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Abstract

This thesis consists of two parts. In the first part of the thesis, we prove an index
theorem for Dirac operators of conic singularities with codimension 2. One immedi-
ate corollary is the generalized Rohklin congruence formula. The eta function for a
twisted spin Dirac operator on a circle bundle over a even dimensional spin manifold
is also derived along the way.

In the second part, we study the moduli space of monopoles with singularities
along an embedded surface. We prove that when the base manifold is Kahler, there is
a holomorphic description of the singular monopoles. The compactness for this case
is also proved.
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Chapter 1

Introduction.

The work in this thesis is part of a project, in which we want to define Seiberg Witten
Knot Floer Homology. More explicitly, this thesis studies the four dimensional analog
of this question: given a triple (X, ¥, S), where X is a closed oriented four manifold,
¥ is an embedded surface, and S is a Spin® structure on X\X, restricted to the circle
bundle P of ¥ is torsion, can we define an appropriate monopole moduli space for this
pair? The natural strategy is to study Seiberg Witten theory on the complement.
Since here the base manifold is open, the asymptotic behavior of the monopoles
might depend on the metric. And we choose to use the incomplete metric which is
the restriction of a smooth metric on X. For the Spin® connection, we look at the
ones which have nontrivial holonomy around the small circles linking the surface. In
this thesis we compute the formal dimension of the moduli space defined under an
appropriate Sobolev space, and prove that when the base manifold X is Kahler, the
moduli space is compact with a holomorphic description.

The first part of the thesis is to find a proper space so that the Dirac operator is
Fredholm and to compute the index. On an open manifold, the Fredholm property and
index for Dirac operators certainly depends on the metric at the end of the manifold.
If the metric is complete, it has been studied by [9], [15]. For incomplete metric,
the situation is more sophisticated. For instance, the Dirac operators are no longer
essentially selfadjoint and particular closed extensions have to be chosen. Some special

cases of incomplete metrics have been carried out in the literature. If the metric has
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isolated conical point, i.e., M = M; Uy U, with 0M; = N, U = (0,1) x N, and
glu = dr? +r%gy for some smooth metric gy on N, the analysis has been initiated by
Cheeger|[7] who treated the case for signature operator. And for the Dirac operator,
the index is calculated by Chou in [8]. Their analysis was extended to the more
general case by Bruning and Seeley in [5], [4], [3]. To construct closed extensions
such that the operator D is Fredholm, boundary conditions have to be imposed along
the singular point. The following facts have been shown by the above authors. Let

D denote the L? closure of {¢ € L?, D¢ € L? ¢ € C®}, then D is selfadjoint if

1

and only if there is no eigenvalue of Dy such that [v| < 3,

(Dy is the associated
self adjoint Dirac operator on IN), which is also equivalent to that D is equal to the
usual L? space. Thus the existence of the low eigenvalues makes the sections in D
do not decay enough(or even have some singularities along the singular point) such
that they do not sit inside L2. The L? closed extensions of D are parametrized by
the subspaces of GB‘SK%ker(DN — s). For any subspace S C @15|<%ker(DN —s) and
its orthogonal complement S+, the corresponding closed extensions Dg and Dg. are

adjoint to each other. All these extensions are Fredholm and their indices can be

calculated explicitly.

In this thesis, we consider another special case of incomplete metrics, for which
the Dirac operator is singular along a codimension 2 submanifold. More specifically,
let B be a codimension 2 submanifold of a closed even dimensional manifold M. S
is a spinor bundle on M\ B, whose positive part ST, when restricted to the tubular
neighborhood of B, is the pull back of some spin bundle on B. (we will see later that
this is equivalent to that S can not be extended to a spin bundle over M.) Denote the
normal bundle of B by N, and the associated circle bundle by P. w is a connection
form of P. We are interested in the metric which is the restriction of a smooth metric

on the entire M. Thus the Dirac operator D* looks like

1 F
O+ —+—+H,
2r r

where F is a family of first order differential operator on the fiber S over B, H is
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essentially a family of first order differential operators along B. Because S is the pull
back spin structure from B, it makes sense ( which will be proved in Chapter 2) that
F has eigenvalue 0 with the eigenspace being infinite dimensional, thus some APS
type boundary conditions must be imposed along B to make D' Fredholm.

Define Dom(Diax) = {¢ € L*(ST), D¢ € L?(S7)}. Notice that Dom(Diax) is
not the usual L?(S™, M\ B), intuitively it is because that the Dirac operator D has
holonomy —1 along the small circles linking B, so it has some singularities along ..
An important aspect of the behavior of the spinors in Dom(Dj\yax) is given by the

following lemma, which will be proved in Chapter2.

Lemma 1.0.1. There is a bounded linear operator
R: T%Dom(D%mx) — L* (B; Sp)
2

The the range is (L*> \ NH*)® (L2 NH™). Here r is the distance function to B, which
2 2

is extended to the entire M by 1, H* are the spectral subspaces associated to Dp.

Just as the manifold with boundary case, we need to put some boundary conditions

along B. Write F, for the projection

PO . L2__;_<SB) — L2_ (SB)

L
2

with image H~ and kernel H*. This is just the APS boundary condition. We can also
consider a slightly different boundary condition, given by a commensurate projection

P, which is defined as in [12]:

Definition 1.0.2. Two projections P, P, : L?,(Sg) — L% ,(Sg) are called com-
2 2

mensurate if the difference

P1 - Pg : Li%(SB) — L2_ (SB)

1
2
is compact.
The following index theorem in Chapter 2.
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Theorem 1.0.3. Let M be a 2n-dimensional closed manifold, B be a submanifold
with codimension 2. Let ST be a spinor bundle on M\ B, which can not be extended
to M as a spinor bundle, D be the Dirac operator on S*. M\B has the induced
metric from M, r is the distance function near B as above. Let P be a projection

commensurate with Py, W be the kernel of the composition map

r2 Dom(Djnag) = L*, (S8) = L* ,(Sp),
then on W+, DT is Fredholm. Furthermore, if we take the projection to be Py, the

index of DY 1s

l1—coshs 1
il R —dimKer(Dp).

Ind(D*) = i (B)— 2
nd(D*) M\BA(M)+ /B A(B) TR 3

If we replace the above projection P by any projection Py such that ker(Py) & Im(Ps) =

L? | (Sg) for some projection Py commensurate with Py, DV is again Fredholm. In
2

particular, if we project to the negative spinors, we have that DT is Fredholm and

with index

l—coshg 1

~ IndKer (D).
Zemhe T gmdier(Ds)

d(D") = / A(M) + / A(B)
M\B B

In the second part of this thesis we define a singular moduli space for the Seiberg
Witten equations over X\3 and a Spin® structure S, whose restriction to the circle
bundle P(associated to the normal bundle N over %) is determined by a torsion line
bundle. The Spin® extension of S to X is not unique, however, when coupled with a
special Spin® connection Ay +izw(which has trivial holonomy), (S, Ay +i3w) extends
uniquely to a Spin¢ pair (Sx, Ax) on X, such that ¢;(S%)(X) = 2k +n, k € Z and
n = X - X is the intersection number of X. Fix a reference connection Aj + icw,
Ay has holonomy exp(i2(c — 3)7) along the fibers. We consider the configuration
space Cp(detailed definition in Chapter 3.) with spinors singular along ¥ and the

connections having nontrivial holonomy. For the kahler case, we see that there is a

holomorphic description of the singular monopoles. We will also show the compact-
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ness for Kahler case using a variational argument. More specifically, the following

properties are proved in Chapter 3.

Theorem 1.0.4. Let X be a closed Kahler surface, ¥ be a holomorphically embedded
curve. S is a Spin® structure on X, which restricted to the circle bundle of ¥ is
torsion. Then for any sequence (A;, ;) € Cy which are solutions to the Seiberg-
Witten equations, there exists a subsequence, still denoted by (A;, i), and a sequence

of gauge transformation g; € G, such that g; - (A;, ;) converges in Cy,.

13



14



Chapter 2

An Index Theorem for Dirac

Operators with Conic Singularities.

In this chapter we will prove the index theorem stated in the introduction. Since
local analysis on M is well understood, we first focus our attention to the tubular
neighborhood of B. For the isolated conic situation, where the metric g = dr? +r2gp
near the singular point, with P being the cross section, the eigenspaces for the Dirac
operator D% on P defined with respect to metrics 72gp remain the same for different
r. For the metric we are working with, it only collapses along the fibers, i.e., the
metric is dominated by the form g = dr?+ r%w+ n*gg. Thus a priori the eigenspaces
for D} vary with r. Fortunately, as analyzed in Section 2.1.3., we can find another
subspaces decomposition of L?(Sp), Sp is the induced spin bundle on P, which is
independent of r, and allows us to use separation of variables to reduce the local

analysis near B to the global analysis on P.

2.1 Dirac Operators on Circle bundles.

2.1.1 Review of Spin Geometry.

In this section, we collect some basic facts on spin manifolds and Dirac operators.

For details the reader may refer to [14] or [2].
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An orientable manifold X is called a spin manifold if its second Stiefel-Whitney
class wq(X) is zero. Suppose X is equipped with a Riemannian metric, and let
Pso,(X) be the bundle of oriented orthonormal tangent frames. Let Spin, denote
the spin group, which is the connected two-fold covering of SO, for n > 2. A
spin structure on X is a principal Spin, bundle Pgy,, (X) together with a Spin,
equivariant map p : Pspin, — Pso, (X) which commutes with the projection onto X.
The condition ws(X) = 0 is equivalent to the existence of a spin structure. In fact
using the Cech cohomology, we can easily see that the topological obstruction cocycle

to the globalization of the local two-fold covering map

PSpin,L<X) = Spmn x U — Pgon(X)lU = SOn X U,

where U is a small neighborhood, is exactly wy(X) € H*(X, Z,).

Let Cl,, denote the Clifford algebra of R™ with its standard inner product, and also
denote the complexified Clifford algebra Cl,, = Cl,, ® g C. The Spin representation of
the Spin group Spin, is, by definition, the restriction of the algebra representation p
of Cl, to Spin,, C Cl,. The Spin group Spin,, has only one irreducible representation
if n is odd and two irreducible representations A* if n is even. These two irreducible
representation A of Cly:

A : Cly, — End(C?),
End(C?") is the group of endomorphisms of C2".

When restricted to Sping,, A breaks into two irreducible representations A*
corresponding to the (4) eigenspace of multiplication by the complex volume form

w = i*ejeq, -+, eg, where {e1, -+, eq} is the orthonormal basis of R?*.

Suppose now that X is a spin manifold of dimension n and Pgpn, (X) — Pso,(X)
is a spin structure on X. Then from the spin representation p of Spin,,, we can form

the associated complex vector bundle

S(X) = Pspin, (X) %, V,
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where V' is the representation space of p. This is called the bundle of spinors. If

n = 2k, then the above equation breaks into two pieces:

S(X) = PSpinn(X) XA V
= Popin, (X) Xa+ VT ® Pspin, (X) Xa- V™ =5t S5

The section of S(X) are called spinors, and the sections of ST(S™) are called
positive(negative) spinors. A local section e = {e1, - ,e,} of Pso, (X) can be lifted
up to Pspin,(X) and then embedded into Psyy,, as a local section ¢ = {¢1,-- -, dn}.

This section ¢ is a local orthonormal basis of the bundle S(X).

Let CI(X) denote the associated bundle of Clifford algebras. This is the bundle
over X whose fiber at each point z is the Clifford algebra of the tangent space T (X)
with its given metric. This bundle carries a natural unitary connection V, induced
from the principal SO, bundle, and characterized by the condition that V acts as a
derivation on the algebra of sections I'(Cl(X)), i.e.,, V(a-8) = (Va) -8+ a - (Vf)
for all o, § € I'(CI(X)), where - is the Clifford multiplication.

We can easily see that S(X) is a bundle of modules over CI(X).

Lifting the Riemannian connection on Pgo, (X ) to Pspn,(X) via the Lie algebra
isomorphism, we have an associated connection V on S(X) whose action on the spinor
basis ¢ = {¢1,---,¢n} can be described as follows. Let e = {e;, -+ ,e,} be a local
section of P, (X) and V7 the Riemannian connection on the tangent bundle T(X).

Suppose that {w;;} are the one forms defined by

. ,
T E :
v €, = Wij€j,
j=1

Then
s 1
V ¢z = —2 E Wi €,€5 - gb

i<j
It can be also be shown that V acts as a derivation with respect to module multipli-
cation, i.e.,

Vi(a-¢)=(Va)-¢+a- (Vo)

17



for all & € I'(Cl) and all ¢ € T'(s).
The Dirac operator D : C*(S) — C*(S) is defined by

D¢ = Zei ' vei¢>
i=1
where {ej, - ,e,} is a local orthonormal basis on X and ¢ € C*°(S). This is a first
order elliptic differential operator with symbol ¢,(D) = n- for n € T*(X).

We also include the famous Weitzenbock formula here:

Theorem 2.1.1. (Lichnerowicz- Bochner- Weitzenbock Formula)

1
D*¢=V*Vo + qus,
where s is the scalar curvature of X.

The Dirac operator is a formally self adjoint elliptic differential operator of first

order. If the manifold M is closed, then D has discrete real spectrum.

2.1.2 Spin structures on circle bundles.

In this section, we look at spin structures on a circle bundle P over a closed manifold
B, dimB = 2m — 2. A spin structure is called eztendable if it can be extended to
a spin structure on the disk bundle bounded by P, otherwise called nonextendable.
Let ¢ € TP be the infinitesimal generator of the S* action on P, iw € iQ'(P) is a
connection 1-form on P such that dw € 7*Q*(B). Let Psom—2)(P) consists those
frames on P having ¢ as the first vector.

We will see that S is nonextendable is equivalent to that S is the pull back of a
spin bundle over B. More precisely, pull back means the follows: let ¢ : Pgyi(B) —
Pso(B) be a spin structure over B, then 7%¢ : m* Pgpin(N) — 7*Pso(N) = Pso(B) is
a©(2m—2): Spin(2m—2) — SO(2m—2) equivariant map. Extending the structure
group to Spin(2m — 1) by

¢ 2 T* Popin(B) X pin(zm_2) Spin(2m — 1) = Pso@m—2) X so@m-2 SO(2m — 1)

18



gives a spin structure on P, here ¢ =70 Xo(am-2) O(2m — 1).

The S! action on P induces an S* action on Pso(p), the orthogonal bundle on P.
For any spin structure 7 : Pspin(py — Pso(p), it is called projectable if the action lifts.
Otherwise it is called nonprojectable. See [1]. The relationship between projectable
spin structures and spin structures on B is shown in [1], and we include it below.

Any projectable spin structure on P is the pull back of some spin structure
on B: let q~5 . Pspin(py — Psocpy be projectable. We can identify Pso(py with
Psoam-2)(P)/S'. Now ¢! (Pso@m-2)/S* is a Spin bundle over SO(B), and 7 induces
a corresponding Spin structure on B.

Conversely, any spin structure on B induces a projectable spin structure on P
via pull back as above. The corresponding spinor bundle is just the pull back of the
spinor bundle on B. Let Sp = S & Sg be the spinor bundle on B, Sp = 7*Sp be
the corresponding spin bundle on P.

We conclude the discussion on projectable spin structures by remarking that pro-
jectable spin structures are exactly the nonextendable ones. First let us take a look at
spin structures on the circle S'. There are two different structures up to isomorphism,
the trivial one C; = S* x Spin(1), and the nontrivial one Cy = ([0, 27| x Spin(1))/ ~,
where ~ identifies 0 and 27 while interchanges the two elements of Spin(1). Let D
be the disk with S' as its boundary. Since the disk is simply connected it can only
have one spin structure. Thus only one spin structure on S! extends to the disk. The
tangent vector to the boundary S! together with the outer unit normal vector forms
a orthogonal frame which is a loop in the frame bundle on the disk, whose lift to the
spin bundle does not close up. Thus the induced spin structure on the boundary S*
is the nontrivial one. So the nontrivial spin structure on S! extends to the disk, and
the trivial one does not extend.

Now given a projectable spin structure on P, from the previous discussion, it is
the pull back of some spin structure. Hence when restricted to any fiber S*, it induces
a trivial spin structure, which does not extend to the corresponding disk. Thus the
projectable spin structures do not extend to the disk bundles. On the other hand, if

a spin structure S on P does not extend, then when restricted to the fiber, it does
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not extend neither. Thus restricted to any chart U x S' C P, with U C B being a
small ball, S is isomorphic to the trivial spin structure, and the S' action lifts, so S

is projectable.

2.1.3 7 invariants of the perturbed Dirac operators on circle

bundles.

In this section we consider the Dirac operator for the nonextendable spin bundle S
on a circle bundle P over a spin manifold B. From the last section we know that S
is the pull back of some spin bundle Sg over B, i.e., S = 7*Sg. We will calculate the
eta function of the perturbed Dirac operator, which is going to be needed later for
the index calculation. Recall that L is the line bundle associated to P.

Define the metric g, on P by g, := r’w @ w + 7*gp, gp is a Riemannian metric
on B. Let A, be the Dirac operator on Sp defined with respect to the metric g,.
The action of S' on Pyyam—1)(P) can be lifted to Pypinm—1)(P), and it induces an
isometric action on L?(Sp), where the inner product on L?*(Sp) is defined with respect
to the metric g1 = w ® w + 7*gp. Let L, be the differential of the representation the

Lie group S! on L?(Sp), we have the following decomposition:
L*(Sp) = @rezVi,

Vi 1s the eigenspace of L with eigenvalue ik, k € Z.
In section 4 of [1], it is proved that there is an isometry Q(which preserves the

splitting of the bundle) from L2(Sp ® L~*) to Vj, such that
1 r
A= 241 4= TSyt dw),
r 4 'r

with A, = 7(%)1;4, Ay lv= Qro Ay o Q. "', Ay being the twisted Dirac operator on
L?(Sp ® L7F), and ~ is the Clifford multiplication.
In the rest of this section we will consider the perturbed Dirac operator defined

by A, = %AU + A, whose spectrum is much easier to analyze, and we will calculate
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the eta function in this section. This perturbed operator also plays an essential role
in the next section when we are trying to analyze the Dirac operator on M\B, the
main reason is that the perturbed term is of order r, which is not going to affect the

index we want, but make the analysis much easier.

Now with respect to the bundle splitting Sp = 7*Sj% @ 7*Sj, the Clifford multi-

plication (3() is given by

—i 0
0 =2 ,
and the horizontal part Ay is
0 A
Ap = "
A0

So 'y(g) anticommutes with A,. Let ¢x, = a ® f € L*(Sp) be a unit norm

common eigenspinor of L¢ and Ay, for eigenvalues ik and a respectively.

Ifa#0,k+#0,thena#0,8#0,and a® 0, 0® S are linearly independent and
using them as a basis for the two dimensional space they span, A, is represented by

the matrix
k/r a

Ak,a =
a —k/r

If a = 0, let Vi be the space spanned by the common eigenspinors of L. and Ay, for
eigenvalues ¢k and 0 respectively, then for ¢ = a @ € Vj, a is the eigenvector of A,
with eigenvalue k& which has multiplicity dimK er(Ak|Sg® k), while 3 is eigenvector

of A, with eigenvalue —k of multiplicity dimKer(Ax|s-gr-+)-

If k = 0, Vp is isometric to L?(Sg), and A, = A, + A, = Dg on V, Vo = @Vpa, a

runs through all the eigenvalues of Dp.

To sum up, L?(Sp) can be decomposed into direct sum of
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L}(Sp)= & (Via) & Vip® Vo
k7#0,a#£0 k#0 (211)
=H, & H,

Hy is the sum of the first two blocks, and Hs is the third. Accordingly, A, can be

decomposed into

k
A = DAk @ - ©Dp (2.1.2)

and % has multiplicity dim(Ker(Aleg@,Lk)) + dz’m(Ker(A,;cIS};@L-k).
Remark: The Hilbert spaces Hy, Hy are independent of r.

Due to the decomposition above, we can calculate the eta function 74, (s) of A,.
By definition, 14, (s) = .0 ™55, my is the multiplicity of A. On V;,, A, has
£/ f; + a? as eigenvalues with same multiplicities, so they have no contributions
to na,(s). On V;, since B is even dimensional, +a has same multiplicity, so no

contributions to the eta function. On V; 4, we have
My = dim(Ker(Aklsgg)L_k)) + dim(KBT‘(A—k‘SE@Lk))-

m_y = dimKer(Ag|g-gp-+) + dim(Ker(A_g|stgpx)),

SO
my —Mm_g
nals) = 3 T (2.13)
By Atiyah-Singer index theorem, my — m_, = —fB Y(ch(LF) — ch(L7F)).
Define
ekm C 2’L _ 1)) 2i—1
fs(x>:—z QZ 21_1) ‘
k>1 i>1

Here ((s) is the Riemann-Zeta function. Noticing that {(—(2n — 1)) = By

2n )

with B, being the n-th Bernoulli number, and the Taylor expansion

1 T (=1)'B; 4,
Seoth L =S P
geoths =2 ) °

120
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we have that

fs(@) |s=0= —2(% cothg — %) (2.1.4)

Hence

nals) = / A(B)f.(e)

and the eta invariant of A is

14(0) = —Q/BA(B)(%cothg _L

(&

Here e is again the Euler class of the normal bundle on B. Since ((s) has the only
simple pole at 1 with residue 1, n4(s) has simple poles only at 2,4, 6, .. with residue

1. When B is a Riemann surface, this eta function has been calculated in [18].

2.2  An Index Theorem for Dirac Operators on Com-

plements of the Submanifolds.

In this chapter, we will prove our index theorem for the Dirac operators on the

complements of the codimension 2 submanifolds.

2.2.1 The Dirac operator on the cone.

Let C(P) = (0,1) x P be the finite cone on P with metric g = dr? + g,, g, is the
metric on P defined in the last section. 4, denote the unit radial tangent vector
field. Our orientation convention is that if e, .., es,-; 1s an oriented orthonormal
frame on P, then 0, ey, .., e2m,—1 Will give an orientation on C(P). Let SéE(P) be the
positive(negative) spinor bundle on C(P), and let D' denote the Dirac operator on
Sg( Py ~v(0,) : ST — S~ gives an identification of S* and S~ as spinor bundles when
restricted to P. In particular S* gives a spin bundle on P with Clifford multiplication

defined as
v(e:) = ’Y(ar)-l’YC(P)(ei),i =1,.,2m — 2.
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The Dirac operator D" and A, is related in the following way(cf[12]):

D¥¢ = ~(0,)(0 ¢>—~¢+Ar¢>) (2.2.1)

H is the mean curvature of {r} x P in C(P), and can be computed as follows: let

%, V1, ,Vam—1 be an oriented orthonormal frame on P, such that v; = 7*w;, {w;} is
an oriented orthonormal frame on B. Obviously [, vz} =0, and [0,, %] = —T%. Thus

< vcar,g >=< =5 4+ V55,8 >= —1 and < V,,0,,v; >=< Vv, v >= 0, we
have H = —%
So (2.2.1) becomes

D7¢=~(8)8¢ + 5 ¢+Ar¢) (2.2.2)

For any cross section ¢ in Sg( P) |{r}>< p, we can extend it to a global section on
S& P) by parallel transport along radial geodesics, and still denote it by ¢. So Hy, Hy
can be extended to L*(S5p)), and

L*(S¢p)) = (Hy @ Hy) ® L*((0,1),rdr). (2.2.3)

Define Dom(Dipax) = {¢ € L?, D*¢ € L?}.

In this section, we will prove the following:

Lemma 2.2.1. There exists a bounded linear operator R : T%Dom(Dmaa;) — L%, (B; Sg).
2
The range is m*(L*, N HT) @ 7*(L3 N H™). Here v is the distance function to B,
2 2
which is extended to the entire M by 1, HT are the spectral subspaces associated to

Dp.

We first focus our attention to APS boundary condition on B. The show that the
general case follows easily from this special one. We still use W to denote the kernel

of the following composition map:

rz Dom(D%,,) = L%, (Sg) == L* ,(Sg).
2 2
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Recall that P, is the projection map to the nonnegative eigenspaces of Dpg. In this

section, we prove the following:
Theorem 2.2.2. With domain W, D% is Fredholm.

Define Df ¢ = 7(8,)(0,¢ + 3¢+ A,¢), which is just a perturbation of D* of order
O(r) near B. We will show later in this chapter that the Fredholm property of Dj

will guarantee the Fredholm property of DT, and the two has the same index.

2.2.2 Construction of a boundary parametrix.

On C(P) = (0,1) x P, any spin section can be written as the direct sum of three

different parts as in (2.1.1),

w = 69wk,a S 'I,Dk,o S wo,a = 1/}1 & 1/)2

we will construct the boundary parametrix according to the decomposition.

First, we want to solve D¢ = 1, for ¢, € LZ(S&P)) then construct the bound-
ary parametrix of Dy™ based on the three components of .

Case I:

Given k # 0,a # 0, D}, = 0, + 5- + A It has two fundamental solutions

K, (Jal|r [ L (la]|r
(al) oot [ el
K, (la]r)) L (la]r))

with vy = |k & 1|, and K, I, arc generalized Bessel functions with order v, and
their asymptotic behavior has been studied extensively in the literature. The following

two specific formulas for K, and I,

. TwH+35)(52)7 [ costdt
AU(Z) - \/7—_( /0 (t2 N ZQ)’H—%
A o
A(2) = (52) ; KID(v+k+1)
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give the estimates for K,(r) and I,(r) when r is small:

for some constant C' independent of v. the Wronskian for the fundamental system is

W(¢1(T)7¢2(T)) - det ( d)l ) = |af|(Ku,]u+ + KI/+IV_)
$2 (2.2.4)

!
T

With the given fundamental system ¢1(r), ¢o(r), the solution of the inhomoge-

neous equation Dy, ,¢ = 9 can be calculated by the method of variation of constants.

Since ¢ € L*((0,1), rdr @ C?),

Br,a = cP2(r) +c1(r)d1 (1) + ca(r)da(r)
where ¢ is constant, and

() = / W (n(5), bals)" W (0(s), dals)))ds
- / W ((s), dals))sds

er(r) = — / W (1(5), dals) W (én(s), (s)))ds

r

1
:—/ W (p1,)sds

Define
Qra?p = c1(r)n(r) + ca(r)da(r).

Case 1II:
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For k> 1, D =0, + = + £, define

Quot(r) = r—*+D) / " shy(s)ds, k> 1 (2.2.8)

0

For k < —1, define

Qro¥(r) = —p~(kta) /1 sFtay(s)ds, k < —1 (2.2.9)

r

Case III: When k =0, Tj, = 0, + 5 + a,

Qoaf =772 / e s f(s)ds a > 0 (2.2.10)
0

1
Qoof = 3 / e“(s‘r)s%f(s)ds a<0 (2.2.11)

Formally, we write our boundary parametrix to be

Q = 6BQk:,a D Qk,O D QO,a-

The following lemma makes sure that () is well defined:

Lemma 2.2.3. For ¢ € L2(Sc(p)), there ezists a constant C independent of k, a,
such that

L Qeoteo | (r) < 2k +2)72 || Yo llz2qoryraryy, k=1 or k< —1.
2. || Qoatoe |l () £ C || Yo |L2((0,1),rar) -

3. “ Qk,a¢k,a ” (7') < C ” ¢k,a ”L2 .

Proof. The first part follows from the Cauchy Schwartz inequality, so does the second
part when a = 0. For part 3, when |a| < 1, by using the asymptotic behavior of
K,(r) and I,(r) near r, Cauchy Schwartz inequality gives that || Qxo¥re || (r) <
lal(2k + 2)72 (|| Yr,a [l z2(0,1),mdr)

When |a| > 1, we can use the Hankel transform to get the desired bound:
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h
Let ¢ = € C°((0,1),rdr @ C?), ¢ = Q¥ = 4 . Since
l 9
1 k/r a
O + — + )¢ = (2.2.12)
2r a —k/r
We have
B2 —k+1 kol
(—(972, + Tﬂ - %&)g + a2g = —(8,~ - il 2)}1 +al. (2213)

Now recall that for g € C§°(R, ), Hankel transform is defined by

H(9)(\) = / " L Ow)g(ryrdr,

where J,, is the Bessel function of order v and v > —1. Also we have the Plancherel
equality:

/0 o) |2 rdr = / T Hog)N) P AdA

24pql
If we denote A\, = —9* + k:&r#

— 10, then

HVi<AV:tg) = )‘QHVi (9)-

v+1

Hu(ar - ) = /\HV—H

From the above facts, and applying H,_ to (2.2.14), we get

NH, (9) +a*H, (9) = AH, (h) + aH, (1)

. _AH,_(h)  aH,_(l)
(A+ia)H,_(g) = A +ia + A+ia

So
(/\2 + CL2> l g |iZ(R+,rdr)§| h ‘iQ(R+,rdr) + ‘ ! |%2(R+,rdr) :
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The same inequality holds for f. So
| ad ||z2<|| ¥ || z2(Rry rar) -

and || ¢ [|12< 55 | 9 |12

The above argument also applies to the second part when a # 0, by letting £k =0
above and noting that |a| has a lower bound now since a is the eigenvalue for the
Dirac operator Dg, which is a self adjoint elliptic operator on closed manifold B.

O

With all these estimates at hand, we are ready to prove Theorem 2.2.2.

Proof of lemma 2.2.1: In the tubular neighborhood, write ¢ = @¢i, &
Or0 D oo = 1 @ ¢ as usual. From Lemma 2.2.3 and Lemma 2.2.4, we see that
|7'%¢1‘L2(Sp,g1) goes to zero as r goes to 0. As for ¢, we have y(r) = rigy €
L2((0,1), Vo), 8:¢(r) + Dph(r) = riDg ¢, € L?((0,1),V5)), so up to the isometry
@ in Section 2.1.2, ¥ € L3(SBx(0,1)), here Spx(,1) = 7 Sg is the pull back bundle
over B x (0,1) from Sg, with 7 : B x (0,1) — B, and 0, + Dp is an elliptic operator
on Spx(o,1).- Now from the following lemma, we have the restriction map R with the
corresponding range as claimed. Q. E. D.

Let X be a compact manifold with boundary 0X. Let D : C*(E) — C*(E) be

a first order elliptic operator. Near the boundary, D has the form
D = 8t + B,

here B is a first order elliptic self-adjoint operator on F | 0X. And we write a collar
neighborhood of X as (—1,0] x 8X. Define Dmax = {¢ € L? | D¢ € L?}, and let
Dy in denote the closure of smooth section which vanish on 0X with respect to the
L? norm. Let H* C L? be the positive and nonnegative spectrum of B. Then we

have the following lemma, which is due to Furutani and Booss.

Lemma 2.2.4. The restriction of smooth sections extends to define a bounded linear
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operator

1
2
The kernel of this map is Dy, and the range is LA NH- & L?* , N H™.
2 2

Proof. Let D* denote the adjoint of D. Then integration by part gives

/X<D¢,w>—<q5,D*w>:/ < h, > .

0X

Thus for any ¢ € L?(0X,E | 8X), by Sobolev restriction we have that there is a
)€ L}(X,E) extendizng ¢ and the extension can be chosen so as to define a bounded
linear operator. Applying the equality to ¢ € Dmax and ¢ we see that the left hand
side of the equality is well defined and thus defines the right hand side. Thus the
restriction of ¢ € Dmax lies in L? , (0X, E | 0X).

From APS we know that if ¢ EQDmaX and R(¢) € H_,, then R(¢) € H.

If ¢ € Hj% then 2 2

5@)63% = (1) Z EMQBA € Dmax,

A>0
here we view the above a section on (—1,0] x 0X and § is a cutoff function which is
1 near t = 0 and zero near t = —1.

O

Remark 2.2.5. For any ¢ € W, ¢ = ¢ + r'%e(wg), such that ¢ € L2(St, M\B),

¥p € L%(Sp), and e(¥p) is the L? extension of ¢ to M\B. This fact can be seen
2

easily from the proof of Lemma 2.2.1: since we are projecting to the nonnegative

eigenspaces, we know that R(r%¢>) € H{ for any ¢ € W, so the extension map is
2

well defined.

The estimates also give us the following

Lemma 2.2.6.
Q: Cg°((0,1), H) — C=((0,1), H; P)

is a linear operator such that

DiQ =1d
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QDo = ¢, forp € C°(Ry, H; P),¢p(r)=0, 7 >1,

and there exists constant C such that

| QY |l22(0,1) rarem) < C | ¥ || 22¢0,1) rdram) -

Proof. DfQ = Id follows from the construction of Q. Let ¢ = Ddr o D dro D Do,
¢ = Df¢. Then o = (0 + = + E)gro. If k < —1, from the construction,
(Qr0)(1) = 0, on the other hand, ¢, (1) = 0 from the assumption, thus Qv o = dro
since they both solve the same ODE. If £ > 1,

. 1
Qtbro = 7“_(’”’%)/ "3 g(s)ds = er~3) - ""_(H%)/ s34y o(s)ds.

0 r

But Qi € L*((0,1),rdr), so ¢ = 0, thus Qi 0(1) =0, and Qv = ¢ro. The same
argument applies to ¢, and @, thus if ¢(1) =0, QD ¢ = ¢.
[l

Let 0 < € < 1, then for any bump function 0 < y < 1, such that y = 1 for

0<r <3, and x =0 for r > ¢, we have the following:

Lemma 2.2.7. Let Q acting in L*((0,1), rdr), then there exists a constant such that

Ix@ 11+ 1 @x [I< Ce.

Here €, x are as above.

Proof. From the lemma above, || @ ||< C. Using Cauchy Schwartz inequality, ||
XQ < x llezoayll @ || Ce. Similarly for Qx. Here the norm means the L?

operator norm. U

Proof of Theorem 2.2.2 To show that D" is Fredholm, we will use our boundary

parametrix to construct a global right and left paremetrices. Choose ¢, ¢ € Ce°(—¢,€)
such that ¢ = 1 near 0 and ¢ = 1 near supp¢, choose ¥,9 € C3°(X) such that
¢+ =1and ¢ =1 in a neighborhood of suppt. Let Q; be an interior parametrix

31



for D with
DYQip =4 + R, (2.2.14)

YWD =¥+ L; (2.2.15)

with R;, L; compact smoothing operators in L?(S™), L?(S™), respectively. Define

R := Qo +vQu (2.2.16)
From Lemma 3.6, we know that

R:L*(S) — Dom(D") (2.2.17)

Now

DRzI+$Q¢+%%Q¢+Ri (2.2.18)

When the support of ¢ is sufficiently small, from Lemma2.2.4, we have

15 =3Q0+ 28rQo 1< §

and we can write

DR=1+5+R;

since R; is compact and

1
Isill< 5

This implies
DRI+ 8) ' =T+R(I+8)7",

Next we can see that with Lemma 2.2.7.,

RD = 6QT + 1 + 59rQé + L,

S (2.2.19)
:I+¢Q§¢+¢Q¢ + L;
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and again, we have

- ..T —_ ' 1
| Sz = ¢Q§¢+¢Q¢ < 7’

and
RD =1+ S+ L;

(I+82)'RD =1+ (I+ 85)™'L..

Thus we find operators Ag and Ay, such that DAgp = I+ Dg and AyD =1+ Dy,
Dg and Dy, are compact operators. Notice that ALDAr = Ag+ Dy Ag, on the other
hand Ay DAr = Ay + ALDg, we have C = Ag — Ay = AL Dr — ArDy, is compact,
ArD = (AL +C)D =1+ CD + Dg. So we find a bounded operator A : L2 —» W+
such that ApD — I and DAg— I are compact respectively, which says D is Fredholm.

Q. E. D.

Lemma 2.2.8. Let g be a bounded smooth function on M\B, then
D= Dt +g
is a Fredhlom operator on W, and
IndD") = Ind(D").

Proof. Define D} = D* +tg, t € [0,1]. Let x be the bump function in Lemma 2.2.5.,
then || txg@ || + || @txg ||< Ce from the Cauchy Schwartz inequality. Thus we can
still use @ to construct a boundary parametrix of D; to prove that D;* is Fredholm
in W+, just as in Theorem 2.2.2. And Ind(D") = Ind(D}) = Ind(Dg) = Ind(D")
follows immediately.

O

Remark: we conclude this section by remarking that instead of L?, D% is also
Fredholm with the same index on the following domain: {¢ € L?, D¢ € LP, P(¢) =
0}, for some p > 2. To see this, first observe that on this domain, D* has finite

dimensional kernel since p > 2 and D has finite kernel on W+. Next, for a sequence
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DT¢ — 1) in LP, we have Dt ¢ converges in L?, thus there exists ¢ € W, such that
D*¢ = 1. Since ¢ € LP, we know that ¢ € L] . More over ¢ € LP(U), here U is
the tubular neighborhood of ¥, from Remark 2.2.5., we can write ¢ = ¢, —l—r_%e(wB),
¢o € LP since ¢y € L?, also e(vg) € L2(ST, M\ B), from Sobolev multiplication we
have T“%e(wg) € LP, thus ¢ € LP, and D™ has closed image. Finally, D" has finite
dimensional cokernel: let ¥ € L7 lie in the cokernel of D, with % + % = 1. From
local regularity we have ¥ € C*°(S™), and D¢ = 0. By solving D7t = 0 in U and
from all the estimates above, we see that v € L*(U), thus ¥ € L?, so % lies in the

cokernel of W+. Thus DT is Fredholm on the above domain.

+
The index of DT will be calculated in this section. We first consider the case when
the metric near B is of the form gy = dr? +r*w ® w + m*gp, then show that the Dirac
operator associated with any general metric is just a bounded perturbation of the one
with gy, and the index remains equal from lemma 2.2.8. Also we will first focus on

the APS boundary conditions, the generall case follows immediately.
Let
AT =D"D" AT =DtD".

Since in the tubular neighborhood the operator is a combination of singular regular
operator and product operator, from [5], we know that (A% + \)™™ are trace class

for large m. And the nonzero eigenvalues of A1 and A~ coincide. Thus

tr(AY N — (AT + A = A" ind DY

To get the expansion of (A*+X)™™, we will construct a parametrix for (AF+X)~™.
As usual, we construct a boundary parametrix, and then patch it with the canonical

interior one. Let P be the interior pseudodifferential parametrix for (A% + A)™™.
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In the tubular neighborhood Cy;(P), trP* has expansion

trPE(r,r; z, z; \)rdrdz = Zp}t(r,x))\'%rdrdx,: re (0,1),: z€P. (2.3.1)
J

Recall that we have the decomposition (2.1.1):
L*(Sp) = ®(Vk,a) ®rez Vo Dazo (Vo,a),

and dimKer(A,) = dimVpo = dimKer(Dp).
On Vi, ® L%((0,1),rdr),

1 1 1 [ K2k
AT =-02—=0,+—+ = + a® (2.3.2)
o 4r2 = r2 k2

After changing a basis, obviously we can write it as

1 1 K+k 0
At =02 - ~0r+ 5+ L ( ) + a? (2.3.3)
k

4r2 = r2

Under the same basis,

k2 -k 0
A~ =9 — lar + Lz 4+ _15 + a? (2.3.4)
r 4r r 0 k2 + k

Both are with boundary condition (rz¢)(r) = 0. So on Vi, tr(AT+A)"™ —tr(A~ +
A)™™ =0.
Given a # 0, on Vg 40 ® L?((0,1),7dr), A* = —92 — 18, + 75 + @, with the same

boundary condition

(r2¢02)(0) =0, a>0 (2.3.5)
(r3(0, + % +a)$o,)(0) =0, a<0. (2.3.6)

Thus we get tr(At + A —tr(A~+X)™ =0
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On ®rez\ {0y V0,
1
i:_62+k2ik+z 1,
" r2 o
with boundary conditions (r2¢)(0) = 0, this is just the conical operator considered
in [5], where the following facts have been proved.

1. The kernels for (A% + 22)~1 with the above boundary conditions are

&1, (2r)K,, (2r)
Noting that
1 1
+ 2 -m _ o m—1 Ai 2\—1
(A +Z) (m__1>|( QZaZ) ( +Z> 9
let rz = (, define
+ e 9" S I 237
U(T7>_(m_1‘__ Zu+ ) ()
0 = ()™ € (233)
o (r,{)= m~1 g - 3.

tr(p(AF 4 22)7"¢) = /Ooo o(r)o*(r, rz)rdr.

Y, ¢ are smooth functions, vanishing near r = 0, ¥ = 1 near suppe.
Let 0% (r, () ~ > o1 0; oF(r)¢™, ¢ — +oo. From the pointwise expansion of boundary

parametrix on Hjz and the interior parametrix, we have

£(1,¢) ~ (1, 2)dx¢ .
*(1,0) ;/Pm 2

Due to (4.6), (4.7), (4.8),
oE(r,¢) = r*20%(1,0) (2.3.9)

oF = r2m_2/pji(1,x)dx. (2.3.10)
P
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tro( A% + 2?) Z/ o(r rz)‘jrdr—}—Z(/X $ipj)z
+Zz"“ 1 /0 LRa(0,)dC

- Z 2 alog zol) (0)/k!

k=0

To construct a parametrix for (AT + \)™™, we patch the interior parametrix Pf
with the boundary parametrix above. From [5], the remainder term does not affect the

asymptotics of the trace. Thus we can use this parametrix to compute the expansion.

2 2mind(D) =3 /X ¢i(p — ;)2

J

£ [T oot (02 -y )

o 1 (2.3.11)
#30 [ckel — o0, 0pac
+Z “lalog z(o +k+1(0> wk+1)( )/K!
So the terms in z7%" log z coming from At and A~ must cancel:
/ Pamdr = / Do
N N
thus o3, = 0,,,. Hence (4.11) becomes:
ind(D) = [ 662"~ )
X
00 CQmAQ (2m 2) 2m 2 (2312)
+/0 (“Qm_—Q)( (0,¢) - (0,¢))d¢

Since p3,, — Pa,, vanishes in the tubular neighborhood, we can drop ¢; in the first
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integral. Now it remains to compute the second integral above. Define

S (2m—1)
hsf) = | e 0.0

It has been shown in [5] that the integral is just the analytic continuation of h, (w) —
h_(w), i. e., it is equal to Resg(hy —h_)(2m — 1), where Resgh(wy) is the coefficient
of (w — wp)™* in the Laurent expansion of the meromorphic function h(w).

Thus
Ind(D+) — / 640%™ — pP™) + Reso(hs — h_)(2m — 1). (2.3.13)
M

From [7],

he(w) = L= r(m—1-1%) Z - [(vs + 252 —m)

4/7T'(m) ors (1+vy — w+3 +m)’

Define ¢ function of A, as follows:

=2|bj:%|‘z.

bs£0

Let 2 = (w+1—2m)/2, then hy(w) = %ﬂ 2 b0 F”fiz“;” This expression

is analyzed in [7]:
I(ve +2+1)
—_— -1-2 R
> laret ZQJ oG — 1-22) + R),

R(z) is analytic in Re(z) < 1, R(0) = 0. So if (1(s) — (_(s) only has simple poles, we
only need the linear parts of Q; to get Reso(hy — h_)(2m — 1). From [7], we have

2
Qj(z) = —2=B;,j even >0
J
B; is the j—th Bernoulli number, we have By = % which we are going to use in our
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computations.

So Resg(hy — h_)(2m — 1) is the 0—th residue at 0 of the difference function of

the following two functions:

L(z+m)['(—z—3) /2 B

L/m(m =1 (C4(—1—22) —;k By2(4 (2k — 1 — 22)),
T(z+m)(-z— ) &z

7 =1 (C_(—1 - 22) —kZ:;k ByzC_(2k — 1 — 22)).

If f is analytic and g has a simple pole at 0, then Reso(fg)(0) = f(0)Resog(0) +
f (0)Res;g(0), from this and noting that %ﬂ”:—)) = Z;":‘ll Jl — %, « is Euler’s constant,
and I'(—1) = —2./x,

Reso(hy — h_)(2m —1) = —%Reso(g; — ) (=1)

- %Z(—l)’“%BkResl(Q —¢)(2k-1)
2 (2.3.14)
I‘ Y 3

Y 4(\/7; n -;-(; S = MResi(C = (=D

1.
— id’lm%,o
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while (¢ — ¢_)(2) is given by the following:

(<+‘<->(Z):Z|b+1| Z|b—-

b0 b;éO
=S (4 ) = (- ) )

b0

2k +1
=25 |b]| (25)~%1
SR

— 22—% (21{’:: 1) Z | b |—z —2k—1 signb

k>0 b#£0

i —z—1)+ (2 — 2k)
2 3 (z+2k4+1)

?;0 (2k +1)! 1

= (e 1)+ T2 I DI sy

k>1

here n4,(2) is the n function of the operator A, on N,.

From (4.13), we have

Reso(C+ — C-)(—1) = 14,00 + Y 2”2’c ————— Resyna(2k) (2.3.15)

k>1 +1)
For k > 1,

2k +25 —
27+1-1

Resi(Cr — )2k —1) = =3 2-%‘(

j20

)ResmA(Q] + 2k) (2.3.16)

Lastly we can get the explicit index formula by using the calculation for 74(s) in

Section 2:
Resina(2l)
Resg(hy —h_)(2m —1) = nA(s 3 Z -2 20 21l gy
-1 2 B (3] Reae
1>1 i>1,i+j5=l z J
- %dlm Vb,o
(2.3.17)
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And we can write the first three terms explicitly:

1 f 2l 1 -
—sm=—5(-2)3 321_1 ((~(2 1)
>1
Z l lBlf A 2l 1
>1

/A coth——l)
e

In the third equality above we used equation (2.1.4).

For the sum of the middle two terms in Resg(hy — h_)(2m — 1), we claim it is

coth £

equal to [,(—3 Tomhs T e 1). To see this, note that

(20—-1
)2 (Qj 1) Resaca

I>1 itj=li>1
Ly oy CUT ey D AB)E
I>1 ij=1 (Qi - 2)1(25 +1)!

9-2j-1 f A(B)QZI—-I

) 1B 2 -1
_QZZ : (2f+1)!

1>1 i+j5=l

thus the sum of the middle two is

e cosh £ 1
th=)(sinh=) = [ (- 2 2.
/A @QW )(inh 5) A(%M@+J

Note dimVy g = dimKer(Dg), we have

~ 1—coshg 1
Resg(h+ —h_)(2m —1) = | A(B)———2 — —di :
csolh ~ho)em —1) = [ A(B)=7 52 ) dim Ker(Dy)
Combining this with (4.12), we have
Ind(D*) = /w +/A —coshy L jim Ker(D 2.3.18
D+ 251nhe 5 dim Ker B) (2.3.18)

Since D7 is the Dirac operator on a spin bundle, we know that wp+ = A(X)
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Thus

. . l—coshe 1
Ind(D") = / A(M) +/ A(B)—& — —dim Ker(Dp) (2.3.19)
M B QSlnhS 2

Now suppose (M, g) is an arbitrary smooth Riemann metric on M, (p,rn) be a
point near B, p € B, n is a unit normal vector. Denote by A, the shape operator
of the submanifold B in the direction n. Then the metric g is of the following form

near B, which is proved in [13]:

Lemma 2.3.1. Let R denote the Riemann curvature (0,4) tensor of (M,g). Then
for uy, ug € Ty nyM, we have

exp*g(ul,ug) = 90(“17162) - QQ(AnW*Ul, 7T*u2)7"

2
+ {g(A,mauy, Apmeus) + R(maug, n, moug, n) + gR(W*ul, n, Kug,n)

2 1 .
gR(’ﬂ'*Ug, n, Kuy,n) + gR(Kul,n, Kug,n)}r® + O(r)

(2.3.20)
Here exp is the exponential map, gy is the model metric we used in the previous

sections, and K is the projection to the vertical tangent space.

Given a Riemannain metric g, the following Koszul formula is helpful if one wants

to calculate the Levi-Civita connection:

Lemma 2.3.2. Koszul Formula (cf [19])
Let (M, g) be a Riemannian manifold, V is the Levi-Civita connection, X, Y, Z

are tangent vector fields, then

20(VxY,Z)=X - gV, 2)+Y -9(Z,X) - Z - g(X,Y)
+9([X,Y],Z) — g([Y. Z], X) + 9([Z, X].Y)
The Dirac operator associated with g is related to the Dirac operator Dy associated

with go in the following way:

Theorem 2.3.3. Let (M, g) be a smooth Riemannian manifold of dimension 2m, B

is an embedded submanifold with codimension 2. S is a Spin bundle over M\ B which
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can not be extended to a spin bundle over M. Then near B, the Dirac operator D

can be written as

1 1
DY =0, + —+ -H+ A, +n(r).
2r 2

H is the mean curvature of B, which we can view as a function on the unit circle bun-
dle of B, and A, is the perturbed operator introduced in Chapter 2. n(r) is compactly
supported in a small neighborhood of B, equal to O(r) near B. Thus equivalently, we

have that near B

1
D+=D3+§H+OQL

Dy is equal to 0, + 37 + A,

Proof. Let ey, - ,esm_2 be an oriented orthonormal frame for TB, and ( is the
infinitesimal of the s! action on N. First from the Koszul formula, it is straightforward
to see that the contribution to the Levi-Civita connection Vj; from the third and
fourth part in the metric formula in Lemma 2.3.1 is O(r), hence the same is true for
D*. Thus it suffices to consider metric g; = go — 29(A, 7., 7. )r. As shown in [13], at

(p,rn), the Dirac operators D™ and Dy are related by

H

Here Dy is the Dirac operator on N with metric induced from gy, ie., gy = r’w ®
w+m*gp — 29(Apmy, ). Hy is the mean curvature of N at (p,rn).

For any fixed r, gy is a small perturbation of the model metric we considered
before, again from the Koszul formula, the Levi-Civita connection is perturbed by an

O(r) term, so is true for the Dirac operartor: D} = A, + O(r).

At (p,rn), if we still use ej, -+ , €,_» denote the pull back vectors from B, then
under the metric g1, |e;] = 1+ O(r), || = r, and o £,0, is an orthonormal frame
for TM. On the other hand, Hy = Z?Z_Qg(vei/mn, ei/lei|) + g(Vepem, ¢/r). Since
gl(Vgn,g) = g1(Vas — 5,%) = —1, the last term in the above is —1L. From the

Koszul formula, 2¢1(V.,n, €;) = n-g1(e;, ;) = —2g1(Anes, €;), the last equality follows
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from the definition of our metric g;. So Hy(p,rn) = —+ — 2H(p,n), thus Df =
O+o+iH+Dy=0,+5+A +3H=Dy+1H. O

Now for any smooth metric g on M, the corresponding Dirac operator D is just a
bounded perturbation of Dy: D = Dy + g + 7n(r), from Lemma 2.2.8., we know that

the index of D will remain equal.

Proof of theorem 1.0.2. To prove that D7 is Fredholm, notice that it suffices

to prove
D* @ (P o R) : Dom(Dipax) — L*(S") ® (Im(P) N L? 1 (Sp))

is Fredholm, for which the proof of proposition 17.2.5. in [12] applies here: first PPy :
Im(P) N L*, — Im(P)N L?, is Fredholm, since (PyP)(PPy) = Py + Py(P — Ry) Py,
so is a comp;ct perturbation 2of the identity operator on Im(F,), so PF, has a right
inverse operator moduli compact operators, simliarly it also has a lefte inverse. Thus
(DT, PP,) is Fredholm. At last, we can write (D", P) = (D, PRy) + (0, P(P — Py)),
the first is Fredholm and the second is compact, so (DT, P) is Fredholm. If we replace
P by P; as in the theorem, following from the proof of proposition 17.2.6 in [12], D"
is Fredholm.

As for the index, the first index formula has just been proved. For the second index
formula, since the only difference in the boundary contribution is from ker(Dpg), which
now is projecting to ker(Dy) instead of to ker(Dg), thus the index formula follows

immediately.

2.3.1 Weitzenbock formula.

In this section, we look at the Weitzenbock formula for spinors in the domains we
considered before. For simplicity, we assume the metric g equal to dri+r*w@uw+n*gp

near B.
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Let M. = {p € M | d(p, B) > €}, € > 0. For ¢ € L*(ST), D*¢ € L*(S™), we have

S 1
/ nD+¢n2=/ ||v¢||2+/ ~II¢>II2+/ <¢,De¢>dge——/ 16112 dg.
M. M. M 4 N. 2¢ J.
(2.3.21)

The last term is because with our metric, the boundary circle bundle has mean
curvature ;. As e — 0, we will see that both f,, || V¢ |2 and s Iy, | @ 17 dge
diverge, but the divergent terms of this two cancel out, so the left hand side of the

above equation remains finite.

For any ¢ € L?(S™) such that D*¢ € L?(S™), from the last section, ¢ = Bo+r"29,
¢o € L2(ST,M\B) , 9 is a section which in the tubular neighborhood is in 7* L(S3),

and vanish in the interior. Thus [,/ | Vrozg |2 (5 Jn. e 79 ||? dg. respectively)

is the term that renders [,, || V4 |1* (5 [y, Il 6 |I* dge respectively) divergent.

In the tubular neighborhood, the spin connection V can be written as

V=V4+V2
X 1 (-0
Vi=0,Qdr+ = ®w (2.3.22)
2\ 0 3
v2=9 0 1 2 l —1 0 1
=0,®n+01®n +0:®n 2k ®n
0 =2
1 0 —1 1 0 -1
+ =(—rn) ®n*+ =rn nt (2.3.23)
2 —i 0 2 1 0

T3

| =
3
/N
o L
O
S———
®
F
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The divergent term of [, || V4 ||* comes from f,, | Vr~z4) ||2, which is

/M | Vg 2= C + / | by |2

1 _. 1 _a
—c+ [yl i) peu
MM, r
1 _ 1 _
—c+ [ TPl (2.3.24)
MAM,

—c+ [ gt [

€ 2 B

S U S O S
—c—g5 [ 1wy [ vl

Here C is a constant which depends on v, and in the third equality above we used

the fact that || w ||n,= .

At the same time, the divergent term of o- [, N 617 is

1 i 1 \
5 [ Vet hda=g [ 11 dos (2:3.29

Thus if we let
. 1
Q@) =tim([ 1981 =5 [ 1417 (2.3.26

Also notice that lime_q |, N < Dep, ¢ >= |, g < Dpv,vy >, Weitzenbock formula for
¢ € L*(S*), D*¢ € L*(S™) becomes

2_ s 9
[ rer=e@s [ ieirs [ <pwy> (2527

2.3.2 Index for Spin‘ Case.

Let § — M\B be a Spin® bundle, Ay is a Spin® connection such that restricted to
the circle bundle P of B, it is (S |p, Ao |p) = #*(SB, Ag), where Sp is a Spin® bundle
over B, and Ap is a Spin® connection on Sg. So Ay has holonomy —1 along the
circles linking B. Let w be a connection form of P. Thus (S, Ag + z%w) extends to a
Spin® pair (Syr, Ap), w is a connection form on P. And Ay + i%w has holonomy zero

along circles linking B.
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Use Ay as a reference connection, then all the Spin® connection can be charac-
terized by i € A'(iT*M\B). Now suppose that when restricted to the tubular
neighborhood , ia = icw, ¢ € (0, %) is constant. Let D¢ be the Dirac operator as-
sociated with connection A, = Ag + icw. In the tubular neighborhood U, as before,
we have L2(S*|y) = L*((0,1), L*(ST|y) ® rdr). Since the Spin® bundle is a pull
back of a Spin® bundle over B, the S' action on N again can be lifted to S, and
L*(S* |n) = ®Vj, where Vj is the eigenspace of the differential of the S* action, L.

The Dirac operator corresponding to A, and g |y= r’*w ® w + 7*¢p is denoted by

A¢, and as in Chapter 2, can be written as

AL = %Av + Ap — 27(%)7(7r*dw).
We also have the isometry Q. : Vi — L*(Sp ® L™*), such that when restricted to
Vi, An = Q;:l o Ak o Q.
AC = %Av + Ay is the twisted operator.
Let ¢ = a® 3 € L*(Sy) be a unit norm common eigenvector of L and A, with
eigenvalues 7k and a respectively.

If a # 0, k # 0, then «, 3 span a two dimensional space, under this basis, A¢ is

represented by

__ ke
Aa=| 7 "
k,a — k
a j

r

If a =0, (a,8) € ker(Dp), then a is the eigenvector of A,, with eigenvalue %
and multiplicity dimKer(Ay |s, ®L7%), and 3 is the eigenvector of A with eigenvalue
— &4 and multiplicity dimKer(Ay ng@L—k)-

If £ =0, up to the isometry, A, |y,= Dp.

Then as in Chapter 2, the eta function 7 a0 of AY is again

wwls) = [ ABIL(O)
B
where fs(z) = =375, P ) S Cls=(2i-D)a®— 1

& (2i—1)!
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For 0 < ¢ < 1, the eta function nac(s) of A° with holonomy ef2m(et3) i

5 A(B)ch(det(Sp)L 5 (det(Sg)L*
-y JzA Z Jis A(B)ch((det(Sp)L¥))

Nae(s

k>0 (k +c)* k<0 _k o)* (2.3.28)
~ / A(B)f.(e)
B
with ‘
=> D s =405
i>0 j=0
i . ' )i
Y s 10
>0 j=0
Here ((s,a) is the Hurwitz Zeta function, given by
+00 1
<($7a) = ; (lﬂ+ a)s'

((s,a) defines a meromorphic function on the complex plane, with a simple pole at

s = 1 of residue 1, and ((s, a) is continous in the second variable a.

Let
C>®(M\B,S"; P) = {¢p € C* N L? D¢ € L*}. (2.3.29)

Still let D§yax denote the closure operator defined by above. When ¢ = 0, define

Dom(D%) is the kernel of the composition:
rs Dom(Dl,) 25 L2 (Sp ® Ly ® L¥) T2 12 (Sp ® Ly ® LF).
2 2

Here Pg is as usual the projection map to the negative spinors. When ¢ # 0, for any
¢ € Dfpax, the leading order term of ¢ is ¢ = a(r i ca & ritef) + rztea’ @
r%_cﬁ’) + O(Inr), for some «, 3, , 3 € L*(Sp). Define

DOIn(DC) = {(25 ‘ hmTHOIT%qﬁlLZ(SN‘Ql) - 0}
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Due to the behavior of ¢ € D§,ox for near B, we see that this boundary condition
is exactly the same as the second boundary condition we considered before, i.e.,
projection to the negative spinors.

The main result in this section is the following theorem:

Theorem 2.3.4. Let S — M\B be a Spin® bundle, Aq is a Spin® connection such
that when restricted to the circle bundle P of B, (S|p, Ao|lp) = (7*Sp,m*Apg),Sp is
a Spin® bundle over B, Ag is a Spin® connection on Sg. If the connection in the
tubular neighborhood is Ag+icw, then with the domain defined above, DS is Fredholm

and

A ' - 1-—cosht 1
A(M) A eap( - (Fa, —ide) - /B AB) =22 | Iy,

Ind(Da) = / 2sinh g | 2
(2.3.30)

M

where Fyy is the cuvature term of Ay, When M is four dimensional,

o(M) — (54"

Ind(D4) = 5

where (S, Ay) is the extension of the pair (S, Ao + izw).

Proof. Frehlomness can be proved in exactly the same way as before.

When ¢ = 0, the index calculation is almost the same as the Spin case. The eta
function of A"is of the exact same form, which makes the boundary contribution the
same. As for the interior form, notice that Fix — idw is the curvature form of our
Spin® connection.

When ¢ 7&, 0, the eta function 74.(s) is given by (4.26), and since the Hurwitz
function ((s,q) has simple pole at s = 1 with residue 1 and ((s,a) is continous
in the second argument, we see that the boundary contribution to the index of D¢
is continuous in c¢. But on the other hand, the index form of D¢ also continously
depends on c, they are all equal to [, A(M) A exp(;=(Fa,, — idw + i2cdw)). Since
Ind(D®) is integer valued, we get that Ind(D¢) = Ind(D°). When ¢ = 0, the boundary
contribution is the same as before, the index formula follows immediately.

The formula for four dimensional case follows as below: ¥ is Spin, we can write
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_1 1
Slp = (m"Ky?®&n*K&)® H, such that (H, B) = n*(Hy, By, As), Hs is a line bundle
over 2 with degree k. And Ay comes from the connection of the pull back Spin

-1 1
connection on Ky, * @ K2 and By,. Thus (S, Ay +i3w) extends to (Sx, Ax) such that

c1(S%)(X) = 2k + n. Now from the general formula, Ind(D¢) = U(X)—(Cl(sj‘)_dw)z) -

2 — 2k, while (¢;(Sx) — dw)? = ¢1(S¥)? = 2¢1(Sx) Adw +n, and ¢1(SE) Adw = 2k +n,

we get

o(X) — c1(Sx)
8

Ind(D¢) =
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Chapter 3

Moduli Space of Singular

Monopoles.

3.1 Basic Seiberg Witten Theory.

Seiberg-Witten equations are first order elliptic equations. And the solutions are
absolute minimum of a so called Seiberg-Witten functional. The Euler-Lagrange
equations of the functional are second order equations, and Seiberg-Witten solutions
also satisfy the Euler-Lagrange equations. One strategy to study the Seiberg-Witten
solutions is to first solve the E-L equations, then to identify conditions under which
certain solutions actually also solve the first order equations. The main source of

reference is [10].

3.1.1 The monopole equations.

Let X be a compact connected oriented 4-manifold and fix a Spin® structure S on
X. Such a Spin€ structure always exists. As before, v : TX — End(S) is the
Clifford multiplication, and vy extends to an isomorphism of algebra bundles C(TX) —
End(S). There is a natural splitting of S:

Ste S~

51



into the + eigenspaces of y(ejeseses) where eq,eq,€3,€4 is any positively oriented

orthonormal frame of TX. Let Lg be the determinant line bundle of ST and S~:
Ls = det(S1) = det(S™)

Denote by A the space of Spin® connection on S*. For any given A € A, Dy is

the associated Dirac operator.

The Seiberg-Witten monopole equations are a system of first order differential

equations for a pair (4, ®) where A € A and ® € C*°(X,S*). They read
Da® = 0, Ff = o™ ((98*),). (3.1.1)

Here the endomorphism ®@* € C*(X, End(S™)) is defined by

PP*'r =< P, 7> O

for 7 € C=(X,S™). Its traceless part is given by
* 1 2
(®D )OT=<<I>,T><I>——2— || @ ||° .

Let Endi(S*) denote the bundle of traceless endomorphisms of S*. The bundle
isomorphism

ot Endy(ST) - QtT*X @ C

is the inverse of the map v : Q™T*X — Endy(S™) defined by Clifford multiplication.
Recall that in the 4-dimensional case, v identifies the imaginary self-dual 2-forms
on X with the traceless Hermitian endomorphisms of S*. Thus o*((®®*)o) is an

imaginary valued self-dual 2-form and so is FJ.

3.1.2 Space of Configurations.

In order to use these equations to produce a moduli space, out of which one can define

Seiberg-Witten invariant of the Spin® structure, we need to put these equations in a
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nonlinear elliptic framework. The space of configurations is the space on which the
equations define a function. It is the space of all pairs (A, ®) where A is a Spin®
connections and @ is a spinor. For technical reasons, we need to work with Banach
or Hilbert spaces. And usually people work with L2 or L} for p > 4. Here we choose
the working space to be L2, based on [10].

Let L3(S*) be the space of sections of W+ of L2 class, and .A? be the connections
on S* of L? class.

The Seiberg-Witten functional for a pair (A, ®) is defined by

s 1
SW(A,®) = /X(II Va® |+ || F5 |7 +7 | ¢ +3 I ¢ [|*)dvol.

and s is the scalar curvature of (X, g).
Seiberg-Witten solutions are absolute minimum of this functional. The Euler-

Lagrange equations of the Seiberg-Witten functional are

~Bag+ 3645 19176 =0, (31.2)

1 .
dFf+ —2—Im < V¢, >¢e"=0. (3.1.3)

Here A4 is the Laplacian, and V; = V,,, {e;} is an orthonormal basis of TX.
The following maximum-principle property is proved by Kronheimer-Mrowka in

[11]:

Theorem 3.1.1. For a smooth solution (A, ®) of the Seiberg- Witten equation,
| ¢(z) [I< maz{-s,0}.

It is not hard to see that the functional SW is well defined on A% x L?(S+) and
SW is smooth.

A suitable Lie group is required to serve as a gauge group. Let Gy = exp(iL3(X, R)).
Then Go is a Lie group: obviously the quotient Y = L2/ ~ is a Lie group with the

usual addition of functions, ~ is the equivalence relation in L2(X), ¢; ~ ¢ if and

53



only if ¢ (x) — ¢o(z) = 2mn, for almost all z € X, for some integer n. And Gy
can be identified with Y by the exponential map. Hence Gy is a Lie group with the

multiplication of functions.

Lemma 3.1.2. Define G = Jg - Go- G is a Lie group, here the union is over all
components of C°(X, s'). G acts smoothly on A% x L3(SY).

The proof of the following gauge fixing lemma can be found in [16].

Lemma 3.1.3. For any pair (4, ¢), Ao a fized smooth connection on S, there exists

a gauge transformation g, such that o = g - A — Aqg satisfies d*a = 0, and
lall<al Fi e +e.

where ¢1, ¢y are constants.

3.1.3 Regularity of solutions.

The crucial point in the proof of both the regularity and compactness of weak solutions
is the L* bound of the spinor ¢. As long as this is guaranteed, the regularity can
then be obtained through the standard elliptic bootstrap method.

Since now the configuration space is L2, the usual maximal-principle argument
does not apply to prove the L® bound. And the authors in [10] use the method in
[20] to prove the following:

Theorem 3.1.4. Let (A, ¢) € A2 x L3(S*) be a weak solution of (5.1). Then

| ¢ ||z < maz{—s(z), 0}.

Proof. Let so = min{s(z) | z € X'}. If s9 > 0, then since

1
[Uvas P +5 1614716 =0,

thus ¢ = 0. Without loss of generality, assume so = —1. Define test function 7 to be
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- {(I 61 -0 for 61> 1, -

0, for[[¢<1.
and Q = {z € X| || ¢(z) ||> 1}

Let v = ﬁ for || ¢ ||[> 1, x(£2) be the characteristic function of Q. By noticing

that || v [|= 1 and || ¢ ||[> 1, we conclude

V= x@d ¢+l ¢ll -1)Vv) € L%,

since d(|| ¢ ||)v = 222y =< Vo, v > v € L?, and

ll#ll
) T L <V
x|l & | =1)Vv) = x(D((l ¢ 1)H o 2(“ oI -1) e )
(1 - e i Ly e s ver?)

11 27 el

Now that (A, ¢) is a solution of (5.1), we have

5 1
0= [ <VatVan>+] <on>+gl0F<n>
Q

= [ <Vao a5l e s 01D 0]

> [ < Va0 > <50 =00 0 =D o1,

for s > —1. We show that the first term is also nonnegative: for

/Q < Vb, Vun > = / < Vb, d(| 6 v > + < Vas, (| 6 | ~1)Vav >

=<d([| ¢ [Dw, d(ll ¢ v >+ <[l & | Vv, d(] ¢ []) >
+<dieNv, (el —D)Var >+ <[ ¢ || Varv,(| ¢ || -1)Var >
=<d(l ¢ v d(l ¢ v >+ 1ol (I o]l —1) < Var,Vav>

>0
(3.1.5)
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The last equality in the above is due to the fact that < v, Vv >= 0 since v is a

unit normal vector. Thus Q has measure zero, and || ¢ ||z=< 1.

O

With the L* bound at hand, it is straightforward to prove the regularity property

and the compactness theorem.

Theorem 3.1.5. Let (A, ¢) € A? x L2(S™) be a solution of the Seiberg- Witten equa-
tion. Then there exists a gauge transformation g € G such that g(A, ¢) = (g(A), 97 '¢)
is smooth. Moreover, for any sequence (A;, @;), there exists a subsequence(also de-

noted by (Ai, ¢:)), and gi, such that g; - (A;, ¢;) converges in C*™ to a solution (A, ).

Proof. As before, we choose a base connection Ay;. From the gauge fixing lemma,
there exists a gauge transformation g, @« = g - A — Ay, such that d*a = 0. Thus the

Seiberg-Witten equation is of the form

’

(Day =i+ ¢,
{ (da)* = o(9) - Ff,, (3.1.6)
kd*a =0,

Since || ¢ ||L~< C, again from Lemma 3.1.3, @ has uniformly bounded L} norm
for any p > 1. In particular, take p > 4, we see that it is bounded in C° by the
Sobolev Embedding Theorem, and hence « - ¢ is bounded in LP for any p, It follows
that ¢ is bounded in LY for any p > 4. Since L} has Banach algebra structure, it
follows from elliptic bootstrap that (a, @) is bounded in L% for any k > 2. Then
sobolev embedding theorem says that (a, @) is smooth.

For compactness property, notice that ¢ has a uniform L* bound, from the exact
argument above, for any sequence (4;, ¢;), we have a uniform L} bound for any integer
k> 1 and p > 4, thus Rellich’s Theorem produces a subsequence converges in L} for
all k. This proves the compactness.

O
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3.2 Configuration space over the complement of

the surface.

3.2.1 Spin structures.

As before, X is a smooth, connected, oriented closed four manifold, ¥ is a smooth,
oriented, embedded surface in X. Denote by P the circle bundle of the normal bundle
of ¥ with degree n. w is a connection form on P, such that dw = 7*dvols. The
following lemma summarizes some relevant cohomological information about these

spaces. The (co)homology groups are with integer coefficients.

Lemma 3.2.1. Let X, P, X, n # 0 are as above.
HY(P)~ H\(Y), ,H¥P)~Z,®H\(Y)
HY(X\E) = H'(X), H(X\Z) = H*(X)/¢® F,
where £ is the Poincare dual of ¥ and F is a subgroup of H(X).

Proof. The cohomology groups of P comes from the Gysin exact sequence of S* —

P — ¥. The Gysin exact sequence implies
H*(P;Z) 2 n*H*(3;Z) @ H' (S, Z) & 2y, © 2.

As for the cohomology of X\X, we can use the Poicare duality and the excision
principle: H2(X\X) & Hy(X\Z, P) & Hy(X,U), U is the tubular neighborhood of
Y. And Hy(X,U) can be calculated from the exact sequence of the pair Ho(X, U):

Since Hy(N) is a free abelian group, we have Ho(X,U) = Ho(X)/E @ F, F is some
subgroup of H;(U). Similarly H*(X\X) & H3(X,U) & HY(X).
]
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Any line bundle H on P such that ¢;(H) = ke Zjy can be obtained as a pull
back of a line bundle Hs on X, ¢;(Hs) = k € Z. Note that k is determined only
modulo n. So this does not give a faithful correspondence between the line bundles
on X and the torsion line bundles over P. However, if one equips the line bundle with

a connection, one gets a faithful correspondence, as described in [17]:

Lemma 3.2.2. ([17]) There is a natural one-to-one correspondence between pairs
bundles-with-connection over ¥ and bundles- with-connection over P, whose curvature

forms pull up from ¥ and whose fiberwise holonomy is trivial.

Let C be a flat connection on H with holonomy exp(2ikw/n). Set C, = C +
(2ikm /n)w, then Cj has trivial holonomy along the fibers and the curvature form of
Cy is horizontal, F, = 2ikmdw. Thus Cy is the pull back of a connection Cx on a

line bundle Hs, whose curvature satisfies
7* Foy, = 2mik/ndw = 2ikm*dvols.

Thus ¢;(Hs) = k.

Now any Spin® bundle Sp over P with torsion determinant line bundle can be
written as ST = W*Kg% QH® TF*KE% QH.

Suppose S is a Spin® structure on X\X, whose restriction to P is determined
by a torsion line bundle and it extends to a Spin® structure on X. The extension
is not unique, and any two extensions differ by a power of the line bundle N, the
normal bundle of ¥.(The pull back of N to P is trivial, so we can extend N to
a line bundle over X, still denoted by N). This fact can be seen as follows: first
changing the Spin® extension on X by a power of N does not change the induced
Spin¢ structure on X\X, since N is trivial on X\X. On the other hand, suppose two
Spinc structures on X differ by a line bundle L. If restricted to X\X, they give the
same Spin¢ structure, then L is trivial on X\X, hence ¢;(L) lies in the kernel of the
restriction map H?(X) — H?*(X\X), which is generated by the Poincare dual of %,
thus ¢;(L) = mei(N), L= N™.

Although the extension of a given Spin® structure S on X\X is not unique, when
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coupled with an extendable connection, from the above lemma, we do have a unique
extension. More specifically, write S*|p = (W*KZ_;% D W*KE%) ® H, let A, a Spin©
connection on S, such that restricted to P, it is obtained by coupling the Spin
connection on W*Kg‘% & ’/T*KE% and a connection Cy on H. (Recall that C) =
C +ik/nw is a connection with trivial holonomy on H.) And A; has —1 holonomy
since the Spin connection on 7* Ky, : @ W*Ké does. Irom the above lemma, the pair
(H,Cy) is a pull back of a unique pair (Hyx,Cs) on X. Thus (S*, A, + Siw) extends
uniquely to a pair (Sx, Ax) on X. Let £ denote the determinant line bundle of Sy,
then ¢;(£)(¥) = 2k + n.

3.2.2 Configurations space of singular monopoles.

In order to be able to consider the Seiberg Witten equations over the complement of
the surface, we need to choose an appropriate function space to study the equations.
Recall that we chose to work with smooth metric g which can be extended to X. And
the Spin® structure S is the one we mentioned above, whose determinant line bundle
1s torsion restricted to P. Let Ay + icw be the reference connection. Thus Ay + icw
has holonomy exp(2i(c — )) along the circles. Notice that if we change ¢ to ¢ + I
for some integer I, then Ay +ilw +icw has the same holonomy and Ay +ilw = Aj .
Thus we only need to fix ¢ € (=3,0) U (0,3). When ¢ = %, the holonomy is trivial,
and it reduces to the usual analysis on the compact manifold X.

Now for the spinors, we will use the space we studied in Chapter 2, i.e., V* =
{6 € LP(ST), Da,é € LP(S7), (r2¢)(0) € S*} forc =0, V* = {¢p € LP(S¥), Dp b €
LP(S7), (r2¢)(0) = 0} for c € (—1,0)U (0, 1).

For the connections, we use the following weighted sobolev spaces, with different

weight of the spaces introduced in [11].

For some p > 2,
C? = {a € Q"(X\D) la € LP(iNY(X\X)), Vxa € r‘le(iQJr(X\Z))}, (3.2.1)

C8={f|ferl’,Vfe L’ Vfer L. (3.2.2)
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And C§ = {f | f € r"'LP}. Here Vx is the induced Levi- Civita connection on
1-forms, and a € r°L? means that r—“a € LP.

Let Ay = {A; +icw +a | @ € C7}. And the configuration space we choose to
work with is C, = V* x Ai.

The above spaces are isometric to the following weighted Sobolev spaces intro-
duced in [11]:

For nonnegative integer k and p > 2, W} is the completion of the space of com-

pactly supported smooth functions on X\X in the norm

1 1
5 g =l e llp+ ) g V5 llp 4o 1 VS

Obviously WP c L?, and W} = LP. And the multiplication map T : C} — W},
T(f) =r?f is an isometry map.
In [11], the authors studied singular Yang-Mills equations along an embedded

surface. There the connection near the surface is
A=ad"+b

with a® being the diagonal part and b being the off diagonal part such that a° is in
the ordinary L¥ space and b is in W? as above. The anti-self-dual equations can be
written as

dta® = —[b,)°

dth = —[a’, b]
Formally, the Seiberg Witten equations look simliar as the above equations, with
a® being replaced by the spin® connection and b being replaced by the spinor. The
configuration spaces we chose here are actually the analogue of the configurations
spaces for the singular connections, at least up to an isometry: for any spinor ¢ € V',
since ¢ ~ O(r°"%), we can check that r¢ € WP(S*, X\E) for appropriate constant
p > 2, also for any a € CY, we know that ra. € L?, and V(ra) =dr @ a+rVa € L?,
so ra € L%. Thus up to the weight 7, our configuration spaces are such that spinors

lie in W? and connections lie in L.
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It is shown in [11] that usual embedding theorem also holds for W7, and so does

the elliptic theory: let
wp =k —p/4,

Lemma 3.2.3. (11].) If k > | and w} > w}, then there is an inclusion W} — W}

If both inequalities are strict, then the inclusion is compact.

Lemma 3.2.4. The usual statements of elliptic regularity also holds for S:
S=(d"+ -Crl) @ (dF + %) L QLX) — Q0(X) ® QF(X).

Due to the isometry 7', we have

Lemma 3.2.5. The Sobolev embedding property also holds for C%. And the elliptic
regularity also holds for d* & d* acting on C%.

Define A = Ay + C?. The configuration space we choose to work with is C =
vVt x A

A gauge transformation o € L}, (X \Z, S") belongs to the gauge group based at
¥, Gy, if there exists f € C5, so that 0 = exp(f). Define G = Ugg - Gx:, where the

union is over all the harmonic representatives of H*(X).

3.3 Deformation Complex.

Seiberg-Witten equations on the complement of the surface give rise to a well defined
map
SW:V*t x A— LP(S™,X\Z) x rLLP(iQT).

The deformation complex D4,y) of the solution (A, ¥), taking into account of the

action of G, is

0 — CF —Kan v+ x A STanSW 12(97) x pLLP(IQT(X\Z)) — 0,  (3.3.1)
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where K4 4)(f) = (2df, —f4) is the infinitesimal gauge group action and
TiawySW (e, ¥) = (d*a - 2Q(¥,9), Day + a - ¥)

is the linearization of the Seiberg-Witten map at (A, ¥). Here @ is the bilinear map
associated to the quadratic map ¢ in the Seiberg-Witten equations. The cohomology
groups of this complex provide some local information about the based moduli space.

The first observation is the following:
Lemma 3.3.1. The zeroth cohomology group of the deformation complex is trivial.

Proof. If f € C} is in the kernel of K4 y), then df = 0. Thus f is constant and from

our definition of G3, f converges to 0 near ¥, it must be identically equal to zero. O

The first cohomology group of the deformation complex is called the Zariski tan-
gent space of the moduli space and the second cohomology group is called the ob-
struction space. If (A, ¥) is a regular point for the Seiberg-Witten map, then the
obstruction space vanishes and the first cohomology of the complex is isomorphic to
the tangent space of the moduli at [A, U].

Let (A,¥) be a configuration on X\E. The adjoint K{, 4y of the infinitesimal
gauge group action K4 ) is defined with respect to the following inner products: for

imaginary-valued forms « and (3 let

<a,fB>= / a A *Br~2
X

where * is the complex anti-linear extension of the Hodge star operator.
Then KE“A"I,)(a, ¥) = 2r2d*r~—2 + 2iIm < ¥, >; we can drop the factor 2, thus

obtaining the wrapped-up complex
F: Ax VT = LPGEQX) @i (X)) @ LP(S7),
2
F(oa,v) = (d*a — ; +im < U,¢ >,dta —2Q(V,v), Dap + o - V).
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3.4 The equations over a Kahler manifold.

On a closed Kahler manifold (X, ), there is a canonical Spin® structure given by
S5 =0(X;0)® Q% (X;0),

Sy = Q™ (X;0).

Any other Spin® structure S differs from Sy by tensoring with some complex line

bundle L, and is given by
St =Q%X;L)® Q" (X; L),

S~ =0 (X;L).

Furthermore, the determinant of S* is K3' ® L2

Recall that (5, Ax) is a pair of Spin® bundle and connection over X\, such that
(S, Ax + i3w) extends uniquely to a pair of (Sx, Ax) on X. Write S§ = Q°(X; L) &
Q%2(X; L). And £ is the determinant line bundle of Sx, ¢;(£)(X) = 2k + n. For any
holomorphic connection B on L, let By be the induced holomorphic connection on L.

Let (A, ¢) € Ci be a solution to the Seiberg-Witten equation. From our definition
of the singular configuration space, A = Ay + icw + ia, for some a € C?. Write
¢ = (a,p) € St ® S, a has leading order ri~ near ¥ while 3 is of O(1) near X.

Due to the Kahler structure, we can write the Seiberg-Witten equations:

gAa + -(_9—*145 = O,
J (FEDM =5l =1 8w, (3.4.1)
(P =%

Now the configuration space Cj is acted on by the complex gauge group which
is defined to be G¢ = Map(X\XZ,C*). A complex gauge transformation e/ acts on
configurations by

A— A+0f -0f
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a—+efa

B—elp
When f is pure imaginary this coincides with the usual action of G. And it is easy
to verify that the first and the third equation in (3.4.1) are preserved by this action.
Choose e/ = 2, and a; = r°2q, /i = r2°8. Under this change, B =
A+(3=c)8lnr—(3—c)0Inr is a nonsingular Spin® connection which can be extended
to a Spin® connection on Sx.
Now the standard proof that Seiberg-Witten solutions on Kahler manifold have

vanishing Fg’z directly generalizes to our case: we have the harmonic spinor equation
Opa + 5;,8 =0,
Apply 05 to this equation we get
dp0pa; + 050gh = 0.

5 7 2 2 —n _ —
Of course, 0gdpa = Fg’ - oy, but Fg’ = 3’2 = afl = a1, we have

| a1 ||2 B+ 85050 =0,

Due to the behavior of a; and 8 near ¥(a; is of order O(1), and 3, is of order
O(r%_c)), we have that [, < 8" By, By > rdgn, goes to 0 when r goes to 0, here gy, is
a fixed metric on N. Thus we are justified to take the L? inner product with 3 and
get

[ 3 e 17160 I dvol+ 1 B3 3=

Since each of these terms is nonnegative, it follows that they both vanish. And
@61 = 0. This means that F2’2 = 0, and hence A is a holomorphic connection, (3
is an anti-holomorphic section, and «; is a holomorphic section. In particular, if X

is connected, from unique continuation principle, either a; or ; vanishes identically

on X.
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Furthermore, since

()™ = (F5)™ +i(e— o = Sl a [P~ | 82
Thus (2¢1(L) — a1 (Kx) +(c— 3)€) - = [ (21(L) = 1 (Kx) + (¢ = 3)O) AQ = 5= [ (|
Bi |1 = || e1 ||?)dvol, here £ is the Poincare dual of 3.
Since at least one of oy and f; is zero, we see that if (2¢;(L) —c1(Kx) +(c—3)€)-Q
is nonnegative, then a; = 0 and if (2¢; (L) —¢1(Kx)+ (¢ — 3)€) - Q is non-positive, then
By = 0. Without loss of generality, we assume that (2c;(L) — c1(Kx) + (¢ — 3)§) - Q

is nonpositive. Thus the Seiberg-Witten equations reduce to the following;:

5Blal = 0)
Y @Fgs — Fye )" =114 | o || w — cdw, (3.4.2)
kF,g’f = 0.

To sum up, if (2¢;(L) — ¢1(Kx) + (¢ — 3)€) - Q < 0, the Seiberg Witten equations

reduce to the above singular vortex equation, (B, a;) is an effective divisor on L.

3.5 Identification of two moduli spaces.

For compact Kahler manifold, there is a holomorphic description of the solutions to
the Seiberg-Witten equations. More specifically, the following correspondence has

been proved in [16]:

Theorem 3.5.1. Let (X,w) be a closed Kahler surface, S be a Spin® bundle over X,
St = (QX; L)®Q%2(X; L)). Let (A,) be a solution to the Seiberg- Witten equations
for S, with ¢ = (o, 8) € QO(X; L)®Q°2(X; L). Then if [, (2c1(L)—e1(Kx))AQ <0,
we have B = 0, A is a holomorphic connection on L, a is a holomorphic section of
L, with

(F) = Zlafw.
4
if the [ (2c1(L) — c1(Kx)) A2 > 0, we have o = 0, A is a holomorphic connection
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on L, and B is an anti holomorphic section on L, with

(Fi)M = —2181%.

Conversely, suppose that [, (2c1(L) — c1(Kx)) AQ < 0, A is a hermitian, holo-
morphic connection on L, a is a nonzero holomorphic section of L, then there ezists
another hermitian structure B on L such that for the connection A which is hermi-
tian with respect to B and which defines the same holomorphic structure on L as A
does we have

11 _ ¢
Fi = (el )
where ([a|,)? means the norm measured with respect to the hermitian structure on

Lo determined by h'.
Similar results hold for B8 when [, (2¢1(L) — c1(Kx)) A > 0.

In this section, we are going to prove an analogous identification theorem for the
singular moduli space considered previously.

Let X be a holomorphically embedded curved in a closed Kahler manifold (X, ).
¥ is a holomorphically embedded surface. (L, hp) is hermitian line bundle over X,
such that L|p is torsion, ¢;(L)(X) = k + g — 1. By is the connection on L such that
when restricted to P, By is a pull back connection from a connection on a line bundle
Lys. over X.

For some p > 2, define
B = 0p, + {a € Q> (X),a € C7},

GSP = {e%|g € C¥ is a complex valued function},
D = {(@a,a) € B x LA(L)|F§* = 0,850 = 0},

where L (L) is the usual Sobolev space. Also recall that My = {(A, ¢) € Cx|SW (A, ¢) =
0}.

So GSP is the complex gauge group, and D} is the collection of effective divisors.
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GSP acts on DP as follows: for any ef € Gs 7, (8, a) € DY,
O — eg(‘_?Be“g,

a — eda,
B — B+ 0g — 0g.

here B is the connection compatible with 9 and hg. From the definition the complex
gauge group does form a group and the above action preserves DY.

Now we are ready to state the following correspondence theorem:

Theorem 3.5.2. Let Sx = Sy ® L be a Spin® bundle on a Kahler manifold (X, Q),
Y be a holomorphically embedded surface, n is the intersection number of ¥. L is the
determinant line bundle such that ¢;(L)(X) = 2k—+n. If (2c1(L)—ci(Kx)+(c—3)€)-Q

18 nonpositive, then we have a one to one correspondence:
- P kp 1opC

Proof. First from the adjunction formula, ¢;(£)(X) = 2k +n implies that ¢, (L)(X) =
k +g — 1. We have proved in Section 3.4 that if (2¢1(L) — ¢1(Kx) + (¢ — 3)€) - Q is
nonpositive, then any for solution (A, ¢) € Cx, ¢ = («,0), after the complex gauge
group transformation e/ = r27¢, the pair (B,o;)(B = A + (3 —)df — (3 - 0)df,
) = r%‘ca) satisfy equation (3.4.2), i.e., B defines a holomorphic connection on the
determinant line bundle £, let B also denote the induced holomorphic connection
on L, B— By € C?, and oy is a holomorphic section of L, which give us the map
i:(A0)— (B, ay).

The following theorem tells us that for any (9p,a) € DP, there exists a unique
ef € Qlc P such that after the gauge transform, the effective divisor also satisfies the
curvature equation in (3.4.2), thus ¢ is sujective and injective.

O

Theorem 3.5.3. Let Sx = Sy ® L be a Spin® bundle on X, ¥ is a holomorphically
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embedded surface with genus g. ¢i(L)(X) = k+g—1. If (2c1(L)—c1(Kx)+(c—3)&)-Q
is nonpositive, then for any pair (0, a) € DY, there ewists a f € C? such that after

the gauge transform ef, (Oy,a') satisfies

1
(QFB/ — FKX)LI = ZTQC_1’Q1|}21/ — ’iC(dW)l’l.

Proof. In order to solve
1
(2Fy — Fr, ) = Zr2c_1|041|i/ — dc(dw)" .

First observe that for the gauge transformation e/, we can write the above as an

equation for f:
= 1
—iNq (2Fg — Fx, +0f — 0f) = Zr26‘1|a1|262f — dc(dw)" .

Define w = —4i Aq (2Fp — Fi,, — 4icdw), fw > 0 from the assumption. And using
the Kahler identity —4i Aq 00f = Af, the above equation becomes

Af + T26—1|a112€2f — = O’ (3.5.1)

Now follow the exact procedure in [6], we can construct a solution f. And the
elliptic regularity in Section 3.2 will make sure that f € C%. First using the method
in [6] to construct a sub-solution f_ and a super-solution f, for equation (3.5.1), i.e.,

functions f_ and f, such that f, > f_ everywhere and

Af_ 4+ oy Pe¥- —w <0
Afe+rE agPe¥ —w > 0.

Then define a sequence of funcitons inductively by setting fy = f- and defining

fis1 to be the unique solution to
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Lfi+1 = —T26_1|a1|262fi +w + k'fl

where L = A + k for a suitably defined nonnegative function k.

Then using f; to construct a solution to equation (3.5.1).

Notice that Av = u has a solution whenever [u = 0. If u € L?, then v € Lj.
To construct u,, let vy, v, be solutions to Av; = w — W and Avy = ¢ — r%7|ay]?
with ¢ = [r?**7!a;|* and W = [w. Choose a to be constant large enough so that
ac > w and then choose a constant b large enough so that e"1®2+® — g > ( and
a—e b 5 (0 Let fy = v; +avy + b and it is easy to check that f, is a sup
solution,

Simply define f_ = v; — n with n large enough constant so that f_ < f, and
W+ r* oy [2ev' ™™ < 0, then f_ will be a sub solution.

Obviously f., f_ € L&.

Let k = r2~tay|%ef+.

Just as in [6], the sequence f; defined recursively above satisfy f;.1 > f;. Thus we
have uniform upper and lower bounds on f;, we get a uniform L} bounds on f; from
elliptic theory. Thus f; has a subsequence converging uniformly to f in L} for some

r > 4. In particular, f; converge to f in C° norm.

From the definition of f;, it is not hard to see that f is a weak solution of 3.5.1.:

for any smooth function h,

/ VfirsVh+ kfisih = / (Afis +kfir)h = / (=% Yo [P+ w + kfi)h
X X X

let 7 go to infinity, we have

/ VfVh+kfh= / (r oy 2e* + w + kf)h.
X X

Since f is a weak solution of 3.5.1, f € L% from the elliptic theory.

To prove that f € CF, it suffices to prove g = rf € W% by recalling the isometry

we mentioned :
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Since f is the solution to (3.5.1.), g is the ssolutionto the following equation

1
rA(;g) + 2 oy [2e2H — rw = 0 (3.5.2)

Now that A = —45 A, 89, we have
; 51 2c—1 2,21
—4i A, (raa(;g) + rra;|%e* ™ —rw = 0,
alternatively, we can write
, =1 1 =1 21y, (2,21
—4i A, (3(7’8(;9) — —1:61" A r(’)(;g))) = —rr* oy |*e*r? — rw = 0,

since % g = [ is ccontinuous the right hand side of the above equation is in L?, and
rd(Lg) is also in LP because f € L5, thus rd(1g) is in WY, equivalently, rd(lg) =
dg — Lg is in WP, which shows that g € W3,

Uniqueness: if fi, f» are two solutions, we have
0 < |d(fr — f2)I?
- [ <oth-ffi- >
X
= [ =l feh - (i - £)
b'e

and the last integral is nonpositive, thus d(f1 — f2) = 0, f1— f> = ¢ for some constant c.

But ¢ has to be 0 otherwise the integral above is strictly negative. Thus f; = fo. O

3.6 Compactness of the moduli space for Kahler

case.

In this section, we are going to prove that the moduli spaces we identified above is
compact. The crucial point is to get a uniform L* bound for the spinors. Notice that
we are only working with LY space here, so the maximal principle does not apply.

Fortunately the argument in Section 3.1 works here. When the base manifold is not
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Kahler, we can not reduce the equation, and we still do not know whether the moduli
is compact or not.
By using the argument introduced in Section 3.1.3., we prove that a; admits a

uniform L* bound.

Lemma 3.6.1. Let X be a closed Kahler surface, ¥ be a holomorphically embedded
curve. S is a Spin® structure on X\X, which restricted to the tubular neighborhood
of X is torsion. If (A, @) € Cy is a solution to the Seiberg- Witten equation, then there
ezist a constant C independent of (A, ¢), such that || r2—°¢ || < C.

Proof. First suppose that (2¢,L) — ¢1(Kx) + c€) - Q is non-positive, thus g = 0,
and ¢ = (a,0). From the above discussion, (B, o) satisfies equation (3.4.2), with
a1 =r°q, and B = A+ (3 — c)dlnr — (3 — c)0lnr is a Spin® connection being
able to be extended to X. Thus it suffices to prove that a; has a uniform L* bound.
Notice that a; € LY. The same method for Theorem 3.1.1 applies here:

Without loss of generality, we can assume that s(z) > —1, s(z) is the scalar

curvature. Again define the test function n € L? to be

(loa | 1) gk, for || oa [|> L,
0= fea | (3.6.1)

0, for || a1 ||€1.

and Q= {z € X || ¢(z) |> 1}.

Since (A, @) is a solution, we have

S

4
1
= /Q < Vg, Vgan >+ ([ an [* +8)(r* 7 floa || =1) || en |

1
0= / <Vpoy,Vpn>+- < ay,n> +7 I &< r*tag,n >
0

> [ <Va6.%an > +3016 1P -0 61 -1) 119

for s > —1. The first term is nonnegative from the proof of Theorem 3.1.1. Thus

1 has measure zero, and || a; ||L~< 1.
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Now we are ready to prove the following compactness theorem:

Theorem 3.6.2. Let X be a closed Kahler surface, ¥ be a holomorphically embedded
curve. S is a Spin® structure on X\X, which restricted to the tubular neighborhood of
¥ is torsion. Then for any sequence (A, of) € Cy which are solutions to the Seiberg-
Witten equations, there exists a subsequence, still denoted by (A%, a'), and a sequence
of gauge transformation g' € G, such that g* - (A%, o) converges in Cy.

1

Proof. Let By = Ay + icw + Of — Of be the reference connection , with e/ = r27¢,
After the complex gauge transformation of e/ defined before, we have a sequence
(at, ot), such that (By+a', ot) solve equation (3.4.2), with a* € C?, and o € L3(SY).
And (A, o) converges in C if and only if (af,a}) converges in C7 x L?(S*). From
the usual gauge fixing theorem, for any sequence (B, o), we can find a sequence g*
of gauge transformations, such that g - B, still denoted by B, satisfy d*a* = 0, and

la*|r» < C for some constant C. For convenience, we rewrite equation 3.4.2. here:

]
Op. 0 +a'-a;=0,

ﬁ dta' = Fp, +1r*7la(a},al), (3.6.2)

d*at = 0.
\

Since d* @ d* has the usual elliptic regularity on C?, a* has uniform C? bound, which
in turn, through the first equation, gives a uniform L} bound on o}.
To get the bound for higher derivatives, we use the argument in [10]:

o, is a weak solution to the following second order equation:

S 1
-1 + —T_2c ” (03] ”2 Q] = 0.

AN
BO1 + 1 1

From the above equation, we get for 1 <r < 2,

I Aen (|- < e(ll Apen llr + | Alle- + Il B lIll Vaoa llller + I B I7]lz-),

From the Holder inequality
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Bl Vea [illz-<Il Al z Ml Ve |lza -

Thus || of || Ly < C.

From Rellich theorem, Lj — L? is compact, thus there eexistsa subsequence ot
converging in L2,

Now the right hand side of the second equation (3.4.4) has a uniform CT bound:
o(at,a}) has uniform L bound for any 5 < 4, thus a uniform C{ bound, and 7?1 €
C! for [ > 2, thus from Holder inequality, the whole term is bounded in C?. From
Lemma 3.2.3, @’ has a uniform bound in C, and has a subsequence converging in C?.

O

Remark: Notice that due to the identification theorem in the previous section,

the compactness argument here also proves the compactness for the moduli space of

the effective divisors D?.
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