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Abstract

A number of constitutive theories have arisen describing materials which, by nature,
exhibit a non-local response. The formulation of boundary value problems, in this
case, leads to a system of equations involving higher-order derivatives which, in turn,
results in requirements of continuity of the solution of higher order. Discontinuous
Galerkin methods are particularly attractive toward this end, as they provide a means
to naturally enforce higher interelement continuity in a weak manner without the need
of modifying the finite element interpolation.

In this work, a discontinuous Galerkin formulation for boundary value problems
in small strain, non-local linear elasticity is proposed. The underlying theory cor-
responds to the phenomenological strain-gradient theory developed by Fleck and
Hutchinson within the Toupin-Mindlin framework. The single-field displacement
method obtained enables the discretization of the boundary value problem with a
conventional continuous interpolation inside each finite element, whereas the higher-
order interelement continuity is enforced in a weak manner. The proposed method
is shown to be consistent and stable both theoretically and with suitable numerical
examples.

Thesis Supervisor: Professor Raul Radovitzky
Department of Aeronautics and Astronautics
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Chapter 1

Introduction

A number of constitutive theories have arisen describing materials which, by nature,
exhibit a non-local response. As-in, the stress at a material point is not just a function
of strain at that particular point, as assumed in conventional theories, but also a
function of strain in its local neighborhood, leading to the name non local or strain
gradient theories. Cosserat, first proposed the couple stress theory , where in addition
to the displacement u an independent rotation quantity 8 is also defined. The couple
stresses are then introduced as the work conjugate of spatial gradient of 6. Later
Toupin [29] and Mindlin {30, 20] proposed a general theory theory which took into
account not only micro-curvature but also gradients of normal strain. The initial
theories proposed were for linear elastic materials. Later, several theories have been
developed to take into account plastic flow theories (Fleck and Hutchinson[10, 22},
Anand et al. [17]), crystal plasticity, crack growth (Smyshlyaev [38]) and several
other microscopic behaviors exhibited by materials [19, 39, 37].

The formulation of boundary value problems, in the presence of higher order
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gradients, leads to a system of equations involving higher-order derivatives which,
in turn, makes the problem hard to solve both analytically and computationally.
Computational difficulties arises in the solution scheme owing to the presence of
higher order derivatives which in-turn require the solution field to be at least C'
continuity over the solution domain i.e. both the displacements and the first order
derivatives should be continuous along the inter-element interface.

Zienkiewicz and Taylor [28] introduced a C* continuous element, but its shape
and the number of degrees of freedom needed per element puts serious limitations on
its usability and scalability. A mixed type elements have been previously proposed,
where at each node apart from the displacements an extra rotation angle 4 [41, 15, 16]
or the couple stress is stored as nodal DOF. More recently, meshless Galerkin methods
has been applied to problems with strain gradient effects in two dimensions.[14, 35].
Standard patch tests and benchmark problems have been tested on some of these
methods, but rigorous mathematical proofs of rate of convergence, consistency and
stability have not been demonstrated.

Discontinuous Galerkin methods are particularly attractive toward this end, as
they provide a means to naturally and in a consistent way to enforce higher order
inter-element continuity in a weak manner. Discontinuous Galerkin methods where
first developed to solve neutron transport problem [33], has now been successfully
applied to solve numerous elliptic and hyperbolic problems occurring in fluids and
solid mechanics.[2, 8, 6, 36, 25, 27, 1§

In the context of elliptical problems Brezzi et al. [6] proposed a discontinuous
galerkin method to solve the scalar poisson equation. Arnold et al. [1] presented a
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detailed study of DG methods for second order elliptic equations. With the con-
text of higher order elliptic equations Engel et al. [8] proposed the continuous-
discontinuous(C/DG) Galerkin method, where the displacements across element in-
terfaces are continuous whereas the jump in derivatives are penalized to impose
C! continuity across the elemental interface. They proposed a C/DG formula-
tion and implementation in one dimensions for Bernoulli-Euler beam bending and
Toupin-Mindlin strain gradient theory, and a formulation and implementation in
two-dimension for poission-kirchoffs plate theory. This sparked several related work
toward’s development of discontinuous galerkin methods for plate,shell theory prob-
lems and damage problems [40, 21]. Discontinuous Galerkin method has been devel-
oped for Reissner-Mindlin plates [2], Timoshenko beams [7], shells [12, 11} and for
Kirchoff-Love shells [24]. Susanne et al. [4] developed rigorous stability and conver-
gence results for a continuous-discontinuous galerkin method motivated from Engel
et al. [8] toward’s solving scalar fourth order elliptic equations in two-dimensions.

In this work, a discontinuous Galerkin formulation for boundary value problems
in small strain, non-local linear elasticity is proposed. The underlying theory cor-
responds to the phenomenological strain-gradient theory developed by Fleck and
Hutchinson [10] within the Toupin-Mindlin framework. The single-field displacement
method obtained enables the discretization of the boundary value problem with a
conventional continuous interpolation inside each finite element, whereas the higher-
order inter element continuity is enforced in a weak manner. The proposed method
is shown to be consistent and stable both theoretically and with suitable numerical
examples.
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In Chapter 2, the formulation and numerical examples of discontinuous Galerkin
method for finite hyperelasticity with emphasis on alleviating the problem of locking
which arises in low order finite element interpolation schemes. In Chapter 3, the
formulation, analytical properties and finite element implementation of discontinuous
Galkerin method for nonlocal linear elasticity is presented and to conclude in Chapter

4 results, conclusions and recommendation for future work are made.
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Chapter 2

A low order discontinuous Galerkin

method for finite hyperelasticity

2.1 Motivation

It is well established numerically and analytically that a higher order scheme have
a better convergence rate when compared to lower order schemes [28]. However the
advantage of a low order scheme is that it is relatively less expensive than the higher
order schemes. Elements which employ linear interpolation are by far the most used
and computationally an inexpensive method to get an approximate solution. When
it comes to modeling incompressible materials and plasticity, finite element method
exhibits locking [13]. In a conventional finite element method, this leads to decrease
in convergence rate. It is also well established that the effects of locking are more
prominent in linear elements in comparison to quadratic elements [13]. Several meth-
ods have been proposed to alleviate the problem of locking including mixed formu-
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lation [9, 34], under integration [28] and they work very well. In this work we try
to demonstrate one of the several advantages of employing a discontinuous Galerkin
formulation developed for non-linear elasticity [25] intrinsically avoids the problem of
locking. We choose a linear tetrahedral element, so as to clearly demonstrate that a
discontinuous Galerkin formulation clearly eliminates locking. Firstly, we develop the
discontinuous Galerkin formulation based on the work of Noels et al. [25, 26], where
the discontinuous galerkin formulation is derived from the weak form, secondly dis-
cuss some of the implementation issues and finally numerical examples are presented

towards this end.

2.2 Discontinuous Galerkin formulation

The governing equations along with the boundary conditions for a large static defor-

mations of elastic bodies in equilibrium is given by,

VoP + poB = 0 in By (21)
@ = @ on dpBy (2.2)
P-N=Ton dyB, (2.3)

where, By C R3 is the region occupied by the body in its reference configuration, P is
the first Piola-Kirchhoff stress tensor, poB represents body forces per unit reference
volume, V), is the gradient operator in the reference frame, ¢ is the corresponding
deformation mapping of the deformation of material particles, N is the unit normal

18



to the surface in the reference configuration and ¢ and T are the boundary conditions
applied on the displacement 0p By and traction Oy By parts of the boundary, respec-

tively. Also, its worthing noting that, By = dp By U Oy By and dpBy NIy By =

For the constitutive law a general class of hyperelastic material models are con-
sidered for which stress can be computed from a strain energy density function

W = W (F) given by:

oW

P=-"-
oF

(2.4)

where, F = V¢ is the deformation gradients. As a direct consequence of Material
frame indifference it can be easily shown that the strain energy density function W
depends only on the right Cauchy-Green deformation tensor, that is W = W (C) and
where C is given by FTF.

The first step towards the development of a discontinuous Galerkin formulation is

discretization of the By into smaller domains (2§ such that

E
Bo ~ B()h = U Qg (25)

e=1

Here E is the total number of sub-domains present in the body, e is an index which
runs over all the elements and By, an approximation for Bp, represents the the
body the union of €2 represent. Since mesh generation, inter element interpolation
and integration schemes are well developed for conventional finite element meshes
(Tetrahedral & Hexahedral in 3-d), we are going to consider a decomposition of By

into tetrahedral elements (£2§) for implementation purposes. But the mathematical
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formulation presented in this section will hold good for any type of domain decompo-
sition. Let subscript I correspond to the boundary between two sub-domains. Then

808 = 8pg UANNE UG and O; By, = [Ule aﬂg] o, Once the domain has been
decomposed, the appropriate spaces for the test and trial functions have to be chosen
in order to construct the solution. In a discontinuous Galerkin method we allow for
discontinuities in the solution space along the internal surfaces (0;Bpp). That is, the
field variables and the test function can have a jump along the interface of any two
elements. Now, like in any finite element formulation it is essential to introduce a
finite-dimensional piecewise polynomial approximation ¢y, d¢y for the displacement

field ¢ and test function d¢ at all points inside the body By, which exist in the

following spaces:

ko 2
Xh _ {‘Ph el (Boh) l[¢h|ng€Pk(Qg) VQSEBOh]} (2.6)

: k
with Xf = {(5cph € Xh'[&phlaDBOh:O]} (2.7)

The weak form of equilibrium equation (2.1) is obtained by multiplying equation with

a test function (¢} ), and integrating in the domain (Byp).

E E
3 / SonVoPrdVy + / SpnpoBdVy =0 V b6 € XE_ (2.8)

20



Integrating the first term of equation(2.8) by parts
E E
0= -— Zf Ph:VO&pthO—i—Z/ S - Py - NdS,
e o e YOG

E
+ ) / SonpoBdVy V¥ S € XE_ (2.9)
e 0

We now separate the internal boundary terms(9r(}§) and the external boundary
terms(OpQE U dyQ2E) in (2.9) using Neuman boundary condition (2.3) and from the

definition of the test function space Xf, (2.7) leading to-

E E
0=-— Z/ Ph : VQ(S(pthZ) + Z/ 6Q0h . Ph . NdSO
e o e v 0Q§N31 Bon
B B (2.10)
+> f Spn-TdSy+ Y | SpnpoBdVy ¥ dp € X,
— Joagnay Bo — Jag

It is appropriate to introduce the jump [e] and the mean (e) operators defined

on the space of functions which can have multiple values on the interior boundary

TR(8;Bon) = [1._; (L2 (8:92)):

or or _ 1 _
[o], (&) : [TR@Ban)]'** = [ (8Bun)] ™"+ [o] = o* —o7, (&) = 5 [¢* +97]
(2.11)

In above expressions, the bullet represents any field,
o = lim e (X+eN") V X € 9By, (2.12)

e—04

and N~ is the outward normal of 0€. The primary idea of discontinuous Galerkin
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method is that, we allow for discontinuity on P} and d¢;, along the elemental interface
OrBro. The discontinuity along internal element interface is written as a flux term

[26].

E
> / Spn - Pr-NdSy — — [6pn] -h (P, ,PF N7)dS,  (2.13)
e 89806130h

9r Bop,

where, h (P;, Py, N_) is the inter-element flux term. Although we have an option
in choosing any arbitrary flux term, in order to satisfy consistency of the weak for-

mulation the flux should atleast satisfy the following properties [26].

h(P,P,N) = P.N (2.14)

h(P,,P{,N") = —h(P},P;,N¥) (2.15)

Using equation(2.13), equation (2.10) can be expressed as:

E
0=-— Z Ph . Vo&pthO — / [[5(ph]] -h (Pg, P?{, N‘) dS()
e 75 OrBon

i (2.16)
Spn-TdSo+ > | SnpoBdVo ¥ d¢p € X,
Qe

QSOBNBQ e o

Dy

The stability of the weak form depends on the choice of flux. A wide repertoire of
fluxes have been listed and their stability and convergence issues have been discussed

by Arnold et al. [1]. For the following choice of flux, stability of the weak form has

22



been numerically and analytically demonstrated by Noels et al. [25]

h (P, Pf,N) =<Ph>-N-+1®N~.<

&=

C> Jen] @ N~ (2.17)

where C is the mean tangent stiffness at the interface, 3 is an appropriate stability

parameter chosen such that the scheme is stable and h; is the characteristic length of

the mesh

_ o 195] 195t
hs—mm(lagg_l, IBQS+| (2.18)

substituting (2.17) into the weakform (2.16), we get

0= / P : Vo(SCPhd‘/o — / T . (5(,0hdSO
Bon, On Bon

+ /6 . [6pn] - (P) - N~dS, + /

01 By,

ped e (2

C> - [on] ® N™dSo

(2.19)

This is the final form of the discontinuous Galerkin formulation for non-linear elas-
ticity. The stability, consistency and convergence of the above formulation is shown
in Noels et al. [25]. This formulation also exactly corresponds to whats known as the
Interior Penalty method. We have essentially derived the same formulation using the

idea of an inter-element flux [5], instead of going through a more rigorous derivation.
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2.3 Finite Element Implementation

The weak form as obtained in equation (2.19) can be easily implemented with little
effort into a regular finite element code. Essentially the first two terms in the right
hand side of equation (2.19) correspond to the terms arising from a standard Galerkin
formulation. In order to perform integration over the internal surface an interface
element very similar in notion to the ones used in cohesive elements for fracture is
introduced [25]. A Newton-Raphson based solution procedure is setup to solve the

system of non-linear algebraic equations given by
£ (z) + £ (z) = £ (). (2.20)

Here f*™ is the internal force contributions that come from each volume element and

is expressed as

£t — / P.N,xdVy, (2.21)

f7(z) is the interal force contributions from the interface elements and is expressed

as

£ =+ / (P)-N"N,dS,
OrBon

+ /a . {<hﬁ<f:> : [xs) ®N‘J - N~ N,NydSy

At each iteration a linearized form equation (2.20) is solved and the nodal displace-

(2.22)

ments are updated. The linearization of the left hand side of equation (2.20) results

24



in the tangent stiffness matrix (K'~') given as .

o (firt + fL)

o~ (2.23)

Koy = —

Rewriting equation (2.20) using the tangent stiffness matrix we obtain the linearized

balance equation and the update equation.

Ki-—lAU'i

I

foo— (F7 + 671 (2.24)

int

U = U+ AU (2.25)

Finally, in order to solve equation (2.24) we must compute the tangent stiffness of the
system. we only present the stiffness terms that arise from the interface terms, the
volume term being straightforward. We first make an approximation of the stiffness
matrix contribution arising from the internal interface terms. From (2.19) its clear
that the forces depend on the stresses and the material moduli: Therefore the stiffness
matrix involves all the degrees of freedom of the two adjacent tetrahedral. But for
large values of 3 the displacement jumps are small, therefore the stiffness term arising
from the stress term is going to be very small [25]. Using this approximation, the

interface stiffness matrix is given as:

K5, = == /a ] <5—@> | NaNjNNdS (2.26)
j 1Doh S iJj
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with a plus sign for the combinations £ + p+ and & — p— and with a minus sign for
other combinations. This approximation helps us to simplify the implementation but

at the time the stability of the scheme is not affected [25].

2.4 Numerical Results

In this section we will demonstrate with the help of a beam bending problem that even
a linear tetrahedral at nearly incompressible poisson’s ratio does not exhibit locking.
In this calculation the material model corresponds to a NeoHookean model extended

to the compressible range. The strain energy density function given as follows
A p

where X and pu are the material parameters, J = det ((F)) and I = ¢r(C). The
material parameters and the geometric characteristics of the beam used in calculations

are listed in Table (2.1). In order to study the stability and convergence of the method

Table 2.1: Geometric and material properties for beam bending problem

Properties values
Length L=1m
Height h=01m
Initial Young modulus FEp = 200G Pa
Initial Poisson ratio 1y = 0.4999

in the first example we consider a prismatic beam with uniform cross-section whose
geometric and material properties are listed in Table 2.1. The beam is clamped rigidly
at one end and a force of 10kN applied at the other. Using classical beam theory
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the tip deflection & = 4(L*/h*)(F/E,) is computed to be 2mm. The error in the
tip deflection between numerical solution and analytical is plotted as a function of
mesh size for three different values of 3 and is compared with the continuous Galerkin

case. The tip displacement error remains a constant in the continuous Galerkin case,

Error on displacement small deformation nu = 0.4999

e 3 = 100 m
]
S
5 .
]
—-CG
=15
-3
—-15
. 16
0.1000 mesh size 1.0000

Figure 2.1: Convergence Analysis of the discontinuous Galerkin method applied to
the cantilever beam problem in small deformation. The plot shows the error v/s mesh
size h for 4 =1.5,3,15

whereas the error decreases with a slope equal to one for the discontinuous Galerkin
formulation. The stabilization parameter 3 has no effect on the rate of convergence,
but for a large value of 3, the solution becomes less accurate and approaches the
continuous Galerkin solution. The same convergence behavior is demonstrated for
large deformations as well. To demonstrate the convergence behavior under large

deformation’s we consider use the same boundary value problem as described for
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the small deformation bending problem but a load of 1M N is applied on the right
face, perpendicular to the length of the beam. In order to compute the error, we
assume the fine mesh solution obtained using a quadratic element in a discontinuous
Galerkin formulation to be the accurate solution and the error is computed with

respect to this value. Figure (2.2) shows a very similar convergence pattern as to

Error on displacement Large deformation nu = 0.4999

100
R PR e e
. .
=
S .
= ™ —-—CG
=15
-3
15
! 10
0.1000 mesh size 1.0000

Figure 2.2: Convergence Analysis of the discontinuous Galerkin method applied to
the cantilever beam problem in large deformation. The error in tip deflection E v/s
mesh size h for 3 = 1.5,3,15 and the continuous Galerkin case

the small deformation bending convergence. A comparison of the rate of convergence
for linear and quadratic elements is studied for two different values of stabilization
parameter 3 and for the continuous Galerkin formulation. From Figure (2.3) it is
evident that for the same mesh size the quadratic elements have higher accuracy and

28



10
~-DG;deg 1;B 1.5
- --DG; deg 1; B 15
~-DG;deg?2;B 1.5
---DG; deg 2; B 15
10t —cg; deg 1

- —CG; deg 2 7[ ;]

[ )

10

T

Error on tip displacement [%]

10 — _

Mesh size [mm)]
Figure 2.3: Comparison of linear interpolation and quadratic interpolation for dis-
continuous Galerkin method for beta = 1.515 and continuous Galerkin method

also the fact that the rate of convergence is higher for the quadratic elements when
compared to the linear elements. To conclude, discontinuous Galerkin formulation

does not exhibit locking and the convergence rate is not affected by Poisson’s ratio.
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Chapter 3

A discontinuous Galerkin
formulation for linear nonlocal

elasticity

3.1 Toupin-Mindlin strain-gradient theory of lin-

ear elasticity

In this section we present the linear elastic strain gradient theory developed by Toupin
[29] and Mindlin [30]. In this theory the strain energy density function W per unit
volume depends on the symmetric small strain measure €;; = 3 (u;; + u;;) and the
higher order strain measure 7;jx = u ;. The strain energy density is assumed be of
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the form as given in equation (3.1)

W =W (e, nije) (3.1)

The Cauchy stress o;; is the work conjugate of the strain measure €;; whereas the
higher order stress measure 7y, is the work conjugate of the higher order strain

measure 75, and following from (3.1)

ow

U'ij = _6Eij (32)
ow

Tijk = anijk (33)

By employing the idea of virtual work the governing equations and the essential
boundary conditions can be obtained in strong form ({29, 30, 10]. Following the same
procedure as shown by Fleck and Hutchinson [10], the internal virtual work statement
can be written as

5WdV = (G'ij(SGZ'j + Tijk(snz'jk) dv
Bo BO

Z/ Bkdude+/ fkéukd5+/ fk(Suk,mldS
By o8B

au B

(3.4)

where, Oy By corresponds to the boundary where traction # is specified, 8y By corre-
sponds to the boundary where double stress traction 7 is specified and by, is the body

force acting per unit volume. Tractions £ and double stress traction 74 are the nat-
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ural boundary conditions of the problem and the corresponding essential boundary
conditions are the displacement 4, specified on the surface Op By and the gradient of
displacement projected along the normal to the surface n;ug; on the surface drBy.
It is worth noting that Oy By U dpBy = 0By, OnBy N OpBy =B, Oy By U 8rBy = 0B,
and Oy By N OrBy = 0.A schematic description of the different boundary conditions
is illustrated in figure (3.1). Applying Gauss divergence theorem to the internal work
terms in equation (3.4), we obtain

(aik - Tijk,j)i dupdV + / n; (Uz‘k — T@'jk,j) ourdS
8By

/ (0s50€55 + Tijednije) dV = — /
Bo

By
+ / anijk(Suk,idS
dBg

(3.5)

Here in equation(3.5), 0By is the surface of the body, n; is the unit normal to the
surface of the body. However its worth noting that du vanishes at all points on the
surface dp By, reducing equation (3.5) into

/ (aijéeij + 'rijkémjk) dV = — / (Uik — Tijk,j),; (5ude + / n; (Uz'k — Tijk,j) 5ude
Bg Bg

On Bo
+ / ’I’LjTijk(Suk’idS
8Bg

(3.6)

It has to be noted that duy; is not independent of of duy, on the surface(0By) of Body
(B) [10, 20]. So, in order to correctly identify the boundary conditions the gradient

of the virtual applied displacement on the surface is split into two components, the
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normal gradient component, n;Ddu; and the surface gradient component, D;duy.

(5uk’i = (5zl t ninl) (uk),l + n;ny (uk),l
(3.7)

= D;béuy + n; Déuy

substituting equation(3.7) in equation (3.5)

/ (0ij0€i5 + Tijednix) AV = — /
By

(Uik — Tijk,j)i 6ude —+ / T (O'ik - Tijk:,j) 5ude
By

v Bo

+ / 5Tk (51'1 — nml) (5uk,ldS + / nj’rijknmﬁuk,lds
8By 7]

Bo

(3.8)

The surface gradient term on the right hand side of equation (3.8) can be further
simplified using integration by parts! and followed by applying the surface divergence

theorem? 3.

/ 5Tk (6 — namy) SugdS
BBO

= / (0u — mamy) (n;Tijebug) 4 dS — (61 — mamy) (nyTije) o SurdS (3.9)
8By 9Bo

= / (Oum — M) My (1T ) OugdS — (0 — ngmy) (i Tij) 1 OugdS
8By 8Bqg

It should be noted in equation (3.9), that du, will vanish on the surface dp B, and

in equation (3.8) duy,n; vanishes on drBy, thus from equation (3.9) , the internal

Lg: Vv = V2. (¢p.v) — (V*.¢) .v where V®is the surface gradient operator
2 Ve (¢v)dS = [, (Ven)n.g.vdS (30]
3Tt is noted here that the surface is assumed to be smooth and that there are no edges.
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virtual work terms now become

(aijéeij + Tijk(smjk) dV = _/

(Uik — Tijk,j)i oupdV + / g (O'ilc - Tijk,j) dudS
By

By dn Bo

+ / (5lm — nmm) Tan (’njniTi]‘k) (5ude — (5,1 — n,-nl) (njnjk) )l oupdS
On Bo O~ Bo

+ / nj'rijknml&uk,lds
BMBO

(3.10)

using equation (3.10), the principle of virtual work equation (3.4), is satisfied if the

following local conditions hold true:
0=by+ (oa — Tjik,j)’i (3.11)
which represents the governing differential equation in strong form
te = n; (Oik — 0jTijr) + MinyTijk (Dpnp) — D; (”jTijk) (3.12)
is the traction boundary condition on the surface dy By and
Tk = TiN;Tijk (3.13)

is the applied double stress traction 7y on 0B)s. It is assumed that the body has a
smooth surface 9By so that there are no edges, since the presence of edges will result in
an additional integral term over the edge [10]. The governing balance equation (3.11)

can be uniquely solved along with the six boundary conditions in (3.11) and (3.13) if
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the strain energy density function used is convex with respect to both €;; and ;5 [22].
The boundary value problem resulting from the virtual work statement correspond
to the non local linear elastic theory proposed by Toupin [29] and Mindlin[30], which

can be summarized as follows .

0 = bp+ (o — 'rjik,j)ﬂ. in By (3.14)
oy = ZZ in By (3.15)
Tijk = ;;:I; in By (3.16)

cy = (s +uys) in By (3.17)
Nijk = Uk;; in By (3.18)

tk- = n; (Uik — aj’rz‘jk) + nmjrijk (Dpnp) — Dz (anijk) on BNB() (319)

Tk = MiNyTi, on Oy By (3.20)
U = UpON 8DB0 (321)
NiUk; = mk,,- OlIl1 8TB0 (322)

In the next section we will develop the discontinuous Galerkin formulation for the
boundary value problem described by equation (3.14, 3.19, 3.20 -3.22) and establish

stability and convergence properties.

3.2 Discontinuous Galerkin formulation

The preceding formulation of the boundary value problem in strong form is taken
as a basis for the formulation of a discontinuous Galerkin weak form approximation
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oMBo

OTBo

Figure 3.1: Schematic description of the Body By, and the discretization Byp,

within the context of a finite element framework. The fist step in the development of
a discontinuous Galerkin formulation is the decomposition of the domain (By) into
smaller sub-domains (Q.) such that (JZ, Q. = Bor & By. As the mesh size (h) is
decreased, the body modeled by the meshes becomes closer to the actual geometry of
the body. The next step is to define the spaces for the trial (u;) and the test functions

(wy), which are C° continuous

Uf’f = {uh e’ (Bon) C L? (Bon) I“hlne eph(05) VQeGBOh} c U’ (Bon) (3.23)

Where U’ (Boy) = [, H? () for £ > 1. It should be clear that this choice of inter-

polation and trial spaces allow for C* jump discontinuities at the internal boundaries
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between elements 0, = [Uleﬁﬂe] The corresponding constrained space for the

\éBo’

test function is

Uk, = {8u € Uflsuta,ny=0 } € UL (Bo) (3.24)

vl = {5u€Uf|5u|auBozo} (3.25)

We start with the equilibrium equation (3.14) and multiply with a test function

w e U,{c and impose equilibrium in a weak sense

E
Z/ W (bk + (Uik — Tjik,j),i) dV=0 Vwec¢ U,{c (326)
e=1

From now on it will be assumed that the test functions belong to the constrained

space (3.24). Applying integration by parts followed by Gauss divergence theorem

Z/ Wk O'zk - T]zkj) nzdS Z/ W, 20'1de Z/ W Zjszde
e=1 Y 0%
+ Z/ 'wk,z""jiknjds + Z:/ wrbedV =0
e=1 Qe e=1 e

(3.27)

The integrals over the boundary of each element(0€2,) can be written as a summation

of integrals over the internal interfaces and a summation over the external boundaries
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E E E
E / Wy (Uik — Tj,‘k,j) nZdS e Z / wk,iaide — E / wk,ijTj,-de
e—=1 ¥ O2N3Q2 e=1 v Qe e—1 " Qe

E E E
+ / Wi, TN dS + /wkbde+ / Wy, ;TjixM;AS (3.28)
E

QNI

+ / Wi \Cik — Tjik,j n;dS =0
2 o™ (= )

e=1

Now defining a jump operator [e] = e* — e~ and a mean operator (e) = % (oF +o7),

the first term of equation (3.28) can be expanded as follows.

E
Z/ wy (ik — Tikg) Ty 45 = — / (wi (o — Tjing) " i
= Joa.ro0 810
+ wy, (o — Tjikg)” n; ) dS

= 5 lwi (oix — Tjin )] i dS (3.29)
rQ

=— [we] (o — Tjirg) n; dS
113Y}

—/ (wi) o — Tyl n; dS
orQ)

where o denotes quantities on either side of the interface element, n; is the outward
normal of the bottom tetrahedron. Here we have used the fact that on the interele-
ment interface n~ = —n™, the definition of the jump and mean operator and using
the relation Jab] = [a] (b) + {a) [b]. The last term in equation (3.29) can be neglected
because only compatibility of displacements needs to be enforced. In the first term
[wk] = O,since the space of interpolation and trial functions are assumed to be C°

continuous in the whole domain (3.24). The second interelement boundary term in
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equation (3.28) can be written as:

E

> / wiaTjeng dS = | (Wmfnd +wieimeny) dS
1 Jonenarn a0 '
= —/ ﬂwk,iTjik]] nde
a0
= — [wii] (Tjix) nj dS (wr,i) [T nj dS
BIQ 6IQ
(3.30)

The last term of equation (3.30) can be neglected because only compatibility of dis-

placement gradients needs to be enforced. The mean higher order stress (7;;x) can be

———

expressed as a flux term 7jyn; following the work of Brezzi et al. [5, 6] , Arnold et

al. [1], Noels et al [26].

E
o1 /89,109 o0

Inserting equation (3.29), (3.30), (3.31) into equation (3.28) we obtain

Z/ ’wk,idide + Z/ wk,ijrj,-kdﬂ +/ [[wk,i]] mdS
— Ja. — Ja. 892
— f W (Uz’k - Tjik,j) nldS

7, %)

- / Wi (Tjieny) dS — Z/ wibdQ = 0. (3.32)
o0 ~ Ja.

For the sake of convenience the superscript on the normal is dropped, but it should
be noted that when we refer to the normal of an internal surface, it corresponds to

the outward normal of the oriented interelement boundary surface. Following the
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procedure established in the previous section, the boundary integral terms occurring
on the boundary 9 in equation (3.32) can be written as.

/ Wk,3 (Tjiknj) ds + / Wy (O'ik - Tjik,j) n,dS
o0 o2

= / wy [nin ik (Dpnp) — Dy (niTiji) + (Oik — Tjir,g) 1) dS2 (3.33)
a9

+/ niTjiknjwk,mldQ
aQ

From the first term in the right hand side of the first term in equation (3.33),
J aq Wk (ninTijie (Dpnp) — Dj (niTiji) + (0 — Tjik,;) ) dS2 constitutes the weak enforce-
ment of the traction boundary condition #;. The conjugate of this traction condition
is the displacement (Dirichlet) condition. Since the displacement boundary condition
can be enforced strongly, this term reduces to an integral over the Neumann boundary
(OnBy). The second term in the right hand side of equation (3.33) [, a0 Tk Wi,y dS2
constitutes the weak enforcement of the higher order traction boundary condition 7
and its conjugate boundary condition is the normal component of the displacement
gradient (nju;; = Du;) on the surface. In the single field displacement method pro-
posed, displacement gradient cannot be specified independently and therefore higher
order Dirichlet boundary condition need to be enforced weakly. Which is equivalent
of imposing a boundary flux term T;;xn; on OrBy. It is also worth noting that the

internal surface flux term and the external surface flux term are very similar in form.
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The boundary terms now are given by

f Wi (Tjiknj) ds + / Wy (Uik — Tjik,j) n;dS
o0 on

= / wy, (nin; Tk (Dpnp) — Dy (niTije) + (Oak — Tjar,5) 1) dS2

On (3.34)
+/ niwk,lnleQ +/ fkwk,mldQ

arQ2 M2

=/ wktde+/ n,—wk,mﬁ;;;m\de%-/ TrWg, 7 dS)
N 870 o2

Substituting equation (3.34) into the weak form we obtain

Z/ ’wk’iO’,’de-{-Z/ wk,,-j’rjikdﬂ—}—/ IIw;m]] mdS
e Qe . Qe I278Y]

- / wktde - niwk,mlmdﬂ - / fkwk,lnldﬂ
aNQ BTQ

I

-3 / webdS = 0 (3.35)
e Qe

We will now direct attention towards the definition of the flux term in the discontin-
uous Galerkin formulation. The flux term will be defined such that the discontinuous
Galerkin formulation is consistent and stable. Following [25], first we define the nu-

merical flux on the internal surface 9;€2 as

—— Jz 7
s = {ryad + 22 (3.30)

where (3 is a stabilization parameter and h is the characteristic length of the mesh.

A
h = min ()898_’, Ed (3.37)
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The flux term on the external boundary J9r€? is given as

/Bink:q'rp

h

ThkN; = Tjieny + N (nstp,sng — Dupng) ny (3.38) -

and h on the external boundary of the mesh is given by

€251

b=
0%

(3.39)

here l_)u—p is the externally specified normal component of the displacement gradient. It
is interesting to note that the idea of imposing boundary conditions in a weaksense was
introduced by [23]. This flux term is similar in notion to the average flux introduced
by Bassi and Rebay [3] for fluids and the stabilization term is of the quadratic type.
Inserting the specific form of the flux term into the equilibrium equation we obtain

the stable discontinuous Galerkin formulation for nonlocal linear elasticity

0 = Z/ wk,igide+Z/ wk,iﬁjikdﬂ—/ ’LUktAde—Z/ wkbde
e € e Q. 6NQ e e

Jiikgr .
+ [[wk,z]] |:<Tjik> g + n; <ﬁ jhkq p> IIUP,Q]] n,.] ds — / wkymlrde
I 2

o1

BJ; _

Jikgrp

- / W 11N {T jikThy + nj-——h (nsup,s”q - DupnlI) ne| dS
ar

vV ow, € UL (3.40)

Equation (3.40) is the final weak form of the nonlocal linear elasticity problem along
with the Dirichlet boundary condition u; = %; on dp By which is enforced strongly. In

the next section, the theoretical stability and convergence properties of the discon-
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tinuous Galerkin method will be demonstrated.

3.3 Theoretical stability and convergence

In this section we will demonstrate that the discontinuous Galerkin formulation for
non local elasticity has the necessary properties essential for numerical convergence.
The consistency and the stability of the method as well as the convergence rate are

demonstrated.

3.3.1 Counsistency

Let us consider the exact solution to the physical problem v € H?(Bjyg) . In particular,

this solution belongs to C!(Byy), therefore one has the following properties-

[ui;] =0 on 9;By (3.41)
Mijk = Ukq; 10 By (3.42)
(Tijk) = Tije in Bo (3.43)

44



Applying Gauss divergence theorem to equation (3.40) and using equations (3.41,

3.42, 3.43 we obtain-

/ wkbde +/ wkfkd8+/
Bop INQY

A2

=/ wkaiknidS— wka,'k,idﬂ+/ wk,iTjiknde—/ ’wijik,jnidS
aNQ Bon 80 a0

— / [[w,w]] <Tjik> n]dS + / wk,iﬂjikdﬂ + / [[wk,i]] <Tjik> n]dS
o1 Bon a2

- ﬁ‘]zk r ~
wg M FrdS + / W My Jh, T2 nstip sgnedS
802

B

Jikqrp

+/ W TN . NsUp, sTqNrdS
a7

(3.44)

In the above expression, canceling the interelement jump term, decomposing the
boundary terms in the right hand side into mutually independent conditions as we

did in the previous section and taking into account the spaces to which the test

functions belong, we obtain

/ wibedS) + / W (tk — fk) ds + / Wi Ty (Tk - f‘k) ds
Bon anQt

Q2

J" P ~
—l—/ wk,lnmmjﬂ Jikqrp (nsup sng — Nty sng) NpdS (3.45)
o h

= —/ wkaik,idﬂ+/ Wi Tjik S
Bon Bon
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From the above equation it is clear that the strong form of the equilibrium equation

is recovered, thus showing the consistency of the scheme.

0 = by+ (0w — Tjirs); in Bon (3.46)
te = n; (0w — 0iTign) + niniTiix (Dpnyp) — D; (nyTiss) on OnBy  (3.47)
Tk = TNiN;Tijk (3.48)

NsUps = Ny s on Op By (3.49)

consistency leads to orthogonality, As the formulation is consistent, the exact solution

(u) will also satisfy equation (3.45), therefore we have

a(up, —u,é6u) = a(us, du) — a(u,du) = a(uy,0u) — b(du) =0 (3.50)

3.3.2 Stability

Before we proceed to analytically demonstrate the stability of the proposed numerical

scheme it will be necessary to define an energy norm ||| e ||| : U (By) — R,

IvII® = 32 /G
+Z

ZH\/ ijklmnUnlm 12(¢)

) (3.51)

L2(§2¢)

zgk:lmn [[ l]] TL
n

L2(8Q¢Nd; By,)
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with the abuse of notations

2
VG — [ v Cipvrad® 52
;H VR || ey /Bh'vz,J kiVk,L (3.52)
2
ZH\/ JijktmnUn im T / Vk,ij Jijktmn Vn,im @S2 (3.53)
e B

2

Jijkimn o1 e
n,l

h m

1 1 - Jz mn —
> 3, Bl 2 Do 5 054
e 15h

L2(8Q2¢Nd; By)

where the positive semi-definite nature of C and J has been used.

Expression (3.51) is the norm in the constrained space because if |||v]||| is equal to
zero, then the three contributing terms on the right hand side of the equation are
also zero. The only other non trivial case for which [||v||| can possibly go to zero
is when vy, is piecewise linear or constant. A constant v, will correspond to a rigid
body motion, which is not allowed in the constrained space. For the case of piecewise
linear vy, the jump in derivative of displacement across the interface [v; ;] is non zero
and therefore (3.51) does not vanish and hence proving (3.51) is in-fact a norm. In
order to prove the stability of the method the upper bound of the bilinear a(u, éu)

and lower bound for the energy norm a(u, u) need to be computed.

The upper bound of the bilinear form is established in (Appendix -B with the
result
la(u, w)|* < C* (8) [l |* ||| w]||? (3.55)
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In this expression CF is a constant dependent only on the degree of polynomial in-

terpolation k. The lower bound of the bilinear form is obtained from the relation

H V zjkl Uk,

z ,“v jikgrp Up,qr

L3(Q L2(Qe)
ﬂ (3.56)
Z H mqm [upo] nr + / [u] (Tjie) njdS
L2(8Q°N8; By) 01 Bon
In Appendix (B.7), we show that
u 11 > Z ” V 2_7kl Ukl L2 Z H V ]qurp Up,qr 12(0°)
B T 357
Lz(aﬂer‘]a[Bh)

hs : [[up,q]] V Jjikgrp Tp

(2°) ‘

It follows using the e-inequality*, that the right hand side of equation (3.57) is

Lz(aﬁeﬂath)

k
-C E : H V Jjikgrp Up,gr .
L
€

bounded below by the expression

v
+(§—i’f);

Let Cy(f) = min (1 —€ 08— (C’“z/e)). This will become positive if 3 > C** /e and

1—6 ZH\/ jikgrp Up,qr L2(e)

2 (3.58)

inqup IIU ]] n-
q ™

h

Lz(aﬂeﬂaj By)

e > 0: |abl < £a2 + Lb%0rVe > 0: |ab] < €a? + Lb2
2 2¢ 4e
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¢ < 1. Therefore, Cy(3) > 0 and the bilinear form satisfies
a(u,u) > Gz (B) [[ul|* > 0 ¥ u € U/ (Bo) (3.59)

The above relation basically guarantees that the Null set in the solution space is the

empty set.

3.3.3 Convergence Rate

If u € UJ be the exact solution of the problem , we define u* the interpolation of u
in U/ by

/ (u—u*) .dudv =0 Véu € U/, (3.60)
By

The error is then defined as e = u, —u € UJ. It is assumed here that the imposed
boundary condition on the dirichlet boundary is zero and strictly enforced. The Error
corresponding to the interpolated solution €* is then €* = u, —u* € U/, c Uf. The
bilinear form (B.1) are by definition linear and by using the results obtained from the

upper and lower bounds of the bilinear (3.55,3.59) we obtain-

a(uy—u*, up-u*) =a(u—u+u—u* u,—u¥)

G|l

(A

< a(w—u,up—u*) +a(u—u, u, —u¥)

A

Cu[[lu = w{|| [un = w*[|] = O [[u = w*{|[ [[le*[1] . (361)
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Here we have used equation (3.50) to show that a (uh —u, Uy, — uk) = 0. The error
bounds of |||u — u¥||| have been derived in Appendix (C) equation(C.5). Thus, it can

be shown that the norm of the error in the energy norm is given by

llelll = Z Che™! g1 000) (3.62)

This expression demonstrates that the order of convergence is one order smaller than

the polynomial approximation of the displacement field u.

3.4 Finite Element Implementation

In this section, the final form of the discontinuous Galerkin formulation obtained in
equation (3.40) is taken as the starting point for the finite element implementation.
The discontinuous Galerkin framework for strain gradient laws can be implemented
within the framework of a conventional finite element solution scheme. For definite-
ness and ease of mesh generation, we adopt a standard 10-node quadratic tetrahedral
element with second order polynomial interpolation (k = 2). In a linear finite element
solution procedure, a stiffness matrix K.z is assembled by taking into account the
contributions from all the volume elements and this is used to solve a linear set of
equations

KiaktUrp = fia- (3.63)

Here Uy, is the nodal displacements and f;, is the applied external forces on the sys-
tem. In the discontinuous Galerkin formulation for strain gradient elasticity, apart
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from the regular finite elements over the volume of the domain, it is required to com-
pute the integrals over interelement surfaces (02, N J;By) and part of the boundary
where higher order Dirichlet condition is imposed (09, N OprBp). In our implemen-
tation, assembly process to obtain the global stiffness matrix is from the volume
elements K¢, is followed by the assembly of contributions from the internal inter-

face element and the assembly of contributions from the external boundary interface

elements.

The conventional assembly process to obtain the global stiffness matrix is now
performed over the volume elements then over all the internal interface element K7,

and finally over all the boundary interface elements K2,,.

Kigko = Z Ko + Z Koy + Z Ko (3.64)
e I B

Note that the summations here imply an assembly of local stiffness matrices into the

global stiffness matrix.

The contributions to the stiffness matrix from the volume elements comprises
the conventional low-order virtual work of the low-order stress doing work on the
low order strain. But for the strain gradient formulation, the virtual work of the
high-order stress acting on the high-order strain must be considered er W35 T5ikASL.
The implementation of the high-order term requires the computation of the second
derivatives of the shape functions inside the element. The derivation of the second
derivatives of the shape functions N, ;; for an iso-parametric tetrahedral element is
provided in Appendix D. The second derivatives of the interpolated displacement and
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the displacement and the test function field can then be written as

10

Uik = ZNa,ijai (3.65)
a=1
10

Wik = ZNa,jkWaiy (3.66)
a=1

where U, W,; correspond to the nodal values of displacements and test function
respectively. With this the higher order volume element’s stiffness term can be ex-
pressed as er NoijJjikmnt NomndS).  The contribution to the global stiffnes matrix

from each volume element then follows as
Ka‘,/];bl = / (Na,iijikmnle,mn + Na,iCiklmNb,m) dfl. (367)
Qe

The contribution to the global stiffness matrix from the surface terms in equation
(3.40) is most suitably implemented by recourse to the so-called interface elements.
The main advantage of performing the surface integral using an interface element
is that they can be naturally added to any finite element code s a different type
of element without major modifications to the element stiffness matrix computation
, assembly and solver. Interface elements have been previously employed in a C°

discontinuous Galerkin formulation for solids [25].

In this case, the formulation allows for discontinuities in the displacement field
itself. This requires splitting up of the mesh in a way that each element has its own
nodes which are not shared with any other volume element. Among the implica-
tions of that formulation is an explosion of the number of degrees of freedom in the
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computational mesh and thus, in the over all computational cost.

However in the formulation for nonlocal elasticity presented in this work. the
discontinuous Galerkin method’s concept is exploited for the purpose of enforcing the
interelement C! continuity requirement in a weak manner, whereas C° continuity is
enforced strongly, i.e. , the displacement field is assumed continuous at the interele-
ment boundaries. Consequently, the mesh nodes are shared between adjacent volume
element.An interface element is shown in the figure (3.2). At each and every internal
inter-element boundary an interface element is inserted. In addition to the nodes
present on the interelement boundary, these interface elements require information
about the adjacent tetrahedra and suitable data structures to hold it. The necessary
information arises from a consideration of the quantities involved in the surface inte-
gral terms in equation (3.40). Specifically, [u; ;] , (Tijx) , [wi ;] and n; on the interface
element. The jump in the derivative of the displacement at an interface element is the
difference in derivative of the displacement computed by the two tetrahedra which lie

adjacent to a interface element.

[wisl =Y NjUia =Y NoyUia (3.68)
at a=

and similarly for the derivatives of displacements, the derivatives of test functions

[wigl = Y NiWia — > N, Wi (3.69)
at a~
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Following similar arguments, the mean high-order stresses can be expressed as

<7_Uk (Z z]qupN:qu Z z]kq'rp aqr ) . (370)

Observing equations (3.68-3.70) it becomes evident that the limiting values of the first

Figure 3.2: Interface Element with the two adjacent tetrahedra

and second derivatives of the shape functions and of the higher order elasticity tensor
Jijkpgr are required at the integration points of the interelement boundary. In our
implementation, the limiting values of the shape functions at the surface quadrature
points are also computed and stored during the conventional evaluation of the shape
functions at the volume interpolation points. The total storage requirement for a
tetrahedra is equal to the number of quadrature points in the bulk (N¢) plus the
number of faces(Nyqcer) times the number of quadrature points on the surface (N¢).
In our case Ng = 4 and N = 6 and for a tetrahedra Nfgee: = 4. In order to do this,
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each interface element requires the connectivity of the two adjacent tetrahedra and
the nodes they share with the tetrahedron.

In our implementation we make intensive use of the Boundary representation of
solids (B-Rep) to efficiently generate these data structures from the mesh topology.
The advantage of using a B-Rep data structure is that no modification is required to
the geometric description of the body, the B-Rep array takes in the coordinate table
and connectivity table and creates linked list data structures of all the tetrahedra ,

facets and edges present in the mesh [31, 32]. At each interface the connectivity of

Facet

> *Nodes[6]

—™| *Top Tetrahedral

»"Boitom Tetrahedral

> * Next Facet

*Previous Facet

Figure 3.3: Data structure for Storing facet information

all the nodes present in the two adjacent tetrahedra is needed to access the shape
functions and their derivatives on the interface element. This is made possible by
knowing the relative mapping of the nodes which lie on the interface to the adjacent
tetrahedra and the global ID of the adjacent tetrahedra.

The geometry of the interface element required to compute the normals and to
define the domain on which the surface integrals are computed is interpolated from
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the surface element using the standard surface shape functions.

This information is extracted from the facet data structure, figure (3.3), which
is generated by the B-Rep. In the interface element, the interpolation of position,
the evaluation of Gauss integration weights and the computation of normals are done
using the the standard surface shape functions of the interface element N, (§),a €
[1,7n], where £ = (£1,&2) are the natural coordinates. The outer unit normal n~

corresponding to element {25~ is given by

(3.71)

in which

Gy (6) = Z Ny (€ (3.72)

are the covariant base vectors, « € [1,2]. The limiting values of the volume stresses,
displacements and shape functions at the interelement boundaries + required to com-
pute the mean stresses and gradient of displacement and gradient of test function
jumps; are obtained directly from the interpolation of volume element fields evalu-

ated on the surface element integration points.

The preceding expressions for the various quantities involved in the surface terms
of the weak form: faIQ lwk4] ((Tjik) n; + n; <ﬁ—J”—’°P—‘11> Tup,ql nr) dS lead to the con-

tribution of the interface element to the stiffness matrix given by the expressions

J'i T
I

o6



— 1 Bk -
I Rgr,
K = /a,g N} (zJJ”“q”’N” o — <_Jhﬂ> Ny, ,.) ds (3.74)

I-+ _ ﬁinqup
Kakb;)— - /BIQ Naz <2szqupN bgr g + L] <T> Nl:-q 7‘) ds (375)
- - 1 — ,BJk ™ —
I _ i
Kﬂkbp - _/B N (2 ]’LkQT’prq"' — Ny < Jh 2 P> N ,q r) dS (376)
142

where +(—) represents the nodes on the top (bottom) tetrahedron. Directing atten-
tion towards the application of boundary conditions in the discontinuous Galerkin
formulation, the essential boundary condition on the displacement % is enforced
strongly on dpBy by simply eliminating appropriate nodal degrees of freedom and
imposing the value of the displacement, just as in a conventional finite element pro-
gram. The low order traction boundary condition #; contributes to the external

applied force array f,, on Oy By:

e = / N,tedS (3.77)
00NN Bo

also in a conventional fashion. The double stress traction 7 on Oy By contributes to

the externally applied force array fux

fon = / NojnfedS (3.78)
AQ2eNnr Bo

It should be noted that in contrast to the low order traction boundary condition
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which involves the values of the shape functions, the gradients of shape functions
appear in the expression for the case of higher order boundary conditions. As a
result all the volume element nodes adjacent to the boundary 0y, By and not just
the subset lying on the surface carry contributions of the externally applied force
array. From the final form of the weak form obtained in equation (3.40), the normal
component of the displacement gradient Duy specified on the external surface 7By
will contribute terms both to the stiffness matrix K?,, and to the external force
e

array ff,. The elemental stiffness matrix for a specified normal component of the

displacement gradient is given by

']"L' T
ngbp = _/a ) Nomm; [anj,-qupr,q, + n]ﬂ Jhkq PnsNpsngn. | dS  (3.79)
QeNET By

whereas the corresponding contributions to the external force array is given by

J'i PN
e = —/ Na,mlnmjﬁ ]hkq £ Du,ngn,dS (3.80)
9QeNOT By

The preceding expressions of various contributions to the force arrays and stiffness
matrix from the surface terms was implemented as part of the assembly process of
the interface elements in our research finite code.

This concludes the discussion of the finite element implementation of the dis-
continuous Galerkin formulation for strain gradient elasticity. In the next chapter,

numerical convergence tests and verification examples are presented.
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Chapter 4

Numerical tests and examples

In this section, a number of numerical tests are conducted for the purpose of ver-
ifying the numerical properties of the discontinuous Galerkin formulation and for
demonstrating size effect in strain gradient constitutive laws. To this end, the ex-
act analytical solution of two simple unidimensional problems in nonlocal elasticity
are derived and used for comparison with the numerical simulation. A simple linear

constitutive law relating both high and low order stresses and strains of the form

oij = Cijn €nt (4.1)

Tijk = ']ijklmn Thmn (42)

are employed. The length scale parameter [ is engulfed in the higher order stiffness
matrix Jijpmn -The expression for Jijumy is explicitly written in appendix A. The
closed form solution of the unidimensional problems used as a basis for verification of
the numerical methods are derived in Appendix E. Although the example problems
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are unidimensional the numerical tests are conducted with the full three-dimensional

implementation in our research finite element code.

4.1 Tension Test

In this example, a prismatic bar with a rectangular cross-section as shown in fig-
ure (4.1) is subjected to simple tension by applying constraints at the left end and
displacement boundary condition at the right end. The geometric dimensions and
the material model properties are given in table (4.1). In addition to the standard
low order boundary conditions, higher order boundary conditions are necessary at all
points on the boundary. Just as is the case with the homogeneous low order natu-
ral boundary condition the high order homogeneous natural boundary condition is

automatically specified.

Figure 4.1: Tensile test problem

This example constitutes a patch test consisting of a constant stress state, and thus,

does not exhibit any gradient (size) effects. The analytical solution for the problem is
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derived in Appendix (E). Figure (4.2) shows a comparison of the length-wise distri-

Table 4.1: Tensile test material properties

Properties values
Length L=1m
Height h=0.1m
Young modulus E =70GPa
Poisson ratio v=20.3
Nonlocal constants Al =Q=a3=0a4 =1
Length scale parameter [l=01m
Stabilization parameter 8=10
x 107
1 ; .
| .
8 ye :
s /x/ .
& ) ',i/ 4

I *  Meshi
L Anaytical | ]

o 0.1 02 03 04 05 08 07 g8 09 1

Figure 4.2: comparison of u, along z axis of mesh 1 in 4.4 subjected to an tensile
load and the analytical solution for the unidimensional tensile load problem

bution of the displacement field u,. It can be observed in this figure that the numerical
solution matches exactly the analytical solution, as required for convergence.
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4.2 Bi-material tensile test

The numerical properties of the discontinuous Galerkin formulation are studied in the
presence of gradient effects. To this end, we consider a prismatic beam made up of two
materials as illustrated in figure (4.3) with a uniform square cross-section subjected to
a tensile load. The geometric dimensions and material properties are listed in table
(4.2). The analytical solution for this problem is derived in Appendix (E) where

the nonlocal features of the solution are also discussed. The simulations are run for

Figure 4.3: Bi-material tensile loading test

different mesh sizes as illustrated in Figure 4.4. The displacement field u, along the
z axis is compared with the analytical solution for different mesh sizes in Figure 4.5.
It can be observed that even for a very coarse mesh the error in displacement is
very small. The normal strain component along the z axis €, is plotted for various
mesh sizes and compared with the analytical solution in figure (4.6). In order to
assess the convergence properties in a quantitative manner, the L? norm of error in
the displacement is computed using the nodal displacement values obtained from the
finite element solution and the analytical solution. The plot of is presented in figure
(4.7). It is seen that the rate of convergence is two. The resulting strain field
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Figure 4.4: Tensile test problem discretization employed (a) mesh 1 ;(b) mesh 2; (c)
mesh 3; (d) mesh 4.

Table 4.2: Bi-material tensile test material properties

Properties values
Length Li=1m
Height h=0.1lm
Young modulus E, = 70GPa, E; = 280G Pa
Poisson ratio v, =0.3,15,=03
Nonlocal constants G =ar=a3=a4 =1
Length scale parameter [=0.1m
Stabilization parameter # =10
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Figure 4.6: Strain profile for a bi material specimen subjected to tensile load
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Figure 4.7: Convergence analysis: L? norm of the displacement error v/s mesh size
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exhibits size effects i.e. a dependence on the size of the specimen subjected to a
simple tensile load. The presence of the gradient terms smooths the strain field in the
problem domain in comparison to the local linear elastic constitutive laws. The effect
of the size parameter on the strain profile is studied by running simulations varying the
length scale parameter [ with all other geometric and material properties remaining

the same. For this purpose, the fine mesh shown in figure (4.4-d) is employed. The

== =0.05 (Analytical)
—(.1 (Analytical) |
—+=—=0.2 (Analytical)

+  0.05 (Numerica)
0.1 (Numerical)
+ 0.2 (Numerical)
Linear Elasticity

X

AWk e e e e e e S S e b il

0.4

D_zi;;éiéi;;

Figure 4.8: Comparison of numerical and analytical results of strain profile along the
z axis for three different values of —lL-

effect of varying L is shown in figure (4.8). As the ratio of ; is decreased the strain
profile approaches the case of linear elasticity and when this ratio is increased the
difference between the maximum and minimum strains in the domain is decreases
until it becomes a constant in the domain.
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4.3 Clamped Beam under bending loading

AN\ ]

Figure 4.9: Bending problem illustration

In this section the effect of length scale parameter on the bending stiffness of a
cantilever beam is demonstrated. The presence of gradient terms in the constitutive
relation helps to smooth the strain field and thus affects the bending stiffness [14].
To this end, we consider an uniform prismatic beam with a rectangular cross-section
which is entirely clamped at one end and subjected to a bending force at the other
end. The higher order conditions are the tractions set to zero, equation (4.3). The

geometry and the material properties of the beam are listed in table (4.3). In classical

Table 4.3: Bending test material properties

Properties values
Length L=1m
Height h=0.1m
Young modulus E =70GPa
Poisson ratio v=203
Nonlocal constants ap=ay=a3=ay4 =1
Stabilization parameter g =10

linear elasticity for thin beams the tip deflection (§) corresponding to an applied load
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Figure 4.10: Plot of stiffness ratio to the ratio of length of the beam to the length
scale parameter

(F) is given by

LB

where E is the elastic moduli of the beam, I is the moment of inertia of the cross-
section, L is the length of the beam. Rearranging equation (4.4) the bending stiffness
can be expressed as

K,=-=2"_" (4.5)

here K, refers to the linear elastic thin beam bending stiffness. The effect of the
gradient term can be studied by plotting the ratio of stiffness in the linear elastic
case(K.) to the stiffness exhibited by the beam with the gradient terms (F/§) , and
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this ratio is defined as the stiffness ratio and indicated with the symbol «.

(4.6)

Stiffness ration -y is plotted with respect to the ratio of ({/L), [ being the size factor
and L being the length of the beam (4.10). All the dof’s are restrained along face
a in figure (4.9) and a force is applied to all nodes on face b. As the the length
scale parameter ! increases and becomes comparable to the length of the beam L, the

bending stiffness of the beam increases.

4.4 Size effects under torsion

In this section, the size effect of the strain gradient law is once again demonstrated
with a torsion example. A prismatic bar of uniform square cross-section is subjected
to a pure torsional load, which are specified using the appropriate boundary conditions
figure (4.11). The geometric and material properties of the beam is given in table

(4.4). To study the effect of size effect on the shear moduli of the nonlocal linear elastic

Table 4.4: Torsion test geometric and material properties

Properties values
Length L=1m

Height h=0.1m

Young modulus E =70GPa
Poisson ratio v=20.3
Nonlocal constants ap=ay=a3=a4 =1

Angle of twist f=1°
Stabilization parameter 8 =10

material we plot the ratio of the shear moduli as obtained in the linear elastic case
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to the strain gradient elastic case (). In order to carry out the numerical simulation
a uniform tetrahedral mesh as illustrated in figure (4.12). The torsion problem is
simulated for the material length scale parameter varying from 10™* — 10~'. This
variation in 7 is plotted against the ratio of width of the beam to the length scale

parameter: figure (4.13). Observing figure (4.13) its seen that the, shear moduli of

S
4

I%

Figure 4.11: Description of the problem setup for torsional loading of a prismatic
beam of square cross-section

the beam increases as the size parameter is increased when keeping all other geometric
and material parameters constant.
This concludes the discussion on the Numerical results, in the next chapter con-

clusions and future work is presented.
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Face A

Figure 4.12: An illustration of the mesh used in the torsion example

10 10 10 10 10
hil

Figure 4.13: Plot of torsion stiffness ratio 4 to the ratio of thickness of the beam to
the length scale parameter
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Chapter 5

Conclusions

In this work an implementation of low order discontinuous Galerkin method for non
linear hyperelasticity was developed in three dimensions and convergence properties
where studied with suitable examples.

A discontinuous Galerkin formulation for nonlocal linear strain gradient law was
formulated and implemented in three dimensions. The stability and convergence of
the discontinuous Galerkin formulation were derived analytically and demonstrated
with suitable numerical examples. The size effect exhibited by strain gradient laws
where demonstrated with the help of suitable numerical examples. It is found that the
formulation proposed provides a versatile approach for the discretization of the higher
order theories and will provide a better platform to handle non-linearities which will
arise in the case of plasticity and problems involving crack propagation.

In extending this work firstly on the implementation side, the present implementa-
tion can only handle a very trivial higher order boundary condition corresponding to
the case of double stress traction being zero at all points on the boundary. Routines
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to handle the higher order essential and natural conditions have to be implemented.
On the formulation side, the next logical extension of the work would be to adapt the
discontinuous Galerkin formulation for small deformation strain gradient plasticity
and then explore the extension to finite strain gradient elasticity and plasticity.
Possibilities exist in extending the formulation for explicit problems and study
the effect of the DG formulation on critical time step and stability of time stepping
algorithms. It is still not clear as to how the effect of nonlocal terms will affect the
parallelization of the finite element codes and more work is needed in the direction
for explicit problems. On the analytical side of the problem, more efforts are needed
to compute posteriori error estimates for problems with strain gradient laws. On the
geometric side, most of the mesh node numbering optimization codes to minimize
bandwidth of the stiffness matrix take into account only the volume elements, it will
be interesting to develop mesh node numbering optimization codes that take into

account the interface elements as well.
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Appendix A

Strain Gradient Constitutive

Relations

The strain gradient constitutive relations used here are taken from Wei Y. and
Hutchinson J.W. [39], Fleck and Hutchinson [10] The strain gradient constitutive

relation is expressed as

ow

A Al
anijk ( )

Tijk =

the strain gradient constitutive relation in a linear form can be written as

1 . (1) (1 (2) (2 /(3) (3
W = 5)\6”‘6]‘]' + peieid + p (cmijnfj,)c + ch(j,znfj,)c + 63772%,27718-,1 + C4ngkngk) (A.2)
From the strain energy density function the higher order stress can be written in
terms on strain gradients as
Tijk = Jijklmnlimn (A.3)
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Where J;jximn is given as

4
Jijklmn = 2El2 Z 1‘4}((31)271-(1-[)

kimn
I=1

where T

, .
ijkimn S @€ given by

1
T(l) =% {(51'1053'&1 + 5iq5jp) Okr + (5jp5kq + 5jq5kp) dir + (52'1?51“1 + 5iq5kp) 5jr}

ijkpqr 6
1
~ 15 {(8i50kr + Ojk0ir + Opiljr + Okibjr) Opg }

1
T {(8ij0kp + 8jk0ip + Sridip) Ogr + (0i50nq + Gx0ig + SkiGiq) Orp}

@ _ 1
kv = T3 {eirgCipr + €jrgCipr + irpCigr + €jkpCiqr}

1
kD {2 (619054 + G1g01p) Okr — (8jpOkq + Gq0kp) Oir — (SipOkg + GigOkp) 8 }

@ __1
ijkpar = T 15 {eirgCior + jkgCipr + Citpejgr + €jkpCiqr }

1
~3 {(0ip0jk + 83p0ir) Ogr + (8igOkj + Gjq0ik) Spr }

1
+E {2 (5ip5jq + 5iq5jp) Okr — (5jp5kq + 5jq5kp) Oir — (5ip5kq + 5iq5kp) 53‘1"}

1
ﬂgi)pqr = g {(52'1«51'10 + 5jk5ip) (5qr + (51'1053'(1 + 5ﬂcéiq) 5pT}
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Appendix B

Derivation of the upper bound of

the bilinear form

The bilinear a(u, w) form for the non-local linear elastic problem is

a(u, W) = / wk,iaikdﬂ +/ wk,ijTjide
Bon Bop,

| Jz T
ot (G (2522 ) g, )

and b(w) given by

b(w) =/ wkbde+/ witpdS wryrEdS
Bon

ONQY 121Y4 Y}

85



Using triangular inequality on equation (B.1)

la(u, w)| < [wil (Tjin) n;dS

ory (B.3)

/ wk,idikd9|+/ wk,ijTjide"f‘
Bop Bon

ﬁJz 7
/6 5 [ws.:] ns < Jhkq p> [tp,q] n,.dS‘
T D0k

Applying Cauchy-Schwartz inequality to the first term of (B.3) we have

Wi i0; dQ‘ < / W ;04 dQ'
/BOh k k Z o k,iYik

© (B.4)

<> Hm Wil 2 e H\/C—% Ui

+

L? L2(Qe)

Similarly, applying Cauchy-Schwartz inequality to the higher order stress term

'/ wk,ijTjide’ < Z / wk,ijTjide‘
Bon = /e
(B.5)
< Z H V inqup Wk 35 12(0¢) H VvV Jz’jqup Up,qr L2(0e)
The quadratic term can be bounded by
Jiikqgr
/ [weq] n; <ﬂ L p> [up, gl nrdS !
01 Bon h (B 6)
< ﬁ inkq’r’p — inqup _ .
sz Z T Wg,i T, 5 Up,g Ny
e 12(60eN8; By) L2(8Qen8; By,)
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and, finally the consistency term.

[wed] {7k ndel 5 Z

/ [[wk i (Tjik> n]dS’l
00812

hs_g [[wk,i]] V inqup nJ_

0

~ ’lk T u »qr
2 Jjikarp (Upg ) L2(80en; By) L2(8Q°Nd; By)

-1
hs 2 [[wk:,i]] vV inqup n;

Jqurp (“p,qr>

< Ck Z H \V4 inqup Up,qr
e

Lz(aﬂeﬂath)

1
hs* [[wk,i]] vV inqup n;

L2(aQend; By,)

L3(Qe) L2(89Qend; By,)

(B.7)

Substituting (B.4)-(B.7) into (B.3) we obtain

ot )l < 3 [/ s

+Z|]\/M Wk
ﬁZH\/m

+Ckze:“‘/mu"’q’" 12(2°)

<Gi(p Z”mw’” L2(0°)

+ CL(8) Y |V Fiskarp Whij

H V Uikt Ui L2(Qe)
V Jjikgrp Up,gr

L2(Qe) L2(Qe)

J, jtkgrp —_
h Up,g T

BQeﬂath)

h.;'—i l[wk‘,zﬂ V inqup ’I’L;
V Cijkl U4, 5

llLz0e)

V zyqup Up,qr

L2(8QeNd; By)

Lz(aQeOBIBh)

12(Qe) ” L2(Qe)

J Jikqgrp —
2 h up,q nr

J‘z‘ T —
+ Cl (ﬁ) Z -—];qu wk,i nj

L2(89°N8; By,)

,lec zﬂ V jqurp

L2(aQend; By)

+ Cl (:B) Z V inqup Up,qr

€

LZ(Q L? (82N By,)

(B.8)
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with C¥(8)

|auw

vV Cij w
Z H ZJ L2 (Qe
V Jijkgrp Wkij

vV Cz'jkl Ui
” V zyqup Up,qr

= max (1, 3,v/2C*). This essentially gives us

Tz (o0

- 12(Qe) L2(0¢)
Z Jikqrp — Jikgrp -
e L2(80¢nd1 By) L2(8Qenor By,)

V Jjikgrp Up,qr

; ? [wgq] V Jjikgrp T

L2 (8QeNdr By)

(B.9)

The idea here is to get an expression for the upper bound of the bilinear a (u, w) in

terms of the energy norm of u and w so we collect terms depending on u and w and

we obtain,

a(u,w o
| C(H (B) )l - |:H Ukluu
Jikgrp
IV o
{H z]klwz,]
inqup
IV Ton

0°) + H V JjikgrpUp.qr L2(0¢)
lupql nr X
Lz(aﬂeﬂalBh)J (B10>
L2(0) + H V JitharsWpar L2(Q¢)
1
[wpql ny
L2(893061Bh)_
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Squaring both sides of the equation (B.10) and applying Cauchy-Schwartz inequality

o (B.10) we get-

la(u, w)|”

C B

noting that a? + % > 2ab we obtain.

la(u, w)

9C? (B

|:H V z]kluz] + H V inquPqu‘I”' 2
Qe) L#(Qe)
92
Js:
+ _]‘12121—?2 [upo] nr x
Lz(aﬂeﬁalBh)_
ot Wezes
Ul 17kl Wi g L2(Q ) + ]qurpwp,qr LZ(QC)
2
J..k _
2 )
L2(8Q°n8; Bp,) |
2
> [H\/ 17kl Ui, 5 L2(0¢) H\/ inqupupalh‘ 12(Qe)
J 2
+ %}Zw [upol my X
LZ(BQEDBIBh)_
2 2
{H\/ Cljriwi,j L2(5) + “\/ I jikgrpWp,gr L2(29)
7 2
+ "J;kh'q _ [wyq] ny
Lz(aﬂeﬂaIBh)J

Equaution (B.12) can be expressed using 3.51 as,

Ja(u, w)|* < C* (8) [Ilull* lwl]
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Appendix C

Convergence Analysis-

discontinuous Galerkin method

Using the definition of energy norm (3.51), the energy norm for error in the interpo-

lated spaces can be written as

2 2

|[lu—u*||| = H\/EJ_:V(u—uk) 6w
+Z% \/_—zt :V([u—u*]) ®n"

91

+ H\/j Ve (u — uk) L2(00)
2 (C.1)

Lz(aQeﬂB[Bh)



We have dropped the tensor indices for the sake of brevity .The first term of (C.1)

can be bounded by

VG 2 4 < VL 9 0

L2(p

<G|V (u— )|,

(C.2)
< G| (u—uf)

2
H1()

< CohZ* [ulfri o)

Here we have assumed positive definiteness of C, applied the property |la.b|| <
lall |b]|,the definition of the Sobolev space |[tallgogy < %l 1oy and the basic
error estimates of interpolation theory. Similarly the second term of the right hand

side of (C.1) can be shown to become

H\/j . V2 (u-uk)” )

2
2k—-2 2
ey = 2t Bl (C3)

Additionally we employ the inverse inequality the inverse inequality' and the positive

'V¥m 21 301 >0 [llgmiagy € Crhs' ™™ [[llg o)
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definiteness of J to obtain (C.3). Now the third term of (C.1), one has:

—ge— :V([u—v*])®n”

>
>

€

L2(0Q¢nd; By)
2

J

— :V(u—u’“)@n‘

<
he -

L2(8;Bp)

Csh 3|V (w—u¥) @072 5, <
Cy 2

Ze: h_g L2(60) + ze: Cs
C

Z h_g H(u —u*) Hill(aﬂe) + Z Cs H (u—u*) ||:12(afze) <

C _
Z h—j | (u - u¥) ”iﬂ(aae) < Z ChZ? ‘u|?{k+1(aae)
e € e

(C.4)

(u— ) :

(u =)

<
B |L2(a0e) —

e

Combining the last three results the energy norm of the error can be written as

llelll* = > ChZ [ulgpuss agey (C.5)
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Appendix D

Implementation of second order
derivatives of the element shape

functions

The Finite element interpolated displacement inside each element is given as,

= Y NaUai (Dl)
2

where N is the shape function and U are the nodal displacements. Differentiating

with respect to the spatial coordinate system

8:133 ZZ agk 8% Uai (D-2)

=1 k=1
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where & are the isoparametric mapped space. From this the derivative of shape

function can be written as

(D.3)

Taking the second derivative,

(92’11,,’ 0 LI 8Na a&l
dx;0my, %;( > &, B, U
n 3 2
_ z ( 0 ( ) aé-l + aNa 0 gl ) Uai
1= 8& 81']' 8& Gasjc?:vk

n 3 3 82N 855 agm aNa azé-l
= (ZZ (mz <3513§m) Dx; O, + 38, 9z;0m, Uy (D4)

The second derivative of shape function can thus be written as

azNa 5 > 82Na agl 8£m aNa 82§l
S~ 2 (m; (aglagm) Bz, Ovy | O Oz;0z (D:5)

=1

For a 10 node tetrahedral element aN will have 30 terms and 2 352 N will have 90 terms.
Going to a cubic element will produce a horrible number of derivatives to compute.

To compute %, we start with computing %, which can be obtained by solving the
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following linear equations.

( N, \
Z 351 Zma(‘)& %:%553— %% %% %% 1 00
ON,
Zaglza@?f% %ofo e |=| o010
ONa |\ % 2a o 00 1
\Z"“a& Z a@ ;Z“a&, A
N . .
(D.6)
(Z ONy 5~ Ny onN, \
& S V9 00 “9E;
ON, ON, ON,
%% %yz %iz = ;ya—ag—1 ;ya—ag Za:yagé; (D.7)
9% 06 96 dN, ON, ON,
dx 8y 8z \ZI:ZG—BE Z aa_& Z aa_&)
9% can thus be written as
ot -
8—§;=AU (D.8)

where A\ij = (A_l)ij , is the inverse of A. Now, starting with the first derivative of

the coordinate transformation, the second derivative can be computed as-

o (06\ 0 [~
o (5) = 5 (@

97



%—‘27? can be computed starting from A,,,

", 9N,
A'rw = ana 8§o (DlO)
a=1

differentiating with respect to &; the expression obtained is,

5 ) W &N,
= o D.11
9¢; ;”” 0€,0¢; (B-1)

If the mid-nodes of the tetrahedral are inserted at the mid points of the corner nodes

then the term %ﬁﬁ in (D.11) would go to zero thus making the second derivative of

the jacobi of the coordinate mapping (—9% (gf?) equal to zero.
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Appendix E

Analytical solutions for 1-D strain

gradient problems

E.1 Uni-axial tensile load

The analytical solution is derived for a uniform linear elastic strain gradient prismatic
beam of length L subjected to tensile load. The beam is clamped at one end z = 0 and
subjected to a displacement load at the other end. The Youngs moduli is £ and the
length scale parameter is [, the governing differential equation for static equilibrium

of the beam is

E (uymx _l2uyxzzm) =0 (El)

The general solution to the above ODE is given as

u(z) = A1z + Ay + By sinh (%—) + By + cosh (%) (E.2)
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An unique solution can be obtained by applying the boundary conditions, since the
governing equilibrium equation is fourth order, four boundary conditions have to be

enforced and which are

u®0) = 0 (E.3)
w(l) = & (B.4)
u'(L) = 0 (E.5)
w(© = 0 (E.6)

(E.7)

It is worth noting that the boundary conditions (E.5)and (E.6) correspond to the
double stress traction being zero. Substituting the boundary conditions in equation
(E.3) and (E.6) into the balance equation (E.1), the displacement field for the problem

can be obtained as

u(z) =%5 z € [0,I) (E.8)

E.2 Bi-material subjected to uni-axial tensile load

An analytical solution is presented for a bimaterial, consisting of two dissimilar linear
elastic strain gradient solids. The bimaterial is subjected to tensile loading applied
in the form of a displacement boundary condition. The Youngs moduli of the two
material being E* and E~ respectively. The internal length scale [ and the nonlocal
constants c1, ¢2, ¢3, ¢4 are taken to be the same on both sides. We reduce the governing
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differential equations into one dimension and the resulting equation is given as
E (um:x _l2uaxz’xm) =0 (Eg)

The general solution to the above ordinary differential equation is

ut(§) = Af¢+ A} + Bfsinh (%) + BJ cosh <%) VELO (E.10)
u (§) = A7¢{+ A; + By sinh (—5—) + Bj; cosh (%) VE>O (E.11)

An unique solution can be obtained by using the interface and boundary conditions.
The interface conditions being, continuity of displacements, continuity of first derivate

of displacement, continuity of tractions and continuity of higher order tractions.

[u(0)] =0 (E.12)

[0 (0)] =0 (E.13)

[Eu,e (0) — ElPypes (0)] =0 (E.14)
[Elu,, (0)] =0 (E.15)
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The boundary conditions being

u(—§> = 0 (E.16)
u(é) - U (E.17)

(E.18)
z%x(—§> _ 0 (E.19)
A%z(g) _ 0 (E.20)

The particular solution satisfying all these conditions are

L
Al = %(—]-,A;:U(l—g—a> ,sz—%q Bi = ptanh (2Ll> ﬁU(E21)

U W 8. L\ 8
Al = —a-',A2 = %’Bl = &U,B = tanh (2l> =-U (E22)

where a = £ (14 y) — Itanh (£ )(lH‘L,ﬁ l(({ﬂr;) and p = £

The strain profile across the length of the domain is plotted for various values of
%, figure (E.1). For very small values of %, the strain profile is close to the linear
elasticity solution and for large values of % the bi-material sample behaves like a

homogeneous medium under static loading conditions.
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