b - &%= pd( ,n) p >0 (3-89)

b e®n)

Computations beginning with (3-83) are then repeated the required
number of times until the initial time is reached. Having obtained
the curves®(n) and vector functions d(b, n), the optimal control

is given by

6(n+j,n)-1[b>:< - ?{(n)] if &(n)eR(n)
u*(ﬁ(n),n) =
0 if &(n)e B (n)
(3-90)
where b"J< is determined by the solution of
b" - &m) = p d(b*,n) p>0
* (3-91)
b e®(n)

3.5 Numerical Example of Minimum Fuel F, T, A. Guidance

In order to demonstrate the numerical solution of a fixed
time of arrival problem, the Earth-Mars trajectory described
in Section 3.3 is utilized once again. The reference trajectory
parameters and the injection error covariance matrix are as
listed in Tables 3.1 and 3.2. Optimal corrections are applied
at one and two hours and total fimal correction guidance is used

with the final correction applied at 56 hours.

To obtain the optimal control functions, the (2 x 2) control
sensitivity matrices were calculated at the correction times. As

a means of conveniently describing the control vectors and terminal
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miss vectors, separate coordinate systems were chosen at the
vehicle and at the target point. The coordinate system at the
vehicle has an axis (1) in the trajectory plane, orthogonal to

the vehicle reference velodity, and pointing generally away from
the sun, and an axis (2) pointing in the directioﬁ of the vehicle
reference velocity. The target coordinate system has an axis (1)
pointing in the rad:al direction away from the sun and an axis (2)
tangential to the Mars orbit, which is assumed circular. These

coordinate systems are illustrated in Fig. 3. 7.

SPACECRAFT
TRAJECTORY

TARGET

B e COORDINATE
SYSTEM" (2) "~ SYSTEM
MARS onan/ EARTH ORBIT

Fig. 3.7 Vehicle, Target Coordinate Systems

The.control sensitivity matrices 6(n+j, n) relate control vectors
resolved in the vehicle coordinate system to position changes
resolved in target coordinate system. The control sensitivity
matrices at the various correction times were computed as

follows:
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[ 210 19,380 | -
0(2,1) = ( -
-4,779  -39,830 | ™-p-h.)
[ 228 15,780 | .
0(56, 2) = ( —)
-5,405  -31,690 | m-P.h
- .
=10 9,754 i
0(6160, 56) = (—_T)
-6, 395 -18,610 m.p.n.

With the injection error variances given in Table 3.2
and assuming velocity measurement error variances of 0.01(m. p. h.)2,
the (4 x 4) estimation error covariance matrices, at the target,
were computed. For purposes of determining the optimal control,
however, only the position error covariance is necessary. It
appears as the upper left hand corner (2 x 2) submatrix of the
complete (4 x 4)- error covariance matrix. The (2 x 2) position
error covariance matrices, at the various times of interest,

are given as follows:

3.661 x 1010 -8.351 x 1010 .
P(0) = (mi.)
[-8:351x 1010 1.960 x 1011 |
1.424 x 1019 _2.552 x 1010 ,
-2.552 x 1010 4.574 x 1010
i 7 7
5.592 x 10 -6.129 x 10 .
P(2) = (mi.)
-6.129 x 10" 7.515 x 107 |
-
3.300 x 102 9.032 x10% | .
P(56) = (mi.)
| 9.032 x10* 1.819 x 10°
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From these data, the minimum expected value functions
were computed as described in Section 3.4. At each correction
time the § space was searched to obtain the boundary curves @(n)
and the optimal trajectory direction vectors d(b,n). As a means
of describing the®(n) curves and the vector directions d(b, n),

the target coordinate system shown in Fig. 3.8 is utilized.

X
2
A OPTIMAL TRAJECTORY
DIRECTIONS
g.(n) /
R(n)
b
(n)
‘s B
d(b,n) R
3 fX‘
@B(n)
(n)
R(n) 3

Fig. 3.8 Definition of «, 3 and r‘:8
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Thus, ais the polar angle measured from the ﬁl axis, is the

T,
radial distance to the®(n) curve and B is the angle bet\;‘;en the
radial direction and the vector d(b,n). Therefore s and B as
functions of @, describethe boundary curve@(n) and the directions
of the vectors d(b,n). Table 3.4 contains the calculated values
of N () and B(a) for the correction at one hour. The tabulated
range of «a is -90° = ¢ = + 90°, at increments of 2°. Obviously,

the problem is symmetric about the origin so

g (@) = Q(oz-180°) 90° < a < 270°

Bla)= B (a- 1809 90° < a< 270°

The computations indicate that the B(1) curve has asymptotes at
a values of approximately -46°, -580, -64° and -81°. Fig. 3.9
illustrates the@(1) curve and the optimal trajectory directions.
Similarly, Table 3. 5. lists g (o) and B(a) for the correction at
two hours. Asymptotes in the®(2) curve occur at approximately
-47° and -79°. Fig. 3.10 illustrates these tabulated values for
the correction at two hours. '

Calculation of the actual optimal control for cases in which
%(n) eR(n) becomes the problem of determining @ so that (3 -80) is

satisfied. To that end, define a vector a(@) as

’ sin (a + B())
ale )= (3-92)
-cos(a+ B (a))

From Fig. 3.8 it is clear that for a given value of @, the correspond-
ing d(b, n) vector is

-cos (@ + B (@)
d(b, n) = " d(b,n)“ (3-93)
-sin (¢ + B (@)

and it follows that
al(a) d(b,n) =0 (3-94)
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o deg e (@) mi Bla) deg
+90 o

-46 %

-46.76 .668 x 10° -15. 63
_48 .365 x 10° -13.91
-50 .232 x 10° -12.13
-52 .669 x 10° -10.09
54 .118 y 10° - 8.10
-56 .865 x 10° - 6.01
-517. 35 .447 y 108 - 4.96
-58 %

-64 0

-64. 72 335 x 10° 0.09
-66 991 x 10° 1.48
_68 748 x 10° 3,22
-170 .505 x 10° 5.10
72 .287 x 10° 6.87
74 .159 x 10° 8. 64
-76 .883 x 10° 10.52
-78 .857 x 10° 12. 43
-80 .894 y 10° 14.24
-80. 47 .219 x 108 14, 46
-82 "

-90 0
Table 3. 4 () and B(a) for Correction at One Hour
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-400
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-800
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Fig. 3.9 @(1) and Optimal Trajectory Directions at One Hour
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a deg 2 (@) mi B (a) deg
+90 o
-46 oc o
-47.12 6.673 x 10% -13.48
-48 2.765 x 10° ~13.00
~50 2.410 x 10* -11.52
-52 2.226 x 10% -10. 06
-54 2.107 x 10° - 8.46
-56 2.019 x 10% - 6.81
-58 1.869 x 10% - 5.20
-60 1827 5 10 - 3.54
-62 1.805 x 10% - 1.83
-64 1.739 x 10% - 0.10
-66 1.700 x 10% 1.61
-68 1.715 x 10% 3. 35
-70 1.737 x 10% 5.07
72 1.778 x 10% 6. 77
-74 1.763 x 10 8. 51
-76 1.925 x 10% 10. 16
-78 4,469 x 10% 11.07
-78. 16 4.907 x 10% 11.24
-80 w
~90 o

Table 3.5 r;:B (o) and B (a) for Correction at Two Hours
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Fig. 3.10 @@(2) and Optimal Trajectory Directions at Two Hours
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so a(@) and the corresponding d(b, n) are orthogonal., By taking
the inner product of a(e) with both sides of equation (3-80) there

results an equation that must be satisfied by the optimum value

of a .
T, * * A
a (o )[b - x(n)] =0 (3-95)
Then, from Fig. 3.8 the vector b>:< is given by
sk 5k cos (a >l<)
b= rgla) . (3-96)
sin(a )

so (3-95) becomes
[rCB (a*) cos (a*)-ﬁl(n)] sin (a/>=< +B(af*))- l}'g(a*)sin(a*)—iz(n)] cos (ar*+B(a/*)) =0
(3-97)

Equation (3-97) is the condition to be satisfied by the optimal angle
ar*. The corresponding optimal control is obtained by substituting
a/*into (3-96) and applying the resulting b* to equation (3-90). The
actual calculation of a/* may be accomplished in many ways. The
method used in this example was to search through the tabulated
values of rQ(oz) and B(a) until two adjacent values of @ bracketed

the solution. Then linear interpolation was used to approximate
the actual oz*. More sophisticated approaches could use polynominal
approximations to rcg(a/) and B(e) etc. and iteration techniques like
Newton-Raphson might be applied to obtain the approximate solution
of (3-97). The most practical technique for an actual control
computer would of course depend upon the required accuracies,

the characteristics of the computer, etc.

From the computations of the minimum expected value
functions it was found that the minimum expected fuel required
to perform fixed time of arrival guidance is 31.7 m.p.h. A
comparison can be made between this value and the expected
cost to perform a single total correction at 56 hours. The single

total correction cost is 35.6 m.p. h., an increase of about 12% .
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An investigation was also made to determine the cost of
eliminating one of the two early corrections. It was found that
eliminating the correction at one hour produces the lesser in-
crease in cost. If only two corrections are made, one at two
hours and a total correction at 56 hours, the optimal correction
at two hours is determined by the values in Table 3.5. It was
found that the minimum cost for the optimal two correction case
is 32.2 m.p.h., or an increase of 1. 6% over the optimal three
correction case. Thus the correction at one hour provides very

little decrease in the expected total fuel for this example.

3.6 Minimum Fuel Atmospheric Re-entry Guidance

Consider the terminal phase of a spacecraft mission. It
is desired to guide a re-entry vehicle through the atmosphere
so as to land with acceptable accuracy at a target point on earth.
‘The vehicle is a wingless, axially symmetric body with its center
of gravity displaced from the axis of symmetry. The c.g. offset
causes the vehicle to trim at a non-zero angle of attack, thereby
providing lift. Control of the flight path is attained by rolling the
vehicle about the velocity vector using attitude control jets. .
Since the lift vector can thus be directed anywhere in the plane
perpendicular to the velocity vector, the flight path can be altered

in any direction.

It is assumed that a reference trajectory exists, which
passes through a nominal initial entry point and the target.
Deviations in the spacecraft trajectory are measured from this
reference trajectory. The problem of controlling the range
~ deviation can be effectively decoupled from the problem of
controlling the lateral deviation. Range is controlled by determin-
ing the roll angle magnitude which, if held constant will produce
the necessary vertical component of lift. By rolling the space-
craft left or right to this angle, the desired range will be attained
and the resulting horizontal component of lift can be used for
lateral control of the spacecraft trajectory. Each roll maneuver

requires fuel, however, so the ideal method for conserving
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fuel is to roll the spacecraft first one way, and hold the required
roll angle magnitude, and then roll the other way, and hold the
" required roll angle magnitude. The second roll maneuver must

obviously be timed precisely to hit the target.

Nongravitational accelerations of the vehicle are measured
by an on board inertial measurement unit and this data is available
to the controller. It processes the information to provide estimates
of position and velocity, utilizing recursion formulas (2-19) and
(2-20). These estimated values are then used to predict the miss
vector at the target. Since the predicted miss vector contains -
random errors due to instrument inaccuracies and because the
future path of the vehicle is perturbed by random disturbances,
the ideal control scheme described in the previous paragraph
is impractical. As an alternative the stochastic optimal control
problem will be solved to provide an optimal feedback controller.

In what follows, only the lateral control problem will be
considered. It is assumed that the range problem is handled
separately and that for a particular trajectory, the required roll
angle magnitude is determined at the initial time and stays
essentially constant for the duration of the re-entry. Thus the
roll angle magnitude will be different for each re-entry, depending
upon random initial conditions, but it is known by the controller
at the initial time. Define v as the roll angle magnitude required
to attain the proper range. Let the control have only discrete
values of +1, 0 or -1. Application of control +1 or -1 commands
the vehicle attitude control system to roll the vehicle to the
angle + v or -vy, respectively. Application of zero control retains
the vehicle at its present roll angle. Define a switch function x 1(n)

to satisfy the difference equation
x,(n+1) =x,(n) + 2u(n) x,(0) =+1 (3-98)

and require the control at time tn to satisfy the following rule.
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Oor -1 if xl(n)=+1
u(n) = (3-99)
Oor +1 if xl(n)= -1

Therefore, x,(n) is a deterministic quantity that can have only
discrete values of + 1. If the time between control applications

is longer than the time required to roll the vehicle through an
angle 2 v, then at times tn the roll angle will be either + v or

-v. Also, xl(n) indicates the direction in which the lift vector

is pointed for if xl(n) equals +1 or -1 the roll angle at t, will equal

+v or -7, respectively.

The switch function xl(n) is one state variable for the lateral
control problem. A second state variable is the lateral deviation
from the reference trajectory, extrapolated forward to the target.

It satisfies the difference equation .
xz(n+1) = xz(n) + F(n)xl(n) + G(n)u(n) + v2(n) (3-100)

with

Vo (n) = normally distributed independent random disturbances

with zero mean andvariance V2 (n)

The second term on the right of (3-100) accounts for the effect of
the roll angle at time tn’ on the lateral miss distance at the target.
The third term accounts for the effect of a roll maneuver which

may be initiated at time tn'

With these definitions it is possible to state the minimization
problem in specific terms. It is desired to minimize the expected
total number of roll maneuvers plus a quadratic penalty imposed
on the lateral miss distance at the target. The cost to be minimized

is

J =E i lum) | + %—xzz(q+1) (3-101)
n=1
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where tq+1 is the terminal time and

A = terminal cost weighting

The functions L(&(n), u(n)n) and F(k(q+1)) are
C@Mm), um), n) =) . (3-102)
F@(+1) = F [82(a+1) + Pyla+1)] (3-103)

with the definitions

3‘(2 (n) = estimated lateral target miss distance
at time t
n
P2 (n) = variance of error in estimated lateral

target miss distance at time tn

If ¢ is not quadratic, the evaluation of ¢ usually involves numerical
integration. In any case no real difficulty is encountered if ¢ is
not quadratic. From (3-103), the terminal condition in the minimum

expected value function is

Cx, (a+1), &, (a+1), g+1) = 3 [ﬁzz(qu) +Py(q + 1)] (3-104)

Since xl(n) is known deterministically by the controller, equations
(3-100), (2-55) and the recursion formulas for P(n) in (2-11),

provide an expression for the variance of sz(n+1)
Sz(n+1) = Pz(n) - P2(n+1) + Vz(n) (3-105)

Now if tn and tn+1 are times at which control may be applied, the

minimum expected value function must satisfy

C*(x; @), %,@),n) =
o0

@) + fdgfsz(n +1)B)C 6 041), %] @+1) + ¢,n+1)
=00

(3-106)

70



where

xl(n+f) = xl(n) + 2 u(n) (3-107)

'}22 “(n+1)= 3{2(n) + F(n)x, (n) + G)u(n) (3-108)

and the control setQl(n) is determined by the control rule (3-99).
Let the function C~ '(xl(n+1), 22 ‘(n+1), n) be defined as

C” (x;(n+1),%, ‘(n+1),n) fﬁidéf (I (e (0410, 25 (0414 ¢, mt)

s2(n+1
(3-109)

Then (3-106) becomes

c*(x,(m),%,@),n) = u(?ffélm(n){l“‘n)' + C7 ey me1), 3, I(“”)’n)}
(3-110)

and since x,(n) can have only the discrete values + 1, (3-110) may

be written as two equations thus

', 8, m,m = 0 _1{ luw)]| + ¢* '<1+zu<n),s‘<2<n)+F<n)+G<n)u(n>,n>}

(3-111)

C*(—1,§2(n),n)= u(nI)Ilzi%,+1 { Iu(n)l eH '(-1+2u(n),§§2(n) - F(n)+G(n) u(n),n)}

(3-112)

By satisfying (3-111) and (3-112), the optimal control is obtained

as a function of xl(n) and §2(n).

Solutions require digital computation in the Xq5 5\(2 space.
Since X, can have values f 1 and 9{2 can talfe any value on the real
axis, the two quantities c (@, ?cz,n) and C (-1, ﬁz,n) must be
stored as functions of §2. Calculations begin at the terminal time
with the conditions

c*(1,%,,a+1) =c*(-1,%,, q+1) =—2>‘—(%22 + Py (q+1)) (3-113)

21

71



Approximate solutions of the diffusion equations

8D(1,3‘<2,'r) 1 azD(l,S‘zz,v)
——_87 = -é-' Sz(n'*' 1) N (3-114)
sz
8D(-1,%,.7) 82D(—1,x2,'r)
——_——87 = 7 Sz(n-l-l) 5 (3-115)
2 3522
with the initial conditions
D(1,%,,0) = c"‘(l,ﬁz, n+1) (3-116)
D(-1,%,,0)= c*(—1,§2,n+1) (3-117)

are calculated using central difference techniques in the interval -

0sS7=1. ThenC ’(1,9{2,n) and C '(—l,ﬁz,n) are given by

sk

“(1,8%,,n) = D(1,%,,1) (3-118)

%K
o ’(-1,&2,n)= D(-1,3‘<2, 1) (3-119)

Finally, the optimal control as a function of Xqs §2 and n is obtained
by satisfying (3-120) and (3-121).

ES i sk A

C'(1,%,,n) = urfol’n_l{lul + C '(1+2u,x2+F(n)+G(n)u,n)} (3-120)
£ i )

C'(-1,%,,1n) = u$ﬁl{|u] +C '('-1+2u,5‘<2-F(n)+G(n)u,n)} (3-121)

Calculations beginning with (3-114) are then repeated the required

number of times until the initial time is reached.

Clearly, from purely physical reasoning, the problem

must be symmetric about the origin of the xl,ﬁz space so

C*(-I,Q n) =C*(1,->?2,n)

2’

£
c (-1,%

n) =c ', -2,,n)

2)
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and only C*(l,ﬁz,n) and C#< ’(1,§2,n) must be computed and stored
as described above. Typically, the optimal control is determined
by a threshold region on the %\2 axis. If 9{2 (n) lies outside the thres-
hold then the vehicle is rolled over and if Qz(n) lies within the
threshold, no action is taken. The minimizations required in
(3-120) and (3-121) will produce the boundaries of these threshold
regions at times tn.

3.7 Numerical Example of Re-entry Guidance

As a means of demonstrating a numerical solution of the
re-entry problem, a much simplified model of the Apollo re-entry
system is used. (See (55), pps. 5-1, 5-2). The nominal initial

conditions are given as follows:

altitude = 75 mi.
velocity = 24,700 m. p.h.
flight path - _

angle = -6 deg.
lift/drag = 0.34

weight/drag _
coeff. X area 66 psf.

latitude = -12.7 deg.

il

longitude 122. 9 deg. east

azimuth = 61 deg.

and the desired range is 2, 000 miles. Total re-entry time is
approximately 700 seconds, but lateral guidance is utilized only
in the final 300 seconds of the flight. The nominal roll angle
magnitude to attain the proper range is about 50 degrees. Vehicle
roll rate is 20 degrees per second so the time to complete a

roll maneuver is about 5 seconds. Time increments between

control appliéations are 10 seconds so
tn = 400 + 10n sec.

q+1 =230
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Sensitivities F(n) and G(n) are linear functions of time determined

by
300 -10n
3.33 [_é-(ﬁ'_] mi

F(n)

G(n)

1l

5.00 [—————-3%%0 IOn]

Thus, f'or example, in the first 10 seconds of lateral control
flight, an initial roll angle of + 50 deg. produces a change of

+ 3. 33 miles at the target. Also, since it takes just half the
control intervalto roll the vehicle over, the value of G(n) at

any time is just three halves the value of F(n). Further, it

is assumed that Vz(n), the variance of random disturbances

to the spacecraft trajectory at the target,decreases as a quadratic
function of the time to complete the trajectory. Such will be the
case if the variance of random velocity disturbances at the vehicle
is constant in time. The initial value of Vz(n) is assumed to be

2.5 mi.2 so

300 - IOn] 2 9
e Y Vs S mil.

Vz(n) = 2.50[ 300

In order to obtain some physical feeling for the magnitude of
Vz(n), consider its sum over all possible values of n. It can be

shown that
29

Z V,m) = 25 mi. 2
n=20

This sum represents the variance of the total random disturbance
to the spacecraft trajectory at the target so the total r.m. s.
disturbance is 5 miles. If in addition it is assumed that the
inertial measurement unit does perfect measurement of the
random velocity disturbances, the variance of estimation

errors Pz(n) is constant in time and depends only on the initial
position and velocity estimation error variances. Therefore
Sz(n+1) in (3-105) becomes

Sz(n+1) = Vz(n)
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and the assumed value of Pz(n) is

Pz(n) = 25 m12

Finally, the terminal cost penalty for a 5 mile error at the target
is made equal to one roll maneuver. The terminal cost function
is

§ (x,(30)) = 0.04 x,(30)

SO

?b'(?cz(so)) =0.04 [%22(30) + 25]

The computation method described in Section 3.6 was

used to calculate the optimal control functions. They are given

by

R
+ 1 if xl(n) = -1, ?{2(n) < - T(n)

g

u” (%, m),x, (), n) = 1

1 if x () = +1, ﬁz(n) > Tf(n)

0 otherwise

So if xl(n) is +1 (i.e., the spacecraft has positive roll), then if -
ﬁz(n)'is less than a threshold value T(n), no action is taken and if
ﬁz(n) is larger than the threshold T(n), the spacecraft is rolled

over. Similar conditions hold for xl(n) = -1,

Digital computation produced the values of T(n) listed in
Table 3.6. Fig. 3.11 illustrates the thresholds, and a typical
~ reentry trajectory is also shown. It is important to realize that
the vertical axis corresponds to estimated target miss distance.
The thresholds display some interesting characteristics. For
values of time less than about 600 seconds, the threshold looks
much like an 'ﬁz(n) trajectory with u(n) and vz(n) in (3-100) set
equal to zero. The threshold attempﬁs to control Qz(n) so that

it passes within a band of * 2. 5 miles at 630 seconds. For most
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n TIME (sec. ) T(n) (mi.) n TIME (sec. ) T(n) (mi.)
0 400 41.56 15 550 10.04
1 410 38.89 16 560 8.62
2 420 36.27 17 570 7. 31
3 430 33. 176 18 580 6.09
4 440 31.31 19 590 4,98
5 450 28.99 20 600 4.00
6 460 26.69 21 610 3.14
T 470 24,50 22 620 2.49
8 480 22.41 23 630 2.51
9 490 20. 38 24 640 3.25
10 500 18. 44 25 650 4.81
11 510 16. 58 26 660 7.77
12 520 14.82 217 670 14. 40
13 530 13.13 28 680 34. 49
14 540 11.53 29 690

Table 3.6 Computed Threshold Values for Re-Entry Control
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cases, only one roll maneuver is required to do this. After

630 seconds the threshold grows rapidly with time, signifying
that little reduction in the terminal miss distance can be gained
for the expense of a roll maneuver. It was found that the mean
cost is 2. 51 roll maneuvers, including the mean terminal penalty

which is equivalent to one roll maneuver.

3.8 Discrete Systems with Quadratic Cost

As a last example, the general quadratic cost problem
will be solved. Assume that the plant and measurement processes V
may be described by equations (2-1) through (2-4). The cost
is specified as a quadratic function of the state and the control so

1=5| ) LTmamxmruTmpmum] + - xTqrRx+)

(3-122)

where A(n) and R are symmetric, non-negative definite, (kxk)
matrices and D(n) is a symmetric, positive definite (p xp) matrix.

Functions L(X(n), u(n),n) and §(R(q+1) become

T(®(n),un),n) = %[QT(H)A(H)Q(H)"'TI‘ [Am) P@) +uT(n)'D(n)u(n):|
(3-123)
§(R(q+1)) = %[?cT(qﬂ)R R(g+1)+Tr[R P(q+1)]] (3-124)

The minimum expected value function must satisfy (2-49) which

is written, for this problem, as follows:

c*@m),n) = B0 l[“

um) ) 3 xT(n)A(n)?c(n)+Tr [A(n) P(n)] +uT(n)D(n)u(n):

-

~

o0 o0
+ [ag fag g o0 @ )+ ne)
-0

(3-125)
with unbounded control and & ‘(n +1) given by
R'n+1) =®(m+1,n)%(M) +6 m+1,n)um) (3-126)
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and the terminal condition on (3-125) as

c*®(q+1),q+1) =%E‘T(q+1)R %(q+1) +Tr [R P(g+l )]]
(3-127)

The solution of (3-125), (3-126), and (3-127) is assumed
to be of the form

c*@&m),n) = é‘ [?CT(H) K@) &) + g (n)] (3-128)

where K(n) is a (k xk) symmetric matrix, to be determined, and
g(n) is a scalar, to be determined. Equation (3-127) gives terminal

conditions on K(n) and g(n) so

K(gq+1) =R (3-129)
glq +1) = Tr[R P(q+1)] (3-130)

Using (3-128), the integral on the right of (3-125) can be written
as

) , 0
fag, ... Jag £ )@ @ /) + gnr1) =

-oC

[T

[?i 'T(n+1)K(n+1) 2 '(n+1) +Tr[S(n+1)K(n +1)] +g(n +1)]
(3-131)

so (3-125) becomes

@), m = B8 26T () At 2in) + Tr [A0) P)]+ u” m) D) um)

+ R/ T(n+1)K(n+1)§’(n+1)+Tr[S(n+1) K(n+1)]+ g(n+1)}

(3-132)

and using (3-126) to combine terms
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c*&m),n) = ff&“) % {QT(n) [A(n) + &L (n+1,n)K(n+l) ®(n+1, n)] 2(n)

+ uT(n)[D(n) + 6T 1,n)K(n+1)6(n+1,n)]u(n)
+ 28T T +1,n)K(n +1) 6(n+1,n)uln)

+ Tr[A(n) P(n) + S(h +1)K(n+ 1)]+g(n +1) }
(3-133)

Taking the derivative, with respect to u(n), of the function in

braces on the right of (3-133) yields

ot 2uT(n) [D(n)+ 6 (n+1,n) K(n+1)9(n+1,n)]

+28Tm) 8T +1,n)Km+1)6 m+1,n)

(3-134)
and the second derivative is
62 . T
5 = 2[D(n)+6 (n+1,n)Kn+1) 6(n+1,n)] (3-135)
du(n)

Setting the right hand side of (3-134) equal to zero produces a
necessary condition for the optimal control
koo T -l A
u (n) = - |Dh)+6 " (n+1,nN)K(n+1)8 (n+1,n) 0 (n+1,n)K(n+1)®(n+1,n)x(n)
(3-136)
and it is assumed that the indicated inverse matrix exists. Substituting

(3-136) and (3-128) into (3-133) gives

4T K@ ) +gm) =270 [ + 7@ +1, K@) dm+1,m)]Re@)

-1

-{QT(n) @T(n+1,n)K(n+1)9(n+1,n§|[D(n)+9T(n+1,n)K(n+1)9(n+1,nz| .
[GT(n+1,n)K(n+ 1)¢(n+1,n)$‘<(n):|

+Tr[ A(n) P(n) +S(n+1) K(n+1)] +g(n+1)
(3-1317)
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Since (3-137) must hold for all vectors £(n), K(n) and g(n)

must satisfy
K(n) = A() + <I>T(n+1,n)K(n+1)rB(n+1,n)-['bT(n+1,n)K(n+1)9(n+1,n)] .

[D(n) +9T(n+1,n)K(n+1)9(n+ 1, n)] '1_,|:eT(n+ 1,n)K(n+1)¢ (n+1, n)]
(3-138)
and

g) = gln+1) + Tr[A(M) P(n) + St+1) K@+1)]  (3-139)

By virtue of (3-122), with A(n) and R non-negative definite
and D(n) positive definite, C*(ﬁ(n),n) cannot be negative for any
vector %(n). From (3-128), this can only occur if K(n) is non-
negative definite. Thus since D(n) is positive definite the right
side of (3-135) must be positive definite. The existance of the
inverses in (3-136) etc. is thus assured and u*(n) given by (3-136)
is the optimal control. Further, since A(n), D(n) and R are
symmetric, K(n) satisfying (3-129) and (3-138) will be symmetric,

as assumed at the onset.

Solution of (3-129) and (3-138) for K(n) will provide the
optimal control function according to (3-136). Note that the
solution for K(n) depends only upon A(n), D(n) and R so the design
of the controller is independent of the statistics of the problem,
as specified by the previously derived quadratic cost separation

(30), (39). Note however that the expected cost given by

theorem
(3-128) includes g(n) which is dependent upon the statistics of the
problem, as shown by (3-130) and (3-139). Thus, although the
control function is independent of the statistics, the cost is de-
pendent upon the estimation error covariance P(n) and the measure-

ment information covariance S(n).
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CHAPTER 4

OPTIMAL CONTROL OF CONTINUOUS LINEAR STOCHASTIC SYSTEMS

4.1 General Discussion

Up to this point, only discrete systems have been dis-
cussed. In this chapter the discrete theory developed in Chapter 2
will be generalized to handle continuous problems. The approach
is first to define the class of continuous systems under consider-
ation and the expected cost to be minimized. Then the continuous
process is approximated by a discrete process which converges
to the continuous process in the limit as the time step goes to
zero. The optimization theory of Chapter 2 is then applied to the
discrete process, yielding the usual recursion formula for the
minimum expected value function. By expanding the terms of the
recursion formula and taking proper limits as the time step goes
to zero, a partial differential equation is obtaiﬁed which must be
satisfied by the continuous minimum expected value function.
Solution of this differential equation produces the optimal control

as a function of the estimated state.

4.2 Problem Statement

The dynamics of the plant are described by a vector

Langevin equation
x(t) = F(t) x(t) + G(t) ult) + q; () (4-1)

where

x(t) = state vector of dimension k
u(t) = control vector of dimension p
F(t) = system dynamics matrix (k x k), continuous in time

G(t) = control distribution matrix (k x p), continuous in time
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The initial state x(0) is a k vector of normally distributed random
variables with known statistics and ql(t) is a .k vector of gaussian

white noise processes with statistics given by

E [q,®)]=0

E [ql(t)ql(s)] = Q,(t)é(t-s) (4-2)
where § is the Dirac delta function and Ql(t) is a (k xk) matrix

of continuous functions. The feedback controller has available to

it a measurement process mf(t) described by the equation
m(t) = H(t) x(t) + g,(t) (4-3)
where m(t) is an 4 vector with

H(t) = measurement matrix (£ X k), continuous in time
and qz(t), the measurement noise, is'an £ vector of gaussian

white noise processes with statistics
E [q,¢)] =0
T
E [ay(t) ay (5] = @, (t) t-s)
E [ql(t) qZT(sil= 0 all s, t
(4-4)

with Qz(t) -an (2 X 4) matrix of continuous functions. Finally the
cost to be minimized is written as

te

J=E L(x(t), u(t),t) dt + ¢ (x(tf)) (4:5)
t.
i

where L(x(t),u(t),t) is continuous in x(t),u(t) and t; and ti, ’cf

are specified initial and terminal times.

4.3 Conditions for the Optimal Control

Equation (4-1) describes a linear system driven by white
gaussian noise and the control u(t). If F(t), G(t) and Ql(t) are
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all continuous, and u(t) is a piecewise continuous function, then

(21, 36)

it can be shown tnat sample functions of the random

process x(t) are almost all continuous (i.e., with probability
one). Under these assumptions the process x(t) may be approximat-

ed by a process xa(t) defined as follows

Xa(tn+1) = xa(tn)+[F(tn)xa(tn)+G(tn)u(tn)] Atn + v(tn)

(4-6)
xa(t) = xa(tn) for (tn =t< tn+1) (4-7)
x,(0) = x(0) (4-8)
and the t ‘s are discrete times such that
tn+1 = tn '+Atn (4-9)

where At is a short time step. Also v(tn) in (4-6) is a k vector

of normally distributed random variables with statistics given by

E[V(tn)] =0
E[V(tn) VT(tn)] = Q) At
E[v(t ) VT(ti)] =0 i+n (4-10)

Similarly, the measurement process.ml(t) is approximated by a

process m_(t) where

ma(tn) = H(tn) x(tn) +w(tn) (4-11)

ma(t) = ma(tn) for (tn St < tn (4-12)

1)

and w(tn) is a vector of normally distributed random variables

with statistics given by
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E[w(t )] =0
n

Q,(t.)
T 2
E (w(tn) w (tn)] =—5t_£‘
L n
E E}V(tn) WT(ti)J =0 i#n
[ T .
E w(tn) v (ti)] = 0all i, n (4-13)

Finally, the cost function is approximated by
q
= E ) Ll ue), 1) At +
n=1

+1)) (4-14)

where

(4-15)

By taking appropriate limits it can be shown that the statistics
of the discrete system (4-6) through (4-13) converge to the sta-
tistics of the continuous system (4-1) through (4-4) in the limit
as Atn approaches zero. Similarly, the approximate cost Jé
converges to the cost J in the limit as the time steps go to zero

and q approaches infinity.

Now consider an estimate Qa(tn). With obvious changes
in the notation, equations (2-19), (2-20) and the last three of
equations (2-11) produce recursion formulas for the estimate

.ﬁaunx
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-1
Q,(t )
~ A, ’ T P T 2'nl,
2,6 = %26 ) + P/ ) HTG ) [H(tn) Pt ) HT(t ) + Ath

[ma(tn) - H(t ) Qa'(tn)]
,ﬁ ;i(t'n L) =R+ [F(tn) ?ca(tn) + G(t) u(tn)] At
2_(0) = E[x(o)]
-1
P (t ) =P/t )-Plt)H (&) [H(tn) P/t ) H (1) + Q—Z%lfﬁ]-
RN

Pt )= P (t)+ Ft )P (t)At + P (t) FT(tn) At_

T 2
+ F(tn) Pa(tn) F (tn) Atn + Q1(tn) At

T
P_(0) = qu(o) - E[x(o)]) x(0) - E[x(0)] ) } (4-16)

By taking appropriate limits as Atn approaches zero, the differ-

ential equations for continuous estimation of x(t) are derived as

follows:*
&) = F®) () + GO ul®) + P H @) Q1) [me) - H®) 3]

%(0) = E[x(o)]

P(t) = F(t) P(t) + P(t) F' (t) - P(t) H (DR, THH B() + Q, (1)

T
P(0) = E{X(O) - E[X(O)])( x(0) - E[x(O)] ) } (4-17)

t(20

*In cases for which Qy(t) is singular, the methods of Deys )or

Bryson and Johanson(19) must be used. All succeeding results
derived in this chapter are applicable with small modification,
to such cases.
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Equations (4-17) are the familiar continuous estimation formulas

@1)

of Kalman and Bucy
If, as in Chapter 2, a processed measurement vector sa(tn)
is defined as
-1

Qyt )
s (t)=P.) HT(tn) [H(tn) P/t ) HT(tn) + Zt ]
n
{ma(tn) - Hit ) ﬁa'(tn)] (4-18)

then the first two of equations (4-16) may be written as

A
Xa(tn+ 1

) ).

1

2 () + [ Fit ) % (t ) + Glt_) u(tn)] At + st

=R (&, P+s ¢ L) (4-19)

and it was shown in Chapter 2 that the elements of sa(tn) are

normally distributed with statistics given by
[
E _sa(t n)]— 0
P T =
E[s,t,) s, (tn)] =S, (t )

i#n (4-20)

|
o

- T
E _sa(tn) sa(ti):l =
where S (t ) is
a n

-1

Q,(t.)
2'n 7
Atn J H(tn) 1:.a(tn)

4 T ‘ Y] T
S (t) =P/t )H (t) [H(tn) PAt ) H (t ) +

(4-21)

With these definitions, a recursion formula for the discrete
L I
minimum expected value function Cé(xa(tn)’ tn) can be derived by
the methods of Chapter 2. The result is

88



® A min —A
Ca(Xa(tn)’ tn) = u(tn) GQI(tn) {L(Xa(tn)’ u(tn)’ tn)A'tn

oC oC
sk A
+ j dp,. . . j do £ P CLRLG ) +o, tn+1§
-0 ~00 a n+l
(4-22)

and substituting an expectation operator for the integral in (4-22)
produces

min

C;(ﬁa(tn)’ 1:n) = u(tn) ecu(tn) i(Xa(tn)’ u(tn)’ tn) Atn

sk A
+ E[Ca(ﬁa(tml), tn+1) xa(tn), u(tnE[ (4-23)
The terminal condition on C; is
* A ~
CoBy ko )ty = 6 Bleg,q) (4-24)

. T A T A .
and the functions L(xa(tn), u(tn), tn) and ¢ (xa(tq+1)) are defined
by equations (2-51) and (2-52) with obvious changes in notation.

It is assumed that a continuous minimum expected value
*
function C (%, t) can be constructed. This function coincides
sk
with the discrete function Ca(ﬁ, tn) at the discrete time points t |

and is continuous in time. That is

sk A XA
= < -
@ t)=c@t) (<o (4-25)
C*(ﬁ, t) = continuous function of t (4-26)
BC* aC:k 2 E3
Further, if the partial derivatives % o nd exist
85‘:i Bi‘ciaij
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. *, A .
and are continuous, then Ca(xa(tn+1,)’ t +1) in (4-23) can be

written as a Taylor series expansion about ﬁa(tn) and t thus

* A min A
Ca (Xa(tn)’ tn) = u(tn)eq,l(tn) I"(Xa(tn)’ u(tn)’ tn) aty

e % A ac:k
+ E ,Ca (xa(tn),tn) + [Bt ]Atn
% ()t
an’n

+ [9%‘] [(F(tn)?ca (ty) +G(ty)ulty)) Aty +Sa(tn+1)]
2 XA

Ll®re )4 () +G( 5 ( Hlafc
+ 3 (tn X (t )+ tn)u(tn))Atn+ satn+1) '_a?

[(F(tn) i‘ca(tn) + G(tn)u(tn)) At +sa(tn +1)]

%a(tn), u(tn)) (4-27)

with the row vector of first partial derivatives and the square

matrix of second partial derivatives defined as

N sk A
oC (x,t) _|oC (%,t)
% 0%,

J

92Cc™ (%, 1) 22c™ 3. 1)
522 o%. 9%,
i%%

Note that the expectation in (4-27) is conditioned on Qa(tn) and
u(tn). With the help of (4-20) the conditional expectations in

(4-27) can be evaluated so

90



b3
_ min A acC
0= u(tn) c Cu(tn) {L(xa(tn), u(t ), tn) At + [a n ] At

xa(tn)’ tn

5%
5C
+ [E( [F(tn)ﬁa(tn)+G(tn)u(tn)] At

Xa(tn), t

+lTr

) S_(t

a n+1 Mz

xa(tn) , tn

+ o(Atn)+ HM(Sag

(4-28)

where o (Atn) represents higher order terms in Atn such that

lim O(Atn)
n n

and HM(sa) represents terms containing moments of Sa(tn+1)
higher than the second and terms with the second moments of
Sa(tn+1) multiplied by At . Dividing (4-28) through by At and

ptaking the limit as Atn approaches zero yields
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_ min P aC
0= u(tn) e‘ﬂtn) I"(Xa(tn)'u(tn)’'th' at
2 ), t
a'n
NS F(t )% (t) + G(t.) ult)
53‘-; n X't n’ %'

A
Xa(tn)’ tn

+ 3T\ At S0 | At ~2
n n ox

1 (lim Sty 1)} | a2c™
5

~
Xa(tn)’ tn

lim HM(Sa) A
+ At _~0 At (4-30)

First consider the limit containing Sa(tn+1)' From (4-21)

. S (t_ . ) -
lim a n+l’| _ lim ' T .
At_—~0 [ At_ ] = at 0 |Faltnsd) B {6y y) [H(tn+ 1

-1
' T /
Pa(tn-’r 1) H (tn+ 1) Atn + QZ(tn+ 1)] H(tn+1) Pza.(tn+ 1))

(4-31)

and since Pe'l(tn+1) converges to P(t) as At  approaches zero

1im | Sane1)| = P 5 ) Q07 HOD PO (4-32)
Atn—'O Atn

and therefore Sa(tn+1) is of order At . Since sa(tn) is normally

distributed all higher moments must be either zero or of order

o(Atn) SO
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lim HM(Sa)
At —~0 At
n n

=0 (4-33)

Thus, if the (k x k) matrix B(t) is defined as
B(t) = P(t) H' (1) Q,(1)™" H(t) P(t) (4-34)

then (4-30) becomes

sk X
_ min —A aC (x, t) oC (R, t) A
R [Ft) 2 + G@) u ]
1 22c™ (4, )
+ 5 Tr |B(t) ——5— (4-35)
2 a/\z
4
Equation (4-35), with the terminal condition
C'®, t) = 3% (4-36)

is the partial differential equation that must be satisfied by the
minimum expected value function. Functions a(;\c) and L(%, u, t)

are determined by

oC oC
o) = -L aE. . . _jw dE $(E) £y (8D (4-37)

and

oo

T u 0= [ a. .. [ a LE w0t @R
oc oC

(4-38)
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with

-k -1
2 2

T
IP1)] 2 exp {--;e [¢-%] pr7![5 - Q]}

(4-39)

fx(t)(fs’l x) = (27)

It is quite interesting to consider separate combinations
of the terms in (4-35). For example, if the last term on the
right is missing then (4-35) becomes the familiar Hamilton Jacobi
equation for deterministic problems. The last term accounts for
the randomness in the processed measurement information which
is a gaussian white noise. If the L term is zero and u is a func-
tion of ;{\, then (4-35) becomes a Kolmogorov equation. Further,
if F, G and T are zero, the diffusian equation, familiar from -
Chapter 2 and Appendix B is obtained. Finally the entire equa--
tion is well known from the theory of optimal control of Markov
processes with perfect measurements and has been called the

stochastic Hamilton-Jacobi equatior§77-2-

Solution of (4-35) through (4-39) produces the optimal con-
trol as a function of ¥ and t. Solutions are generally quite diffi-
cult to obtain and in most practical cases, numerical approxima-
tions must be made and the solution calculated using the discrete
formulas of Chapter 2. The following chapter illustrates some

few solutions which are obtainable.
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CHAPTER 5

APPLICATIONS OF THE CONTINUOUS THEORY

5.1 General Discussion

The purpose of this chapter is to illustrate some methods
that are useful in solving the stochastic Hamilton Jacobi equation.
The first problem is solution of the quadratic cost case and the
results yield the previously derived separation theorem(GO).
The second problem involves quadratic weighting of the control
and an arbitrary terminal cost. Finally, the third problem is
the continuous analog of the discrete variable time of arrival

problem of Chapter 3.

5.2 Continuous Systems with Quadratic Cost

The plant and measurement processes are described by
equations (4-1) through (4-4). The cost to be minimized is
quadratic in the state and the control, thus

tg
5 =8| [1[Twaoo oo < Tegrxe) | 6o

t
_1

where A(t) and R are symmetric, non-negative definite (k Xk)
matrices and D(t) is a symmetric, positive definite (p Xp) matrix.
‘Functions L (§(t),u(t),t) and ¢ (;;(tf)) are, from (4-37) and (4-38)

L&E®), ult),t) = 5 [%T(t) AW R®+Tr [A)P®)] +uT(t)D(t)u(t)]
(5-2)

s = 3| £epraep « e [ O S
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The minimum expected value function satisfies equation (4-35)

which is written, for this problem, as follows:

. g * A

0 = min¢ %-[QTA(t)Q+ Tr»[A(t)P(t)] + uTD(t)u] + 3____C8t(x’t)
* A A 1 2 % A

+ 8 Lt )R rat)u] + 4 Tr |B) LY
% 2 522

(5-4)

With B(t) given by (4-34), unbounded control, and the terminal

condition
c*&, te) = % I}ZTR?: + Tr [RP(tf)]:] (5-5)
The solution of (5-4), (5-5) is assumed to be of the form
G =% [QT Kt)x + g(t)] (5-6)

where K(t) is a (k Xxk) symmetric matrix, to be determined, and
g(t) is a scalar, to be determined. If C*(Q,t) is given by (5-6),
then its derivatives with respect to time and space are

e

C ) _ 1 ["Té:(t)?c + é(w:l (5-7)

ot 2

) |
A
9C (x,t YT K(t) (5-8)

*
a2c™ &, 1)

0 %2

“K @) (5-9)

and substituting (5-7) through (5-9) into (5-4) produces

0 = muin é— [;;TA(t)?: + Tr [A(t)P(t)]i + uTD(t)u:]

+ %[QT K(t)% + é(t)]+ ?;TK(t)[F(t)?{ + G(t) u]

_L )
+ 2 Tr|B(t) K(t)
z Tl ] (5-10)
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If the derivative of the function in braces on the right of (5-10) is
taken with respect to u then

uf D) + 2TRW) G) (5-11)

and the second derivative is

82 .
8u2

= D(t) (5-12)

which is positive definite for all u, so an absolute minimum occurs

if (5-11) is set equal to zero, producing

w2 - pw leTwkw): (5-13)

Substituion of (5-13) into (5-10) produces
0 =3 [S‘cTA(tY;E +Tp [A(t)P(t)]+’>‘;TK(t)G(t)D(t)'lgT(t)K(t)sz]

+t ["T K(t)% +fg(t}+§TK(t) [F(t)ﬁ—G(t)D(t>'1GT<t)K<t)§]

+ 1 Tr [BOKW] (5-14)

and since all terms on the right of (5-14) are scalars, it may be

written as

A

0 =+ I:xTA(t)% +Tr a0 Pe]+ 5 TR WG D(t)'IGTmK(t)é}]

+ % [&Tk ) %+ g(t)] +% [?{TK(t)F(t)?c +§TFT(t)K(t)'>‘<:|

- 4Trmawpo e WKW + + Tr [BO)K )] (5-15)

Now (5-15) can be satisfied for all values of £ if the Riccati

equation

K@) +K@) Ft) +FL() K@) +A®) - K@) GO D) 'cTWK®E) = 0 (5-16)
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is satisfied with the terminal condition determined by (5-5) and
(5-6) as

K(tf) =R (5-17)

Clearly since A(t), D(t) and R are symmetric the matrix K(t)
satisfying (5-16) and (5-17) will by symmetric, as assumed at
the onset. Further the scalar function g(t) satisfies the differential

equation.

gt) + Tr [A®) P@) + B(t) K(t)] = 0 (5-18)

with the terminal condition

glty) = Tr [R P(ty)] (5-19)

Solution of (5-18), (5-17) for K(t) will provide the optimal control .
function according to (5-13). Note that (5-16) and (5-17) do not '
contain the matrix B(t), which determines the statistical characteris-
tics of the system. Thus, the design of the controller is independent
of the design of the estimator, as specified by the previously derived
quadratic cost separation theorem(so). In addition, (5-13), (5-16)
and (5-17) are identical to the equations that are obtained by assum-
ing that there is no measurement or process noise and applying

the classical methods of the calculus of variations or the maximum
principle(s). Finally, from (5-6), (5-18) and (5-19) it is clear

that the minimum cost is dependent upon the statistics of the problem.

5.3 A Single State Variable Problem

Consider a single state, stationary plant described by the

scalar equation

x(t) = Fx(t) + Gu(t) + ql(t) (5-20)

where F and G are scalars, the scalar control u(t) is unbounded

and ql(t) is a stationary gaussian white noise with statistics

Efq,t)]= 0

E[ql(t)ql(s)] = Q6 (t-s) (5-21)

98



The scalar measurement process m(t) is available to the controller,

where

m(t) = Hx(t) + qy(t) (5-22)

and qz(t) is a stationary gaussian white noise with statistics

E[qz(t)] =0
B[a,0ay6)] = et - ) (5-23)

Assume that estimation of x(t) has proceded for a sufficiently long
time, before control is applied, so that P(t), the estimation error
variance, can be considered to be constant. Then, from (4-17)

it can be shown that

PR
. Q H"Q
p mPW®) _ 22, /g2, 1 (5-24)
H 2
L- wnnt
and with (4-34), B is determined as
B 5 1] 2
. Q H Q
g = mBO  Zip . [p? -—Q—l (5-25)
H 2

The expected cost to be minimized involves the control
energy and a terminal cost function. It is given by the equation

te

J = E J% uz(t)dt + (i)(x(tf) (5-26)

t.
i

where the positive constant a and the terminal cost function
d)(x(tf)) are arbitrary. Functions ¢ and L, defined by (4-37) and
(4-38), become

s = | ag g(e) fuey (€19 (5-27)

- 00
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Chu,t) =4 v’ (5-28)

where 1
A 32 (& -)?)2 :
fe) E1%) = @1P) © exp (- Spp— (5-29)

By substituting the proper values into (4-35), the differential

) s
equation for C is obtained as

) % % 2 %

~ _min Ja 2, 3C oC A B 9°C

0 = u -i-u + 1 +-5-§[FX +Gu]+-2-—’\2— (5'30)
0x

and taking the firstand secondderivatives, with respect to u, of the

function in braces in (5-30), produces

i:} = au + G g 82{.} = a (5'31)

du ox 8u2

Since a is positive, the optimal control is given by

*
b3
o = - G 3¢ (5-32)
a A
0X

and upon substitutuion of (5-32) into (5-30), there results

; %\ 2 * %
o . act_ &® [ac™Y", ac® L4, B 2% (5-33)
- ot 2a A A 2 A2
ax 0X ox
Define a function A(ﬁ,t), as
A G2 % A .
A(X,t) = exp(- x5 C (x,1t) (5-34)

Ed
so the derivatives of C may be expressed as

S = - 22 o (5-35)
ot G2A ot
oC aB 06A

~ 3 A (5-36)
0x G A ox
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(5-37)

(5-38)

02c™  amB |1[2a\® _ 2%a
042 c?a |81 e o%?

and the differential equation (5-33) becomes a linear equation in

A
A (x,t)
A A 2. ,A
dA(X,t) +8A(x,t) pd B AR _

ot o 2 A2
0x 0X

Now consider a transformation of state variables such that

§ = @ltpt) &

(5-39)

where @(tf,t) is the weighting function of the system (5-20), so

d®(t,,t)

- £ _ _ _
e = F <I>(tf,t) @(tf,tf) =1
and therefore
F{t.-t
& (1) = e fet]

Using this transformation, equation (5-38) becomes

2
A ®(t.,t)B
oa’@.1) , T UpY
ot 2

92A ‘(§,1)
a%°

=0
which has the solution

A'G) = [art @ AGLE) b <t

-0

with
-1
2

2
fs(t)(y’) =(2 wR(t)) exp{— -2-%(5}
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and ¢

f
2Bt -t
Rt)=B [ @2, 7)dr = 3 |e C: ]-1 (5-45)
f 2F
t
Transforming coordinates back to the Q system produces the
solution for A(?{, t)
oC
AGLD = [dLf @A (L, R +8;t)  (5-46)
SR P -1 A f’ *f

Finally, the optimal control function may be written in terms of
A(%,t), using (5-32) and (5-36)

F gy - —B a6 (5-47)
G A(x,t) ax

and the derivative of A(Q\, t) is

-3—‘35?"—” = $(t.,t) ﬁiéf (L)D(®(t, )%+ L ;t,) (5-48)
52 £ s(t) £ *f .
o0
where A _
D, t,) = %ﬁﬁ- (5-49)
X

The terminal condition A('z\c, tf) required in (5-46) and (5-49) is
determined by (5-34) as

N 2 . 2 .
A(?{,tf) = exp {- %3- C*(;‘c,tf)} = exp (— ZQB- ) (;\i)}

An interesting closed form solution can be obtained by
altering the problem slightly. Instead of specifying the terminal
cost function ¢ (?:(tf)), consider a specification placed on the
terminal control. It is desired to force the terminal estimated

state Q(tf) to lie in a target interval such that

A )
b, = x(tf)é +b b, < b (5-51)

1 2

102



where the values b1 and b2 are specified. Consider the control

over a short interval from t ’ to tf where

tfzt' + At (5-52)
and At is small. Assume that a control decision is made at time
t’ and that the control is held constant over the interval At.

The control decision at t’ is specified according to the following

rule. P N
A
b, - x(t’)
2 . A
G At if  xt’) > b2
uR(t),t)) = 0 it b, sf)sb, )
= (=202,
b, - &t")
S S . D
G AL if  x(t’) < b1
J/
. (5-53)
From (5-26) the cost to complete the process from time t’
t
c’ &t )t =f % u?(t) at (5-54)
£
and since uf(t) is constant in the interval and given by(5-53),
equation (5-54) becomes
j ™
b, - % (t/) ,
[ if  %(t') > b,
G At
CRt’),t")= < 0 if b, = 27y = by >
[b - X )] A
if x(t’)< by
G At
. ~
(5-55)
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If the time interval At approaches zero and R(t /) lies outside
the target interval, the control rule (5-53) will supply a delta
function of proper strength to drive x(t ) to the boundary of the
target interval. However, if x(t ) lies W1th1n the target 1nterva1
no control, is applied. Also, the terminal condition on C can
be obtained as the limit of (5-55) as At approaches zero. Thus

(b if %> b, )
K OA . A
C (x,tf--) = < 0 if b;Sx=b, > (5-56)
A
+ o if x < b1
L J

The terminal condition on A(?c,t) can then be obtained from (5-34)

as
N N
(0 &t 4> by,
A .
At = (1 i b,s% s bz? (5-57)
0o if %< b,
9 J
and with (5-49)
A _ 'A_ _ A _ -
D(x,tf) = § (X bl) 5(x bz) (5-58)

Applying (5-57) and (5-58) to (5-46) and (5-48) yields

X,t) =3 er - = erf 5-59
2 V2R@) 2 '\/_ 2 R(D) S
and
A%, 1) _ - Ay A
(5-60)
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where erf(x) is the error function of probability theory and is
(42)
tabulated .

X
erf(x) = 2 J‘e-g dg (5-61)
0

v

The optimal control is obtained by substitutuing (5-59) and (5-60)
into (5-47).

An actual physical example to which this solution might
be applied is rate control of a vehicle in the presence of damping.
Measurements of vehicle rate are inaccurate, so the state must
be estimated. It is desired that the estimated state lie within
a specified interval at the terminal time. The solution given
above will accomplish this task with minimum mean expenditure

of control energy.

5.4 Continuous Minimum Fuel V.T.A. Guidance

Consider the variable time of arrival guidance problem
of Section 3.2. If measurements and corrections are made at
very short intervals, the spacecraft guidance may be analysed
as a continuous system. Assuming that state variables are
transformed to the terminal time, the state satisfies the scalar
equation
x(t) = glt)ult) (5-62)

where u(t) is the control (acceleration) and g(t) is the control
sensitivity (rate of change of terminal state per unit of vehicle
acceleration). The cost to be minimized is the mean total fuel

plus the weighted mean square terminal miss

te
7=E| [luwla + & <) (5-63)
. 2 f
t.
i
so functions -L.J and 5 become
L& ut) = lul (5-64)
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% (%) =%[§2 ¥ P(tf)] (5-65)
and a bound is placed on the control so

lut)l = b (5-66)

In section 4. 2 the differential equation satisfied by the
continuous minimum expected value function C*(ﬁ,t), was obtained
as (4-35). The derivation of (4-35) involved the limit of the discrete
recursion formula (4-23) as the time step Atn approached zero.

In taking this limit it was assumed that the first and second
derivatives of the discrete minimum expected value function

C: (%, n), exist and are continuous. For the discrete v.t.a.
problem, this assumption holds everywhere except at the points -
+ a@,, where the second derivative of C: (&, n) is discontinuous.
Therefore, Eq(4-35) will apply everywhere except possibly at
the points + a . Hence from (4-35), (5-62), (5-64) and (5-65)

i % % *
min 3C (},1) 4 oC (&, 1) Bt) a2c’ &, 1)
0 = lul$ b Tul + 5t " gthu+=5 5
Ul = ox of
5‘{ # +a
(5-67)
with B(t) determined by (4-34) and (4-17) as
B(t) =- P(t) (5-68)

and P(t) is the variance of error in estimated target miss distance
at time t. The optimal control is obtained by minimizing the right
side of (5-67), hence

e 5k )
b it Lpg< -1
%
sk

5k

u = 4 0 if 8C__ <1 ? (5-69)
od
ac”

~
@
—
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and C  satisifes three different equations in different intervals

of the % space

KOA BV N 2 KA B
0 =b +9C (.t +aC (x,t) 2(t)b +B(t) 3°C (X, 1) i aC g< -1
ot A 2 A2 A
o9xX oxX ox
(5-170)
* A 2 K, A sk
o = € &,t)  Blt) 37°C (xt) i |2C | g <1
ot 2 a2 A
ox ox
(5-71)
A %A 2 %A %
0 =b+ 9C (x,t) _ 9C (x,1) ()b +B(t) 9°C (%, t) i 9C g > 1
ot A 2 A2 A
ox ox ox
(5-72)

No bound is placed on the control for the discrete v.t.a. problem
of Section 3.2, so it is necessary to investigate the limit as b goes
to infinity. If (5-70) and (5-72) are divided through by b and limits
taken as b approaches infinity; (5-70), (5-71) and (5-72) become

A 2K A *
0 = a%;xt)+Bg)a<é(gt) i 1S g <1
o% ok
(5-73)
b3 A
0 =1z% 8C (x,t) g(t) otherwise
ok (5-74)

Also, since this problem is to be the continuous equivalent of the
discrete v.t.a. problem, it may be inferrred that there is a

function @ (t), determined by

Qggﬁﬁil glt) =1 (5-75)
0x
% =calt)
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so that (5-73) and (5-74) are written as

aC (x,t) _ _ .g.(lt_) ¢ < - aft) (5-76)

. o %A
aC (x.t) _ _ I_?»%t) 9°C (X,t) 12l <at) (5-77)

.é.(.:_%}.‘_'l). I % S at) | (5-78)

5
Now if the derivative of C (%,t) is defined as

% 4 A
G &t = _a_(_:_éz_&_tl (5-79)
ox :

and both sides of (5-77) are differentiated with respect to £, then
(5-76), (5-77) and (5-78) become

G*(s‘c,t) = - —ng5 2 <- alt) (5-80)
* A 2. %,a
Q-gg(&-ﬂ = --13-(211 B—(i—z(l‘-ﬂﬁ 18] <) (5-81)
oxX
A _ __L A
G (x,t) = 2() X >aflt) (5-82)

In addition, since this problem is the continuous equivalent of the
s
discrete v.t.a. problem, G (?{,t) must be continuous across the

*
boundaries + a(t). Also, if the second derivative of C &, 1) is

defined as
- 2 % A 2oOA
H'@yp - 280 26 &y (5-83)
A
ox ox
then differentiating (5-80), (5-81) and (5-82) produces
*,A A i
H (x,t) =0 1%]> a(t) (5-84)
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XA 2., A
ot 2 a2

At this point the problem is further restricted by assuming
that « (t) is constant. With this assumption it is shown in Appendix
F that if the control sensitivity g(t) has a derivative for all values
of time, then H*(}?,t) is continuous across the boundaries + o .

Thus boundary conditions on (5-85) are obtained as

ale

H(a ,t) = H*(-a/ * 1) =0 (5—/86)

The terminal condition on H is yet to be determined.

The terminal condition on C=P is
% - A
- -2 [522 + P(tf)] (5-87)

By analogy once again with the discrete v.t.a. problem, the

minimum expected cost to complete the process from time t

f
'is obtained with the help of (3-29) as
f
A3l - o + Cla,t) i 12l>e
g(tf) > f
C (x,t7) = { >
RN O if |%|se
. y (5-88)
where a is determined by
aC™(%, t,)
T g(tf) =\ g(tf) =1 (5-89)
X
A
X =«
S0
- 1 -

Taking the second derivative of (5-88) produces the terminal
&
condition on H (4, t)
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. A - o it |&l>e
H(x,t.) = (5-91)

A if |§|<a

Equations (5-84), (5-85), (5-86) and (5-91) completely determine
the solution for Hq\()?,t). By applying the usual method of separa-
tion of variables, the solution of (5-85) with the boundary con-

ditions (5-86) and terminal condition (5-91), is obtained as.
B t

—

f
~ 1,2 2
* A 2 A 2 (- l)k (k+'2]") 7r§ (k+-2-) T A‘.J‘B('T)d'l'
H (x’t)=_7r—2 1o cos = exp | - .
- Rl < a
(5-92)
and G (%, 1) is the integral :
A
' X
*\ : sk
G'Gv=[H(g0aE
0 tf -
S 1 (k+3)% 72 [ B(n)ar
2 A\ (-1)K (k+-2-)7rx .
) — sin |=——— exp|- >
g L 2a :
k=0(k+ ) 4’|%|<a |
(5-93)

Since G;ﬁ(yAc,t) is continuous across the boundary @, evaluating (5-93)
at X equal to @ and applying (5-82) produces an equation that must
be satisfied by B(t) and g(t). Thus if @ is constant B(t) and g(t)

. tf
satisfy
. (k'*é' )2 72 J B(7)dr
2 da glt 1, -2 t
——7&(—)2 (k+3) “exp|- 5 =1 (5-94)
g k=0 ¢a

with @ determined by (5-90). Since this solution recjuires that
« be constant, the result is not very practical because of the
restriction placed on B(t) and g(t) by Eq (5-94). However, the
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result of Appendix F which shows that the second derivative of

C  is continuous across the boundary @, may be very useful for

purposes of numerical computation.
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CHAPTER 6

CONCLUSIONS, CONTRIBUTIONS AND RECOMMENDA TIONS

6.1 Conclusions

A method is developed by which optimal feedback control-
lers may be determined for discrete linear stochastic systems,
when the system state cannot be measured without error. The
theory admits cost functions which are nonquadratic in the state
and/or the control and recognizes constraints on the control
variables. The optimal control is a function of an estimate of the
plant state, which is shown to be the mean state conditioned on
the measurement history. Calculation of an optimal feedback
‘control function involves solution of recursion formulas via the

method of dynamic programming.

A variable time of arrival midcourse spacecraft guidance
problem is postulated, ignoring errors out of the trajectory plane.
By transforming state variables to the terminal time, this prob-
lem is simplified to one state variable. The optimal control is
determined by an interval B(n) of values of the estimated state.
If the estimate lies outside F(n), the optimal control drives the
estimated state to the boundary of 3(n); otherwise the optimal
control is zero. Equations suitable for numerical determination
of the intervals @(n) are derived and an actual numerical solu-
tion is obtained. A comparison made between the optimal con-
troller and a near optimum linear controller, shows that there
is negligible increase in cost if the near optimum controller is

used.

Minimum fuel fixed time of arrival spacecraft guidance,
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ignoring out of plane errors, is also treated. Transformation of
state variables to the terminal time simplifies this problem to
two state variables. Necessary and sufficient conditions for the
optimal control function are derived and the form of the optimal
control is explained. It is found that the optimal control is deter-
mined by threshold curves in the two dimensional space of esti-
mated state variables. A numerical example is used to illustrate
an actual solution. Determination of the optimal control by a
guidance computer involves a one parameter search of precal-

culated values to compute the optimum velocity correction vector.

A minimum fuel re-entry guidance problem is formulated.
The optimal control is determined by threshold values of the
estimated miss distance at the target. Equations suitable for
numerical determination of the threshold are derived and the

numerical solution of an example is illustrated.

The discrete quadratic cost problem is also investigated.
Its solution determines the optimal control as a linear function
-of the estimated state. This result represents an independent
derivation of the control/estimation separation theorem for dis-

crete systems.

Under suitable conditions of differentiability of the min-
imum expected value function, the discrete recursion formulas
are generalized to handle continuous problems. The result is a
stochastic Hamilton-Jacobi equation, to be satisfied by the con-
tinuous minimum expected value function. Solution of this equa-
tion produces the optimal control as a function of the estimated

state.

The theory is applied to the continuous quadratic cost prob-
lem. Solution of this problem produces the control/estimation
separation theorem for continuous systems. The optimum control-
ler is linear with time varying gains determined by the solution

of a matrix Riccati equation.
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Solution of a minimum control energy problem with arbi-
trary terminal cost function is also obtained. The result is
written in terms of integrals. By specifying the terminal control
to insure that the estimated terminal state lies within a target
intérval, the solution is obtained in terms of error functions

(erfs).

Finally, the continuous variable time of arrival space-
craft guidance problem is formulated. By specializing to a par-
ticular case for which the control thresholds remain constant in
time, a solution is obtained which specifies the relationship be-
tween the control sensitivity and the measurement information
rate. An important result of this solution is the fact that the
second derivative of the minimum expected value function is con-

tinuous across the control threshold.

A significant limitation to application of the discrete theory
developed above is the requirement for large amounts of high speed
~ computer memory in the solution of even the simplest problems.
Calculation of the minimum expected value function must take
place on a grid of dimension equal to the dimension of the state.
For example, the one dimensional midcourse guidance problem of
Section 3.2 required 60 points on the real line to adequately deter-
mine the minimum expected value function. Because of the sym-
metry of the problem however, calculations were made for only
30 positive values of the estimated state. The analogous two di-

mensional problem required a grid of 30 X 60 points. In general,
k
the number of points required is X where N is the number of

points in each axis direction and lgis the dimension of the problem.
Thus, for a three dimensional problem with 60 points along each
axis, the memory requirement for storage of the minimum expected
value function is 108, 000 locations. Clearly, the requirements
grow out of han'd for problems of even three or four dimensions.
There is, of course, the possibility of increasing the interval be-

tween points, thereby decreasing N. However, this leads to
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decreased resolution and larger errors in approximating

the optimal control function.

The computational difficulties outlined above are inherent
in the dynamic programming method itself. For deterministic
problems the calculas of variations or maximum principle can
provide optimal solutions without resort to dynamic programming.
With this approach two point boundary value problems must be
solved. Although quite formidable in themselves, these solutions
are usually much easier than their dynamic programming counter-
part and problems of higher dimension can generally be handled.
However, the maximum principle approach is possible only be-
cause the deterministic problems possess unique characteristic
curves. No such unique characteristics exist for the class of .
stochastic problems considered above, so if a solution is desired,

it must be obtained via dynamic programming.

6.2 Contributioné

This section contains descriptions of those results of the
research which are felt, by the author, to be either original de-
velopments or independent derivations of previously published
results. Clearly, such statements are easily disputed, and often
with some justification since it is quite difficult to determine
just what constitutes original work. Thus, with some hesitation,
the contributions made in this research are described in the fol-

lowing paragraph.

Recursion formulas are derived for the discrete minimum
expected value function, for cases in which the plant state cannot
be determined without error and the cost may be nonquadratic.
Solution of these equations produces the optimal control as a func-
tion of the estimated state. This derivation is original, although
the results have also been obtained by Striebe 70'. Minimum fuel,
variable time of arrival, midcourse spacecraft guidance is devel-

oped. This solution is quite similar to some work of Tung and
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Strieb el(73 ).

ance problem and the optimum re-entry guidance problem are

Solutions of the fixed time of arrival midcourse guid-

original and to the best of the author's knowledge, do not appear
elsewhere. Derivations of the control/estimation separation the-
orem are also included in the work, although these results are
well known. The stochastic Hamilton-Jacobi equation for contin-
uous systems with measurement errors is also derived; however,
this result was brought to the attention of the author by. Potter(6 D
and appears in a paper by Kushner(48). Finally, the method of
solving the recursion formulas by approximating the solution of

diffusion equations is original.

6.3 Recommendations

In this Section some areas of possible future research
will be briefly outlined. In the course of the discussion some
partial results will be explained and some shortcomings of the

existing theory will be enumerated.

6.3.1 Steady State Problems - If the estimation problem

becomes stationary after a sufficiently long time, it is possible

to pose a stationary control problem. For this case there is no
terminal time and therefore no terminal cost function ¢. Rather
the mean expenditure per unit time is to be minimized by an appro-
priate choice of the control function. Since the problem is sta-
tionary the minimum expected value function will not change with
time so for discrete problems, it should be possible to show that

C” satisfies the following equation

* A min
C (8(n)) = ) €1q1 n){ L(&(n), u(n))
o0 .
+ j 1...jdg £ et <n+1)+r;)} (6-1)

*
If numerical techniques can be devised to determine C (&(n))
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satisfying (6-1), then the optimal steady state control function

will also be obtained.

Similarly, it should be possible to show that for contin-
uous stationary problems, the minimum expected value function
satisfies (4-35), with the second term on the right set equal to

Zero.

6.3.2 Variable Terminal Time Problems - If the esti-

mation problem becomes stationary as time approaches infinity,
then a variable terminal time problem can be posed such that
sample trajectories terminate when the estimated state enters a
target set or region § in the & space. For this problem the min-
imum expected value function satisfies the usual recursion for-

mula

C*(Q(n), n) = min L(X(n), u(n), n)

u(n) eUn)

o0 00
. + _Ldél, ',::J:odiék fsj(n+1),(§) C*:(i‘{'(n+1)+§, n"‘l)ﬁ }

(6-2)
Since each sample trajectory terminates when %(n) enters the

A
target set §, it should be possible to show that the boundary con-

dition

o2 CTm), = 0 (6-3)
must be satisfied at the boundary of § In addition, if

L(&(n), u(n), n) and WUn) become stationary for large values of n,
then since the estimation problem also becomes stationary at
large n, it should be possible to show that the terminal condition
on C* is given by (6-1). Thus, solution of the system (6-1), (6-2)
and (6-3) should produce the optimal control function for this class

of problems.
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Another type of variable terminal time problem can be posed
by requiring that sample trajectories terminate when the actual
state enters a target set or region §. At first glance it may seem
that this problem might be solved by some straightforward exten-
sion of the theory developed above. This is not the case, however,
because ﬁ(n), based on the measurement history, is no longer a
sufficient statistic for determining the posterior state probability
density. In fact, at any time before a sample trajectory termi-
nates, in addition to the measurement history there is another
piece of information available; namely that the state cannot lie in
the region 8. Thus the posterior state probability density cannot
be normal because it must be identically zero in8. It follows
that ﬁ(n), calculated using the recursion formulas of Section 2. 3,
is no longer a sufficient statistic and the developments of

Section 2. 5 cannot be readily applied.

.6.3.3 Specification of a Terminal Statistic - In some

' optimization problems, specification of a terminal cost function
may not be desirable. This situation is best illustrated by the
re-entry problem of Sections 3.6 and 3.7. For that problem the

- terminal cost function was made quadratic with arbitrary choice
of the weighting factor A. It would probably be more useful, in

this case, to be able to determine the control function that min-
imizes the mean fuel required to attain a specified value of some
statistic of the terminal state. For example, from the class of
all admissible controls, as functions of the measurement history,

find the control that will produce a given value of the variance of
the terminal state, with the minimum total mean expenditure of

fuel. This problem cannot be handled with the existing theory.
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APPENDIX A

AN EXPRESSION FOR E[ ¢ (x(q+1))|M(q), u(a)]

In order to evaluate the last term on the right of (2-40)
an expression for the posterior probability density of x(q+1)
given M(q) and u(q), is necessary. First an expression for the

terminal state is written as
x(q+1) =%(q+1) - e(q+1) = %' (q+ 1) - e(q+ )+s(gr1) (A-1)
Define a k dimensional vector al(gq+1) as

a(q+ 1) = 8'(q+ 1) -e(q+1) (A-2)
so (A-1) becomes
x(g+ 1) = al(g+ 1) +s(g+ 1) (A-3)

The error e(q+l) is normally distributed and independent of & {q+ 1).
Also ®8(q+1) is a deterministic function of M(q) and u(q) according
to (2-19) and (2-20). Therefore, the posterior probability density

of a(q+1) can be written as
1

[s[ M(q), u(q):l - (2 w)‘7| P(q+ 1)| ;

T
exp{- —;— [S -R/(q+ 1)] P(q+1)"1 I:E -/ (q+ 1)]}

(A-4)

f::1(q+ 1)

where

RUq+1) =®(g+1,9)&(Q)+ 6(q+ 1, q)ulq) (A-5)
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Since P(q+ 1) is known a priori, (q+ 1) is a sufficient statistic
and the posterior probability density of a(q+1) given M(q) and

u(q) can be written as
faqen [ E1M@. w@] =1, E1% @+ 1) (A-6)

The processed measurement information s(g+1) is normally

distributed with density function given by
1

Y 2
1 -
fqen(® = (2m) * ls(q+ 1>| exp{-'2—CTS(q+l) lz_,}
(A-7)

and the covariance matrix determined from

- -1
S(q+1) = P'(q+ 1)HT(q+ 1)[H(q+ 1)P (q+ 1)HT(Q+ 1)+W(q+'1ﬂ ‘H(g+1)P’ (g+1)
(A-8)
It was shown in Section 2.5 that s(q+ 1) is independent of & (q+ 1)
and e(q+ 1) so s(q+1) and a(gq+1) are independent. Since x(q+1)

is the sum of a(g+ 1) and s(q+1), the posterior probability density

of x(q+1), given M(q) and u(q), can be determined by a convolution

integral
(g E1R @+ 1) =[at,...] 9y £ (g )&= 187 g, )(©)
(A-9)

Using this density function, the second term on the right of (2-40)

is written as

o0 o0
E[¢ g+ )| M@, w@)]= [ag ... [ag e, @8 @)
e e (A-10)

Substituting (A-9) into (A-10) and reversing the order of integra-

tion obtains
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E[$ (xlq+1)|M(q), u(q)] =

o0 oG oC oC
_j;z;l. . ._J;Cdékfs(qul)(é)_LdEl- e @, g ) E-URar)

(A-11)
Now, by comparing (A-4) to (2-25) and (2-26) it is clear that (A-11)

may be written thus

E[¢ (x(qg+1))] M(q), ulq)] =
00 oC
[at,.. jdckfs(q+1)(g) [ f 18 (), (1) (E- L1Ra+ 1))

(A-12)

Finally, by the definition of ¢ given in (2-36)

OO

E[¢ Gela+ 1) M(@), ulq)] = jdg .dc.f /&) F R+ 1)+L)

s(g+1

(A-13)

which is the expression required for (2-41).
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APPENDIX B

GREEN'S FUNCTION FOR THE DIFFUSION EQUATION

The k dimensional diffusion equation of interest is given

by
2
oDET) _ Loy, [sw) a—f—fr)—] 51

where the (kxk) matrix of second derivatives is

a?D(E, ) | 8°Deg, 7)
ag2 = agiagj

(B-2)

If g(§, 7) is the k dimensional Green's function corresponding to
(B-1), then by definition g(§, 7). must satisfy the inhomogeneous

equation

2
OglE. 1) —-;-Tr[s(nu) %%Tl] = s(£)8(r) 0TS 1
o

(B-3)

where §(£) is the k dimensional Dirac delta function. Now &(&)

can be written as a k dimensional Fourier integral

6(8) = '(21)1{ J\dpl. .. J~dpk exp{ipTE} (B-4)
T
—o -

oC

where p is a k dimensional vector.and i= '\/-1.
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Also, if y(p, 7) is the k dimensional Fourier transform of g(&,7)
then

(e e} [*o]
g(&,7) =—1T fdpl- .. J dp eXP[ipT ’é] ¥(p,7) (B-5)
(27)" w0 o0

and the terms on the left of (B-3) become

oC

o0
gga(f’ﬂ - Jdp1°" Idpk exp{ipTg} ayé_ip;) (B-6)
(2m) ~00 =0

2 % b ,
Tr[S(n+1) 2 g(2§’, T)] - -1 T J dpl' . J dpk exp{ipTS}'y(p,"r)Tr [S(n+1)pPT'
o& (27) -0 =00 - -

>0

o0
S S J dp,... !‘[dp exp ipTE}'y(p,T)pTS(n+ 1)p

=00

(B-17)

Substituting (B-4), (B-6) and (B-7) into (B-3) produces a differential
equation for +(p,T)

T
Hp.7) 4 p Sntlp o r) = 4(r) (B-8)

with the solution

Yp,T) = exp -{% pT S(n+1)p’r} (B-9)

Upon substituion of (B-9) into (B-5) there results

oC (¢ ¢]
g(&,7) = —l-—k— J dp,... I dp, exp{i pT £ - -;— pTS(n+ 1)p7}
(@m)™ oo e (B-10)

The matrix S(n+ 1) is symmetric so an orthogonal transforma-

tion A can be found that diagonalizes S(n+1)
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A O

A Sh+1DAT - . (B-11)

If the orthogonal transformation of coordinates
p =Ap - (B-12)

is made, then (B-10) becomes

oC oC
g€, 1) = —1? j dpl. - j dpk exp{i pTA £ - —é— pTA S(n+1)ATp 7}
-CcC =00

(2m)
(B-13)
Define the k vector y thus
y =AE (B-14)
so (B-13) yields
1 2
g(&, Jdpk exp 2(1p Vi~ 5 Py 7\ Ty (B-15)
-0 ji=1
or
k ¢ 9]
1 . 1 2
= dp. expdip; v: - 5P, AT (B-16)
gl&, 7) Y | |1 LO Py p{ Py~ 2P N }
J:
The exponent in (B-16) can be written as
2 2
! fal ) A
1Py = 3 P; k T = - -
7372 2 Vo )BT
A,
= 1 (B-17)
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where

a = p, - Tgr. (B-18)

Thus the integral on the right in (B-16) becomes

b b )L'raz 2
I i -L1,2 = S T R
Jdey PP T T “_Ld"j oxp 2 -zx?»r

=cC

<

2 o 2
y. A, Ta,
= exp{- o3 t | de;expi-—L
i |-
_ j2 Y
VX7 ¥PYT 278.7 (B-19)
J J
and substituting into (B-16) yields
1
k sk Wl ko9
(£,7) = 1 T 2 T]- A - L Y
gis, 1/ = (2m)k T j CXP\T o7 71-
j=1 j=1 J
q -1
N 1 Ay o) 7
(2rm) 2 s : LT '
= (277T) (n+1) exp - 5=y . Y
O Y
k J
-1 -
K 1 Al O 7
-k -5 .
= (2rm) 2 |[St+1) exp- 5= £ AT . agd
O kk 1 )
(B-20)
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Using (B-11) produces the desired expression for the Green's
function.
1

k ¥
g&,7) = (277) 2 lS(n+ I)I exp {-% ST S(n-i»l)-1 g}

(B-21)

Finally at 7 =1, the Green's function for the diffusion equation
becomes the probability density of s(n+1)
1

2 .
exp {-%— £T stn+1)”! s}: £ an)®

2

g(&,1) =(2m) S(n+1)

(B-22)
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APPENDIX C

NUMERICAL EVALUATION OF EXPECTATIONS

In order to apply the theory of Chapter 2, it is necessary

to numerically evaluate integrals of the form

crem = Jag... Ja g @CHE+L, )

-0 =oC

(C-1)

It was shown in Appendix B that the probability density fs(n+1)_(§’)

is the Green's function for a k dimensional diffusion equation. Thus
(C-1) can be numerically evaluated in two ways, either by approximat-
ing the integral via quadrature formulas or by approximating the

solution of the diffusion equation

2
oD(E,7) _ 1 9"D(E, 7) -
-TT'— = 3 Tr |S(n+1) ? (C-2)
D(E,0) =C (€, n+ 1) (C-3)
c*e,n) = DE, 1) (C-4)

using central difference methods.

As a means of comparison of these two methods, consider
aproblem with two state variables. Define subscripts i and j,
indicating the row (i) and the column(j) of a point in a two dimensional
mesh representing the R space. Thus, C*(Ei., n) is the minimum
expected value .function evaluated at gij’ where i represents the row
and j the column of the point Eij in the mesh, If h is the interval

between mesh points, then the lowest order quadrature formula
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for C"

1o

Y

a

>,'<’ 2 . x .

C 1Em =h Z 2 s om! © €l yGaemy Y
£=-a m=-b

(C-5)

where £ and m range over a sufficiently large set of values so that
all points with non-negligible values of the product on the right

in (C-5) are included. If, for example, 0'128_1’1('1 0'22 are the eigen-
values of the covariance matrix S(n+1); then the range of 4 and m
can usually be chosen to encompass a square region with each
side greater than six times the square root of the larger eigen-

value

ah =bh >3 max (01, 02) (C-6)

Furthér, if the point £, i is close to the boundary of the mesh, then
points 5( +4)(G+ m) will lie outside the mesh for certam values of
2and m. Thus, some sort of approximation of C must be used,
usually involving a functional description of C” outside the boundary.
In addition, the probability density
1
£ (g )—(27r)-5|5( +1)|—2ex o "l
s(n+1)*>4m’ ~ n p 2 *4m “(n+1) 4£m

(C-7)

must be evaluated at the points E sm.° Calculation of these values
can be done once at the beginning of the computations and stored for
laterz use. The stored values are multiplied by the appropriate values
of C:F, accordmg to (C-5) and summed over £ and m to produce each
new value of C" ‘. This procedure is repeated for each point £, ij

of the mesh. For example, in the two dimensional fixed time of
arrival problem of Section 3.5, a mesh of points (30x60) is used.
Because of the symmetry of C*, only half of a (60 x60) mesh is
necessary. It was found that the limits a and b in (C-5) must be

at least equal to 10, so the computations range over a (20x20) grid
and the sums in (C-5) involve 400 points. Thus for each point gij’

132



the computation of C'"’(Eij, n) requires about 400 multiplications
and 400 additions. Since there are 1800 points in the mesh, 720,000 .

multiplications and 720, 000 additions are necessary.

For the equivalent computation by approximating the
solution of the diffusion equation (C-2), the lowest order central

difference equation is given by

D(Eij, T +AT ) = D(Sij,'r) +%|:Sll(n+1) a +2 812(n+1)B +822(n+1)'y:|A'r
(C-8)

where «@,3 and vy are

(04 =L_D(E(i+1)(j)’7) +D(§(i_1)(j), T) - ZD(gij,'T:I /h2 (C‘g)

B =D& 4ngery™) FPE G- T PR GG T

- DE( _qy(e1) T )jl/4h2 (C-10)

Y = E) (g(i)(j'i'l)’ T) + D(E(i)(j"'l)’ T) - ZD(Eij’ 7')] /h2 (C-11)

On the boundaries of the mesh, some approximation must be made

to the values of D just outside the boundaries, so that «q, B and

v can be computed. For the problem of Section 3.5, with a (30 x60)
point mesh, it was found that about 30 steps in AT should be taken
(i.e., AT = 31—0 ). By properly rearranging terms,the computations in-
volvedin (C-8)-(C-11) canbe accomplished with 3 multiplications and
12 additions. With 30 steps in Ar , the total number of operations
involved in computing one point C* ({ gij’ n) is 90 multiplications

and 360 additions. Thus, for the (30x60) mesh, 162, 000 multiplica-

tions and 648, 000 additions are required.

For most computers, the time required to do multiplications
is much greater than the time to perform additions. Since the

central difference formulas require only about one fourth as many
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multiplications as the quadrature formulas and approximately the
same number of additions, the central difference method should

be about four times faster than the quadrature method.

An even more significant difficulty w1th the quadrature
formulas is the problem of approximating C” outside the boundaries
of the mesh. Some form of approximation is necessary to produce
C” as a function of g. i in those regions. By comparlson the
central difference equation requires values of c’ just one interval
outside the boundary, at each step A7 . The accumulated error
over n steps will be propagated into the mesh a distance (n-1)h
from the boundary. The approximation used for the two degree
of freedom problem of Section 3. 5 is to assume that the incremental
change in D, at a point on the boundary, is the same as the change
in D at the nearest point inside the boundary. This technique will’
provide exact answers on the boundary if D is a quadratic form.
Typically D is not quadratic however, but looks more like a
linear function of the radial distance to the origin, so this approxi-
mation is conservative in the sénse that the calculated incremental
change in D will be larger than the true value. In general it is
much easier, from the standpoint of computer programming, to
handle the boundary approximations on a step by step basis, than
to calculate C* outside the boundary with approximation formulas.
In addition, the central difference method will always provide a
conservative (larger) estimate of the true value; whereas the

quadrature approximation may not necessarily be conservative.

Finally, there is the possibility of using higher order
quadrature formulas with the hope of increasing the permissable
computation interval h. Similarly, higher order central differences
may permit larger intervals h. In this Appendix only the lowest
order quadrature and central difference formulas were compared.
It is felt that the conclusions drawn from this comparison will also
be valid for the higher order formulas because the quadrature
formulas always involve many more multiplications than the central

difference formulas.
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APPENDIX D

OPTIMAL CONTROL FOR THE V. T.A. GUIDANCE PROBLE3M>:<

To formulate the v.t.a. optimal control function, it is

necessary to perform the minimization required in (D-1).

00

c* &), n) {f&f; Qu(n)l +_0jodg PPN (9 C*(?('(n+j)+2_;_,n+j)}
(D-1)
where
fyrnep® =2m 2 |5t zexp{-%cT S'(n+) &
(D-2)
and
2/ (n+j) = *(n) + 6(n+ j, n) u(n) (D-3)

If the derivative of the function in braces on the right of (D-1) is

taken with respect to u(n), there resuilts

a{'}

9 u(n)

= sgnfum)) + 6(n+j, n) _j;t., o (e ) @ G B +0(n+, nu(n) +45 nj)
(D-4)

with the derivative of the minimum expected value function defined
as
% A :
G (%, n+) = oC (f’ n +j) (D-5)
29X
Assume that G*(ﬁ, n+j) is a piecewise continuous, anti-

symmetric, monatonically nondecreasing function of % such that

*This analysis closely follows the work of Tung and Striebe1(73)
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1
6(n+j+k, n+j)

PN < 1
G (x,n+j) = f(n+j+ k, n+j)

A

lim G (&, n+j) _ 1
2>+ ~ B(n+j+k,n+j)
lim G* (%,n+j) _ _ 1 | i
- - - f(n+j+k, n+j) (D-6)

where 6 (n+j +k, n+j) is the effect of the control at time tn upon

+]

the state at the following control time t Index k implies

n+ j+k’
that k measurements are taken in this interval. Fig. (D-1)

illustrates a typical function G(%, n+j)

A G 1X.nsi)
! 4
8 (n+j+kn+)
A
- X
41
8(n+i+k,n+j)

%X
Fig. (D-1) Typical Graph of G (%, n+j)

Further assume that the control sensitivities decrease with time
so that

8(n+i, n)
8(n+j+k, n+ j)

1 (D-7)

This is a reasonable assumption because 6(n+j, n) is the sensitivity

of the terminal state to a velocity correction applied at time tn.
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Case #1

Consider values of %(n) in the set Q+(n) where

o0

R () = {Q(n) : B(n +j, n)j dg fs '(n+j)(§’) G*(?((n) +4,n+j) >+ 1

(D-8)

Setting the right hand side of (D-4) equal to zero produces a
necessary condition for the minimum in (D-1). If %(n) is in
@ (n), then this condition will be satisfied by a negative value
of u*(n) such that
[o0]
-1+ 6(n+j,n) _Ld?; £ ,(n+j)(t;)G*(§(n)+9(n+j,n)u*(n)+g in+j) =
(D-9)
A unique solution of (D-9) always exists if the assumptions about
6 and (;‘,>:< are valid and because fS ’(n+j)(§’) is a positive, symmaetric,
analytic function. A locally sufficient condition is obtained by

taking the second derivative of the function in braces in (D-1)

and evaluating it at u*(n)
2 (¢ ¢]
{} = 6(u (n)) +6 (n+3, Jdéf o+ )(C,)H (X(n)+0(n+3,n)u (n)+lf, n+j)
du(n)? nt]

u(n)=u (n) (D-10)

where the second derivative of the minimum expected value function

is defined as

3G %, n+j) _8%c (&, n+1)

5 (D-11)
R 0%

H*(}?, n+j) =
Because of the form assumed for G* i the integral on the rlght of
(D-10) must be positive. Further u’ (n) is nonzero so 6(u (n)) is
zero. Therefore, a local minimum exists for u "(n) satisfying
(D-9). Clearly positive values of u(n) cannot satisfy the necessary
condition if (n) is in ® ¥ (n) and the only other possibility occurs

for u(n) equal zero, at which point there is a simple discontinuity
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in (D-4). However, if }'é(n) € CQ+(n) there is no change in the

sign of (D-4) across the discontinuity so no minimum can occur
%*

at zero. Finally, since the solution of (D-9) is unique, u (n)

gives the absolute minimum.
Case #2

Now consider values of ﬁ(n) in the set ¥(n) where

B(n) = {)’E(n) :- 1= 9(n+j,n)_J;od?;fs ,(n_*_j)(?;)G"‘(}?(n) +,n+j) = + 1}

(D-12)
For u(n) less than zero, the derivative (D-4) is
d g‘! " 3%
=1 6(n+j,n)_°J; AL @) G Gm)+6(n+, nuln) +¢;n+j) <0
u(n)<0 : .
(D-13)

because of the assumed form of G . Also, for u(n) greater than

Zero
< o0
gu <y | = 1+ 6(n+j, n)_J;o dg fs,(n+j)(§) G" (&) + 6(n+ j, n)u(n)+ & ; n+j) >0
u(n)>0

(D-14)

Thus since the sign of the derivative is negative for u(n) less than
zero and positive for u(n) greater than zero, an absolute minimum

%
must occur for u (n) equal to zero.

Case #3

Finally consider values of x(n) in the set® (n) so that

o0
- *
® (n) ={ %n) :6(n+j,n) | dtf ., (LG (X(n)+l,n+j)< -1
(n {xn n+j n_J;o s (045) x(n)+&,n+j)<
(D-15)
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With reasoning completely analogous to that used in Case #1 above,

%
it can be shown that u (n) must be positive and satisfy

o0

1+6(n+j,n) Idﬁ fs’(n+j)(§’) G>::(§<(n)+9(n+j, n)u*(n)-i- L;n4+j)=0

- 00

(D-186)

From these results it is clear that if the positive quantity

a(n) is defined

to satis fyoo

Onsj,m) [ats, (0 G atm L, nei)= 1
-00 :

(D-17)

%k
then if the conditions on G (%, n+j) are satisfied, the optimal control

must drive the estimated state to+ @ (n) if %(n) > a(n), to - @(n) if

%(n) < -a(n)and ‘must be zero if - a(n) SX(n)s + @(n). These conditions "

are equivalent to (3-27). Further, the recursion formula for

C*(ﬁ(n), n)is g

(ja(n) - &)

iven by
o0

6(n+j, n)

o0
= Gm), m) = J; AC £ (1

S0 G*(?c(n), n) s

(‘

\(0) " &(n) + £, n+§)

atisfies

1

6(n+j, n)

G*(&(n), n)= § [ 48 ()G Cetm) £ 8, )
~00 '

C

U S
6(n+j, n)
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+ _Ldé. fsz(n+j)(§)c*(a/(n)+ £,n+3j) if R(n) > +a(n)

if - &(n) = x(n)=+ a(n)

() C'(- ) + L, n+3) if R(n) < - a(n)

S
(D-18)

if Q(n) > +a(n)

if - @(n)= ¥(n) = + a(n)

if %(n) < - a(n) )
(D-19)



Therefore, if G*(;\c, n+ j) is piecewise continuous, monatonically
nondecreasing, antisymmetric, and satisfies (D-6), these condi-
tions also hold for G*(S‘{, n). Clearly the conditions will always
be satisfied if they are satisfied by the terminal derivative.
Consider first total final correction guidance. The minimum
expected value function at the last correction time is given by

(3-30) so the terminal derivative is

* A sgn(%]
G'(x,m) = 520y (D-20)

which obviously satisfies the assumed conditions. Second, consider
quadratic terminal cost guidance with the terminal condition (3-31).

The terminal derivative is

G (%, q+1) = A% (D-21)

Since the terminal sensitivity 6(q+1, q+1) is zero and X is positive,
this function also satisfies the conditions. Therefore, the optimal
control law is given by (3-27) if (D-7) is satisifed. In cases for
which (D-7) is not satisfied, the optimal control is always identically

zero at time tn.
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APPENDIX E

CONCAVITY OF THE MINIMUM EXPECTED VALUE FUNCTION
FOR THE F.T.A. PROBLEM

Consider the function C ' (%, n) given by (3-56) and repeated
here

[o0] [e¢]
G =far, [ar, Tty @C G+t n+)) (E-1)
-0 -00

Assume that the function C*(’)E, n+ j) is semi-concave. That is to
say, for any two points §A and ?{B, the inequality

sk * 5
C (u§A+(1—u)§B, n+j)s uC & ,n+j)+(1-u)C (/);B, n+ j)

) 0<u<l1 (E-2)
must hold. Equation (E-2) implies that the line segment joining
C*(;EA’ n+j) and C*(§B, n+ j) cannot lie below its projection onto
the C*(§,n+j) surface. For appropriate choices of QA’ I;{B and u,

a point EN may be determined as

?{%u?cA-l-(l-u)?cB 0<u <1 (E-3)
so (E-1) becomes

C %, +(1-wkg,n) =

0 c0

sk A A )
J dt J g, £, '(n+j)(§) Clulxy + L) H1-u)(xgH), nt)
- 00

(E-4)
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Since £ '(n+j)( t ) is positive, equations (E-2) and (E-4) yield
the inequality

oC o0

C (uy + (1-uRg, S u -J;Cdél deézfs ) ©C Gp+ L nt))

o0 oC

+(1-u) Lcdz;l _Ld?; zfs'(n+j)(§)c"‘(§13 +4, n+j)

(E-5)
or by (E-1)
C* gy + (1-whg s uC™’ Gy, 0) +(1-0)C" (G, n) (E-6)

sk .
Since (E-6) holds for all points X "S\{B; C ’(%,n) is semiconcave.
In addition, the integral in (E-4) is taken over the entire space,
so if there is a region (set) of { , of nonzero area (measure)

such that

CY Ry +0) + (1w +£), 043 <pCl8y +4,n4) + (1 - IC R + £, 0 +3)
(E-7)

Then (E-5) holds with strict inequality and (E-6) becomes

o,

c""(u§A+ (1-u)§B, n)<uC’ "Ry, m)+(1- u)c” ‘(g.n) O<p<1
(E-8)

For the class of problems considered in Section 3. 4, there are
always regions of { for which (E-7) holds. In fact it can be shown
that if either ;\(A + ¢ or QB +{ 1is an interior point of ¥ (n +j),
given by equation (3-66), then (E-7) holds. Since (E-8) holds

for all QA’ QB’ the function C'P'(g\{, n) is said to be concave.

Now consider the function C%(Q, n) given by(3-57) and re-

peated here in slightly different form as
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sk i sk
c @Qn) = r":1”“{||u||+c '(ﬁ',n)} (E-9)
where

R = ®(n+j,n)X + 6(n+ j, n)u (E-10)

For appropriate choices of ;\{A ,?{B and p, a point % may be determined

as
N
2 =ux, + (1—u)§B 0 < u<l (E-11)

Also, appropriate vectors Up and up may be chosen so that

u = puy + (1- u)u.B (E-12)
Hence (E-10) becomes
Ny _ N, _ Ay, -
X _uxA+(1 IJ)XB (E-13)
where
2 = ®m+i,n%, +6(n+ij,nu (E-14)
A< 3 ¥ J, R Up
Q' = ®(n+j n)§' +6(n +4i,n) u (E-15)
B ~ ), ixp J, 17 Up

The choice of U and up determines u according to (E-12), so

(E-9) may be written as

C*( u§A+(1-u)§B, n) =

. ®,, A A
uAI'n;lrlllB{" uuA+(1—u)uB” +C ([J;EA'*‘ (1'N)Xé9 n)}
(E-186)

The magnitude function on the right in (E-16) is semiconcave and

C" /&, n) is concave so (E-16) yields the inequality

A

CT(uky + (1-w)Rg, n)

“Zlfnus{“[" upll +€* /& m)] + (-wffug] +CT G ni‘]

(E-17)

143



Equality in (E-17) can occur when Up and up are applied in the
same direction and drive the estimated states QA and )'?]'3 to the
same point. In fact this is precisely what happens in region R(n),
defined by (3-72), when QA and ?{B lie along a common optimal
trajectory direction d(b,n), as given by (3-79). The first term
inside the braces in (E-17) is not a function of up and the second
term is not a function of Up - Clearly the minimizations over Up

and up may be done separately so

c’ (ux +(1- u)xB,n)S u[mln{ll uA" +cf g ,n):l

o ol - 0]

(E-18)
and applying (E-9) »

sk sk sk
C Ry +(1-mfp,n) S pC Ry, n) + (1-w)C (Rp,n)  O<u<1
(E-19)

Therefore, since (E-19) applies for all S\{A Xp; c’ (x n) is semi-

concave.

Thus far, by assummg that C’ (X n+j) 1s semiconcave, it
has been shown that C~ %, n) is concave and c’ (x n) is semiconcave.
If it can be shown that these conditions hold at the terminal time,
then they must be true for all n. The terminal condition is given

by (3-82) and repeated here as

F@m = || o, m ™8| m = neg (E-20)

The magnitude function in (E-20) is semiconcave along radial lines
from the origin and concave otherwise. At the next previous
correction time C~ &, n) is given by

e}
c* @0 = [ at, fodngs (@ || otart m TR+ 1
h o (E-21)
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. and in the same manner as above, it can be shown that (E-8)
applies at the next to last correction time. Hence C R, n) is

concave for all n.

*
Because of the integral in (E-1), C ‘&, n) is an analytic
function of ® and its matrix of second partial derivatives exists
and is continuous in the entire % space. Thus C's'(Q, n) may be

expanded about a pcint R as

% X
C*'®+A,n) =C '(5:‘,n)+99—i-z—l A+é AT 9—9’—\-—@:—“—) INTYUSE
E)x o0x
(E-22)
-and similarly
*l 2% A
¥, * P
C '®Nn)=C ‘&, n) - —-A—(XﬁlA - AT ia—-%—‘-’&—)aw (IAI)
ox 0x
(E-23)

Adding (E-22) and (E-23), dividing by two and rearranging terms

produces

1 AT ac = '(ﬁ,n) A+0“A|3)

0X

(x n) -—C ’(x+A,n)+-—C (x ~A, n) -

(E-24)

By choosing |Althe fourth term on the right on (E-24) can be made
arbitrarily small. Since A can be chosen in any direction and (E-8)
must be satisfied, it is clear that the matrix of second partial
derivatives cannot have negative eignevalues. Also, this matrix
cannot have zero eigenvalues in any region (set) of non-zero area
(measure). To show this, assume that there is a region 8, of
non-zero area, in which an eigenvalue of the matrix is zero.
Choose % in & and choose Aso it is an eigenvector of the matrix
corresponding to the zero eigenvalue. Further choose the
magnitude of A so that € tAlie in€. Under these conditions, the
last two terms on the right in (E-24) are identically zero, and
(E-8) is violated. Therefore, the matrix of second partial
derivatives must be positive definite, almost everywhere in the
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? space. Now consider, once again, the integral in (E-1). It

may be broken down into two separate integrals, thus

AR = J'dgl jdnga(g)c’“(;’ht_,,nn) (E-25)

-0oC -oC

oC oC

Sk A

c*@ = [ar, a1 @) AG+L) (E-26)

-oC had* o]

where 1
Ty e

fa(é) =(271')-1 S{—n'*—l) exp{-%éT[S—(%ﬂ-)-] é} (E-27)

From the results above, A®) is analytic and its matrix of second
partial derivatives is positive definite, almost everywhere. Ta-

king the second derivative of (E-26) produces

oy 00 00 9 A A
B_CZ(A)_ - [dgl J‘dnga(g) a_é%_*‘_t-*). (E-28)
R -0 ~00 %

The right side of (E-28) may be interpreted as the limit of a sum
of matrices. Since the matrices are positive definite almost
everywhere, the left side of (E-28) must be positive definite for

all  and n. This is the required result .
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APPENDIX F

CONTINUITY OF DERIVATIVES FOR THE CONTINUO US
V.T.A. PROBLEM

In this appendix the continuous analogue of the v. t. a.
problem of Section 3.3 is examined. In particular, the

&
continuity of the second derivative of C is investigated.

For the discrete v.t.a. problem the optimal control
*
function is determined by the derivative of C as in (3-27),
(3-28). If that derivative is defined as

%

(@, n) = 2C &n) (F-1)
9%

* A . .
then it is shown in Appendix D that G (%, n) is continuous and

satisfies the recursion formulas

m if €8> a(n) W
G (4,1 = < &"@&,n) if - a(n) S2Se(n)
1 A
L TI@LD it &< aln) )
(F-2)
o0
*' N * A
G @m) = [aLig ) (BGT (R4L, mtD) (F-3)

and similarly
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(D it &> alnr1) )
G Rl = < G (& n+1) if - a(nt1) S S a(n+l) o
- 1 if § < - a(n+1)
\_ 61n+2, n+1)
(F-4)

*
Using (F-3) and (F-4), the equation for G (%, n) becomes

-Q—q (nt1) Rt (n+1)
%*, _ 1 %,
G ‘(] n) = - G_(n_-!-Z_,nTlTS‘ dt fs(n+1)(§)+§ dt | _..fs(n-f-l)(C)G (&+%, n+1)
-0 -Q-a(n+‘1) :

0
1
* oor2, nr 1) g b £g(n+1)(®)

sR+a(n+1)
(F-5)

Now G’ (%, n+ 1) is an analytic function of & so the second integral

on the right of (F-5) may be written as an expansion about £

producing
. . 00 -)Q-af(n'*-l)
G (& n) = B(nr2. nr 1) S‘ d¢ fg (n+1)(§)- d¢ fs(n+1)(§)
-2+a(n+1) -
-}?—!—Q‘(n‘l"l) ) ) *' A ) 2 % N 2
+\ dt fs(n+1)(§‘) G*’(i‘;, n+1)+aG (x:\n+l)§, + &G :;’nﬂ) %—4—0((2)
Ra(n+1) - dx 9x
(F-6)
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, Consider the very special case for which the values a(n) are
constant for all n. In other words, the control sensitivities and
variances of the problem vary in just the proper way so that

the boundary a(n) stays constant. Then (F-6) evaluated at
@ becomes

© -2a
*, _ 1
G (@,0) = Frrr D J'défs(nﬂ)(c,)-j at £ 1))
0 -®
+ j'od;f | c* (@, n+d BG*'(Q,nH); 22" (®,n+1) £2 r2
J 9> Ys(nt1) ok T YT 7 *of
-2a X
(F-17)

to evaluate these integrals, the probability density

1 1 t?
o)™ = ey exp{'? 's—(mr} (F-8)

is required. If the time betweén control applications is small so that

tn+1 = tn+ Atn (F-9)

Then it is shown in.Section 4. 3 that to first order the variance

S(n+1) is given by
S(n+1) = B(tn) Atn + O(Atn) (F-10)

where B(tn) is defined by (4-34). Thus to first order in At ,
the probability density for s(nt1) is

e ® = exp{'%ﬁ%'zw}
s(n+1) Ver B(tn) Aq n’“'n

(F-11)
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Let the time step Atn be sufficiently small so that

B(tn) Atn << «

If such is the case, then (F-7) may be approximated as

0

*I ~ 1 , aG

G (e, gprm—y + [dbf, L (OIG (&, R
-0

8 G ’(Q n+1) C 2+ 0(2;2)

58 a2

A
X =t
(F-12)

and by the definition of @, (3-28)
*) _ 1

G (CY’ n) - 9(n+1, n) (F" 13)
G '(a,n+1) L (F-14)

= 6(n+2, n+1)

so (F-12) becomes

O ot
1 ~ 1 8G"‘I n
6(n+1,n) - B(n+t2,n+1) +_Ld§’ fs(nﬂ)(g) vy (&, n+1) ¢
2 .%, 2
42 g’ (ﬁ,nﬂ)%— +o({,2)]
0R
(F-15)
or _1_
[ B(t At \2
1 - _1 ~ _|3G (%,n+1) n n
6(n+1,n) 6(n+2,n+1) 50 . o

2%,
2°G ' A B(t_)At
+ (%, n+1) n’_n
[3?{2 - :|A_———4 + O(Atn)

x=a (F-16)
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It is assumed that the control sensitivity is a positive continuous
function of time. Therefore, the limit

1 1
lim 6(n+2,n+1) = O6(n+1,n) _
At_—0 At (F-17)

must exist for all tn. However, the first term on the right in
(F-16) contains the square root clf, Akt.in the numerator. Hence
if the limit (F-17) is to exist, w must go to zero at
o% 2

=

least as fast as the sqaure root of Atn. Hence

lim [ 8G™ " (2, n+1) ] _ o
At -0 A
n 8X ﬁ___a

and by virture of (F-4), it must be true that

lim | 8G (&, n+1) _0
At_—0 Y _
n X ?{:Q
Finally, since
[BG"\(}'E, n-!-l)] , _0
n
ox 5\{____&'4'

the second derivative of C must be continuous across the

boundaries + @ and equal zero at those points.
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