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Abstract

Experiments carried out with magnetically confined, high temperature plasmas have
revealed important effects that have yet to be justified by existing theory. In par-
ticular, there arises an anomalous particle inflow in the central region of the plasma
column. Experimental evidence suggests that this particle transport results from the
excitation of unstable, short wavelength modes driven by the electron temperature
gradient, but the validity of the existing theory is limited to the edge of the plasma
column. This thesis investigates the question of how microscopic, electron tempera-
ture gradient driven, micro-reconnecting modes may collectively give rise to particle
inflow in the central region of the plasma column by examining solutions to the mode
dispersion relation. Derivations of micro-reconnecting modes in both fluid and kinetic
theory are presented, and the resulting dispersion relation is analyzed.
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Chapter 1

Introduction

We begin this chapter with an outline of what will be presented in this thesis. The aim
of Chapter 1 is to contextualize the following work by communicating to the reader
the importance of anomalous transport processes in fusion-burning plasma research.
In the next section, we introduce the topic of controlled thermonuclear fusion, the
development of which provides the main impetus for this work.
Chapter 2 introduces the hydrodynamic description of plasma behavior and presents

a derivation of micro-reconnecting modes in the fluid approximation. The fluid deriva-
tion highlights many of the important orderings which characterize the regime in
which we are interested. In Chapter 3, kinetic theory is discussed and a more general
derivation of the modes in Chapter 2 is presented. The results of Chapters 2 and 3
are used in Chapter 4 to derive the dispersion relation. Analysis of this dispersion
relation in Chapter 4 will allow us to characterize mode stability and discuss the

implications of our results.

1.1 Background

The fundamental goal of thermonuclear fusion research is to devise a method by
which a plasma may be heated to ignition and confined at sufficiently high density
for a sufficiently long duration to satisfy the Lawson criterion. Because fusion-burning

plasma must be contained at energies typically in excess of 1 keV, the plasma cannot
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be contained by material barriers, and the majority of present day research has focused
on the possibility of confining plasma with appropriately tuned magnetic fields.

The confinement scheme in which we are interested is the tokamak. Tokamaks
are axisymmetric tori which confine high-energy plasma in a helically winding mag-
netic field comprised of an externally generated toroidal component and a poloidal
component generated by the plasma current itself. Drift effects resulting from spa-
tial curvature and the gradient of the magnetic field necessitate helical winding to
suppress instabilities.

Magnetic confinement research has yielded significant advances in the past fifty
years, but there remain many experimentally observed phenomena which have yet to
be explained by theory. Among these phenomena, magnetic reconnection and anoma-
lous transport processes present a particular challenge to the understanding of plasma
behavior and the development of controlled fusion. Magnetic reconnection disturbs
the stability of ambient fields by the creation of magnetic islands as depicted in Figure
1-1. These islands join field lines from initially distinct domains and facilitate particle

and energy transport across the field.

1.2 Motivation

Previous work performed by Coppi and Spight [5] identified long wavelength, electro-
static ion-mixing modes facilitating the transport of ions and electrons against the
density gradient. The magnitude of the inflow depended on the finiteness of the lon-
gitudinal electron thermal conductivity which is a characteristic of collisional regimes
at the edge of the plasma column. In collisionless regimes, drift-tearing modes were
thought to be suppressed by the combined effects of Landau damping and the tem-
perature gradient, but even in experiments with low degrees of collisionality, magnetic
reconnection and anomalous transport have been observed [4]. Explaining the mech-
anism behind the generation of these instabilities would be a significant advance in
understanding the behaviors of space and laboratory plasmas.

In this thesis, we consider a class of short-wavelength, electromagnetic modes
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Figure 1-1: Diagram depicting reconnection of field lines and formation of magnetic
islands.

driven by the electron temperature gradient and investigate the question of whether
these modes, known as micro-reconnecting modes in the literature, could be respon-
sible for the onset of the anomalous drift-tearing mode. These micro-reconnecting
modes are called such because they produce magnetic reconnection (islands) and tur-
bulence on distances on the order of the skin depth. It has been postulated [7] that
the excitation of a background of microscopic modes may collectively sustain the
larger drift-tearing modes which give rise to macroscopic anomalous transport and
magnetic reconnection in collisionless regimes. For this to happen, however, these
microscopic modes must be driven unstable, and the stability of these modes is what

we primarily seek to analyze.
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Chapter 2

Fluid Approximation

In this chapter, we discuss the consequences of modelling plasma as an electrically
conducting fluid. Applying concepts from fluid mechanics to the particular case of
a fluid composed of charged species yields the fluid equations which we may use to
describe plasma behavior in the appropriate limit. Using the fluid equations, we
derive an equation for the component of the vector potential along the prevailing

magnetic field.

2.1 Fluid Equations

The hydrodynamic regime is often characterized by the limit in which the ratio be-
tween the mean-free-path of particles and the relevant distance scale under consid-
eration is small, i.e. A, < L. On scales where L dominates A zp, collisions occur
frequently, and the system quickly settles into local thermodynamic equilibrium. In
this case, the system may be considered to populate local micro-states independently
and with equal probability, which is to say that the fundamental theorem of statisi-
cal mechanics applies. In the hydrodynamic limit, then, the system has well-defined
local properties, such as temperature, T'(x, t) (measured in units of energy), density,

n(x,t), and flow velocity, u(x,t), which vary smoothly in space and in time. The
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local equilibrium is described by a Maxwell-Boltzmann distribution

(2.1)

m|v — u(x, t){zl

Fu(x,v,t) = Cn(x, ) exp [_ 2T (x, t)

in which the local parameters n, u, and T, are determined by conservation laws to

be discussed shortly.

In the case of fully ionized plasma, mean-free-paths are typically very long. In this
case, a strong external magnetic field must serve to maintain the local Maxwellian
distribution and supply the “caging effect” that is characteristic of fluids [8]. The
fluid equations are then derived by taking moments of the local distribution, and the
derivation can be found in any textbook on the subject. The equations expressing

conservation of mass, momentum, and energy, are given by

%? +V-(nu)=0 (2.2a)
mn (%+u-V)u=nq(E+uxB)—V(nT) (2.2b)
gn (?3% +u- v) T =0. (2:2c)

To linearize the equations in Eq.(2.2), we express the quantities of the plasma as

an equilibrium value plus a small perturbation as shown for the quantity, ¢, here:
Q=Q9+Q. (2.3)
In the following derivations, we will consider perturbative waves of the form
Q = QW exp[i(k-x — wt)]. (2.4)

In particular, we are interested in the mode growth which can be identified with the

imaginary part of w.
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2.2 Micro-Reconnecting Modes

We now present a fluid derivation [6] of the micro-reconnecting modes. For the
following derivation, we refer to a one-dimensional, plane-equilibrium configuration
and consider the motion of the electrons in which there is no applied electric field
and no particle flow at equilibrium, i.e. E® = uf,") = 0. In this case, the equilibrium
density and temperature vary appreciably only in one direction which we will take

to be X. The external magnetic field is composed of a strong axial component with

weak shear, as given by

B=5 [z + -I"’f—yJ : (2.5)

The parameter L, is called the shear length, and we take it to be large compared to
the dimensions of the system. The magnetic field described by Eq.(2.5) is useful in
investigating microscopic phenomena in toroidal plasmas, as the weak shear model
approximates the tokamak field on small distance scales. A graphical picture of the

sheared field is shown in Figure 2-1.

X

Figure 2-1: Graphic showing the direction of field lines given by Eq.(2.5) in sheared
slab geometry.

2.2.1 Parallel Momentum Conservation

Taking the scalar product of Eq.(2.2b) for the electrons with the unit vector b = %,

we derive an equation for the component of the electron momentum parallel to the
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local magnetic field:

ou
elle b- =

+b-(u- Vue)) = -b-V(n.T,) — en.b - E. (2.6)

We expand the quantities in Eq.(2.6) with the expression given on the right-hand side
of Eq.(2.3). Ignoring higher-order terms, i.e. terms containing products of first-order

quantities, we find

men©@p© . e _

—b-V(nOT®) - bO . v(7#,T?) - b . V(nOT,) —en®b® . E.
(2.7)
We would like to express b in terms of the perturbed vector potential A. We note

that B =V x (A©® 4+ A) and B® = V x A®. We then find that
B=VxA=VA; xb® + 4 Vxb+Vxb®+VxA,. (2.8)

Recalling that b = B/B and B = B©® + B, we find that

BO +B
_11/2

|(BO)2+2B0) . B|
BO.B

- (BOY
B® B-bObO.B)
o T BO

— b(O) +

B©® +B
=~ T BO

In the low-/3 limit, the diamagnetic effect arising from A is negligible. Thus, we find
. B

Henceforth, we will drop the superscript @ from equilibrium quantities for notational
simplicity. Here, we express the perturbed electric field in Eq.(2.7) as E=-V&-

%%’%. Given Eq.(2.4), the equilibirum neutrality condition, n = n; = n, and the
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plane configuration (b- VT, = 0 and b - Vn = 0) from the definition of the problem,
we find Eq.(2.7) becomes

—iwmenily) = ——ngm%——TeExj—Z—Rb-Vﬁe—nb-VfL—l—en (b VO - i%fl,,) (2.10)

where b, = b - % and Tgl| = U - b. Neglecting A in Eq.(2.9), we can show

. A xb
bzy_“x_...f(

. 5 (2.11)

In the plane equilibrium configuration we are considering, perturbations propagate
in the y and Zdirections, i.e. k = k,§ + k,2 in Eq.(2.4). Here, we introduce the wave

vector component along the field
ky=k-b= kb, +k.b,.

and the following parameters:

kycdT,
Wire = ——5——

eB dx

is the drift frequency associated with the electron temperature gradient and

_ (LdL) (1dn\™
e = T, dx ndz

measures the ratio of the strengths of the temperature and density gradients. For

micro-reconnecting modes driven by the electron temperature gradient, we assume the
orderings 7. > 1 and w,7e > w. In the weak shear limit, we see that b, — kby/ky ~ 1,
and with the conditions 7, > 1 and w < w.re, We may simplify Eq.(2.10) to obtain

k T k T k jod * I
g o L=, e _© (FlC | ©Te g ) (2.12)
W Men W me MeC \ W w
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2.2.2 Ion Response

The short-wavelength modes we are considering have characteristic wavelengths much
smaller than the ion gyroradius, i.e. kpj,, >> 1, and thus, we may assume an

adiabatic ion response. This allows us the following quasineutrality condition:

fe = My ~ ——. (2.13)

Using quasineutrality, we may eliminate 7, in Eq.(2.12) and find

w

A= o me mee \ w

+Te AH> (2.14)

w

where we have introduced the parameter 7 = T, /T;.

2.2.3 Perpendicular Momentum Conservation

To determine the perpendicular component of the electron momentum, we linearize

Eq.(2.2b) and take its cross product with b to obtain

MenQeitey = —bx V(nT,)—bx V(#T,) —bx V(nT,)—enb x E-+iwm.nb xu, (2.15)

where Q, = £

is the electron gyrofrequency. Considering modes with frequen-
cies much slower than the gyrofrequency, w < €2, we may ignore the last term in
Eq.(2.15). We recall now that E = —V® — %% where |A,| < A in the low-3
limit, and also that equilibrium quantities vary only in z. With these considerations,

Eq.(2.15) becomes

N ¢ dT, 1 . cdl. (h T.1 X
. —— 1+ = )bx&x— — “ i+ 1b 2.1
Ues eBd:c( +ne) XX~ Bz (n+Tene) X% (216)
T, ¢ c - c =
L fie — —b —b x V. 2.1
neBbene B xVTe+B x V (2.17)

Here, we use the quasineutrality condition in Eq.(2.13) to replace 7, with ®, in

Eq.(2.17), and expanding the vector cross products such that b, — k;b,/k, ~ 1 and
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f)xi:%—?i,weﬁnd
f ~ ik | - 4nd| % (2.18)
el — yB e e .
c|1dT, 1dT.1, 1dT.;: do | .
—E de e—i—d;’l—’];Te—idxq)—(l_‘_T)%}y (219)
bye | 1dT, d® ¢ dT, 1\ 104/,
I (1) — — =) ==z (2
+ B dx ( dr eB dx (1+ne> Boz |” (220)

2.2.4 Ampere’s Law

To eliminate i) in Eq.(2.14), we consider Ampere’s law with current supplied by the

electrons.
4mne

VxB=-—"u, (2.21)

Taking the scalar product of Eq.(2.21) with b to obtain an equation for the parallel

component and then linearizing yields

41ne _

b-VxB+b-VxB=—-———iy (2.22)

We have the identity V x V x A = V(V-A) — V2A. In the Coulomb gauge, we have
V. A =0. Also, V?b ~ b/L? which is small, so we may move b inside b - VZA. We
also note that V x B = %—32. With these considerations, we may write Eq.(2.22) as

2 2\7 _
i -k {1+ E A” o~ 47!‘?’2,6&6” (2.23)
c

dz? v kg

Given the short transverse scales we are considering, we may take the limit % <1
Y

which yields

d? - dmrne _
[— - kz} Ay~ TG, (2.24)

2 _ T - .
2 [d_ _ k?] O L L L (2.25)



where we have introduced the electron plasma frequency, wp., given by

5 _ 4mne?
wpe = ™
€
and the electron skin depth, d., given by
2
= C2 :
w2,

2.2.5 Electron Mass Conservation

Linearizing Eq.(2.2a) and expanding the flow divergence yields

d
—iwhte + 1V - G, + ﬁezﬁ = 0. (2.26)

Using the quasineutrality condition in Eq.(2.13) and separating G, into parallel and

perpendicular components as @i, = Geb + i1, we find

. € = - - - . ldn
ZWTiq)'{"b-‘7’&3“-f"’l,Le”v-l)~{-v-u_ei_-}—ue:,:-":ll-a_5 ~0 (227)

In the limit in which —Zf < 1, we may eliminate &, with Eq.(2.24) to arrive at

. e- ckje [d? o] = 5 . ldn
=@ +i—— |——ki| A - —— ~. 2.2
W +ngeme [dx2 g A+ Vet +lea 0 (2.28)
To eliminate the divergence term in Eq.(2.28), we refer to the expression for @i,; given

in Eq.(2.20) and take its divergence. This yields

Vi, = szT -;—T (2.29)

Replacing the divergence term in Eq.(2.28), we obtain

cky e [ d? 5| = e wrael~ . ldn
L JL ~ o — DT L ~an 2.30
[ 9 ky Aj w T T, e +2uemn I (2.30)

2
Wpe Me
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2.2.6 Heat Transport

Linearizing Eq.(2.2c) in the limit in which the temperature gradient dominates the

density gradient (n, > 1) yields
T, o~ ——— Ty (2.31)

Noting from Eq.(2.15) that the electric field contributes the dominant force term, we

take ., to be the z-component of the E x B drift. Thus, we have

fleg = —ilff(l +7)d (2.32)
B
and from Eq.(2.31), we derive
T~ (14 7) 256, (2.33)

w

Given that we now have relations for both ., and 7, in terms of @, we may solve

Eq.(2.30) for ® in terms of fl“. In the limit n, > 1, we find

i) >~ — edf [—-— - k‘Q:l fi” (234)

Since we have all relations in terms of fl”, we may eliminate all other variables from

Eq.(2.25) and taking the limit w,. > w, we find
3., 122 o [ & 2| 1 2 7
[w + k“CseUJ*Te(l + T)]de [E:C—Q + k‘y} AH + WireWw A” ~ (. (2.35)
In the case of weak magnetic shear and slow variation in z, Eq.(2.35) simplifies to

A2k’ — wirew® + kjiclwire(1 + T)d2k] =~ 0 (2.36)
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which is the cubic dispersion relation in the fluid limit [4].
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Chapter 3

Kinetic Theory

In this chapter, we explore a kinetic treatment [2] of the problem described in section
2.2. At higher-temperatures, as particle mean-free-paths lengthen and the “caging
effect” supplied by collisions and the confining field weakens, the fluid model loses
validity while kinetic effects become significant. The central region of the plasma
column is essentially collisionless, and for the particular modes we are studying, a
kinetic treatment provides a more general solution to the problem posed in chapter

2.

3.1 Phase Space

We recall here the distribution function f(x,v,t) which describes the distribution
of particles in position-velocity space at a given time. More explicitly, the number
of particles within the spatial volume element d3z located at x and with velocities
contained in the velocity volume element d3v at v at time ¢ is given by f(x, v, t)d*zd>v.
In general, collisions lead to sharp changes in the phase space distribution over short
time intervals. In the collisionless limit then, particles flow continuously between
regions of phase space, and the distribution f is well-behaved in time. As a result,
we may now write a continuity equation for f as follows:

‘96—{ + Vo (fU) =0 (3.1)

25



where U is the six-dimensional (siz-vector) velocity vector U = (%,Vv) = (v, L), and
Vxv is the six-dimensional del operator Vi, = (Vy, V,). To simplify notation, we

write V = V. Now we may expand the divergence term in Eq.(3.1) and obtain

of F V, F
m

StV (V) +—-V =0. (3.2)

Provided F does not depend on v, then V- F = 0, and the last term drops out
of Eq.(3.2). This is certainly true for electric forces, and it can be shown that the
Lorentz force, F;, = q(E + v x B), satisfies the condition, V, - Ff, = 0, though there
is an explicit v dependence in the magnetic force term. In the case of a plasma acted
upon by electric and magnetic fields, i.e. F = ¥, and noting V - v = 0, we obtain

the Vlasov equation:

%{_H.VH%(EJrva)-VVf:o. (3.3)

3.2 Kinetic Effects

For plasma in a strong magnetic field, the gyroradii of individual particles are much
smaller than the characteristic length of the field, i.e. py < L; where py, is the Larmor
radius. In that case, we may consider Eq.(3.3) in the guiding center approximation
and derive the drift kinetic equation. Decomposing the guiding center motion into
motion parallel, v b, and perpendicular, vg, to the field yields the reduced phase-
space equation [2]:

0 B 0
3{ + V- [(—Ev” + VGJ_> f:l — —E”&j; 0. (3.4)

The perturbed form of (3.4) for an initially plane configuration is given by

0 of B; 0 0
—Ji+v||5—f~+v” B—f"""UGmaf

of
5 5 A TR —Eu =0. (3.5)

oy
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From the definition of the perturbed magnetic field, we have
By = —ikyd+ i%/i”
and applying the Coulomb gauge condition, we have
V-A=V, A +ik4;=0.

We may now rewrite (3.5) as

Ajof ., ®0f
Bos "Fast

(@@--A@-ﬂgﬁ_o (3.6)

_zwf + Zk”’U“f + ’U”Zk'y me 8’0”

Solving for f in Eq.(3.6) yields

f= (& (k“c(i)—w/i”) 8f ”c (kch”‘I) k v”D”A”) B_f (37)

mec \  w — kv 8'11“ w — kv, Oz

where we have introduced a new parameter, D), = T , which is a measure of diffusion
along the field.
We now derive the parallel component of the perturbed flow velocity i (x,t) by

taking a first moment of f over velocity space as follows:

+o0 -
) = % / v fdy (3-8)

—00

With Eq.(3.7), we may replace f in Eq.(3.8) with some simplifications to obtain

i = € (ke —wAnt [ w”u of , (mevj kyDy0f
) = mec(k”c<1> WAll);[w 'U” [3’0” + T wop oz dvy.  (3.9)

If we now take the equilibrium distribution as Maxwellian (recall Eq.(2.1)), that is,

f = fum, where we have

mevﬁ
2T(z)

n(x)

u = Bt ym 7 (3.10)

27



then we may evaluate the derivatives in Eq.(3.9) to find

) e - .1 [t Mev?\ w — wyreL(v?)
Uy = (kyjc® ——u)A”);;/ fu ( ”) 35 I dyy (3.11)

meC —oo w2 —k

We now consider mode frequencies in the limit w? 3> kfvj,. Again, we consider modes
in which the ion gyroradius is large and we may assume an adiabatic ion response.

Then we may apply the quasineutrality condition to find

§ o LRI (3.12)
e w
and using Eq.(3.12) in Eq.(3.11), we obtain
-1
- (A kﬁcgeQ* Q* ~
) =~ e |:1 - UA” (3.13)

where we have defined a new parameter, (,, to express the integral in Eq.(3.11).

2 ptoo mev? \ Wirelo(v?) — w
Q, = %/ fM( ”) reL{ ”) d’U”. (3.14)

Ty w? — kﬁvﬁ

Recalling Ampere’s Law as given in Eq.(2.24), we eliminate ), in Eq.(3.13), we find

&2 y QK32 Q, -
dg[ k;j’] Ay [1+ w'; i) PSRy (3.15)

dz? w

Note that in the limit given by kﬁvﬁ < w? € Wi, we find that Q, ~ w,re, and we

recover the cubic dispersion relation from Eq.(2.36) up to a constant factor ~ 1.
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Chapter 4

Analysis of Micro-Reconnecting

Modes

In this chapter, we investigate in detail the micro-reconnecting mode identified in
chapters 2 and 3. In particular, we derive the dispersion relation [3] and examine
mode stability. We also consider an approximation to the dispersion relation in the

fluid limit.

4.1 Dispersion Relation

To simplify notation, we define the wave number
k=k,

and the dimensionless integral parameter

2,

WxTe

=

Recalling Eq.(3.15), we derive the following quadratic form:

2
dA)

dz<_

dz

2;‘0
21 % 12 112 w*Tw 0
— 1
+E Al > <|A”| w3 + kic? w*Tf'8> (41)

||>se
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where brackets denote integration over the dimension of variation

()E[;wdx.

To simplify Eq.(4.1) and the integral for 73, we define the following quantities:

the electron thermal velocity, vie, and the fluid parameter, U:

2

2
Il — Cse

2 _
Vthe =

N)

kn Vthe
- ‘-UET
The parameter U expresses the fluid character of the plasma where U <« 1 indicates

the fluid limit. With these definitions, 73 takes the following form:

) -5

+o0 PR
7o = f/ ¢ e (€] 25

(4.2)
where
1
ﬁ(Cz) = C2 - 5-

The kinetic integral, ), describes integration over the velocity parameter, v, and
therefore includes the effects of Landau resonances. Given weak magnetic shear and

that the equilibrium quantities vary slowly in z, we may write

Simplifying Eq.(4.1), we obtain

w*Tw2.7:8

w3 + kfvSwarFY

k?d? ~ (4.3)

30



Introducing the following rescaled variables,

_ w
o=
WyTe
ke, = kd.
the equation to be solved is
1 5 @ 1

—* - =+ U =0. 44
7Y TrTY (44)

4.2 Limiting Case

In the limit of U — 0 (ideal fluid limit), we may evaluate the integral in Eq.(4.2)
using the identity [ exp(—t?)t*dt = I'(Z). In the limit U — 0, we find FQ ~ 1,
and Eq.(4.4) reduces to the cubic in Eq.(2.36). In this limit, then, we examine the

following equation
o2

f@) =a* - % + SU=0. (4.5)

From the properties of cubics, we note that f(@) = 0 has at least one real root
for U > 0 and at most three depending on the value of the parameters k. and U.
Graphs of f(@) for various U and k2 = 1.5 is shown in Figure 4-1. We would like
to determine the conditions at which the roots of f transition from real to complex.

First, we consider the cubic discriminant, A, given by the following:

2y e (4.6)

A= k4

For A < 0, Eq.(4.5) has three, distinct, real roots. For A > 0, two of the roots are
complex and conjugate. Thus, the transition occurs at A = 0, and this gives the

condition

Uc = T os (47)
for U = U, at the transition point.
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Plot of Cubic for Various U

Figure 4-1: Graphs of f(@) with k2 = 1.5 shown for U = 0, U = U, (critical value),
and U > U..

Alternatively, we now consider the first derivative of f to find its local minimum:

(@) =352 - i—;’ (4.8)

e

It is clear that f achieves a local maximum at @y, = 0, and we take the second root
of Eq.(4.8), @Wmin = 5%3, to be the local minimum. Now the critical value of U at the
point of transition can be determined by solving f(@min) = 0 for U. We find this
value to be

U — UC - _'r3m'n (4.9)

where U, is the value given in Eq.(4.7). The trajectory of the roots in the complex

plane for increasing U is shown in Figure 4-2.
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Trajectory of Roots for Increasing U
0.3r

0.2}

o1} I

Imaginary Part
(=]

0 0.1 0.2 0.3 04 0.5 0.6 0.7
Real Part

Figure 4-2: Trajectory of roots of Eq.(4.5) which become complex as U increases from
0. Arrows indicate motion of roots.

4.3 General Case

Returning to the general case of U small, but finite, we define new variables:

. @

0= /3

2 _ UL/3

0= T71/3"
[+

This rescaling complicates the physical interpretation of our results as we will see in
the next section, but we sacrifice transparency for computational simplicity. With
the definitions of @y and kg, Eq.(4.4) becomes
1 s 35’3+1—0 (4.10)
FOO 2k2 2 ‘
and Eq.(4.2) becomes
L(¢?) — UY3@,

4.11)
Ul/3 (
1— _‘Dg__cz

1 [t
R=—= [ aen[-¢)x?
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Besides yielding simpler equations, the definition of ko has the useful interpretation
of characterizing the roots of Eq.(4.4) in the limit of U — 0. The condition k2 > 1
gives the possibility of complex solutions to Eq.(4.10), and this possibility will now

be investigated.

4.4 Numerical Analysis

Here, we would like to determine values of &y that simultaneously satisfy both
Eq.(4.10) and Eq.(4.11) given values of ko and U. In particular, we are interested
in finding complex values of @y in the first quadrant of the complex plane, as values
for w in Eq.(2.4) with positive imaginary parts indicate unstable modes. To evaluate
the integral in Eq.(4.11), we define the parameter ¢ = U'/3, and in terms of ¢, the

integral becomes

| zczc(c )~

oo 2

1) = = = e~

Here, we present the results of a code written in Mathematica which solves for @,
given values for k2 and e. Trajectories of complex values of @y satisfying Eq.(4.10)
and Eq.(4.11) in the first quadrant for fixed values of ko and increa.sing € are depicted
in Figure 4-3. The trajectories cross as a result of the scaling @y = 17 and k= Ui;;
The parameters € = U3 and k2 are not independent in the sense that k2 = 2U; _1/ 3
must vary inversely with e in order to hold k2 fixed. We note that as € increases,

the growth rate given by the imaginary part of @, goes to 0, which is what we would

expect for decreasing k2.

4.5 Approximation of F§

We would now like to approximate the integral in Eq.(4.12) in the case in which € is
small and @ is in the first quadrant of the complex plane (positive real and imaginary

parts). Defining a new parameter, § = ;_fg, we see that £ has a negative imaginary
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Trajectories of Solutions in First Quadrant

Imaginary Part

o
w
T

0.6 0.65 0.7 0.75
Real Part

0.4 0.45 05 0.55

Figure 4-3: Trajectories of first-quadrant solutions for @y in Eq.(4.10) for € increasing

from 1073. Arrow indicates direction of increasing €. Trajectories are plotted for
k% =3, 5, and 10.

part when @, is in the first quadrant. Writing the integral for F{ in terms of £ yields,

1 ~+00 E(c2) - 5@3
I= —/ exp [—¢?] 2¢2==2L_=24¢. (4.13)
V7 | o T
Naively, we might first try to approximate I by replacing the denominator with a
power series expansion for small £¢2. Although (2 goes to infinity in the integral, we
might hope that the decaying exponential term, e~¢*, will suppress the contribution
of the large values of ¢2 for which |£¢?| > 1. Expanding the denominator to second

order in € and applying the identity

/ exp(—t2)t2dt = T (2 ; )

to integrate, we obtain

1 —+o0 1 \
I ~ —\/—7?./_00 [eXP(_Cz)] 2¢%(¢* - 5~ €ip)(1 + %CZ + ;_)_64-4)(1(

1 - 3_ 90 €2
= = (36 — g€ — §woe2 + ?5_3) + 1. (4.14)
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In a more rigorous method, we recall that we are considering complex values of
@p in the first quadrant. Thus, we may write @y = re¥ for some real, positive r, and

0 < 8 < 7. To simplify Eq.(4.13), we use the following identity:

1 __1542 = _i/o exp [is(1 — 5(2)] ds. (4.15)

The integral on the RHS converges whenever £ has a negative imaginary part, and for

@o = re* in the first quadrant, we see that £ = e~ which is in the fourth quadrant

<

for § < % and in the third quadrant for § > 7. Thus, £ has a negative imaginary

INE

part, and Eq.(4.15) holds. Applying the identity in Eq.(4.13) gives a double integral,

and interchanging the order of integration yields the following:
1 0o 400
I= NG / e’ / exp [—(1 +1s€)¢?] 2¢%(L(¢?) — €wd)d(ds. (4.16)
0 —00

We note here that the inner integration involves taking the second and fourth moments
of a Gaussian distribution which we will express as G5 and Gy, respectively, according

to the following:

1 +00 $2
= m —— | dz. 4.17
Gn Py /_oo x exp[ 202] z (4.17)

With a distribution of the form given in Eq.(4.17), we find G> = 02, and G4 = 30*.
With these moments, the double integral in Eq.(4.13) simplifies to

I=—i / " g B(l +is€)75/2 — (% + £33 (1 + isf)"3/2] ds. (4.18)
0

The Fourier-like integral in Eq.(4.18) may be expanded by integrating by parts. In-
tegrating the first term on the RHS of Eq.(4.18), we find

i / e’sg(lms)‘wds = —5 [P +isg)™7]] —i£715- / e%(1 + is€)~"2ds
0 0
— 3 15 [ i3 - e\ —T7/2
= 3 z§4 /0 e (1 +1s€)™""“ds.

We note that each integration by parts produces an additional prefactor £ in front
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of the integral remainder. Thus, for ¢ <« 1, the integral remainders diminish with
increasing powers of £. If we then integrate Eq.(4.18) by parts and ignore terms of

higher order than €2, we obtain

1 5 90ée 3,
I:l—i—c—a—g (3e—woe+§&}—g—§woe (4.19)
which is the same approximation we found with our naive expansion of the denomi-

nator in Eq.(4.14).

4.6 Verification of Integral Approximation

To check the validity of the approximation for I in Eq.(4.19), we numerically inte-
grated (4.12) in Mathematica for values of € and @, in the range € € [1073,1] and
@o = re? withr =1 and § € (0,%). As shown in the following figures, the real
(Figure 4-4) and imaginary (Figure 4-5) parts of the resulting values of integration
via Mathematica are plotted against € as a solid line, and the real imaginary parts of

the values given by the approximation in Eq.(4.19) are plotted as a dashed line.

Real Part of Integral vs. €

2
( e Mathematica
Approximation

£ N,
] s
[+ \,
§ -2 *\,
@ \,
N
~3F '\.
‘.
N\
-4} N
\.
\.
-5} \
-6 L L 1
0 0.2 04 0.6 0.8 1

€
Figure 4-4: Real part of I plotted against € with @y = e*5. Solid line is value of

integral given in Eq.(4.11) determined by Mathematica code. Dashed line is value of
the approximation given in Eq.(4.19).
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Imaginary Part of Integral vs. £

Imaginary part
V4

— Mathematica
----- Approximation KN

0.2 04 08 0.8 1
€

Figure 4-5: Imaginary part of I plotted against € with @y = €#5. Solid line is value of
integral given in Eq.(4.11) determined by Mathematica code. Dashed line is value of
the approximation given in Eq.(4.19).

4.7 Approximation of Dispersion Relation

Using the approximation for F{ given in Eq.(4.19), we approximate the dispersion

relation in Eq.(4.10) by the following septic equation:

_ _ 3 1) _ 1 4 39 3 45 o _
(1 + ge)ad — g + (quz - 56) @ + (5 - 3qe) @y — Ze%zg + (56 - Z—qez)wg +

4
45

8
=(a.20)

where ¢ = =35. To examine the validity of the approximation, we compare the
2kZ

trajectory of the solution to the septic equation against the trajectories in Figure 4-3.

A comparison over the range over the range € € (1073, 5] is shown in Figure 4-6.
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Trajectories of Solutions in First Quadrant

066

— Mathematica
065 0N jmam Approximation
0641
0.63f

Imaginary Part
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0591

0.581
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0.58 0.585 0.59 0.595 0.6 0.605 0.61
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Figure 4-6: Plot of trajectory of solution to Eq.(4.10) determined with Mathematica
code compared with trajectory of solution to Eq.(4.20) determined by approximation.
Solutions plotted for k§ = 3 and € € [1073, L]. Arrow indicates direction of increasing
€.
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Chapter 5

Conclusions

In summary, we have investigated the stability of micro-reconnecting modes by de-
riving the dispersion relation in both the fluid and kinetic theory. We found that the
results of kinetic theory simplify to the results of fluid theory in the appropriate limit
and that the dispersion relation permits unstable values of w. The further question of
whether these background microinstabilities give rise to macroscopic particle trans-
port remains open to investigation. Future work may also approximate the kinetic
integral in Eq.(4.2) by making use of Eq.(4.19) derived in section 4.5 for small values

of the fluid parameter.

5.1 Future Directions of Research

As we have identified the modes as unstable, we are left with the problem of justifying
their interaction with the drift-tearing mode. This problem has been investigated and
discussed in [7] and [4]. An immediate extensions of the work in this thesis involves
the anomalous transport mentioned in Chapter 1.

In quasilinear theory, linear instabilities give rise to particle transport when den-
sity and velocity perturbations are not in phase. The results of Chapter 4 show that
there are conditions in which the micro-reconnecting modes are linearly unstable.
One clear extension of the work in this thesis would be to use the approximation

in Eq.(4.20) to derive a quasilinear estimate of the flow. This value could then be
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compared with experimentally measured rates of anomalous transport.
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