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Abstract

From a first principles theory for the behavior of smooth grarular systems, we de-
rive the form for the instantaneous dissipative force acting between two grains. The
present model, which is based on the classical harmonic crystal, reproduces the depen-
dence of the kinetic energy dissipation on the grain deformation obtained by models
that assume a viscoelastic behavior (without permanent plastic deformations) during
the collision.

We then derive kinetic equations for the rarified granular gas from the Fokker-
Planck equation that describes the time evolution of the reduced distribution function
for the translational granular degrees of freedom. We obtain the inelastic dissipation
rate term and calculate the time evolution of the granular temperature for the ho-
mogeneous granular gas. We also derive kinetic equations for the non-homogeneous,
rarified granular gas and obtain hydrodynamic equations for the system.
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Chapter 1

Introduction

1.1 What are granular systems?

Granular systems (GS) are one of the most interesting forms of organization of
matter[1]. They are large conglomerates of discrete macroscopic particles. They are
present, in many ways, in our day-to-day lives: in industrial applications, geological
phenomena, in a stroll at the beach.

One of the characteristics that makes GS special, is the fact that they possess
a very large number of internal degrees of freedom. In fact, this is basically what
distinguishes GS from molecular systems [2]. Their presence makes a single grain
behave as a thermal bath by itself. It is thus impossible to keep track of the internal
degrees of freedom in an exact way. Averaging procedures that eliminate the redun-
dant fast degrees of freedom will be necessary in order to understand the behavior of
these systems[3]. The consequence is that some information is irreversibly lost when
grains interact. This is the cause of inelasticity in granular collisions. Friction and
the excluded volume (due to the repulsive hard core of the grains) play a fundamental
role in the way GS organize themselves[1]. That arrangement is determined by grav-
itation and the boundary conditions on the system. For instance, a sand pile that
lies on a horizontal table (static case) behaves quite differently from one in which
that same table is tilted at some large angle (flow, dynamic case). For dry granular

systems, intersticial fluids, such as air, can be neglected for most of the flow or static



properties of system[4].

A remarkable characteristic of these systems is that the internal (or thermo-
dynamic) temperature 7', is basically irrelevant for the dynamical behavior of the
system[5]. The t;* al granular kinetic energy is many times larger (10" is a typi-
cal value for grains of sand in flow) than k47T. This limits severely the phase-space
sampling ability of GS. After the dissipative dynamical relaxation, most of the ki-

netic granular energy is lost and the grains can get “stuck” in a given configuration

indefinitely.

1.2 The problem

In the present work, we want to analyze the flow properties of classical GS. The reason
to use a classical approach for treating GS is that the de Broglie wavelength for these
systems is completely negligible compared with the physical lengths of the problem.

Our goal is then to derive kinetic and hydrodynamic equations of motion that
describe the behavior of GS in the regimes of low density and small gradients. These
limitations are imposed upon us primarily by the complexity of the task, in the sense
that we need to make expansions and truncations on the original Liouvillian problem
with the help of small parameters of the theory (density & gradients)[6].

The flow properties of GS are unusual from the point of view of simple molecular
fluids. In general, motion occurs in segregated laminar layers, needing strong exter-
nal perturbations in order to excite bulk motion[7]. We are interested in finding a
description for the fluidised rarified phase.

As a brief summary, in chapter 2, we will study the granular collision and the vis-
coelastic kinetic energy dissipation mechanism, for a system of identical, smooth and
spherical granular particles. In chapter 3, we develop the mathematical techniques
necessary to obtain the kinetic or hydrodynamic equations for GS in the regime of
low density and small gradients. In chapter 4, we study the homogeneou. . anu'ar
gas and the time dependence of the granular temperature (defined as the average

kinetic energy of a grain). In chapter 5, we study the hydrodynamic behavior of the



non-homogeneous granular gas (GG).

1.3 Granular collisions

As stated above, kinetic energy is dissipated in an irreversible manner via the excita-
tion of internal vibrational modes during a collision[12]. These modes act like an ideal
sink of energy, given that the number of internal degrees of freedom is vast. They
are capable of absorbing a large amount of thermal energy without any appreciable
increase in their internal temperature, 7'.

There are several mechanisms of relaxation of the internal degrees of freedom.
The most important for us being the viscoelastic[9, 10] and the plastic[11] mecha-
nisms (others are: crack formation and propagation[8], elastic vibration of the grains,
sound wave excitation on the surrounding fluid, etc). Plastic deformation occurs
in collisions which create strains and stresses that exceed a certain threshold, leav-
ing permanent changes in the shape of the grains (an example of hysteresis)[11].
Viscoelastic dissipation occurs because the relaxation of the excited internal modes
occurs much faster than the time-scale for the external perturbations. The internal
modes “adapt” fast to the new environment created by the external perturbation[12].
When the latter are removed, the grain’s shape relaxes to the original form if the
deformation does not exceed the plastic threshold.

The object of our study will be the viscoelastic mechanism of dissipation. We
will base our developments on a theory developed by Schofield and Oppenheim[13],
in order to obtain the transport coefficients that govern the irreversible transfer of
kinetic energy to the internal degrees of freedom. The internal relaxation time-scale

is shown to be fundamental to the viscoelastic dissipative mechanism(12].

1.4 Expansion and time extension techniques

Starting with the Liouville equation for the complete GS (internal and external de-

grees of freedom), we take advantage of the different physical time-scales of the system



in order to make it tractable.

In order to do so, we need to identify and separate the degrees of freedom into fast
(internal) and slow (external or kinetic) ones{14]. Averaging over the fast degrees of
freedom while keeping the external ones, yield . a Fokker-Planck equation that governs
the behavior of the distribution for the granular (external) degrees of freedom{13].

Based on that equation, we obtain a generalized BBGKY hierarchy for the multi-
grain distribution. From that hierarchy, we can obtain the kinetic equations that
describe the temporal behavior of the one-body distribution. We will use techniques
similar to that of Bogoliubov, in order to truncate the generalized BBGKY at some
convenient point[15].

By extending the time variable into many different time-scales associated with
the physical time-scales of the GS (collisional, dissipative, internal relaxation, etc.)
we can isolate the correct behavior of the system on the appropriate time-scale, thus
avoiding the appearance of secular terms that render the approximation invalid at

longer time-scales.

1.5 Application to the rarified granular gas (GG)

Using the kinetic equations obtained above (generalized Boltzmann equations), we
proceed to investigate, in more detail, the behavior of GS. Up to this point, we
have studied the collision between grains, energy dissipation and the behavior of the
distributions for the granular degrees of freedom. The next step will be to analyze
the hydrodynamic behavior of the system. Two cases of interest present themselves:
the homogeneous and the non-homogeneous GG.

The study of the homogeneous GG (a somewhat unrealistic system) permits us
to understand the way kinetic energy is lost irreversibly, as a function of time[16].
The more realistic non-homogeneous model permits us to study transport properties
and some of the ch~ 1cteristics of GS. Among those, we are specially interested ..
evidence for the appearance of instabilities in the homogeneous density profile that

are associated with the phenomena of clustering of the grains(17].



1.6 Limitations of the model and possible exten-

sions

The points in which the present kinetic mode: is somewhat limited are ba: v

e Low density expansions: most applications of granular flow correspond to regimes
in which the density is high.

e Small gradients: in general, GS are extremely lumpy. fluctuations of density happen
on the length scale of a grain.

e Only two-body collisions are taken into account. In real systems, simultaneous
collisions, in which static friction plays an important role, are the norm.

Despite the theoretical limitations presented above, kinetic mndels are known to
work well for real and simulated systems. The breakdown occurs when the rate of
collisions per particle increases quickly, during cluster formation. The multi-body
collisions become non-negligeable then.

With that in mind, we will limit ourselves to the goal of finding an appropriate
way to describe the low density flow phase.

Future improvements of the model might allow for
e Treatment of non-identical grains of different sizes and of non-spherical shape.

e Higher density systems, in the manner of the Enskog solution of the Boltzmann
equations.
e Calculations that use higher order diagrammatic expansions of the generalized

BBGKY hierarchy in order to account for simultaneous multiple collisions.
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Chapter 2

A Model of Inelastic Dissipation

for Granular Particles

2.1 Introduction

The term granular system designates a wide range range of physical systems that
are characterized by certain common features[2]: they exist in macroscopic portions
(grains), which, in the dry state, interact mainly repulsively through rigid elastic
interactions; there is contact friction between the grains; and energy is dissipated
during collisions due to the excitation of the internal modes. Sand, powders, particles
in planetary rings[18], salt and sugar, grains in a silo[19] are just a few of the many
examples of granular systems. These systems are extremely important for a number
of industrial applications[20] (transport properties of powder or grains, mixtures of
grains and fluids, etc). Thus, it is important to understand their flow properties
(2, 21, 22]. The loss of kinetic energy via heating the grains makes the granular
gas fundamentally different from a molecular system[1] and an important medium
to study non-equilibrium phenomena. Granular systems present a rich variety of
behavior ranging from solid-like to liquid-like, depending on the external stresses
applied to the system[23].

The inelastic character of granular collisions can be summarized in terms of a

coefficient of restitution which is a proportionality rclation between the final and

11



initial relative velocities in a collision. Even though the coefficient is known to depend
on the initial relative velocity[24], for simplicity and computational economy, several
authors have assumed it to be independent of the collision parameters[2, 21, 22]. In
order to improve the understanding of ins*antaneous energy dissipation, some . athors
have tried to model relative velocity-deps udent dissipation functions. Self-consistent
dimensional arguments were used[20], but a more promising line assumes that the
collision is slow enough so that a weak viscoelastic frictional force is superimposed
onto the elastic repulsive force[9, 10].

In the present study, we propose to investigate a simple microscopic model for
harmonic grains. Under the assumption that the collisions are slow enough so that
no plastic deformations occur, the present model reproduces the results obtained
using a viscoelastic interaction between the grains [9, 10].

This chapter is organized as follows: In section 2, we develop the model for the
potential energy of deformed harmonic grains from the classical harmonic crystal
model. In section 3, we study the case of two interacting grains. In section 4, a trans-
port coefficient describing the instantaneous kinetic energy dissipation is obtained.
In section 5, we obtain the equation of motion for colliding grains and evaluate the
magnitude of the dissipative term. In section 6, we present a brief summary of our

results.

2.2 Deformations and Potential Energy

In this section we derive the potential energy of a deformed spherical granular particle.
We assume that its atoms interact through microscopic two-body potentials. The
atoms in the granular particles (GP) are arranged in a crystalline lattice form. Let
R, denote the equilibrium, non-deformed position of atom i, (R; = aa + bb + ccC,
where &, b, & are the Bravais lattice basis vectors, and a, b, ¢ are integers)[25]. Let p;
denote the displacement from equilibrium for atom i, and let u; = u(R;) “erote the

displacement of atom i’s equilibrium position due to external constraints. The atom’s

12



actual position, d;, is therefore given by:
di:Ri+ui+pi.

The distance betwe .1 two atoms in the defo med medium is then a function of the

initial undeformed distance and of the elastic and thermal displacements,
d;j = (R; - Ri) + (u; —w;) + (p,- —pi). (2.1)

The difference u; —u; depends on the deformation experienced by the crystal. If R; —
R; is small compared to the characteristic length associated with the deformations,

we obtain

uj —u, = (R] — Rl) . VRU(R)]R:R,‘

0 u(x)J , (2.2)

= (R; - Ry, o125 N
1 x=R,;

where greek subscripts denote coordinate indices and repeated indices imply summa-

tion (for 3 = 1,2,3). The distance between atoms i and j is then given by

d; = (R, ~ R) + (R, - R), %u(&) +(p;-p,) (2.3

We will assume that effects associated with displacement of dislocations and other
crystal defects are small. Thus, we can expand the total crystal potential energy
around the new positions of the atoms up to second order in the variations of the

positions. By expanding the potential

1
® = 522%

i i)

around the equilibrium distance of (R; — R;) [26], we obtain:
¢ij = ol di ),

13



Q

o(|IR; — Ril) + (8;; V)o(IR; — Ri]) +

308, V)6(IR, -~ Ri),

¢ij

1

4J

+21i 2BV (i - Ri), (24)

up to quadratic order, where B8,; = B8, — B8, = (R; - R;) .Vu + (pj - pi>, and the
indices i and j run over all atoms in the GP.

We define the matrix DY,:

3 020, 9.
DY, =6, Lk Dy (2.5)

— 0,01, a dz,0z,

With the properties:

% I ji

Dy, = DJ,
1] _ iy

Dy, = Dy,

all atoms B
1) —
Z D;w = 0.
)

Thus ® can be written in the form
1 1 ij
® =52 o(R; — Ril) + 53 8D}l (2.6)
1,J iJ

The potential ¢ can be separated into ground state energy, harmonic potential,

elastic potential and coupling parts as follows:

1 .
P = Py + 5 prD:f,,pj,, +
1,J
@ﬁau“ 4
? 0z, Oz 4

ple (27)

+5 >_ RiD},R;
2Y)

Y Oz 4

+3 R D %
i.j

14



where &, = Z]' Zi<j ¢(|Rj - Ry|).

The elastic potential term (due to the deformation) which is given by
ou ou,,
“(Ry)

(Lg 0z

(R;).

“’fel - Z RzaDm, 18

accounts for the classical elastic energy of the material [25]. Using the properties of

DY, we can rewrite V;; in the form:

ou Ou,
ol = Z Eauﬁv awz )61‘5 (Rj>=

where the derivatives of u are taken at the point R; and

1 allatoms

Eauﬁu - Z RzaDuu(R )Rzﬁ

The above expression can be further transformed by noticing that a pure rotation does

not change the solid energy. This implies that V., can depend on gz; only through

the strain tensor, which for small deformations has the form

1 8ua au/g
Uag = *2- ((91‘5 + 6:1:Q> . (28)

The elastic term then becomes[25]
o = Z Eap(pv) Uan(Rj)uus (Ry), (2.9)

where the symbols (au) and (8v) denote the symmetric part of E(a,(s,) With respect
to (ap) and (Br) respectively.
The term
ZR,QD” au“ (Rq)pju,

is responsible for the coupling between the internal Jdegrees of freedom, p;, and wuc
distance between the two GPs centers of mass, through the derivative %aﬁ, which can

be taken at R; to a very good approximation.
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Due to a similar argument to (2.9), we can write the coupling term as

‘/cb = Z E(au)uua,upju, (210)
J

where E(,,), is the symmetric tensor (on au) given by

1
Etapw = =7 Z (RjoDuw (R;) + R;uDay(Ry)) - (2.11)
J

2.3 Interaction Between Two Granular Particles

When two GPs interact, the results of section 2 must be generalized to include cross-
terms between the degrees of freedom of the two grains. We have to take into account
the terms that correspond to direct interaction between GPs 1 and 2. Before doing
the expansion for ¢;; (where i belongs to particle 1 and j belongs to particle 2), we
can eliminate those ¢;;’s which are small (those for which | r;; |>> ry = interaction
range of the order of the lattice parameter). Since this is a short range interaction,
only those atoms close to the interface between particles 1 and 2 will contribute.
Their number being proportional to the area of the interface, we will neglect them in
comparison with the bulk contribution to the coupling energy. The coupling potential

can then be written as (where the superscripts denote the grain)

(1)
— (1)
V¢ - ZE( v au JV + ZE(ap)u C!y.p]l/ . (212)
J

where the superscripts (1) and (2) denote particles 1 and 2, and the strain tensor
depends on the Bravais summation index. We are going to use the convention that
whenever there is a sum over Bravais vectors on the following, the strain tensor

depends on the summation index.

The total elastic ~~tribution will be

(1)
1 (1) 2
- 5 Z E(au)(ﬁu E)llz Vﬁ +3 ZE(au Bv) 1(12/3u1(/ﬁ)5 (213)
t

16



and the total harmonic contribution is given by

N | =

& (1) ( ) (1) (1
Vg = Z '0_7# - pm (10]1/ — Piy ) +
1,J

¥ 2 2
+= zpm PEND@E (o2 — pi2)y. (2.14)

2.4 Dissipation of Energy

Schofield and Oppenheim([13] proposed a mechanism for the dissipation of energy

that occurs when two GP (1 and 2) collide. It is mediated by a transport coefficient

defined as follows:
~(r1s) = /oc dr < Ve bn Vv, >, (2.15)
0

where < ... >; means a statistical average keeping the center of masses fixed, L;, is
the Liouvillian operator for the internal granular degrees of freedom only, (i.e., center
of mass positions and total momentum are kept fixed), and A = A— < A >;. The
typical variation of | p; | is smaller than a, the typical lattice spacing. Given that

the typical macroscopic deformation is h, and o is the GP’s diameter, we have the

inequalities a < h < 0.

The coefficient y(r12) will be given to lowest order in the strain tensor (which is

assumed to be small) by[13]
V(ri2) = /0 dr < Ve brarm™GY/, >

The linearity of V, in p; leads to VV¢ = VV,, due to the symmetry of a harmonic

oscillator. Cross averages like < p( ) p( ) > s will also vanish. Thus, we have for y(r2)

£
(712) ZE(au)u (8719 Vl?“av)(vlﬂsﬁ)
/ dr < pi,'pig (T) >; +
+ Z B2 EE o (Viaui) (V15ul?) x

(ap)v

17



| dr <ol o () >, (2.16)

where Vi, = Vy,,.

The harmonic form for {..c potential "~ in first approximation[14, 27
< pipjoe(r) >5= Dy kg TF(7), (2.17)

where the correlation function F'(7) can be assumed to decay fast for a large range of
interatomic potentials to insure the convergence of the time intcgrals. We will assume

the form[27]
F(r)=eT/™,

where 7, sets the vibrational time scale. The time integrals in equation(2.16) become
7D, kT,

Since the particles are identical, we can re write y(r3) as

7(r12)
—1i3
= Ty ZE(GH)VE(ﬁ’Y)GDu() J X
2%

((Vmu(gly))(vlzugﬁ) + (Vlzug?)(vmu((fﬁ)) : (2.18)

Equation (2.18) describes the energy dissipation occurring during the collision of two

GPs, as will be seen in the next section.

2.5 Dissipative Equation of Motion

When two identical GPs of mass m collide, kinetic energy is dissipated through ex-
citation of the internal modes of vibration. In our simple model we neglect plastic
deformation effects. Since the collision time is much longer than the vibrational time
(7 > 7,), we can assume that the interaction between two GPs is very well de-
scribed by the elastic Hertzian quasi-static force[28]. The form for the interparticle

interaction can also be obtained from a Fokker-Planck equation for the probability

18



distribution W (X}, t) of a granular system[13]:

_ f: Pig, + 2 ViU + w).vpl) - (2.19)

where p;,r;,¢ = 1,..., N are the momenta and positions, respectively, of the centers
of mass of the grains, X; = {p"V,r"V}, 3 = E,;_Tv where T is the internal temperature
of the GPs, vjr = ¥(r;i) is the dissipative coefficient calculated in section 4 and rjy is
the unit vector in the direction between particles j and k, and U + w is the effective
interaction potential between the grains.

In the case of two particles, we define r;o(t) =< r;2 >; and vi5(t) =< 12 >y,
where < B >;= [dX,;W(t)B. Assuming that W (X, ¢) is sharply peaked, we can

approximate vy o(t) = £y 2(t). We also define relative and center of mass coordinates:

rypy = TI2— 1Ty,
1
Femiz = 5(1'2'**1‘1)-

The deformation parameter . i< Jefined as

g — T2 lf g Z T19
h = ,
0 otherwise

where o is the diameter of a GP.

From the basic result

d .
< B>= /dXTWB,

19



and equation(19), after assuming that U + w = Vi, we obtain

<P > — < P1 >y
_ / dXi(p2 = p1) (Ve VG-V, + Vi, VSV, ) W(1) +
+/dXt’712f'12(P2 —pyfe:
P1 — P2
 (Vp, = Tpu) (T = T+ AR 22 W)
= —/dJYtIV(t) (Vrz‘/legl - Vl‘l ‘/1621) -

“ﬁ/d‘\’ﬁmf‘wf'm-pl ;p2W(t),

B ..
= < F’{IQ >4 —E < ”/121'121'12-(131 - p2) >t

where F¢, = —VE(h)'t1o.

The elastic potential between the grains is a function of the tensor E,,)s,) defined
in equation (2.9). The microscopic summation form of V& reduces to the usual
macroscopic elastic energy derived from phenomenological theories. In terms of the
particles Young modulus E, Poisson ratio &, and radius 2, V¢ (h) in equation(2.13)

can be derived, and is given byl[9, 29]
rel 1 2
Vi(h) = Skh, (2.20)

where for three-dimensional isotropic spheres[28]

=

8 E
b= (15\/2> ST

The equation for the time variation of A for a frontal collision becomes

md*h 5 3 Bvy(h)dh
Tar T I T w (221)

In the equation above, we observe that the energy dissipation is des~‘t~d by a

20



frictional force mediated by v(r2)

3 (r . -
Py =T ek

We vill next evaluate y(r;2) = v(h) as = inction of h so that way we can solve
equation (2.21) and thus determine the velocity dependent coefficient of restitution

for a quasi-elastic collision.

2.6 The Frictional Coefficient ~

From equation (2.18), the expression for (k) when the particles are identical is given

by

k) = 3 Fawn ((Vi2ugy) (Vizull)+
J

+ (VIQU,(BQ'Y))(VIQU(QQ;Z)) ; (2.22)

where Flayy(ay) = 7ok T Eawy Eia6Dyp .
The behavior of v(h) can be obtained by a scaling argument following Landau[28].
The equation for the radius of the contact region, b, as a function of the curvature of

the particle, 4 = 2, where o is the diameter of the particles, is given by[28]

L_FD /oo e
b o)
The deformation h is given by[28]
, _FD /oo d_
T o (02 +6)(8):

where [’ is the force between the spheres and[28]

3(1-%2
D=": .
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In order to keep the above equations invariant, we scale lengths by a factor o
(b — ab, £ = of and x — /ax), and the force by a factor as (F — a%F). We
then obtain for A — ah, showing that the force varies as h%[29]. The z-component

(collision axis) for th: deformation vector u, x) ‘s given by[30]

3F / dx'dy’
ama? Jorryrser | J(z — a)2 4 (y — y)2 + 22

2 12
/1 — f—;-;i (2.23)

Using the variable x” = bx’, we show that u,(x) scales as

u,(x) = X

u, (x) = u,(vVax) = au,(x). (2.24)
From above, we obtain the scaling behavior of the strain tensor:
Uas(X) = ugg(Vax) = Vaugs(x). (2.25)

The tensors E(au)sy) and Fla,u)sy) are invariant under the o scale t: ansformation.

The derivatives of the strain tensor scale as

Guas () Duas(y/ax) _ 1 dugy(x)
oh | adh  Ja 0Oh (2:26)

We deduce from this that the total elastic energy scales as a? and the dissipative

function v(h) as a2, implying that V,; & h? and v(h)  hz.

Due to the scaling properties of the strain tensor u,s and its derivative %%x_),

we can write
811,15 (X) B

= —Uqp(X),

oh h

where B is a proportionality constant.
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We deduce from the above and equation (2.22) that

V(h) = 2 f(a#)(ﬁﬁ) (ubvu}lu + u%’yuiu\) h_2a (227)
J
where Fi,)8) = B*Flapysy)- The tensor Fiau)(y) possesses the same symmetry
properties as E(4,)(57). Consequently, v(h) will be a function of different phenomeno-
logical parameters but of the same form as V,; = V,(E, Z).
Given that the elastic force between the GP is obtained by taking the derivative
of V,; equation (2.20) with respect to h, we obtain for y(h) in equation (2.22)
5 )
v(h) = 2K'h3h2 = 2k, (2.28)
2 2
where £’ is a function of the tensor F(,,)(3,), and has the same form as k with E' — 7,

and ¥ — 1o, where 7; and 7, are the corresponding viscoelastic coefficients.

The equation of motion for the GP on a frontal collision then becomes

md*h 5, s 5, 1dh
5 = Zkha — §k’h5?§. (2.29)
Equation (2.29) reproduces results obtained by heuristic methods[9, 10].

The above equation will describe the behavior of smooth spherical GP at speeds
much smaller than the speed of sound inside the grain.

The relative importance of dissipation can be obtained by assuming typical values
for the physical parameters in question. The typical interatomic potential is denoted
by ¢¢, the typical value of u,g is u, the typical elastic energy is ¢ =~ 3 ¢ouu, the
typical lattice spacing is a. We may assume ¢ ~ kT, (hard-sphere approximation),

where T, is the granular temperature, and mv} ~ kT,

The coupling tensors are given by
¢o
D, ~ 22’ E) e = do,

thus showing why ¢ &~ Y ¢ouu. In addition, we obtain for the symmetric tensor
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E(u)a

bo
E(uu)a ~ ;a

and the typical correlation function

kTa’r,
/d7<xx(t) S 1Y
b0

Thus, we obtain for v

3 u? kTa’r, k;TTv

v & Za2L2 5 ~ > gouu ~

kTTU qb

where L corresponds to the typical deformation length with L < o.

We are now prepared to evaluate the inelastic term in the fundamental Fokker-
Planck equation for the distribution, W = W (r",p"), which is a function of the
granular degrees of freedom {r™,p"}. Let 7 be an arbitrary time-scale, and let
the terms with asterisks be dimensionless (O(1)). Given that O* is a second order

differential operator, the dissipative contribution will be[13]

10W v KTy .,
T Ot* = mzvg kTO w.

Replacing the value obtained for y, we have

1OW  kTr¢ 1 kT, ., dm
Tot T L2 m?vngOW

;O'W.

Letting 7, =~ ;L;, where 7, is the time a granular particle takes to move a distance

corresponding to its deformation length (~ L), we obtain

1
_(9VV ~_TEO W
T Ot* T2

1

If we set the timc-scale 7 = 7;, we obtaiu

ow To\ s
LS (—) O"W. (2.30)

T;
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So we observe that the order of magnitude of the dissipative term on the time-scale
of 7, with respect to the streaming term is given roughly by the ratio between the
granular velocity and the velocity of sound in the material that constitute the grains.
The relative order of magnitude of the dissipa-ive term in the Fokker-Planck equaticn
for W relative to the streaming term is given approximatively by

TuTe T Uy

72 Lug

For typical voung ~ 10* — 10*v, and £ ~ 1072, one sees that the ratio is small as
expected, but not extremely small.

In a recent paper [10], the authors propose a model which implies that in order to
break the asperities of the surface of two grains (plastic deformation) in contact, the
tangential stress (which is a function of shear deformation) has to exceed a material
dependent threshold. In other words, the collision has to be energetic enough to
conquer the elastic potential barrier. We believe then, that the present viscoelastic
frictional model will describe satisfactorily slow collisions for rough and also smooth
granular systems (in which case the energy dissipated by plastic deformations of

asperities will be far smaller than that for typical systems found in nature).

2.7 Discussion

We obtain the coeflicient of instantaneous energy dissipation for collisions between two
grains by an appropriate separation of the poteatial energy into internal, granular and
coupling parts and with the help of a first principles theorv for granular distribution
functions.

The form for the dissipative coefficient () that we obtain is identical to the ones
obtained elsewhere[9, 10] assuming phenomenological viscoelastic dissipative coeffi-
cients. The agreemont suggests that the phenomenological model is a plausible one
to describe the interaction between GPs that do not involve plastic deformation of

the grains.
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We are extending the present model in order to include the case of rough granular

systems.
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Chapter 3

Expansion Techniques and Kinetic

Theory Methods

3.1 Introduction

Put in a simple way, classical granular systems are collections of grains, formed by
large numbers of atoms. One immediate consequence of that fact is the existence of
two (or more) distinct time-scales that govern the system’s time evolution.

One of them (7;) is associated with the rapid internal vibrational phenomena
that involves the grains internal coordinates (positions and velocities of the atoms
themselves, under the constraint that total internal momentum is zero identically).

The other (7,, and possibly others) is associated with the motion of the grains as
« unit. It deals with the positions and velocities of the centers of mass of the grains.

The second time-scale is sufficiently slower than the first one, under usual circum-
stances, so that we can look for a treatment of the equations of motion that takes
advantage of the small expansion parameter %

The method we are going to follow consists of eliminating the fast degrees of free-
dom (the internal ones)[31] through an averaging of the Liouville equation for the
complete system (internal + external degrees of freedom), thus obtaining a Fokker-
Planck equation that describes the behavior of the external degrees of freedom. We

then obtain a generalized BBGKY hierarchy for the distributions of the external
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degrees of freedom. By using the small parameter defined above to expand the distri-

butions of the hierarchy, we extract the equations that describe the kinetic behavior

of the system.

3.2 The basic Fokker-Pianck equation

We start by outlining the method used, by Schofield and Oppenheim[13], to obtain a
Fokker-Planck equation that describes the time evolution of the granular (external)
degrees of freedom.

The system consists of N granular particles with translational degrees of freedom
X, = (rV.p") (mass m) and internal degrees of freedom X; = (V. 7") (mass p <

m). The Hamiltonian for the system is given by:

H(‘Yt, )(l) = Ht()(t) + Hi()(i) ‘+’ (ls()(t, ‘Yi), (31)
where
N N
P .p N
H/(X,) =
t(Xe) o +U(r"),
T35
mv) = 3 (2D ]+V(£J)>,
j=1 2p

N
o(Xy, X;) = Z ‘¢7(Tij7§i,fj),

=1 j>1

where ¢;(and 7;) denote all the internal coordinates (momenta) of particle j.
The potential U(r") includes the effects of external fields (e.g. gravitation) and

the Hertzian interaction amongst the granular particles. Thus U(r") can be written

(](rN> = Uert + Uinta
N
= Z a(r;) + Z u(ryj).
i=1

i<j

The potentials u;; and ¢;; are short range.
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The Liouvillian operator for the system is given by:

L =1Li+ L + Ly, (3.2)
where
pN
L, = — — Ven + Ven U(rY).Vpw,
7TN ’
L, = _7.V£N + VenV(EN).V v,

Ly = Ving.Vpy + Vend.Von.

By using projection operator techniques we can derive a Fokker-Planck equation
for the translational degrees of freedom X, since they change on a much slower time
scale than the internal degrees of freedom.

Let the distribution for the complete system be p(X;, Xy, t). The Liouville equation
is

ap(‘ i Xe,t) = Lp(Xi, X, t) = (Le + Li + Ly) p( X5, X¢, ). (3.3)
The projector operator, P, we are going to use, to eliminate the fast degrees of

freedom of the svstem, is defined by
PB(‘X’ia ‘X’t? t) = ﬁ(‘Yla ‘X’ta t) /dXiB()(i) Xh t)a (34)

where B(X; X;,t) is an arbitrary dynamical function of (X;, X;), and p"(X;, X;,t)
is defined in what follows.

Let W (X4, t) = [dX;p(X;, X;,t) be the distribution function for the translational
degrees of freedom.

The equilibrium distribution is given by

—BH —BH

€ €
= _ 3.5
Pe = TaX,dX,eP8 ~ 7 (3:5)

29



and

- /dXt,Oe =

We now Jefine

p= % = pie V),
where p; = f—tg—é}fﬁ—}, (which is the distribution for the internal degrees of freedom,
irrespective of the external ones), and w = —+ lnde pie PV, the potential of mean
force.

We observe that

d\’ —-H
[ aigge = 5

and by defining p = y + z, where y = Pp = pW and z = Qp = (1 — P)p, we obtain

allparticles 9 allparticles o )
W= LW + Z /dX pg¢ v Z /dx-érii Ty

The formal solution for z(t) is given by
t
2(t) = e2H2(0) + / dre@ " LW (t — 7). (3.8)
0
After some manipulations with equation (3.7), we have

. N
W(X;,t) = [(—%.VTN+VTN(U+W).VPN>

+ (M) : Vpn (VPN + [3%)] W {(t), (3.9)

where

reY) = [Tar [ XV, )bt T (7, ),
0

p(X;, Xi, t) is the conaitional distribution function of the internal degrees of ficcdom
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in the presence of fixed particles[13],

e [dX; eBH00

3.10
fd)(i e~ BH; ( )

the correlation function in I'(r") decays to zero rapidly and 3 = w7 Where T is the
temperature of the internal degrees of freedom which is assumed to be constant in
time. The potential of mean force w can be written as a sum of two-body terms at

low densities, i.e.
w(r™) =3 w(ry).
1<y

Due to the short-range nature of @, we can write at low densities

p"
L(rY): Vpu (vp‘v + 3 ) ~

m

> vikkikix o (Vp, = Vp,)
I<k
X <(ij = Vi) + gB Pk ;lpk> ; (3.11)

where

We write then

(Vp, — Vp,) + ﬂ‘i;—p’i)] W, (3.12)

We will express the equation above in a system of units natural to the *anulax
system under investigation. that will reduce equation (3.12) to a dimensionless form.

Our choice will be: 7y, the particle’s radius for the unit of length; 7; = ™0 where
g
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v, is the typical granular velocity, for the unit of time; and the mass of a grain, m,

as the unit of mass.
We can now represent the important physical quantities as a product of units and
dimensionless functions (with asterisks):
2
mr mrg .

* —
7_i2 Fij,¢ij - TiQ 1

mro
p; = —0p;F;=
7

and
2,9 2

2
mer mr mr
0 _* 0 = By ol
Yy = 5o ke T = 2T kT, = 20T,
’ Ti3 v Ti2 ! Ti2 I

where @;; is the elastic potential associated with F;.

svati eas 2 = L 9 0 _ 10 9 _ 1 9
The derivatives behave as: Bp, ~ mrodplt ot T 790 0r;, — rodrt

3.3 The generalized BBGKY hierarchy

A classical system is completely described by a set of initial conditions in phase space
and the corresponding Liouville equation. In principle, the solution of the latter gives
the temporal b havior of the system. Unfortunately, the extremely large nuraber of
internal degrees of freedom present in a grain makes it extremely hard to take into
account the evolution of the whole system (internal plus external degrees of freedom).

In the previous section, we obtained a Fokker-Planck equation (3.12) that de-
scribes the behavior of the slow external degrees of freedom by means of averaging
out the fast behavior of the internal degrees of freedom. That equation is equiva-
lent to a hierarchy of equations, a generalized BBGKY hierarchy, that describe the
reduced distributions of degrees of freedom[15, 32].

In order to obtain the generalized BBGKY hierarchy, we need to define the reduced
distributions f™ = (X, . X, t),

» NI ) .
j\’) — m/d‘xn+1 . dJYNW()(t,t)7 (3‘13)

where X; = (r;, p;) and dX; = dr,dp;.
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From the definition of p}, we see that O(p}) = 1. In the strong coupling, short
range limit, O(¢;;) = mvg, which implies that O(F};) = %2, where L is the typical
deformation of the grain during a collision. In the case of +};, we have to use the fact

that[12]
kglT,®

O(v) = 7T

where 7, is a typical relaxation time for the granular material. We obtain then

Ty Tz

o)=T"

Tc

We also have O(X;) = 1. The integrals on X,;, on equation (3.15) are of order nrj.
We can also set the time scale to 7., t = 7.s. in which the interparticle interaction
will be of order one.

By integrating equation (3.12), we obtain[16]

0 L 0
()= — )\ r (n)*
5/ i:lez o
BN N IR R
1=1 j;éi J 61:): 1=1 ap:
0K L, . . 0 0 )
+= YikLikTie 2 | 35 — 55 | X
2 ;; jktiktjk (8p;‘- apk
0 0
T* - |+ * ok (n)=
( [31); 3p2} i p'“) d
a
—-n Z/d‘xn—#l ,n+1* a *f(n+1)* + (314)

* o — % A ~ i
+0n Z/d‘xn+17i,n+1ri,n+lri,n+l :
i=1

0 ( 0
T * (n+1)x*
8p: \ ap: + pz pn+1) f 3

where g* is the normalized value for the gravitational field, g* = %, M=2A g L
9

7o Te

6 = 2 and n* = nri

c
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3.4 Order of Magnitude of the BBGKY terms

The time-scale for the variation of the distributions f("*, is set with respect to the
time scale 7., the duration of a collision. We observe that the most important term for
(220 is the one that corresponds to the direct interaction of the colliding . 1 icles.
which happens at the time-scale 7.

The time-scale A\* (g*) corresponds to the time in which density inhomogeneities
are smoothed out. The time-scale € correspond to the time a typical grain needs to
interact with another grain in order to lose all its kinetic enerov. The time-scale n*
corresponds to the rate of change that synchronizes the multibody distribution to the
one body distribution and n*f is the rate of dissipation of kinetic energy.

Reverting to the fully dimensional form for the hierarchy. we define the operators

n 0
G" = mg.=—,
; Op;
. ~pi 0
K" = —
b ; m Bri'
" 0
]n e ZFz 3
= 7 op;
Ln = i/d}( +1F' +l-_a_
i=1 T opy
MY = =3yl bie (“—*—‘) X
25 PR\ Op; Ops
0 01
Op, opx | mkgT 7T P
N = }:/dlyn+1'7i,n—+—lf'i,n+1f'i,n+1:
1=1

i (8 + 1 [Pi—pnﬂ]),

" 9p: \Op: | mkgT

where I' = M! = 0. We also define H® = K" + [",

We can now write equation (3.15)

é%f(n) — _/\*an(n) _ [nf(n)
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—g* G f™ 4o p)
—n* L fHD gt N D) (3.15)

where the diff~ro+ magnitude of each term is made explicit.

3.5 Equations for the one-body and the two-body
distribution

As a first step, we rewrite equation (3.15) for f! and f%

a 1 _ *pl 8 1 * A a 1
8sf = m'arlf gg'arlf -

_n* /ngFlz.—a—fQ n
op1
+9n*/dX2712f'12f‘12 :

3] 0 1
&y <8p1 + EaT [p1 — p2]> f, (3.16)

and

9 _X*<& 0 +&,_c”_)fz

m or;  m Ory

0 %)
—Fp. | — = =— ] f?
2 (3P1 aI)2> !

* 8 a 2
—g'mg. [ — + — +
gme (apl 31)2) /
+0v12F 10T 0 ¢ (_E)_ - _8_) X
Y12T12T2 © ap, 3D,

o 0 1 ,
(apl - 3Dy + mkpT [Pl - P2]> fo=

* 0 3
—n /d)(gFlg.a—p—lf

. 0
—n /CLX;;FQ;}"a—pgfl3 +

+6n* /dX3713f‘13f‘13 :



0 0 1 3
: + — -+
op, <8p1 mkgT i p3]) /

+8n*/d)\’3’)/23f'23f‘23 .

o (0 1 \ -
. x — 2 3.1
9ps <8p2 mkpT P> = p 3]) f )

The small parameter A\*, associated with the variations in the density, will be
assumed to be very small. Realistically, since L ~ 107> %m, v, ~ 10°m/s and

g~ 10'm/s?, the factor g*,

L
g* = Q—Q— ~~ 10_4’_5.
’bg

We also assume n* ~ 1072 (for a dilute granular gas) and 6 ~ 10~2 (corresponding
to a total dissipation of the order of a few percentage points of the total kinetic energy
of the grains during a collision). It is natural to assume that \* = ¢* < n* < 0.

For simplicity, let’s assume that \* = ag*, where a = O(1). We are left with 3
small parameters: A\* (small gradients), n* (small density) and 6 (small dissipation).

We can now rewrite equations (3.16) and (3.17):

d

%Jcl* — _/\*([(1 -’r—Gl)fl* —n*LlfQ*—i-n*Glez*,
0 )
%fz* — _HQfQ* _ /\*GQfQ* + HAIQfJ . n*LQfS*

+n*ON? 3+,

Above, we used the fact that we can assume X* = O(1) in this time scale. The
evolution of f?* is set by both the interaction (through the operator containing the

force) and the kinetics (through the kinetic part of the operator above).

3.6 Extension of the Time Variable

Equation (3.15) cannot be simply solved by a perturbative expansion of the distribu-
tions f". The reason is that secular terms will appear in the expansion, liuuung the
validity of the expansions. In order to eliminate these terms, we are going to use the

method of extending the time variable s.
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We have basically three small expansion parameters: 6 (dissipation during a col-
lision); n*(rate of mixing); A*(diffusional). The extension of the time variable is done
in the following way 7o = s, 71 = 0s, 75 = n*s, 73 = \*s, 74 = 62%s, 75 = n*fs, etc.

A function f(s) is thus extended into a function of the variables 7, ;(s) =
f (70,71, 72, 73,74, 75, ...). The final dependence in the time variable is obtained, after
solving the extended problem, by substituting the 7; variables by their true depen-
dence on the time variable s. The next step is to do an extension of range of the time
variable[33, 16]. The basic idea is to obtain the kinetic behavior of the system (if
it exists) and to separate each phenomena according to the time-scale in which they
occur([33, 34].

The time derivative becomes

9 _ 9 40 0
ds  on  on " om
9 P B
AL 2 9 e
0T3 + 014 o 9875

¥ .. (3.18)

Our goal is to decouple the BBGKY system and at the same time avoid secular
behavior that limits the validity of our expansions.
By expanding equation (3.15), using the method mentioned above, we obtain for

f*, in the successive orders of magnitude,

G h =0 (3.19)
3] 0
el S (3.20)
0 0
sfit gty = —L'fE (3.21)
0 1 0 1 1 1 1
a“Tsz +0_T3 0o - —(A +G )f07 (3 22)
0 0 0
Gl gt i = 0 (3.23)
d 1 0 1
87'0 f5 * 6_7'1 2+
0 1 9 1 1 r2 1 p2
+(9_7'2 1+87‘» 0 - —L fl +N fo, (324)
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and for f*

0
a 2 a 2 2 02 272 PR T
and for f3*
8 1 3 r3
—-'aTofs = —-Hfy, (3.27)
a 3 a 3 3 r3 3 r3
87’0 fl + 87‘1 fo = —H fl -+ ]v_[ fo, (328)

A convenient set of initial conditions is given in the next section.

3.7 Initial Conditions
We want to obtain kinetic equations of motion for the distributions f*, in other words,

ifo1 = ¢(fs) + O(higher order),

87']'
where ¢(f1) is a function of f!. The multibody distributions, fg'=* will also be
synchronized to f;.

We need, in special, to find the solutions for the equations (3.19-3.28). We assume

simple initial conditions, which are not a bad choice, given Grad’s theorem [35].

Specifically:
f(?(s - ) = an017
fals=0) = f,
i”(s:O) = 0f0rn>1,i21,
fl(s=0) = 0fori>1.
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3.8 Elimination of Secular Terms

In appendix A, we obtain the kinetic equations for the system as consistency condi-

tions by using the method of elimination of secular terms. From equation (3.19) we

get that f! = 0 and from equation (3.25), we have

fr=enp2(s=0)=e Tl fl.

We also obtain that f! = 0. From equation (3.23) we get that f{ = 0 and

fo = fo(72,73,75).

We rewrite equations (A.2), (A.3) and (A.4)

0

Gl = ~L'Sufifi
9 1 1 1y rl
ol = (KGO,
0

fi = +N'SLfifl.

8 Ts5

Equations (A.2), (A.3) and (A.4) are the kinetic equations for our model of gran-

ular systems. We can write them in a more explicit form as

d

9 .
—f = /deQFufa—p—lSlzfolfola

0Ty

= /drgdpg(g—l—:nﬁl-é}%suf(}fg,
5% y = — <%§% +mg.£;) fo
_8_(3; 01 = /d[‘gdpg’)’mf'lgf'lgl

oo 1
apl 8p1 kaT

pP1 — p2]> 512f01f01’
where, in equation (3.31), we can use the approximation that

_%12
Siafofo = fofoe T .
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In dimensional form, we finally obtain the kinetic equation

5

= /dXQF12 8 01°fofo
P
+/dr2dp2’7121'121'12 :

o (o, 1
" 0p1 \Op1  mkgT P1

- P2]> Siafo fo- (3.32)

The equation above is valid in the limit of small density and small kinetic energy
dissipation. Our goal in the next chapter is to derive from it the physical behavior of

flowing granular systems.

3.9 The Boltzmann Collisional Term

The collision term is of the same form as the usual elastic Boltzmann collision term.
The only difference is the presence of an effective force created by the interaction
between internal degrees of freedom. For 7y large, we have from equation (A.2)

. L= —USufist (3.33)

where Si5 = lim; 00 e Hmo, Using the definitions of L! and S5, we obtain:

0

(‘3
/dxzdszu 5 1‘5712f01fo1- (3‘34)

(9 7'2

Using the property that as 7o — oo, K2S1af3fd — I2S12fL fs we have:

(‘3 (pr —p2) O 1,1
872 /dxzdp2 m 'axm SlZfO fo-

Using Bogoliubov’s integration scheme([15. 33, 36]:

072 /dp p2|/ bdb/ de/d:ﬁ S fefl.
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We finally obtain:

= [ dpad =P o0) (53 p0) s (0 -
~fa(p)f (Pz)) , (3.37)

where the collisional cross-section per solid angle is defined as o(Q?)dQ? = bdbde (see
ref.[36]), and (p}, p,) are the momenta of the grains before the collision that generate
(p1,p2).- The collisional term in equation (3.35) is identical with that for elastic

systems[15, 32].

3.10 The Dissipative Contribution
We have then (from Eq.(A.4)):

)
55}”& = N'Sufifs. (3.36)

Equation (3.36) then becomes:

8
874 /dXQdPQ’mI'uI‘u
0 (0  (p1—p2)
' op; (apl + kT )512fofo- (3.37)

It can be expressed in a Fokker-Planck form:

0 0 . T (p1 — P2)
5Tzfol = ﬁ-/dxzdpﬂmrm—m—%——z—slzfolf&
o 0 e g
Bp; Op, ./dXQdPQ’YwI'lQI'lQSleo fo~ (3-38)

The first term on the RHS above corresponds to an irreversible transfer of energy into

the internal degrees of freedom. The secoud term corresponds to diffusional enere~
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exchange with the internal modes. When the granular temperature,

<p?>~T,

9= kaB

the two termns are of the same order.

As for the expression Syof)f4, we have, in the rarified gas limit, for times larger

than 7 = O(1),

S12f01f01 = Sl?fol(Pl)fol(p2)v
~ fHp0) fpa)e T,

where ¢, is the elastic potential energy between the grains.

The approximation above is valid because variations from the main term (zero-th

order in Enskog’s theory) are small (proportional to the gradients of thermodynamic

functions). For the inelastic contribution term, we keep only the leading order term

in f;(2), in dimensional form|36]

3

1 2 ___p*

1 ~ - 2mkg Tg(74)
fo(p) = n (27rng(T4)> € me

in the dissipative integral.

Equation(3.38) can be approximated by

9 g (,%. (faprA) +

T Jd 0
+ (A ,
Tg(T4) op1 Op: <f0 )

37';

where

A= /dl‘/d?"y I‘I‘e kBTgr(M)

Since
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where I is the unitarv tensor of second rank, we have

—fO = D(Tg)apl apl + kaT

g o [0 1
87'4

pl} o (3.41)

where

oo _ ¢(r
D(T,) :/ dry(r)e Tata),
0

3.11 Discussion

Starting from first principles (the Liouville equation and the derived Fokker-Planck
equation for the positions and momenta of the granular particles) for a GS, we ob-
tained a generalized BBGKY hierarchy that describe the multi-granular distributions.

Using the small parameters of the theory (small gradients of slow variables, small
density and small inelastic dissipation coeflicient) we use the methods of perturbation
theory and time extension in the several physical time-scales of the problem to open
the problem: we obtain the behavior of each term in perturbation theory and eliminate
the secular (diverging) terms up to the maximum order possible.

The kinetic equations that describe the time evolution of the one-body distribution
are obtained as consistency conditions in the process above described. We recover
the standard Boltzmann collisional term and a new collisional term that describes

the rate of dissipation of energy.
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Chapter 4

The Homogeneous Granular Gas

4.1 Introduction

Recently, granular materials have become the object of much attention[1l}: on a prac-
tical level, many industrial processes deal with grains or powders (pharmaceutical
industries. storage and transport of grains, transport of mineral ore, etc); geophysical
phenomena like sand dunes motion, landslides, etc, also correspond to flow of gran-
ular particles; on a more abstract level, granular systems are exceptionally rich in
terms of the non-equilibrium phenomena they present: kinetic energy dissipation[22];
solid-like to liquid-like transition[37]; dilatancy[38]; arching, and many more[37, 39].

The goal of the present work is to develop kinetic equations for the homogeneous,
smooth rarified granular gas based on the kinetic theory methods developed in the
previous sections.

We show that these equations obeyv a generalized H-theorem that works well up
to the time-scale that describes the rate of dissipation of kinetic energy.

We will also study the behavior of the granular temperature with respect to time,
for the homogeneous solution. The choice of a homogeneous solution is valid as long
as we are careful to restrict the system’s size so that effects of instabili‘y of the

homogeneous state will not be important for a small rate of dissipation[4u, 41].
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4.2 Form For The Potential

The interaction potential corresponds to the elastic (Hertzian) interaction due to the
elastic deformation of the grains. We assume that no permanent plastic deformations
occur; n other worc., the collisions happen ~'owly compared with the speeds neces-
sary to reach the plastic deformation threshold. For spherical grains, the potential is

of the form [28]
1 s
P12 = §kh§’ (4.1)

where k is an effective elastic constant and h = 2ry — rip, when 0 < ;5 < 2rg. The

restoring force between the grains is then [28]
F, = “kiphs. (4.2)

Using a simple classical harmonic crystal approximation, one can obtain the form
for the dissipative coefficient y;2(h) [12], which can also be obtained by other phe-
nomenological approaches [9, 10]. The radial frictional force between the particles is
given by

F, = Zk’flzh%h,

where k' is a dissipative coefficient. That gives us [12, 10, 9]

The order of magnitude of y;5(h) is[12]

kgTT,¢
12

4.3 H-Function

If the kinetic energy lost during a collision between two granular particles is a small

fraction of the total kinetic energy, then, there should be a function that measures
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the disorder present in the system. A natural candidate is the generalization of the

Boltzmann H-function.
Let’s define:
H= /dxldp,fllogfl. e

After a few collisional times, 7, ~ O(1), 3= f; ~ a%)fj ~ 0, aud we can write

H~ /dxldplfol log f. (4.5)
The time variation of H is given by

B, ) .9 |
—a—tH—n ‘BTQH+7’L 987’4]—[. (46)

The first term will give the usual negative-definite result. For the second term we

have:

0
5o = / dxidpi—f5(1)(1 + log f3(2));

- / dxydpydryodp, (1 + log £1(2)) x

NP AN
Y1222 ¢ apl ET

9 d (P1 — P2) 1r1
<(5p1 8p2) + mEsT Siafofo- (4.7)
The equation above can be approximated as before using equation (3.39). Then, we
can write:
d 1 . .
(—9——H = —/dxldpldXde2(2+logf0 (2) £ (1)) x
T4 2
of b (:2_ _ i) y
1212 12 ¢ op,  Ops
0 0 (P1 — p2) 1,1 ‘.
((apl 8p2> + kaT SIQfOfO' ('—18)
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Integrating by parts we obtain:

o~ e gk
BEH ~ 5 /dX1dp1dedp2(fol(z)fol(l))rlgru :
! L \ (pl - p2) | o1
(kBT - kBTg(T4)) m (S1afy fo) x
_a_ __a_ 1 2 1 1 ) »
3p1—3p2 (fo(2)fo (1)), (4.9)

thus giving in fully dimensional form

TN _<1 - ) L«
87'4 ~ }CBT k‘BTg(T4) kBTg(T4)

- 2
/dX]dIthgdpg”/lQ [flg%gﬁ} Sufolfol

(4.10)

We observe that H is a monotonically decreasing function of time, up to the time

when T, (r4) ~ T.

4.4 Time Dependence of the Granular Tempera-
ture

For the homogeneous system, energy dissipation translates into a decrease of granular
temperature. The Boltzmann collision term is conservative so only the friction term
will contribute to energy loss. Substituting of equation (3.39) into equation (3.38)
vields (in dimensional form, v, = 2k'h3)
a 1 A ~
a—fo ~ /dl‘lzdPQ’)’lzI‘nI‘l? :
T4

2 J ! 1,1
- Opy <8P1 * kaT(p1 B p2)> Sizfo fo

1 1 1 -
1——— pa—
fO (kBT kBTg(T4)> / drIQdPQ,‘)/IQ X




(pl.f]2)2 1 3/2
<1 - kaTg(T4)> <27Tng(T4)> %

2
_ Pi+kh2 )
e 2 mkpTg(ry)
3

N f 1 i "
~ O k‘BT ICBT (T4)

47m 1 1 — ___pl___ / dhph?e 2IcBTg%(T4)
3kaT T4

Using the fact that

o .3 p? s,
— = ~f——{1l— —— | — ,
0Ty fo fo 2T, (74) < 3mkgT,(m4) ) 074 Ty(ma),
we have:
7, 87 T, 1 1
—T = 93 —
87’4 g<T4) 3 m(T4) (I’CBT kBTg(T4)> %

o ) 1 __ﬁ_
/ dh-kK'hze FsTsa), (4.11)
0 4
The integr~l becomes

© 5 1 pf__1 5 (2kgT,(14) S 3
dh—k' %pTe(ra) oo /= (| 222290 271 (D).
/O hokhie™ FaTor k4< p (z)

We then have

0 107 (2kg\® . 3
ory oW = T (T) Fi3) >
K 1 1 8
- - 5 4.12
m (kBT kBTg(T4)>T9(T4) ’ (4.12)
from which we obtain (for T,(74) > T)
T
Tu(r) = (0) _ (1.13)
( 107k’ 2_/93) ) 3
BkaT k

We observe that for T,(74) > T, and for long times (7, — 00), we have Ty(1s) o
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- .
T,(74)"5 and Ty(ry) o 75 *. The exponent 2 compares to the value 2 obtained by

assuming a constant phenomenological coefficient of restitution, as we see below.
From a heuristic method in which use of a constant coefficient of restitution is

made, one obtains for a one-dimensional granular gas [42]

9 .
pved
0

5 (170 [doa [ p1 =2 [ 01 = 1) £12)). (4.14)

with a similar form for three dimensional granular gases.
Using the gaussian approximation for the one-particle distribution functions a-
bove, one obtains that the time variation for the granular temperature is given by

. 3
Ty o< =13 . The solution of which gives T,(74) o 772, for large 7.

4.5 Discussion

Based on the kinetic equations for the GS derived earlier, we study the behavior of
the granular temperature for the case of the homogeneous rarified GG, in the limit
of small dissipation.

We derive an appropriate H-theorem for the system and use it to show that the
one-body distribution tend to a Maxwellian form on the time scale of the collision
rate. Furthermore, it is also shown that the H-theorem is well defined up to the point
when the granular temperature becomes comparable with the internal temperature
of the grains.

We then obtain the behavior of the granular temperature as a function of time. We
compare its assimptotic behavior with that obtained using phenomenological theories

that make use of a coefficient of restitution for the granular collision.
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Chapter 5

Hydrodynamic Behavior for the

Low Density Granular Gas

5.1 Introduction

The goal of this section is to obtain the hydrodynamic behavior of the slow variables
(not all conserved) of the GS. We extend the methods of the previous section in order
to include the gradients in the system.

Other auathors have developed hydrodynamic and kinetic equations for granular
flow[2, 42]. They were obtained by assuming an effective interaction between the
grains (elas‘ic and frictional forces) [2, 42] that average out the actual stochastic
interactions between the grains. The advantage of the present method is that the
stochastic interactions due to the ex.stence of the internal degrees of freedom are

naturally taken into account from the beginning[13].

5.2 Hydrodynamic Quantities

We can use hydrodynamic methods for the analysis of GS, if we understand its limi-
tations. There are many problems associated with taking the low wave-number limit
of the conserved quantities’, among them [2]: the length associated with fluctuations

of density are comparable with the size of the particles since the particles are large
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(in some situations, comparable with the container’s length, as in large grains flowing
through a pipe); kinetic energy is irreversibly dissipated during a collision; With that
in mind, we are going to propose a model that tries to fit the behavior of a rarified
granular gas.

Using the solutions of the kinetic equations obtained earlier, we define:

n(ry,s) = /dplfol(rlaplas)s (5.1)
u(ry,s) = %%/dplplf&(rupl,S), (5.2)
Tyrs) = 5 [ doi(oy — muf A (r1.pa.s). 5.

where u(r, s) is the flow vector field, n(ry,s) is the densitv and T,(ri,s) is the

granular temperature.

5.2.1 Variation of Density

We have
on 0 .
5 = /dplggfo-

Using the extension for the time derivative, we obtain

I O A n*9—6—> n =

* a * 1 =
From above we obtain
on on on .
0= 8—7'; = T A (5.5)
on 0o 4
o /dp16—7_°3 0 (5.6)
on on .



We can deduce from above that n = n(r3).

From (5.6) we obtain

0 0
" = /dl)l_,rf“1

ary

from which we get

9.2.2 Particle Flow

For a granular system, momentum is a conserved quantity, which is not true for the

granular temperature (translational kinetic energy). By taking the time derivative

(with respect to s) of equation(5.2), we obtain the variations of u at all orders of

magnitude:

Go(n) = 0,

é‘i_l(nu) = 0,

a%(nu) - %/dplplgi—?f&,
%(nu) = ;%/dpml%fol,
%(nu) = 0,

)

1 d
(nu) = E/dplpla—%f&

From equations (5.9,5.10,5.13), we obtain that u = u(7o, 73, 75). From equation

(5.11) and the fact that gradients of the density are of order \*, we obtain that

u = U(Tg, 75).



Our next step is to analyze the final term

d

Ug
67'5

15}
d _rl
/ plplaT5 fO)
= /dplpl/‘~yp2dr2712f'l2f12:

0 (0 1 )
. 8p1 <8p1 + TTII}CBT [pl pQ}) fO

The integral above is zero due to the symmetries of f&. From that we obtain
= u(n;).

Let’s define the pressure tensor:

1
P = m dPl(Pl-mU)(pl—mu)fola

1
= ;r—l/dplplplfo1 — nmuu. (5.15)

We can write equation (5.12) on the detailed form

0 B b1 0 0 1
o (nmu) = —/dplpl (m'arl + mgéa> fo-

The external force integral above gives the value
-m / d —fl=n
. mg.
P1P:18 9p; 0 g

The kinetic part above can be written in the form

—_ =—-——_ (P :

m o /dplplplfo ar. (P + nmuu)

We then write
0 1 0
—u=-———P —u— 5.16
OTg,u nm or, ualu+g (5.16)



5.2.3 Granular Temperature
We define the energy flow vector

1
2m?

/dpl(pl — mu)?(py — mu)fy. (5.17)
from which we obtain

1 3
q = w/dmp%mfol —u-P— §”UT9

1 0
——nuu’,

2

since from equation (5.3)
1 mu?
T, = '—/d p? — -
g 3nm pLfopi 3

We proceed to investigate the temporal behavior of T,. We can show that T, does

not depend on 7y, 71, 72 or 74. The latter happens because the integral

0
/dpldPer‘ZplFl?-a—SIQfolfol
P

is of higher order.

We have to calculate the time dependence of T, on 73.

0 1 » 0 ., 0 [nmu®
87'3 (nTg) - 3 /dp1p1%Jo - 8—7';; < 3 ) ’
1 0

2
— 2 1 ,
= —3m2£./dp1p]p1f0 + 3mg-u

0 nmu?
87‘3 3 .

We obtain from above:

o 0 0
a—T;("Tg) = na—Tng—Tga‘rl("u),



= —%55E~/dp1p1plfo + gnmg.u

_ 9 (m?
87’3 3 '

After substitution and a little algebra, w¢ obtain:

0 0 20
710%Tg+nu.a}-Tg = —g‘aqu
2 0 -
—gP . 51‘—111 (018)

The dependence of T, on 5 is given by

%) 1 , 0 . 0 [nmu?
675(”7“9) N 3/dp1p187’5f0‘07'5( 3 )’

1 " a
= 5/dplp%/dPerf/l?rIerQ :

.0 d 1 1,1
" op, (apl + mkpT p1 — P2]> Swfofo

where we can use once more that
_ %12
1pl o ¢l
512f0f0 ~ fofo6 s,

finally obtaining

0 1 o
(”Tg) = g/dplpf/dpzdrﬂmrml‘mi

a5
e, 0 1 1 e -2
- Opy (0p1 i mkgT [p1 - p2]> Jofoe ™.

and|[16]
0 8tn?a? T,(t) (1 1
%(nTg(t)) - 3 m f— Tg(t) X
/°° dhT~(h)e  #5T (5.2
0

where h = o — ri, and ®12(h) is the Hertzian potential between two grains.
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Equations (5.8),(5.16),(5.18) and (5.19) define the hydrodynamic behavior of the

rarified, quasi-uniform granular gas.

5.3 Solution of the Kinetic Equations

In our search for the behavior of the quasi-homogeneous, rarified granular gas, we
have assumed in the previous sections that the gradients of the thermodynamical
variables were small compared to the density parameters, A < n*. We will expand
the solution for equation (3.32) around the zeroth order Enskog solution for the
Boltzmann equation (obtained from the above mentioned equations by making v;» —
0)[36].

We write

fo = o+ o1 (5.20)

where ¢y corresponds to the zeroth order Enskog solution[36].

The order of magnitude of ¢; is given by

Ivr To
Ofp1) = e S vl

<1,

showing that the expansion will be valid for small gradients only. It is also important
to compare the order above with the magnitude of the rate of dissipation, n*6. The
solution above will be meaningful in the case when 1 > O(p;) > n*6 > n*2. We

need
1 1 la 1

From above, we see that for & - < I;C;L, the system may be treated as homogeneous.

We write equation (3.32)

O v K = I + UL, 5.21)



where

1_ (Pt 9 9\
Kf0—< Br) +mg.apl>fo,

IR = [ A a5l

and

and

lﬂ(folfol) = /dl‘zdpz’mf'mf‘m :

. 0 a 1 1prl
~Opr (apl M mkgT [p1 — p2]) Si2fo fo-

The function g is of the order of the density of the system and O(y;) > A. In
consequence, we assume that ¢ corresponds to the first order Enskog approximation.

We write then

2
n Pi .
, ——exp | — ’ 5.22
po = T p( 2ng> (5.22)
and (see appendix B)
1
1 /27T,\2 0 2
o) :-—( T 9) A-——InT, ——B:—a—u, (5.23)
n\ m or, Jr,

where (O(A.B) = Ug—lrg)

The expressions for the pressure tensor P and the heat flux vector q are given by

9 a 1t 9
P = — —_ R i P
nTgU g (8l‘1u+ [81‘1 } 3U8r1 )

and

)
q=-\—T,
Tal

where 7 is the viscosity coefficient, Ar is the thermal conductivity coefficient (see
appendix B) and [A]’ is the transpose of A
We observe that the only difference, from the usual hydrodynamical equations

that we obtain, for the rarified, quasi-homogeneous granular gas, corresponds to the



result obtained by Schoffield and Oppenheim in the limit of small gradients[13)].

5.4 Linearized granular hydrodynamics

The analysis of stability was done for granvlar systems has been done bv several

authors for different models of granular systems[40]. In what follows we use the

notation
v

I

LA
81‘1 .
5.4.1 Modified Navier-Stokes equations

We will study the effect of dissipation on the long-time behavior o1 the solution (5.20).
In order to do so, let’s rewrite the hydrodynamic equations obtained for the rarified,

quasi-homogeneous, quasi-elastic granular gas:

%;E = —V.(nu). (5.24)
d 1
—a—iu = —%V(nTg)
+V - (_77_ (Vu +[Vu]' - gV : u))
nm -3
-u-Vu+g, (5.25)
0 2 2
ne T, = —nu-VI,+ V- (M V) = 2L,V -u
-7 (Vu + [Vu]f) : Vu — %72 (V-u)’
kpT
—D(T,)(1 — =), (5.26)
T,

where 7 = shear viscosity, Ay = thermal conductivity,

p(r,) = -2l /°° dhry(h)e” BT,
3m 0
and T, > kpT.
Using the forms[12]

v(h) = %k'h%,



and
¢12(h) = lkh%,
2
we obtain approximatively[16]
10mno? (23
= - —) I(0.
— —DK'nT,(t)s.

The results obtained in equations (5.24),(5.25) and (5.26) correspond to those
obtained in reference [40] with the absence of the term that in [40] corresponds to
higher order, namely —Vn. which is of order n*8A in the present theory.

For the same reason as above, several terms obtained in reference [13] are ignored

for being of higher order.

5.4.2 Linearized Hydrodynamics

We expand the generalized Navier-Stokes equations around the small values defined

bv
n = ng+on,
u = Jdu,
Tg = Ty + 6T,

where the delta variables are the small deviations from the uniform state.

We obtain
Obn = _ V.(6u) (5.27)
at = Ngo V.(ou). q.
B
mnoaéu = —noV(6T) — ToV(dn)
1

o (V2(5u - vV (5u) tg, (5.28)

B 22 9
no 0T = +——3T°v25T— 30TV - bu



.8 .
—DK'Ty(t)36n — - Dk'noTy(t)*6T,

no%To = —Dk'nOTO%. (5.29)

The next step will be to analyze the ehavior of the hvdrodynamic mod« of the

syvstem.

5.5 Discussion

In this section, we obtain a set of generalized Navier-Stokes equations for the gran-
ular gas. An unusual term, proportional to a power of the granular temperature. is
obtained. that reflect the inelastic dissipative behavior of the grains during a collision.

Using a method similar to the one invented by Chapman and Enskog, we solve the
kinetic equations obtained earlier and obtain the generalized Navier-Stokes equation
for the low density, non-homogeneous GG.

We then study the effect of the inelasticity on the stability of a class of solutions
for the behavior of the hydrodynamic (the slow ones: the same as the ones for usual

molecular gases) variables of the system.
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Chapter 6

Conclusions

In summary, in this Thesis, we study the flow and collisional aspects of granular
svstems (GS).

We first obtain the coefiicieat of instantaneous energy dissipation for collisions
between two grains by an appropriate separation of the potential energy into internal,
granular and coupling parts and with the help of a first principles theory for granular
distribution functions.

The form for the dissipative coefficient v(r) that we obtain is identical to the ones
obtained elsewhere[9, 10] assuming phenomenological viscoelastic dissipative coeffi-
cients. The agreement suggests that the phenomenological model is a plausible one
to describe the interaction between GPs that do not involve plastic deformation of
the grains.

We thea proceed to study the flow aspect of GS. Starting from first principles
(the Liouville equation and the derived Fokker-Planck equation for the positions and
momenta of the granular particles) for a GS, we obtained a generalized BBGKY
hierarchy that describes the multi-granular distributions.

Using the small parameters of the theory (small gradients of slow variables, small
density and small inelastic dissipation coefficient) we take advantage of perturbation
theory and time extension in the several physical time-scales of the problem to make
it tractable: we obtain the behavior of each term in perturbation theory and eliminate

the secular (diverging) terms up to the maximum order possible.

61



The kinetic equations that describe the time evolution of the one-body distribution
are obtained as consistency conditions in the process above described. We recover
the standard Boltzmann collisional term and a new collisional term that describes
the rate of dissipati~ ot energy.

Based on the kinetic equations for the G* derived earlier, we study the behavior
of the granular temperature for the case of the homogeneous rarified GG, in the limit
of small dissipation.

We derive an appropriate H-theorem for the system and use it to show that the
one-body distribution tends to a Maxwellian form on the time scale of the collision
rate. Furthermore, it is also shown that the H-theorem is well defined up to the point
when the granular temperature becomes comparable with the internal temperature
of the grains.

We then obtain the behavior of the granular temperature as a function of time. We
compare its asymptotic behavior with that obtained using phenomenological theories
that make use of a coefficient of restitution for the granular collision.

In the last section,we obtain a set of generalized Navier-Stokes equations for the
granular gas. An unusual term, proportional to a power of the gra:ular tempera-
ture, is obtained that reflects the inelastic dissipative behavior of the grains during a
collision.

We then use a method similar to the one invented by Chapman and Enskog,
in order to solve the kinetic equations obtained earlier and obtain the generalized
Navier-Stokes equation for the low density, non-homogeneous GG.

We then study the effect of the inelasticity on the stability of a class of solutions
for the behavior of the hydrodynamic (the slow ones: the same as the ones for usual

molecular gases) variables of the system.

62



Appendix A

Elimination of secular behavior

from expansions

From equation (3.19), we obtain that f§ = fl(r1, 72,73, 71,75). Integrating equation

(3.20) with respect to 7y, we have

a 1

o) = fr=0+nZe,
_ o
= TQBTI.

The behavior of f! becomes secular when 7y — 0. Since we can rearrange the terms

inside the perturbative expansion of the distributions, we choose f; such that

ofo

=0.
aTl

That implies that f] = 0 and fi = fl(72, 73,74, 75).
We proceed in the same way up to the precision order we want to attain. From

equation (3.25), we obtain:

folm) = e (o),
= e fgL, (A1)
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and the integration of equation (3.20) with respect to 7 gives us

fa(n) = f,(0) - To%—Ll/ dxe” 2 fi £

= —nl afo -1t [T e g
From equation (3.26), we obtain (after replacing fZ by e 27 fl f1
2= / ¥ drem 0N 2 pl g1
0
The expression L' [;° dhe=#2* f! f1 diverges when 7, — oo because

llIIl e Hg’r()f fl Coze—a‘?)l?folfol,

T0—00
where Cy does not depend on 7y. In order to remove the secular term above, we write

T0 T
LT axeT g = 0 [T (e - s i
+7'0L1512f01f01:

where Spp = lim,,_,o e #2™ and the first term above converges. We then eliminate

the secular term on f;(79) and obtain the consistency equation

fs
g)i =—L'Siafs fy, (A.2)

which is equivalent to the Boltzmann collisional term for molecular theories.

From equation (3.22), we obtain

f3(m) = (aﬁ? (K1+G1)fg>.

The secular term above is eliminated by choosing

af()l _ Iy rl
G = —(E'+Gh . (A.3)
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From (3.23), we obtain f! = 0 and

ofl
9 _,
87—4
From (3.24), using that
o 1
o,
87’1
we finally obtain, in the limit when 75 — oo,
9 . - 1,2 1 g2
gofo = Jim (SLUE+ N
- +4V1512f(}f01.
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Appendix B

Chapman-Enskog results

We rewrite some of the results that can be found in reference [36; for the approxima-

tion of f] in section 10.

The vector A is a solution of

1
- /dédCOé]Q‘—p——pLI (A/ +A/ A1 — A) =
n . m

:f(C.C-g)C, (B.1)

where ;3 is the collisional cross-section, and the normalized peculiar velocity C, is

defined by
(™ : P
C = (2 g> ( u). (B.2)

= A(lC])C,

The vector A has the form

where A(] C |) is a function of | C |, n and T,,.

The tensor B is a solution of

/dedca ’f f(By+B -B,-B) =
_f (cc - %UC-C) . (B3)
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The tensor B has the form
1
B=B(C| (cc--gc-c),

where B(]C |  also a function of | C |, » and T,.

The results for Ay and pu, are

1
o= DL (B.4)
8 m a
5,1
v = =Ty—, B.5
U D) gbll ( O)

where a;; and by, are constants that depend on the system[36).
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