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Abstract

This thesis develops and explores the connections between risk theory and robust op-
timization. Specifically, we show that there is a one-to-one correspondence between a
class of risk measures known as coherent risk measures and uncertainty sets in robust
optimization. An important consequence of this is that one may construct uncertainty
sets, which are the critical primitives of robust optimization, using decision-maker risk
preferences. In addition, we show some results on the geometry of such uncertainty
sets. We also consider a more general class of risk measures known as convex risk
measures, and show that these risk measures lead to a more flexible approach to
robust optimization. In particular, these models allow one to specify not only the
values of the uncertain parameters for which feasibility should be ensured, but also
the degree of feasibility. We show that traditional, robust optimization models are a
special case of this framework. As a result, this framework implies a family of prob-
ability guarantees on infeasibility at different levels, as opposed to standard, robust
approaches which generally imply a single guarantee. Furthermore, we illustrate the
performance of these risk measures on a real-world portfolio optimization application
and show promising results that our methodology can, in some cases, yield signif-
icant improvements in downside risk protection at little or no expense in expected
performance over traditional methods.

While we develop this framework for the case of linear optimization under uncer-
tainty, we show how to extend the results to optimization over more general cones.
Moreover, our methodology is scenario-based, and we prove a new rate of convergence
result on a specific class of convex risk measures. Finally, we consider a multi-stage
problem under uncertainty, specifically optimization of quadratic functions over un-
certain linear systems. Although the theory of risk measures is still undeveloped with
respect to dynamic optimization problems. we show that a set-based model of un-
certainty vields a tractable approach to this problem in the presence of constraints.



Moreover, we are able to derive a near-closed form solution for this approach and
prove new probability guarantees on its resulting performance.

Thesis Supervisor: Dimitris J. Bertsimas
Title: Boeing Professor of Operations Research
Sloan School of Management
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Chapter 1

Introduction

The fundamental problem of decision-making under uncertainty permeates nearly all
fields of science, engineering, and industry. Many real-world decision problems can
be modelled mathematically and cast as optimization problems, but the underlying

parameters are rarely, if ever, known exactly. As Rockafellar [100] aptly puts it:

Decisions must often be taken in the face of the unknown. Actions decided
upon in the present will have consequences that can’t be fully determined
until a later stage... the uncertainties in a problem have to be represented
in such a manner that their effects on present decision-making can properly

be taken into account. This is an interesting and challenging subject.

The focus of this thesis will, in fact, be the problem of how to model uncertainty
within an optimization framework. From the broadest viewpoint, we are interested

in the following questions:

1. How do we model uncertainty? What primitives should we utilize in these models?
Can we develop models which have both interesting, theoretical implications as

well as practical merit?

2. How do we balance the tradeoff between models that are flexible, i.e.. can ac-
commodate a wide range of decision maker preferences, and those that are

prescriptive, i.e.. offer a clear methodology for modelling uncertainty?
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3. What is the structure of these models, as well as their associated solutions in the
context of optimization? Can we gain theoretical insights into how these solu-

tions perform? What is their empirical performance in applications of interest?

4. How do we create models that are computationally tractable? This is paramount

if we want our approach to have utility in practice.

As suggested by these questions, a running theme throughout this thesis will be
an approach to modelling uncertainty which not only is theoretically motivated and

justified, but also has value from a practical perspective as well.

1.1 Problem statement and approaches

We can state the problem of certain optimization in its most generic, mathematical

form as

minimize  fo(z,w)

subject to  f;(z,w) <0, i=1,...,m, (1.1)

where € R" is a decision vector, w € 2 is a parameter vector, and the functions
fi : R* x Q — R are the objective (for ¢ = 0) and constraints of the problem,
respectively.

Problem (1.1), as stated, is a family of problems parameterized by the specific
value of w. One computes an optimal solution x*(w) as a function of the uncertain
parameter. Clearly this can only be done if the decision-maker has perfect foresight on
w, in which case, uncertainty plays no role in the decision-making process. Obviously,
this is not very interesting for our purposes.

What is more interesting, however, is a way of computing optimal solutions before
w is revealed. Implicit in any such approach is not only a model for the uncertainty
but also a metric for measuring a solution’s performance in handling uncertainty.
Presumably, the decision-maker would like the solutions to retain a low cost value

and feasibility with some degree of reliability against the inherent uncertainty.
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(1.1) does not account for the inherent uncertainty in w which is prevalent in
most real-world problems. What is needed is some sort of model for this uncer-
tainty embedded within the optimization problem. The literature on optimization
under uncertainty bifurcates into two, essentially distinct approaches for modelling

uncertainty. We now briefly discuss these methodologies.

1.1.1 Stochastic optimization

The approach of stochastic optimization, detailed in, for instance, Birge and Lou-
veaux [36], Prekopa [94], and Ruszczynski and Shapiro [103], utilizes an underlying
probability model to handle uncertainty. Specifically, one assumes the existence of a
probability space (€2, F,P) for w. From here, there are many variants in the problem
statement, but they all depend critically on this underlying probability model. One
possibility is the following:

minimize  Ep[fo(x, w)]

subject to  fi(z,w) <0 almost surely, i =1,...,m. (1.2)

Obviously, depending on the description of €2, this problem could be quite conserva-

tive. More generally, one has the problem

minimize  Ep [fo(z, w)]

subject to P {fi(xz,w) > 0} <, i=1,...,m, (1.3)

where ¢, > 0. This is a problem with so-called chance constraints. Clearly, (1.2) is a
special case of (1.3) in the limit when ¢; — 0.

The difficulties with stochastic optimization are twofold. First, such problems
generally require detailed, if not full, distributional information for w. In practice,
this information is rarely known, and, in fact, it is questionable whether such a dis-
tribution even exists. More troublesome, however. is the fact that, even with total

distributional information, stochastic optimization problems are computationally in-
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tractable (Shapiro and Nemirovski, [106]) for all but a few very select and special
problem instances.

There are two common remedies to the intractability issue, and they have received
considerable attention recently, particularly in the context of chance constraints.
Given that chance constraints of the form (1.3) are, generally, highly non-convex
in the decision variable x, one approach is to find a convex approximation to the
chance constraint. In particular, the goal of this approach is to find a convex function

9:(+) such that

gi(z) <0 = P{fi(z,w) >0} <e.

For more details on convex approximations to chance constraints, see Nemirovski and
Shapiro [90].

The second approach, which is more relevant to this thesis, is scenario-based,
i.e., using a samples of the uncertain parameter w (Calafiore and Campi, [41], [42],
Nemirovski and Shapiro, [89]). This methodology approximates the exact chance
constraint P {f(z,w) > 0} < e with N constraints of the form f(x,w;) < 0, where
the w; are N independent samples of w, then computes optimal solutions x}; to this

scenario-based approximation. Specifically, one approximates (1.3) with the problem

N
1
minimize  — Z fo(z, w;j)
j=1
subject to  fi(x,w;) <0, i1=1,...,m, j=1,...,N. (1.4)

Notice that the probability of infeasibility of a}, for such problems stems not only
from the uncertainty in w, but also from the possibility that the random samples
used to compute x’, provide a “misleading” description of the feasible set. In other
words, we are interested not only in the probability of infeasibility due to the inherent
randomness in w, but also the reliability of this approach. There are a number of
results related to this tradeoff. For instance, we have the following, due to Calafiore

and Campi [41].
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Theorem 1.1.1. Consider a chance-constrained problem of the form

minimize cx
subject to  P{f(z,w) > 0} <, (1.5)

x e X,

where w s a random variable with support Q, f is convex in x for allw € 0, and X

1s convex. Consider the problem:

minimize cx
subject to  f(x,w;) <0, j=1,...,N, (1.6)

x e X,

where w; are N independent samples of w. Then we have the implication

Nz-zﬁln(l—2>+gln(g>+2n = P{z*eX(e)} >1-4, (1.7)

€ € € 1)

where x* is an optimal solution to (1.6) and X(e) = {x € X | P{f(x,w) > 0} < €}.

The idea of using scenarios will be a central theme for much of this thesis. The
motivation is to directly utilize data, which, in many applications, is the only infor-
mation we have regarding our uncertain parameters. Notice that, for fixed IV, the
scenario-based approximation used in the context of chance constraints (e.g., Theo-
rem 1.1.1) allows only a single problem: namely, replacing the chance constraint with
N constraints based on the sampled values of w. When N is large, while the implied
reliability could be high, the optimal solutions could be very conservative.

A key idea in this thesis will be a more general method of utilizing data di-
rectly within optimization that is based on decision maker risk preferences. Scenario
approximations such as those in Theorem 1.1.1 can be viewed as limiting cases of
the framework in this thesis in which the risk preferences are the most conservative

possible for a fixed number of samples N. Nore critically, our approach will have
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connections to the uncertainty model used in robust optimization, a model which we

now discuss.

1.1.2 Robust optimization

In contrast to the probabilistic nature of stochastic optimization, the approach of
robust optimization does not rely on an underlying probability model. In this par-
adigm, one ensures feasibility for all realizations of the uncertain parameters within
some prescribed uncertainty set U. A robust optimization constraint, then, has the

form
fi(z,w) <0, Ywel.

The drawbacks of robust optimization, like stochastic optimization, are twofold. First,
robust optimization is, even for convex functions and convex uncertainty sets, gen-
erally intractable. Unlike stochastic optimization, however, there are very large and
practically relevant classes of problems for which we can efficiently solve their robust
counterparts. This will become evident in Chapter 2 when we present a survey of the
main tractability results in the robust optimization literature.

The second primary difficulty with robust optimization is that it is unclear what
should be. Obviously, this uncertainty set is the key primitive element of the problem,
and its structure has a critical impact on the resulting solution. The uncertainty set
structures suggested in the literature are primarily ad hoc ones which yield tractable
problems. Ideally, we would like to retain these tractability results while proposing
uncertainty sets which depend on the key primitives of data and risk preferences.

This will be a central theme of this thesis.

1.2 Contributions and thesis outline

We summarize the contributions of this thesis as follows:

I. Providing a tractable approach constructing uncertainty sets in robust optimization.

20



We will present a methodology for uncertainty set construction in the opti-
mization framework which relies on two primitive elements: first, a data set of
realizations of the uncertain parameter; second, a risk measure reflecting the
preferences of the decision maker. We will show, when this risk measure falls
into a certain axiomatic class, how to explicitly construct uncertainty sets in
the context of robust optimization. Moreover, we will prove tractability results
for the resulting robust optimization problems. Our data-driven methodology
is a significant generalization of other, scenario-based methods for stochastic
optimization problems, and the links to robust optimization were previously

unexplored.

At a higher level, we are connecting risk theory and robust optimization. In
particular, we show that there is a one-to-one correspondence between risk mea-
sures of a particular class and uncertainty sets; specifically, the correspondence
is between a class of risk measures called coherent risk measures and convex
uncertainty sets. The risk measure and the uncertainty set descriptions are ef-
fectively dual representations of one another. In addition. we study classes of
coherent risk measure which give rise to uncertainty sets of particular structure
(e.g., polyhedral, conic, etc.) and provide explicit and tractable descriptions of

the corresponding robust optimization problems.

II. Developing a more flexible approach to robust optimization.

We extend these results to the case when the risk measure belongs to the more
general family of convex risk measures. We show that such risk measures yield
a richer framework for robustness which allows one to control the degree of fea-
sibility over the range of the uncertain parameters. We consider four, primary
types of convex risk measures, each a variant of a special certainty equivalent
measure. Each of these risk measures has different implications in terms of
feasibility protection for the corresponding robust optimization problem. Fur-
thermore. we illustrate the efficacy of this approach on a real-world. portfolio

optimization problen.
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II1. Providing geometric insights.

We explore the geometric structure of the resulting uncertainty sets, and provide
an explicit description of the class of measures which yield centrally symmetric,

polyhedral uncertainty sets.

1IV. Extending to the multi-stage case.

The discussion thus far has centered on single stage uncertainty, i.e., a single
solution is computed, then the uncertain parameter is revealed entirely. Obvi-
ously, many problems, especially those involving sequential decisions over time,
have an interleaving of stages in which decisions are implemented, then uncer-
tainty is revealed. Loosely speaking, we refer to such problems as dynamic.
Although the extension of risk measures to dynamic problems is an interesting
problem which has received much recent attention, the literature on this subject
is still very much incomplete. Nonetheless, we are able to develop a tractable
model based on uncertainty sets for the important class of dynamic problems
involving linear systems, quadratic costs, and constraints. We show that, in the
unconstrained case, our approach has a near closed-form solution analogous to
the Riccati equation from dynamic programming. For constrained problems,
our approach maintains tractability, and this is in stark contrast to dynamic

programming.

V. Proving new probability guarantees.

There are a number of new probability results in the thesis. First, for the case
of convex risk measures, we are able to prove a family of probability guarantees
for the robust solutions for various levels of infeasibility. Next, we prove an
extension of the well-known Hoeffding inequality [70] for a conditional expecta-
tion risk measure which will be important throughout the thesis. Although this
incquality does not directly apply to the case of data-driven optimization, it
can be used as an a posteriori tool for analyzing the risk properties of resulting
solutions. Finally, for our robust approach in the multi-stage case, we are able

to prove probability guarantees on the distribution of the optimal cost function
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under normally distributed disturbances. This is important not only because
the normality assumption is so common within the literature on control theory,
but also because it illustrates that our approach, which is based on bounded
uncertainty sets, performs well even when the underlying uncertainty model is

based on unbounded random variables.

The remainder of the thesis is organized as follows. Chapter 2 provides back-
ground to both robust optimization and risk theory. Chapter 3 considers the case
when the underlying problem is linear and the risk measure is coherent. Chapter 4
provides a more general framework based on convex risk measures; in addition, we also
demonstrate this approach within the context of a real-world portfolio optimization
application in this chapter. Chapter 5 shows how to generalize the approach to conic
optimization models and contains some rate of convergence results for estimating risk
measures from data. Finally, Chapter 6 considers the multi-stage problem with lin-
ear systems and quadratic costs, and Chapter 7 concludes the thesis and presents a
summary of the results as well as important, open questions for future research.

Some notes on notation: We will use the following notation at various points

throughout the thesis. For a function f, we denote the conjugate function by

f(y) = sgp{y’w - f(x)}.

For any norm || - ||, we denote the dual norm by ||y||* = sup<;{¥'x}. Finally, the
probability simplex in N dimensions will be denoted by AV,






Chapter 2

Background

In this chapter, we present a short review of the literature on robust optimization and
risk theory as preliminaries for the remainder of the thesis. Our goal is not only to
provide an overview of the two subjects, but also to present some of the main results

that we will later use in this thesis.

2.1 Robust optimization

A static, robust optimization problem (i.e., one without recourse variables) can be

rather generically stated as

minimize  fo(x)

subject to  fi(x,u;) <0, Yu, €l;, i=1,...,m, (2.1)

where © € R™ is a vector of decision variables, f, : R® — R is an objective (cost)
function, f; : R® x R™ — R are m constraint functions, u; € R™ are disturbance
vectors or parameter uncertainties, and U; C R™ are uncertainty sets, which, for
our purposes, will always be closed. The goal of (2.1) is to compute minimum cost
solutions =* among all those solutions which are feasible for all realizations of the
disturbances u; within &/;. Thus. if some of the U; are continuous sets, (2.1), as stated.

has an infinite nunmiber of constraints. Intuitively, this problem offers some measure



of feasibility protection for optimization problems containing parameters which are
not known exactly.
It is worthwhile to notice the following, straightforward facts about the problem

statement of (2.1):

1. The fact that the objective function is unaffected by parameter uncertainty is
without loss of generality; indeed, if there is parameter uncertainty in the ob-
jective, we may always introduce an auxiliary variable, call it ¢, and minimize
t subject to the additional constraint urﬁlg,&co fo(x,up) < t. This, of course, as-
sumes the objective of minimizing the worst or largest possible realization of

the function fo(x, up) aligns with the goals of the decision-maker.

2. It is also without loss of generality to assume that the parameters u; belong to
distinct uncertainty sets U;. Indeed, if we have a single uncertainty set U for
which we require (u;,...,u,) € U, then the constraint-wise feasibility require-
ment implies an equivalent problem is (2.1) with the U; taken as the projection
of U along the corresponding dimensions (see Ben-Tal and Nemirovski, [14] for

more on this).

3. Exact constraints are also captured in this framework by assuming the corre-

sponding U; to be singletons.

4. Problem (2.1) also contains the instances when the decision or disturbance
vectors are contained in more general vector spaces than R™ or R™ (e.g., S” in

the case of semidefinite optimization) with the definitions modified accordingly.

We emphasize that robust optimization is distinctly different than the field of sen-
sitivity analysis, which is typically applied as a post-optimization tool for quantifying
the change in cost for small perturbations in the underlying problem data. Here,
our goal is to compute solutions with a priori ensured feasibility when the problem
parameters vary within the prescribed uncertainty set. We refer the reader to some

of the standard optimization literature (e.g., Bertsimas and Tsitsiklis. [35], Boyd and
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Vandenberghe, [40]) and works on perturbation theory (e.g., Freund, [61], Renegar,

[99]) for more on sensitivity analysis.

2.1.1 Prior work

In the early 1970s, Soyster [107] was one of the first researchers to investigate ex-
plicit approaches to robust optimization. This short note focused on robust linear
optimization in the case where the column vectors of the constraint matrix were con-
strained to belong to ellipsoidal uncertainty sets; Falk [55] followed this a few years
later with more work on “inexact linear programs.” The optimization community,
however, was relatively quiet on the issue of robustness until the work of Ben-Tal
and Nemirovski (e.g., [13], [14], [16]) and El Ghaoui et al. [66] in the late 1990s.
This work, coupled with advances in computing technology and the development of
fast, interior point methods for convex optimization, particularly for semidefinite op-
timization (e.g., Boyd and Vandenberghe, [39]) sparked a massive flurry of interest in
the field or robust optimization.

It is not at all clear when (2.1) is efficiently solvable. One might imagine that the
addition of robustness to a general optimization problem comes at the expense of sig-
nificantly increased computational complexity. Although this is indeed generally true,
there are many robust problems which may be handled in a tractable manner, and
much of the literature since the modern resurgence has focused on specifying classes
of functions f;, coupled with the types of uncertainty sets U;, that yield tractable

problems. For the most part, this is tantamount to the feasible set
X(U) = {a:lfl(a:,ul)g()‘v’u,eul. z:l,m}, (22)

being convex in @, where Y = U, x ... X Uy,,. We now present an abridged taxonomy
of some of the main results related to this issue. We note that the background we
present here will be for robust optimization in static optimization problems, although
we will apply some of these results in a dynamic setting in Chapter 6. For more on

robustness in an adaptive setting. the reader may also consult. for instance, Ben-Tal
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et al. [10] and Caramanis [43].

2.1.2 Complexity and tractability results
Robust linear optimization

The robust counterpart of a linear optimization problem is written, without loss of

generality, as

minimize c=z
subject to Az < b, VAclU, (2.3)
where U C R™*". Ben-Tal and Nemirovski [14] show the following;:

Theorem 2.1.1. (Ben-Tal and Nemirovski, [14]) When U is “ellipsoidal,” i.e., U

satisfies:

k
1. U= NUI,Q,), where
1=0

UL Q) = {l(v) | |Qull <1},

where u — II(u) is an affine embedding of RY into R™" and Q € RM*L; and
2. U s bounded with nonempty interior,

then Problem (2.3) is equivalent to a second-order cone program (SOCP), i.e., (2.3)

may be converted to a problem with the constraints
|Bix+bi]| <ajx+a; i=1,... K,

for some number K of appropriate matrices B;, vectors a; and b;, and reals «;.

Additionally, the case of ellipsoidal uncertainty covers the case of polyhedral un-
certainty, as the authors show [14]. In fact. when U is polyhedral, the robust coun-

terpart is equivalent to a linear optimization problem. Furthermore, the size of such
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problems grows polynomially in the size of the nominal problem and the dimensions
of the uncertainty set.

Bertsimas et al. [30] show that robust linear optimization problems with uncer-
tainty sets described by more general norms lead to convex problems with constraints
related to the dual norm. Here we use the notation vec(A) to denote the vector

formed by concatenating all the rows of the matrix A.

Theorem 2.1.2. (Bertsimas et al., [30]) With the uncertainty set
U = {A]||M(vec(A) — vec(A))|| < A},

where M is an invertible matriz, A is any constant matriz, and || - || is any norm,

Problem (2.3) is equivalent to the problem

minimize cx

subject to @iz + A||(M')txi||* < b, i=1,...,m,

where x; € RM™X1 45 ¢ vector that contains € R™ in entries (i — 1) -n+ 1 through

i-n and 0 everywhere else, and || - ||* is the corresponding dual norm of || - ||

Thus the norm-based model shown in Theorem 2.1.2 yields an equivalent problem
with corresponding dual norm constraints. For the most part, then, robust linear
optimization problems over uncertainty sets described by norms are tractable; in
particular, the /; and [, norms result in linear optimization problems, and the b
norm results in a second-order cone problem.

In short, for many choices of the uncertainty set, robust linear optimization prob-

lems are tractable.

Robust quadratic optimization

For f;(x,u;) of the form

|Aix|® + bz +c; <0.
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i.e., quadratically constrained quadratic programs (QCQP), where u; = (A;, b;, ¢;), the
robust counterpart is a semidefinite optimization problem if I/ is a single ellipsoid,

and NP-hard if U is polyhedral (Ben-Tal and Nemirovski, [13], [15]).
For robust SOCPs, the fi(x, u;) are of the form

|Aix + b;|| < cx + d;.

If (A;,b;) and (¢, d;) each belong to a set described by a single ellipsoid, then the
robust counterpart is a semidefinite optimization problem; if (A;, b;, ¢;, d;) varies
within a shared ellipsoidal set, however, the robust problem is NP-hard (Ben-Tal et
al., [20], Bertsimas and Sim, [33]).

Robust semidefinite optimization

With ellipsoidal uncertainty sets, robust counterparts of semindefinite optimization
problems are NP-hard (Ben-Tal and Nemirovski, [13], Ben-Tal et al. [8]). Similar
negative results hold even in the case of polyhedral uncertainty sets (Nemirovski,
[88)).

Computing approximate solutions, i.e., solutions that are robust feasible but not
robust opttmal to robust semidefinite optimization problems has, as a consequence,
received considerable attention (e.g., El Ghaoui et al., [66], Ben-Tal and Nemirovski,
[19], [18], and Bertsimas and Sim, [33]). Some tightness results have been obtained.
For instance, Ben-Tal and Nemirovski show [19] that an appropriately defined “level of
conservativeness” of a particular approximation to a robust SDP with box uncertainty
grows no faster than m,/z/2, where y is the maximum rank of the matrices describing

U. Here, they define the level of conservativeness as

p(AR:R) = inf{p>1]| X(AR) D X(U(p))},

where X (AR) is the feasible set of the approximate robust problem and X (U(p)) is

the feasible set of the original robust SDP with the uncertainty set “inflated” by a
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factor of p.

Bertsimas and Sim [33] develop an approach to which is flexible enough to ap-

proximate robust optimization problems over general, convex cones.

Robust geometric programming

A geometric program (GP) is a convex optimization problem of the form

minimize c'y
subject to  g(A;y +b;) <0, i=1,...,m,

Gy + h =0,

where g : R¥ — R is the log-sum-exp function, i.e.,

g(x) = log (Ze’”)

1=1

and the matrices and vectors A;, G, b;, and h are of appropriate dimension. For many
engineering, design, and statistical applications of GP, see Boyd and Vandenberghe

[40]. Hsiung et al. [71] study a robust version of GP with the constraints

g(A;(wv+b(u) < 0 Vuel,

where (A;(u), b;(w)) are affinely dependent on the uncertainty «, and U is an ellipsoid
or a polyhedron. The complexity of this problem is unknown; the approach in [71] is

to use a piecewise linear approximation to get upper and lower bounds to the robust

GP.

Robust discrete optimization

Kouvelis and Yu [77] study robust models for some discrete optimization problems,
although their approach yields robust counterparts to a number of polynomially solv-

able combinatorial problems which are in turn NP-hard. For instance, the problem
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minimizing the maximum shortest path on a graph over only two scenarios for the

cost vector can be shown to be an NP-hard problem [77].

Bertsimas and Sim [31], however, present a model for cost uncertainty in which
each coefficient ¢; is allowed to vary within the interval [¢;, ¢; + d;], but no more than
I' > 0 coefficients may vary. They then apply this model to a number of combinatorial

problems, i.e., they attempt to solve

.. . —7
minimize cx+ max E dix;
{S | SCN, |s|<r} &2 7
jE€S
subject to x € X,

where N = {1,...,n} and X is a fixed set. They show that under this model for
uncertainty, the robust version of a combinatorial problem may be solved by solving
no more than n + 1 versions of the underlying, nominal problem. They also show
that this result extends to approximation algorithms for combinatorial problems. For
network flow problems, they show that the above model can be applied and the robust
solution can be computed by solving a logarithmic number of nominal, network flow

problems.

Atamtiirk [5] shows that, under an appropriate uncertainty model for the cost
vector in a mixed 0-1 integer program, there is a tight, linear programming formula-
tion of the robust mixed 0-1 problem with size polynomial in the size of a tight linear

programming formulation for the nominal mixed 0-1 problem.

2.1.3 Some probability guarantees

In addition to tractability, a central question in the robust optimization literature has
been probability guarantees on feasibility under particular distributional assumptions
for the disturbance vectors. Specifically, what does robust feasibility imply about

probability of feasibility, i.e., what is the smallest ¢ we can find such that

reXU)=P{fi(z.u) >0} <e



under (generally mild) assumptions on a distribution for u;? In this section, we briefly

survey some of the results in this vein.

For linear optimization, Ben-Tal and Nemirovski [16] propose a robust model
based on ellipsoids of radius §2. Under this model, if the uncertain coefficients have
bounded, symmetric support, they show that the corresponding robust feasible solu-
tions are feasible with probability e~%*/2. In a similar spirit, Bertsimas and Sim [32]

propose an uncertainty set of the form

Up = {ﬁ,—t- ZZJ'(AZ]'

jeJ

lzlleo <1, > 1(z) < r} : (2.4)
jeJ

for the coefficients a of an uncertain, linear constraint. Here, 1 : R — R denotes the

indicator function of y, i.e., 1(y) = 0 if and only if y = 0, @ is a vector of “nominal”

values, J C {1,...,n} is an index set of uncertain coefficients, and I' < |J| is an

integer® reflecting the number of coefficients which are allowed to deviate from their

nominal values. The following then holds.

Theorem 2.1.3. (Bertsimas and Sim [32]) Let * satisfy the constraint

maxa'x < b,
a€Ur

where Uy is as in (2.4). If the random vector @ has independent components with a;

distributed symmetrically on [a; — a;,a; + a;] if j € J and a; = a; otherwise, then

r2

P{a'z" > b} < e 7.

In the case of linear optimization with partial moment information (specifically,
known mean and covariance), Bertsimas et al. [30] prove guarantees for the general
norm uncertainty model used in Theorem 2.1.2. For instance, when || - || is the

Euclidean norm, x* feasible to the robust problem in Theorem 2.1.2 can be shown

'The authors also consider T' non-integer. but we omit this straightforward extension for nota-
tional convenience.
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[30] to imply the guarantee

1
P{a'z" > b} < ———
{ bs 1+ A2’
where A is the radius of the uncertainty set, and the mean and covariance are used

for A and M, respectively.

For more general, robust conic optimization problems, there are less results on
probability guarantees. Bertsimas and Sim [33] are able to prove probability guaran-
tees for their approximate robust solutions. They use the following model for data

uncertainty:

D = D°+) ADz,

JEN

where D° is the nominal data value and AD’ are data perturbations. The Zj are
random variables with mean zero and independent, identical distributions. The robust

problem in this case is

Deug

where

Uy = {D°+ZADjuj
JEN

llull < Q} , (2.6)

and f satisfies some convexity assumptions. They then prove the following probability

bound under normal distributions.

Theorem 2.1.4. (Bertsimas and Sim, [35]) Let x* be robust feasible to the robust
conic optimization problem with the model of uncertainty (2.6). When we use the l5-

norm in (2.6), and under the assumption that u ~ N(0,I), we have the probability
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bound

P{f(z,D) >0} < ‘/Eﬂexp( —%)

o 202

where o = 1 for LPs, o = \/2 for SOCPs, and o = \/m for SDPs (m is the dimension
of the matriz in the SDP).

2.1.4 Applications of robust optimization

Techniques from robust optimization have been applied across a vast array of prob-
lems; here we mention and cite only a few of the many applications and corresponding
studies which have utilized these ideas. See the references within the following for

much more on robust optimization in applications.
1. Communications: Ben-Tal and Nemirovski [17], Hsiung et al. [72], [81].

2. Control theory: Zhou et al. [119], El Ghaoui et al. [66], El Ghaoui and Calafiore
[63], Bertsimas and Brown [27], Ben-Tal et al. [7].

3. Network problems: Bertsimas and Sim, [31].

4. Estimation/classification: El Ghaoui and Lebret [64], Lanckriet et al. [78],
Eldar et al. [53], Kim et al. [76].

5. Markov decision processes: El Ghaoui and Nilim [65].

6. Engineering design: Ben-Tal and Nemirovski [17], [12], Bovd et al. [38], Xu et
al. [116].

7. Finance: Ben-Tal et al. [11], Goldfarb and Iyengar [68], Lobo and Boyd [80],
and Lobo [79].

8. Supply chain problems: Bertsimas and Thiele [34], Ben-Tal et al. [9].
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2.2 Risk theory

2.2.1 Preliminaries

The field of risk theory focuses on axiomatic approaches to quantifying random, future
outcomes, and its development has been led by both economists and mathematicians
alike. The generic problem setup is to assume the existence of a fixed, underlying
probability space (2, F,P). We will occasionally refer to IP as the “reference measure”
for reasons that will become clear shortly. Furthermore, for the purposes of this thesis,
the case of Q finite will be sufficient, although almost all of the fundamental results
discussed do extend to more general probability spaces.

This probability space is known but beyond our control. What is potentially
within our control, however, is the selection of a real-valued random variable X :
Q1 — R. Let X be the space of all random variables on €.

To provide a concrete illustration relevant to this discussion, we can consider the
case of linear optimization under uncertainty. In this context, an uncertain constraint
vector a could be random with an event space 2 C R™. Our decision vector & must be
chosen to belong to some feasible set X C R". Through @, we control the distribution

of the random variable @'z, and the corresponding space of random variables is
{dx|xzeX}CX.

What the decision-maker desires, then, is a compact way of comparing such ran-

dom variables; this motivates the following definition.
Definition 2.2.1. A risk measure is a function g : X — R.

Throughout this thesis, we will use the convention that smaller values of u are
preferred, i.e., a random variable X is preferred over a random variable ¥ under p
if and only if pu(X) < p(Y). Thus, the risk measure effectively measures loss, as
opposed to gain. This convention runs somewhat counter to some of the following

literature on risk theorv. but will be more convenient for our purposes.
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2.2.2 Foundations

The concept of risk measures can be traced back to the work of Bernoulli [25], who
offered a proposal to resolve the so-called “St. Petersburg Paradox” [93]. This work
served as the genesis for wtility theory, starting most notably with the celebrated
work of von Neumann and Morgenstern [111]. One of their biggest contributions was
to show the equivalence between an axiomatized preference relation > on random
variables and the existence of a utility function v : R — R in the sense that, for any
X,YeX, X >Y if and only if E [u(X)] > E [u(Y)]. For a more recent treatment
of utility theory, see, for instance, Fishburn [57].

The notion of variance as a risk measure also became highly popularized due to
the seminal work on portfolio optimization by Markowitz [83]. More recent works,
motivated in part by prospect theory (e.g., Kahneman and Tversky [75], who cite
inconsistencies between utility theory and observed human behavior) such as Quiggin
[95] and Yaari [117], have attemped to extend the notion of utility theory to risk

measures satisfying different axioms.

2.2.3 Coherent risk measures

At first glance, it may seem that the definition of a risk measure above is quite
restrictive in that risks are only described by a single, real number. Indeed, one
may imagine that is a significant loss of information. In a seminal paper, Artzner
et al. [3] address this by attempting to axiomatize risk measures. Their starting
point is the notion of an “acceptance set,” of viable random variables, and they
show a correspondence between acceptance sets satisfying particular axioms and risk
neasures satisfyving related axioms. In this context, the notion of describing risk by a
single nuinber is quite natural, as a random variable is either acceptable or it is not.

Specifically, the authors do in fact consider the case when Q is finite. and denote
by A C X the “acceptance set,” i.e., the set of random variables on (Q, F,P) which
are acceptable. Thev argue that any reasonable acceptance set should satisfv the

following axioms:
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Al {(XeX | X(w)<0VweQ} CA
A2. (X e X | X(w)>0VweQ}NnA=0.
A3. A is convex.

A4. A is a positively homogeneous cone.

Al simply states that any random variable which never results in a positive loss
should always be accepted; A2, conversely, argues that any random variable which
results in a positive loss in every scenario should never be accepted. A3 essentially
reflects risk aversion on the part of the decision maker. A4 does not have a particularly
meaningful interpretation in terms of acceptance sets, but will have an interpretation
in terms of the corresponding risk measure.

These acceptance sets, in fact, naturally induce a risk measure and vice versa.

Definition 2.2.2. For an acceptance set A C X, the induced risk measure is
pa(X) = inf {m|X—meA}.
Conversely, if 1 is a risk measure, then the induced acceptance set is
Ay = {X e |uX)<0}.

The interpretation of p4(X) is the minimum sure payment the decision maker
would need to receive to find X acceptable. The authors also introduced the following,

now famous, axiomatized definition for risk measures.

Definition 2.2.3. A risk measure p : X — R is coherent if it satisfies the following

four properties:

(a) (positive homogeneity)  p(aX) = ap(X). VXeX, a>0.
(b) (translation invariance) pu(X +b) = u(X)+0, VXeXx, beR.
(c) (monotonicity) P{X<Y}=1l=uX)<uly), VX YeX.
(d) (subadditivity) WX +Y) < p(X) 4+ p(Y). VX.YeX.
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The positive homogeneity axiom implies that risk scales linearly with the size of
a random variable. Translation invariance implies that there is an absolute scale for
measuring risks; note that it immediately rules out the commonly used risk measures
of standard deviation or variance. The monotonicity axiom simply states the reason-
able requirement that the risk of a random variable should always be less than the
corresponding risk of a random variable which always results in a greater loss (this
also rules out standard deviation). Finally, subadditivity ensures that risk cannot
increase from a merger; it is a crucial property related to convexity and rules out
quantile as a risk measure.

Artzner et al. [3] show the correspondence between their axiomatized acceptance

sets and coherent risk measures.

Proposition 2.2.1. (Artzner et al. [3]) For a closed acceptance set satisfying axioms
A1-A4, the induced risk measure p4 is coherent. Conversely, for a coherent risk

measure 4, the induced acceptance set A, is closed and satisfies axioms Al1-A4.

The intuition behind Proposition 2.2.1 is that coherent risk measures correspond
exactly to a set of acceptable random variables, and this acceptance set satisfies the
axioms A1-A4. A critical result shown in [3] is a representation theorem for coherent

risk measures, which we now state.

Theorem 2.2.1. (Artzner et al., [3]) A risk measure p: X — R is coherent if and

only if there exists a family of probability measures Q that

u(X) = supEq[X], VXex, (2.7)
QeQ

where Eg [X] denotes the expectation of the random variable X under the measure Q

(as opposed to the reference measure P).

Theorem 2.2.1 was known before the emergence of coherent risk measures: see,
Huber [73], for example, for a proof. The essence of the proof is the separating

hvperplane theorem for convex sets. Indeed, Theorem 2.2.1 is a duality result. and it
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says that any coherent risk measure has a dual description in terms of expectations
over a family Q of “generating measures.”

This theorem will be central in making the connections between these risk mea-
sures and uncertainty sets in robust optimization. The interpretation is that all
coherent risk measures may be written as the supremum of the expected value over
a set of “generalized scenarios” [3] representing different probability measures.

At first glance of Theorem 2.2.1, it may seem that the reference measure P, which
is the underlying probability measure for X, is irrelevant in evaluating a coherent risk
measure. Implicit in this definition, however, is the fact that all measures in Q are
absolutely continuous with respect to IP. In the finite case, this is straightforward, as
the measures are finite dimensional vectors.

Here are a few examples of generating families and the corresponding description
of the risk measure for the case when X is a discrete random variable with support

of cardinality N:
1. When Q = {P}, we obtain u(X) = E [X].
2. When Q = conv ({q,, ..., ¢q,,}), where q; € AV then u(X) = max E, [X].

i=1,....m

3. When Q = {q € AV | ¢; <pi/a, i=1,...,N} for some a € (0,1], then it can
be shown (Rockafellar and Uryasev [102]) that

p(X) = inf {u + élE (X - 1/)+]} : (2.8)

For random variables with a continuous distribution function, it can be further
shown (e.g., Acerbi and Tasche [1]) that the risk measure in (2.8) is equivalent

to E[X | X > VaR, (X)], where

VaRq (X) = sup{z | P[X > z| > a}.

We will discuss more examples of coherent risk measures in Chapter 3.

The issue regarding absolute continuity with respect to the reference measure
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becomes more explicit in the case of continuous probability spaces. Indeed. with
more subtle mathematics and appropriate technical conditions, Delbaen [49] extends

the main results for coherent risk measures to more general probability spaces.

2.2.4 Convex risk measures

One primary criticism of coherent risk measures is their linear growth with the size
of a position. In a financial setting, for instance, one can imagine that liquidity risk
may grow nonlinearly with respect to the size of a transaction. To account for this
issue with coherent risk measures, Follmer and Schied [58] and Fritelli and Gianin [62]
proposed relaxing the positive homogeneity and subadditivity axioms for coherence,
and replacing them with a convexity axiom.

Follmer and Schied, like Artzner et al., also use acceptance sets as a starting point.

They propose the following axioms for acceptance sets:
Bl. If X € Aand Y € X satisfies Y < X, then Y € A as well.
B2. f X € Aand Y € X, then
{Ae[0,1] | M X+ (1 - N)Y € A}
is closed in [0, 1].
B3. A is convex and non-empty.

They then propose the following axioms for risk measures:

Definition 2.2.4. A risk measure p : X — R is convex if it satisfies the following

three properties:

(a) (translation invariance) wu(X +b) = pu(X) + b, VbeR.
(b) (monotonicity) P{X <Y} =1= pu(X)<puY).
(c) (convexity) PAX + (1 =NY) < (X)) + (1= )u(Y). VAelo.1].
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The properties of convex risk measures are intuitively appealing. The convexity
property can be interpreted as the fact that hedging reduces risk. The monotonicity
property enforces the natural requirement that, if one random variable is always
less than another one (i.e., incurs less loss), then it is more favorable from a risk
standpoint. The translation invariance property says that if we are going to pay a
certain fixed penalty b in addition to the risky project X, we are indifferent as to
whether we pay before or after X is realized.

Note that, unlike coherent risk measures, convex risk measures need not satisfy
1(0) = 0. As convex risk measures are translation invariant, however, we may always
normalize them to satisfy this condition. This will be the case throughout this thesis,
and it allows us, again, to interpret a convex risk measure u(X) as the minimum
additional payment the decision maker requires in order to find the risk X acceptable.

Similar to [3], Follmer and Schied are able to connect the acceptance sets satisfying

B1-B3 to convex risk measures.

Proposition 2.2.2. (Follmer and Schied, [58]) If u : X — R is a convex risk measure,
then the induced acceptance set u 4 satisfies axioms B1-B3, and p4, = p. Conversely,
if A C X is an acceptance set satisfying B1-B3, and the induced risk measure p4

satisfies p4(0) < oo, then py is convex and A, , = A.

The intuition behind Proposition 2.2.2, like Proposition 2.2.1, is that convex risk
measures correspond one-to-one with acceptance sets of random variables. Unlike
the coherent risk measures, which correspond to acceptance sets that are positively
homogeneous cones, however, the acceptance sets for convex risk measures need only
be convex.

Just like with coherent risk measures, convex risk measures have a representation
theorem related to expectations under other probability measures. The following

result is also shown independently by Heath and Ku [69].

Theorem 2.2.2. (Follmer and Schied [58]) Denote the set of all probability measures

over Q by Q. A risk measure yt : X — R is convex if and only if there exists a closed,
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convez function a : Q@ — (—00., 00| such that
w(X) = sup{Eq[X]—a(Q)}, VXeX, (2.9)
QeQ

where Eq [X] denotes the expectation of the random variable X under the measure Q.

The interpretation for the representation theorem for convex risk measures is
similar to the coherent case, except that, here, we consider all measures on €2, but
we “penalize” by the function a. This function will typically be some sort of quasi-
distance function from the reference measure P. As we will see, this richer framework
has implications for robust optimization models.

It is easy to see [58] that the class of coherent risk measures is a special case of
convex risk measures. Indeed, a convex risk measure p will satisfy positive homogene-
ity if and only if the penalty function « is an indicator function on set of measures

Q, i.e., p is coherent if and only if

0 QeQ
a(Q) = 1

+00 otherwise.

In this case, it is easy to see that we obtain

p(X) = sup {Eq[X]},
QeQ

which, according to Theorem 2.2.1, is a coherent risk measure. We will discuss more
examples of penalty functions «a(-) and their corresponding convex risk measures in
Chapter 4.

Although all of the results presented here assumed knowledge of the reference
measure [P, work has been done in utility theory by Gilboa and Schmeidler [67] and
convex risk measures by Follmer and Schied [59] in extending these ideas to the case

when the underlying measure P is not known explicitly.

43






Chapter 3

Robust linear optimization and

coherent risk measures

In this chapter, we focus on robust linear optimization problems, which have the form
min{c'z | Az < b, V Ael}, (3.1)

where U is the corresponding uncertainty set for the uncertain constraint matrix A.
As we have discussed, the idea of this approach is to compute optimal solutions which
retain feasibility for all possible realizations of A within this prescribed uncertainty
set U.

The theory of robust optimization, however, is essentially silent on the question
of how to construct uncertainty sets. As we have seen in Chapter 2, ellipsoidal uncer-
tainty sets, as well as other norms are common in many treatments (e.g., Bertsimas
et al. [30]). Although these approaches are often rooted in simple statistical consider-
ations and some probability guarantees have been proven, no theoretical justification
is given for such choices.

Here we provide an axiomatic methodology for constructing uncertainty sets within
a robust optimization framework for linear optimization problems with uncertain
data. We accomplish this by taking as primitive a risk measure on the outcome of an

uncertain constraint as well as a finite munber of observations of the uncertain data.
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For the class of coherent risk measures, we show that this approach leads directly to
a robust optimization problem with an explicit, convex uncertainty set whose struc-
ture depends on the specific form of the coherent risk measure chosen by the decision
maker.

As we will discuss in greater detail shortly, a particularly interesting class of
coherent risk measures is one which can be represented as the expected value of a
random variable under a distortion of the probability distribution. Such risk measures
have been studied widely in actuarial settings; see, e.g., Wang [114], [113]. A result
by Schmeidler [105] shows that this class is equivalent to the class of risk measures
which are additive under sums of comonotonic random variables. Comonotonicity is
an interesting and useful property because it can be used to provide bounds on sums
of random variables with arbitrary dependencies (see Dhaene et al. [52], Kaas et al.
[74]).

The key results of this chapter are the following:

e Given a coherent risk measure as a primitive, as well as realizations of the
uncertain data in the problem, we construct a corresponding convex uncertainty
set in a robust optimization framework. This is important as the uncertainty
set becomes a consequence of the particular risk measure the decision maker
selects. In other words, we argue that any robust approach which is to protect
against uncertainty should depend intimately on the decision maker’s attitude
towards this uncertainty. When this attitude can be cast as a coherent risk

measure, convex uncertainty sets of an explicit construction arise.

e For the important class of coherent risk measures which satisfy comonotonic
additivity, we obtain a special and interesting class of polyhedral uncertainty
sets. We study this class in detail and show that the entire space of such poly-
hedral uncertainty sets is, under an appropriate generating mechanism, finitely
generated by the class of conditional tail expectation risk measures. We
also study the sub-class of these polyhedral uncertainty sets which are centrally

symmetric and show that they are also finitely generated by a specific set of co-
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herent risk measures. These uncertainty sets are useful because they naturally

induce a norm.

e We study a particular class of coherent risk measures based on higher-order tail
moments, which are studied by Fischer [56]. These measures lead to },-norm
uncertainty sets of a particular form and the resulting robust problems are conic

optimization problems.

e We consider a converse problem; namely, starting with a convex uncertainty
set as primitive, an obvious corollary of the representation theorem is that
there is a corresponding coherent risk measure. In addition we illustrate how to
compute approximations to arbitrary norm-bounded and polyhedral uncertainty
sets from a particular subclass of coherent risk measures satisfying comonotonic

additivity.
With regards our data-driven approach, we feel it has the following benefits:

1. It is tractable. Indeed, with N observations, our uncertainty sets lead directly
to optimization over RV. As we will see, we can solve these problems efficiently
for large V. Moreover, we can make meaningful theoretical statements without

relying on involved assumptions and complex results from measure theory.

2. It is parsimonious. We are making the bare minimum of distributional assump-

tions.

3. It is practical. In reality we do not have, or there does not exist, a distribution
for the uncertain quantities of interest. In practice we usually have data and

must operate without any other information.

Risk measures and data-driven approaches have received considerable attention
from the optimization community recently. Recent work by Ruszczynski and Shapiro
[104] considers optimization problems involving risk measures. In many ways, the
framework in this chapter can be thought of as a significant generalization of scenario-

based approximations to chance constraints (Calafiore and Campi, [41], Nemirovski
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and Shapiro, [89]). There has been some work on distributional robustness in the
chance constraint literature (e.g., Erdogan and Iyengar, [54]), but, to the best of
our knowledge, the explicit connection between coherent risk measures and convex
uncertainty sets in a robust optimization framework has not yet been made.

The outline of the chapter is as follows. Section 3.1 briefly describes some of the
relevant classes of coherent risk measures. Section 3.2 considers general coherent risk
measures. Section 3.3 considers coherent risk measures which satisfy comonotonic
additivity and studies the associated polyhedral uncertainty sets in detail. Section
3.4 deals with the coherent measures based on higher-order tail moments. Section 3.5
considers converse constructions and approximations, and Section 3.6 concludes with

a computational example demonstrating our methodology.

3.1 Classes of coherent risk measures

We recall the representation theorem for coherent risk measures, stated below for
convenience. It states that we can describe any coherent risk measure equivalently
in terms of expectations over a family of distributions. The result is largely a conse-

quence the separation theorem for convex sets.

Theorem 3.1.1. A risk measure p : X — R is coherent if and only if there exists a

family of probability measures Q that

w(X) = supEqlX], VXedX, (3.2)
QeQ

where Eq [X] denotes the expectation of the random variable X under the measure Q

(as opposed to the measure of X itself).

Again, the representation theorem says that all coherent risk measures may be
represented as the worst-case expected value over a family of “generalized scenarios.”
This will be the crucial idea as we attempt to construct uncertainty sets in a robust

optimization framework from a given coherent risk measure.
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3.1.1 Distorted probability measures and the Choquet inte-
gral

In this section, we will examine a particularly interesting class of risk measures known
as Choquet integrals. These measures are expectations of a random variable under
an appropriate distortion of the original distribution. It turns out that the Choquet
integral is a fairly general risk measure with quite a bit of modelling freedom; in fact,
many commonly used risk measures may be cast as a Choquet integral. The Choquet
integral has been used extensively for pricing insurance premia (see, e.g., Wang [114],
[113]). The name follows from the work on the theory of capacities developed by
Choquet [45], which would lead in part to a large body of work on belief functions in
decision-making (see, e.g., Ngyuen and Ngyuen [91}).

Here we will denote the de-cumulative distribution function (ddf) of the
random variable X € X as S(z); i.e.,, we have S(z) = P{X > z}. We give the

following definition.

Definition 3.1.1. A distortion function g is any non-decreasing function on [0, 1]
such that ¢(0) = 0 and ¢(1) = 1. The distorted probability distribution for
a random variable X € X with ddf S(z) is the unique' distribution defined by the
distorted ddf S*(z) = ¢(S(x)).

We use these distorted distributions to define the Choquet integral; see Denneberg

[51] for a more formal definition.

Definition 3.1.2. The Choquet integral of a random variable X € X with respect

to the distortion function g is defined as

o0 0
1 (X) = / S*(z)dz + / [S*(z) — 1] dz. (3.3)
0 —20
0 0
Note that we may write E {X] = [ S(z)dz+ [ [S(x) — 1] dz. so the Choquet integral
0 e
'f ¢ is has discontinuities, we assume the ddf relation holds only at continuity points and thus

the distribution is uniguely defined.
{uel)
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is indeed the expected value under the distorted distribution. For any distortion
function g, the Choquet integral satisfies translation invariance, monotonicity, and
positive homogeneity. We need to say something more about g, however, in order to

ensure subadditivity; see Reesor et al. [98] for one proof of the following.

Proposition 3.1.1. The Choquet integral ;, with a distortion function in equation
(3.3) satisfies monotonicity, translation invariance, and positive homogeneity. In ad-
dition, p, satisfies subadditivity if and only if g is concave. Thus, p, is coherent if

and only if g is concave.

Examples

In this section, we illustrate the modelling flexibility of the Choquet integral by show-
ing that common risk measures are Choquet integrals of distorted measures. Reesor
et al. [98] provide a much more general and extensive list of examples. For simplicity
we assume that the random variable X is non-negative, but the examples all extend

to the more general case.

Example 3.1.1. Value-at-risk.

For some a € {0, 1] we define

0, ifu < q,
g(u) =
1, otherwise.
Then we have
o0 5~(a)
e(X) = /g(S(x))d:v = / dr = S7'a) = sup{z | P[X > 1] > o},

0

<

which is commonly referred to as the value-at-risk at level o, or VaR,(X), in math-
ematical finance literature. Note that ¢ is not concave. which implies, by Proposition

3.1.1. that value-at-risk is not a coherent risk measure.

Example 3.1.2. Conditional tail expectation (CTE).
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Let us define the distortion function g(u) = min(u/a, 1) for some « € [0, 1]. Then we

have

uy(X) = / 9(S(x))dz

0
0 57 (a)
= é / S(z)dz + / dz
5-1(a) 0
x 00 1 r -
= Es(x)ls-l(a)—&' / 2dS(z) + S7H(a)
S—Ha)

= E[X|X >S5 (o)
= E[X|X > VaR,(X)].

Note that this is a coherent risk measure since g is concave. This coherent risk
measure is called the conditional tail expectation of X at level o and denoted
CTE, (X). This risk measure is of central importance and has a variety of interesting

properties which we will examine and discuss in Section 3.3.

Example 3.1.3. Proportional hazards distortion.

Consider the distortion function g(u) = u® When o € [0,1], the distorted risk

measure is coherent. The hazard rate of ¢ is a function 6(¢) such that
S = PX >t = St).

It is easy to see that the hazard function 6* associated with the distorted distribution
satisfies 0*(t) = of(t) and hence the term proportional hazards distortion. This
distorted risk measure has been applied in many insurance applications (see, e.g.,
Wang [114]). Also note that the limiting case o = 1 gives us p,(X) = E [X], which

is clearly a coherent risk measure (albeit not a very conservative one).



3.1.2 Comonotone risk measures

It is not obvious whether or not all coherent risk measures can be represented as a
Choquet integral under a concave distortion function. Despite the modelling power
of the Choquet framework, the answer is no. We complete our road map of the
risk measure world by examining this question in this section. It turns out the key
property is a risk measure’s behavior under sums of comonotonic random variables.

We begin with some definitions.

Definition 3.1.3. The set A C R" is a comonotonic set if for all x € A, y € A,

we have either x <y or y < x.

Clearly any one-dimensional set is comonotonic. It is also not difficult to see that
any set in R™ with » > 1 cannot be full-dimensional and also be comonotonic. We

can extend this idea naturally to random variables.

Definition 3.1.4. A random variable X = (Xj,...,X,) is comonotonic if its sup-

port A C R"™ is a comonotonic set.

A simple example of a comonotonic random variable is the joint payoff of a stock
and a call option on the stock. Indeed, let S be the stock value at the exercise time,
C be the call value, and K be the strike price. Then C = max(0, S — K). It is easy
to see that any pair of payoffs (Si, C1), (Ss, Ca) satisfy either S; > Sy and C, > C;
or §; < 8 and C; < (%, and hence the support of the random variable (S, C) is
comonotonic.

Comonotonicity is an important property when considering sums of random vari-
ables with arbitrary dependencies. Comonotonic random variables have “worst-case”
summation properties among all dependence structures, and, as such, have been used
by Dhaene et al. [52] to compute upper bounds on sums of random variables. In our
case, comonotonicity has a very specific relationship to coherent risk measures and

Choquet integrals. In particular, we are interested in the following property.



Definition 3.1.5. A risk measure p : X — R is comonotonically additive if, for

any comonotonic random variables X and Y, we have
wX+Y) = u(X)+uY).

Moreover, we also introduce the following (shorthand) terminology.

Definition 3.1.6. If a coherent risk measure is comonotonically additive, we say the

risk measure is comonotone.
The following result is due to Schmeidler [105].

Theorem 3.1.2. A risk measure p : X — R can be represented as the Choquet

integral with a concave distortion function if and only if u is comonotone.

The subadditivity property says we can do no worse by aggregating risk when
dealing with a coherent risk measure; Schmeidler’s result implies that we will not
benefit from diversifying risk when our risk measure is a Choquet integral and the
underlying random variables are comonotonic. The theorem also allows us to answer
the question of whether all coherent risk measure can be represented in the Choquet
integral form. The answer is no, and using Schmeidler’s theorem, this can be done
by constructing a coherent risk measure which violates comonotonic additivity. See
Delbaen [50] for an example of this. In Figure 3-1 we illustrate the landscape of the

risk measure universe.

3.2 From coherent risk measures to convex uncer-

tainty sets

In this section, we show how the concepts from risk theory, in particular, coherent
risk measures, allow us to construct a meaningful robust counterpart to a linear
optimization problem with uncertain data. We will focus on a single constraint of the
form @’z < b. but the results all extend in straightforward fashion to the case with

m > 1 such constraints.



Coherent

. u VaR
Tail moments of order p > 1 Comonotone aHa

Figure 3-1: Venn diagram of the risk measure universe. The box represents all functions
pu: X — R. In bold are the three main classes of risk measures: coherent, distorted, and
their intersection, comonotone. Also illustrated are the specific subclasses CTE,, VaR,,
and tail moments of higher order (discussed in Section 3.4). Note that these subclasses
intersect at limiting values of the various parameters.

We note the following issues in a practical context.

(1) We generally do not know the distribution of a. In fact, we usually only have

some finite number N of observations of the uncertain vector a.

(2) Even equipped with a perfect description of the distribution of a, it is not clear
how we should construct an uncertainty set U with some specific, desirable

properties.
To address the first issue, we will make the following assumption.

Assumption 3.2.1. The uncertain vector a is a random variable in R" satisfying

|supp (a)| = N.

Remark 3.2.1. We will typically refer to A as the data or data set of the problem.
In some cases. it will also be convenient to use the matrix form A = [a, ---ay]. Also,

where convenient. we denote N = {1,..., N}.
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Thus, we assume that the sample space is confined to {a;,...,an}, and a is
distributed across these N values. Although this may seem restrictive, it is in many
ways sensible as the data is the only information we have about the distribution of
a.

For the second issue, we take as primitive a coherent risk measure. The choice of
this risk measure clearly depends on the preferences of the decision maker. Given a
constraint based on this coherent risk measure and distribution defined as above, we

will show that there exists an equivalent robust optimization problem with a unique

convex uncertainty set. We first define more formally the problem in question.

Definition 3.2.1. For a linear optimization problem with uncertain data a and scalar

b, along with a risk measure u, we define the risk averse problem to be

minimize c'x

subject to  p(a'z) <b. (3.4)

Note that when p satisfies translation invariance (as all coherent risk measures
must), the constraint in (3.4) is equivalent to the constraint pu(a’z —b) < 0. We

have the first result, which stems directly from the representation theorem (Theorem

3.1.1).

Theorem 3.2.1. If the risk measure u is coherent and a is distributed as in Assump-
tion 3.2.1, then the risk averse problem (3.4) is equivalent to the robust optimization

problem

minimize c'x

subject to  a’z < b, Vaecl, (3.5)

where

N
U = conv ({Z g:ia;
i=1

qc€ Q}) C conv (A).
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and Q 1s the set of generating measures for v from Theorem 3.1.1.

Proof. u is coherent, so, by Theorem 3.1.1 and the fact that a is distributed uniformly

on A, we have

/
pl@'x) = supIE [@'z] = supz a.x)g; = sup (qual) T = supa, x =supa'z,
qeQ = qeQ 1 acld acU

where U = {3°N, ¢;a; | ¢ € Q} and U is as in the statement of the theorem, i.e.,
U = conv(Uf). Note that the last line follows from the simple observation that the
supremum of a linear function over any bounded set is equal to the supremem of
that function over the convex hull of that set. Hence the risk averse problem (3.4) is
equivalent to the robust optimization problem (3.5) with uncertainty set given as in

the statement of the theorem. |

Theorem 3.2.1 provides a methodology for constructing robust optimization prob-
lems with uncertainty sets possessing a direct, physical meaning. The decision maker
has some risk measure u which depends on their preferences. If u is coherent, there is
an explicit uncertainty set that should be used in the robust optimization framework.
This uncertainty set is convex and its structure depends on the generating family Q
for p and the data A. We emphasize that the reference measure P need not play any
explicit role in the description of Q. Indeed, as discussed in Chapter 2, Q may simply
be a finite set of measures. Of course, as also discussed in Chapter 2, many risk
measures (such as CVaR) have a generating family Q which is parameterized by the
reference measure P. So, whether or not the structure of the uncertainty set in the
robust optimization framework depends on P will be determined by the underlying

risk measure that the decision maker uses.

The remainder of this paper primarily focuses on classes of coherent risk measures

which give rise to uncertainty sets with special structure.
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3.3 From comonotone measures to polyhedral un-

certainty sets

For an arbitrary coherent risk measure p, the uncertainty set in the corresponding
robust optimization problem depends crucially on the generator Q of u given by
Theorem 3.1.1. In general it is not obvious how to compute this generator. We now
show how to construct Q in the important case where u is a comonotone risk measure
(i.e., the Choquet integral of a concave distortion function) and find that the resulting

uncertainty set is a polyhedron. We first note the following simple observation.

Lemma 3.3.1. If Q is a finite set, then we have the following:

Eol|X] = Eoi(X| = max [Epl|X]. 3.6
sup e [X] max e [X] 0 BaX e [XT]. (3.6)

where conv (Q) denotes the convex hull of Q.

Proof. The first equality is obvious, since Q is a closed set. The second equality
follows from the fact that the maximum of a linear function over a polytope has an
optimal solution at a vertex, and since the vertices of conv(Q) are all elements of Q,

the result follows. O

For simplicity, in what follows, we will rely on a stronger assumption regarding

the distribution of a.

Assumption 3.3.1. In addition to Assumption 3.2.1, the random variable a satisfies

P{a=a;} =1/Nfori=1,...,N.

Assumption 3.3.1 simply allows for a cleaner description of the generating families
Q for the coherent risk measures we will discuss. The results may be generalized for
an arbitrary. discrete distribution vector p € AV, but we omit this extension.

We first show how to calculate y, under Assumption 3.3.1.



Proposition 3.3.1. For a comonotone risk measure with distortion function g on a

random variable Y with support {y1,...,yn} such that P[Y = y;] = 1/N, we have

N
pe(Y) = Z(Iz'y(z‘),
i=1

where y(;) is the ¢th order statistic of Y, i.e., yq) < ... <y, and

C (N41-4\  (N-i

(3.7)

(3.8)

Proof. We assume without loss of generality that y; = y(;) forall i € {1,..., N}. We

show the result for the case y; > 0, and the general case follows by straightforward

extension. We first note that we can write the de-cumulative distribution of Y as

(
17 lfy < Y1,
N —;
Sy(y) = 9 NZ, iy <y <wipy, i=1,...,N—1,
0, otherwise.

\

Now, applying Equation (3.3), we have

pe(Y) = 7 9(Sv(y))dy
= 719(1)d:u+1\"§=—:1 79 (NA: Z) dy
= g(Dy + ]:,Z;g (N]\; Z) (Y1 — ¥s)

- 2 () - (5)
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[l

Remark 3.3.1. Note that, for ¢; defined in equation (3.8), ¢; < --- < gn. This is easy

to see from the fact that g is nondecreasing and concave.

Thus, in order to compute p, for a comonotone risk measure, we need an order
statistic on the N possible values the random variable Y (in the context we are
considering, we have y; = a.x). We now argue that this ordering can be implicitly

done via solution of a linear optimization problem.

Proposition 3.3.2. For a concave distortion function g and with ¢; defined as in

Equation (3.8), we have

N
Z GiY(i) = Zqy» (3.9)
i=1
where 27, is the optimal value of the linear programming problem

N N
maximize E qi E WiY;
j=1

i=1

subject to ~w € W(N), (3.10)

in variables w;;, and where W (V) is the assignment polytope in N dimensions, i.e.,

N

N
Zwij=1‘v’j€{1,...,N}, ZZUZJ:].\V’ZG{L,N}}
j=1

i=1

W(N) = {'w € R‘f

Proof. As indicated in Remark 3.3.1, we have ¢; < ¢;41 for all ¢ € {1,...,N — 1},
so the sum in Equation (3.9) is sorting the y; in increasing order and assigning the
largest y; to gy, the second largest to qn_;, and so on.
We assumne without loss of generality that the y; are already ordered, i.e., yu) = v;
for all ¢ € A. Then the solution
1. ifi=j

Wy =
0. otherwise,



j\f
is feasible to problem (3.10) with the same value as the sum. Thus, Y ¢yu < Zg
i=1

Conversely, given any feasible w to (3.10), and noting that ¢; < g;;|, we have

N N N N
Z(Iizwijyj < qui = Z%’y(i)a
=1 j=1 i=1 i=1

which shows that 2}, < Zf_’__l ¢y and we are done. O

We see that the formulation in Proposition 3.3.2 explicitly defines a generator Q

for ug. Indeed, we may write the generator here as

N
Q = {szj%

=1

w € W(N)} ,
or, alternatively,
Q = {peRY|3o€Sy : pi=qou, YieN}, (3.11)

where Sy is the symmetric group on N elements. This second description (3.11) is
valid by noting the well-known result that W(N) has integral extreme points and
Lemma 3.3.1.

Remark 3.3.2. Although an arbitrary coherent risk measure requires a family Q of
measures to generate it, we see that a comonotone risk measure is effectively generated
by a single measure q as given by Equation (3.8). When speaking of comonotone risk
measures, we will refer to g as the generator of j,, with the understanding that Q

described above in equation (3.11) is the actual generating family.

So comonotone risk measures lead to a very special class of polyhedral uncertainty
sets: the convex hull of all N! convex combinations of A induced by all permutations
of the generator g (from Equation (3.8)). This class of polytopes has a very special

structure. so we define it formally. From here on out we denote the vector of ones by
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as

malA). @ = (1/5,1/5,1/5,1/5,1/5)

a3

X --’---ﬂq(A), q=(0,0,0,1/2,1/2)
Tq(A), @ = (0,1/4,1/4,1/4,1/4)

T rg(A), @ = (0,0,0,0,1)

Figure 3-2: mq (A) for various q for an example with N = 5.

e and the N-dimensional probability simplex by AV, i.e.,
AN ={peRY | ep=1}.

Definition 3.3.1. For some measure ¢ € A" and discrete set X = {x1,...,zN}

with x; € R" for all s € {1,..., N}, we define the g-permutohull of X by

o c SN}> : (312)

If e; is any unit vector in RY, then 7, (X) = conv(X). We also see that

N
7q(X) = conv ({Z Qo(i)Ti

=1

me/n (X) = {1/N Zfil x;}, i.e., the sample mean of X, where e is the vector of
ones in RY. Note also the difference between a g-permutohull and a permutohe-
dron (see Ziegler [120]), which is the convex hull of all permutations of the vector
... N].

A simple illustration of 7, (A) is given in Figure 3-2. We are ready for the main

result of this section.

Theorem 3.3.1. For a risk averse problem with comonotone risk measure p, gener-
ated by a measure q € AN and uncertain vector a distributed as given by Assumption

3.3.1, problem (3.4) is equivalent to a robust optimization problem with uncertainty
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set given by the polyhedron mq (A), i.e., (3.4) is equivalent to

minimize c=zx

subject to  a'z <b, Vaecmg(A). (3.13)
Moreover, (3.18) is equivalent to the linear optimization problem

minimize cx
subject to €'y, + €'y, < b, (3.14)

ey + ey, > gi - a;T Y (5,5) € N X N,
in decision variables x € R", y, € RN, y, € RV,

Proof. Equivalence to (3.4) follows by applying Theorem 3.1.1 and Proposition 3.3.2
(as well as the remarks following it) to the risk averse problem (3.4). Since mq4 (A) is
a polyhedron, we know, by standard robust optimization results, that (3.4) is a linear
optimization problem. To get the specific form of this problem, consider the problem,

for any £, max z’a. This is equivalent to the problem
a€mq(A)

maximize E g - (ajx) - wi;
47

subject to  w € W(N), (3.15)
in variables w;; € RY”. The dual problem is

minimize €'y, + €'y,

subject to  ejy, + ey, > ¢ - ajx, (3.16)

in variables y, € RV, y, € R"Y. Since strong duality holds between (3.15) and (3.16)
(as (3.15) has a nonempty, bounded feasible set), we may replace left-hand side of the
constraint in (3.13) with the objective from (3.16) and add in the dual constraints as

well, leaving us with the desired result. D
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We remark that although 7, (A) has as many as V! extreme points, the complexity
of using it as an uncertainty set is polynomial in N. Specifically, the equivalent

problem (3.14) has only 2N extra variables and N? extra constraints.

3.3.1 Structure of the comonotone family

It is interesting and relevant to explore the properties of the family of uncertainty
sets mq (A) over appropriate generating measures g. We will find that, under an
appropriate generating mechanism, the set of all comonotone risk measures is finitely
generated by the class of conditional tail expectation measures (CTE;/y(:)). In a
very direct sense, then, the CTE;/y (-) measures are basis measures for the entire
space of comonotone risk measures on random variables with a discrete state space of
cardinality N.

We first notice that, as a comonotone risk measure produces generators with
¢ < gy for all ¢ € {1,..., N — 1}, the space of possible generators g is a strict

subset of the N-dimensional unit simplex.

Definition 3.3.2. The restricted simplex in N-dimensions is denoted by AV

and defined as
AV = {geAV g <--<qn}. (3.17)

It is easy to see that there is a one-to-one correspondence between AY and the
space of comonotone risk measures on random variables distributed on N values, as

we now show.

Proposition 3.3.3. There exists a bijection between AN and the space of comonotone

risk measures on random variables with a finite sample space of cardinality N.

Proof. Clearly, any such comonotone risk measure defines a ¢ € A" via Equation

(3.8). Conversely. given any ¢ € AV, we may define a distortion function (on N
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values) as

g9(0) = 0,

g(ﬁ) = ;QN_J'_H, ’L=1,...,N.

One can easily verify that such a g satisfies:

g9(1)
g(i/N) > g((z—1)/N) VieN,
g(i/N)—g((i —1)/N) < g((i—=1)/N)~g((i—-2)/N) Vie{2,...,N},

1,

so g is a valid distortion function corresponding to a comonotone risk measure. [J

The restricted simplex and the space of comonotone risk measures, then, are
isomorphic. We now argue that a very special class of risk measures generates the

entire space of comonotone risk measures.

Theorem 3.3.2. The restricted simplex AN is generated by the N-member family
On={qeAY |3 keN: ¢=0Vi<N—-k g=1/kVi>N-—k}, (3.18)

i.e., conv (Gy) = AN . Moreover, each q € Gy corresponds to the measure CTE;/y (-)

for somei € N.

Proof. Clearly conv (Gy) C AN , as AV is convex and any ¢ € Gy also satisfies
g € AV by construction. Now consider any ¢ € AN. We write the matrix with

columns the members of Gy as

1
N 0 0 0
1 1
N N-1 0 0
;= U S S
G N N-1 N-2 0

1 1 1

L N -1 N-=2 1_




N=2 N=3 N=4

w01 * k—0.0,1) .
= A4
,/”\\//}32 A
A1/2,1/2) «(0,1/2,1/2) Egj ?}é{f}é{f}m

(1/3,1/3,1/3)

Q Q & ) (1/4,1/4,1/4,1/4)
2

Figure 3-3: Generation of AN by the CTE (-) measures for N = 2,3,4.

and define the vector A € RN as \; = Nqi, Ay = (N — i+ 1)(¢; — ¢i—1), for all
i€{2,...,N}. We have g € A¥, 50 ¢;11 > ¢; and thus XA > 0. In addition,

N N N
Yoh=Nag+) (N—i+)(g—a) = ) & =1
i=1 =2 i=1

Finally, we compute the vector p = Gy and see that

i i ,
pi = Q1+;N_A—;+1 = %‘F;E%—:;“%(Qj‘%—l) = @,
so g € conv (Gy), implying that AN C conv (Gy).

To see that the N members of Gy indeed correspond to a risk measure CTE; /v (+)
for some 4, note that ¢ € Gy implies ¢ = {0,...,0,1/k,...,1/k} for some k € N.
We construct the corresponding distortion function and find ¢g(i/N) = min(¢/k, 1) for
alli € {0,..., N}. Now, by the simple calculations in Example 3.1.2, we see that this
function corresponds to CTE,y (-). O

Figure 3-3 highlights the result of Theorem 3.3.2. The CTE, (-) measures are,
in a sense, fundamental; this is consistent with other work, such as Delbaen [49)],
who shows that CTE, () is the smallest distribution invariant coherent risk measure
greater than VaR,(-). Nemirovski and Shapiro [90] also illustrate this idea in the
context of convex approximations to chance-constrained problems. CTE, () is also

related closely to the concept of shortfall, which is just the mean plus the CTE, (+).
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Shortfall has been studied extensively in the mathematical finance community, see,

e.g., Bertsimas et al. [28] for a treatment exploring a number of its special properties.

3.3.2 Comonotone measures with centrally symmetric uncer-

tainty sets

In this section, we study a more restricted class of generating measures q; specifically,
we study those that lead to polyhedral uncertainty sets obeying a specific symmetry
property. These structures are important because they naturally induce norm spaces
which we will use in the next section to approximate arbitrary polyhedral uncertainty

sets by those corresponding to comonotone risk measures.

Definition 3.3.3. A set P is centrally symmetric around o € Pifxg+x € P

implies £y — x € P.

Here we will be interested in uncertainty sets which are symmetric around the
sample mean of the data. In the space of discrete measures of dimension N, this is

equivalent to symmetry around the measure g = e/N.

Definition 3.3.4. The symmetric restricted simplex in N-dimensions is de-

noted by AN _ and defined by

sym
AN, = {q € AV | mg({ei,...,en}) centrally symmetric around e/N} , (3.19)

where the e; are the unit basis vectors, e is the vector of ones, and 74 (+) is defined

in (3.12).

We begin with the following simple observation.

N
sym

Proposition 3.3.4. For a vector g € AN we have g € AN _if and only if §; = Qo)

where o is a permutation such that o(i) = N — ¢+ 1 and q is the vector

{)

§g= —e—q. 20
a=ye—4q (3.20)
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Proof. We first note that clearly e/N € w4 ({ei1,...,en}). Indeed, taking all N!
permutations of g and summing their average, we see by symmetry that the result is
e/N. Now q € Ag,m if and only if every extreme point of 74 ({ey,...,en}) satisfies
the symmetry property. Furthermore, it is sufficient to check the extreme point
g € AV, as all other extreme points of 7, ({e1,...,ex}) are just permutations of
this and the arguments follow through by symmetry. We can write ¢ = e/N + p for
some vector p € RY. We need to check that ¢ = e/N — p € ny({e1,...,en}) as
well. Substituting for p we have ¢ = 2/Ne — q. But since q is an extreme point, we
must have g as an extreme point as well, which means that ¢ must be permutation
of q. Moreover, as ¢ € AV, its components are non-decreasing, which implies that
the components of g are non-increasing. It is then easy to see that g must be the

specified permutation o of q. O

We now prove that, like the restricted simplex, Ag’,m is generated by a finite family

of comonotone risk measures.

N

sym

Theorem 3.3.3. The symmetric restricted simplex AN_ is generated by the N =

(LN/2] + 1)-member family
Sy = {s1,....sz}h (3.21)

i.e., conv (Sy) = AV

sym» Where the vectors s; satisfy

0, 7 <t
sis = 4L i<j<N-—i+1 (3.22)
:.7 jNﬂ _.7~ bl
2
-, j>N—i+4+1.
\ V' J s

Proof. We assume N is even; the proof for NV odd is nearly identical with some small

changes on summation limits. We define the matrix Sy € RV*V by

Sy = fo o sy
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and consider an arbitrary convex combination A € R¥ of the columns of Sy, i.e., a

vector g € RY such that ¢ = SyX. We find that

( i

1

—Z)\j, i< N,
IV

1+1 i A >N
N7 NT ¥R [
\N Nj=N+2—i

We see that we can rearrange this to find that

qi
q;

qr

qi

- )\1/N,
= ¢g.+MN/N i<N, (3.23)
= 1/N+/\1§,/N,

= @i—1+ Anyo-i/N 1> N,

from which it follows that ¢ > 0 and ¢; < ¢;41. Combining this with the observation

that the rows of Sy each sum to one, we see that Zfil g = Ef__l Xi=1,s0qeAN.

We now check the symmetry condition from Proposition 3.3.4. We have

Y
i

2
—e—
N q
( i
2 1 -
Z =%y, i< K,
<N NFR
L ﬁ: A >N
N A7 ¥R 12 ’
\N Nj=N+2—i
/ .
N
1 1 .
N + -]V Z )\7, 1< N,
\ N+1 -ij=i+l
1 -
— A, i>0N,
\N Jj=1

and we see that §; = ¢o(;) under the permutation o(i) = N —i+1 for all € . This

shows that conv (Sy) C AN

sym”

For the reverse inclusion, consider any g € A

N
sy

From the permutation in Propo-
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sition 3.3.4, we see that we must have qz_; + gy = 2/N, and since q € AN, we have
q5 = qy_,- Taken together with the previous remark, this implies that g5 > 1/N.
We now construct a A € RV by reversing the construction above in (3.23). This leads

us to

)\1 = NQ17

/\1' = N(Qi_Qi—l) ViE{Z,...,N—l},
Ay = Ngyz-—1

From the fact that the g; are componentwise nondecreasing, and the above argument

that g5 > 1/N, we see that A > 0. In addition, we find that

5
Y A = Ngg+ag)—1 = N2/N)-1 = 1,
i=1

so q € conv (Sy), and we are done. O

Figure 3-4 depicts a simple two-dimensional case with N = 6 data points. Shown
are the basis generators for all of w4 (A) as well as those for the subclass of centrally

symmetric 74 (A).

3.4 From one-sided moments to norm-bounded un-

certainty

In this section, we examine a class of coherent risk measures which depend on higher-
order moments. We will see that they induce uncertainty sets which are norm-
bounded. As the representation theorem for coherent risk measures (Theorem 2.2.1)
is essentially a duality result, it is not surprising that these norms are the dual norms
of the moments in the original risk measure description.

We now present a result, shown in Delbaen [50] and Fischer [56]. and provide an

alternate proof using Lagrange duality. We use the notation r* = max(0. x).
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Figure 3-4: For a case with N = 6 data points (denoted by *): the 6 basis generators
for wq (A) (upper left) and the corresponding distortion (CTE;/y (-)) functions (lower left);
the 4 basis generators for the centrally symmetric subclass of wq (A) (upper right) and the
corresponding distortion functions (lower right).

Theorem 3.4.1. If X is a random variable distributed as in Assumption 3.3.1, and

for any a € [0,1] and p > 1, the risk measure
tpalX) = E[X]+a0,4(X), (3.24)
where
(X)) = [E[(X-EXDTY",
15 a coherent risk measure. Moreover, it is representable by the family of measures

0o = {Fletalg=ge) 1920 lal <1}, (3.5
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where g =p/(p—1) and G=1/N 3V, g;.

Proof. The proof of coherence is in Fischer [56]. For the representability, it is easy to
see that any g € Q sums to 1. For nonnegativity, using the fact that ||g|l; < N||gllq
for all ¢ > 1, and since g > 0, a € [0, 1], we have

. o
eta(g—ge) 2 e~ +lglhe 2 e(l—llgll) 2 0,

since ||g|l < 1. Now, denoting by z; the values of the random variable X on the
discrete sample space, and also denoting &; = z; —E [X], we consider the optimization

problem

maximize Z'g
subject to  ||g|ly <1,

g>0.

We form the Lagrangian

L(g,\) = &g+ A1-lglly),

and note that £(g,\) > &'g for all g > 0, A > 0. Consider setting A\ such that

AVa=t = (|lz*||,)P~! and then set

£~C+ (,_iT
- ()"

[t is easy to see that g* > 0 and ||g*||, = 1, which leads us to the conclusion that g*

is optimal to the original optimization problem (by applving strong duality). Finally,
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we have

= E[X]+

- E[X]+

- E[X]+

E [X] +

[P

[@'g” — 2(e'g")]

zlez|e

(&)=

M=

e

i=1
N (27|,

.,
S8

= E [X] + O.’O'p,+(X),

which proves the result.

This leads us directly to the following result.

Theorem 3.4.2. The risk averse optimization problem (8.4) with risk measure p =

Upo for somep > 1, a € [0,1] defined in Equation (3.24), and uncertain vector a

distributed according to Assumption 3.3.1, is equivalent to the robust optimization

problem

minimize cx
subject to  a'x < b, Va € Py (A), (3.26)
with uncertainty set
Poa(A) = {Zpiai pe Qq,a} , (3.27)
ieN

where Q. 15 as in (3.25) and ¢ = p/(p — 1). Moreover, (3.26) is equivalent to the
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convex optimization problem

minimize c'z
subject to @'z + (a/N)A<b (3.28)
A > (a;—a)zx VieN,
1Al < A,

in variables x € R", A € RM, X € R.

Proof. The fact that (3.4) with risk measure p,, is equivalent to (3.26) follows in
similar fashion to the proof of Theorem 3.2.1 (simply apply Theorems 3.1.1 and

3.4.1, as well as Assumption 3.3.1 to u, ). For the equivalence to (3.28), we have

tpa('a)<b <« sup Eglz'al <b
qEQq,a

< eAzx+a max {(£’A-1/N(z'Ae)e’)g} < Nb.
920,/|gllq<1

Denoting y; = x'a;, § = 1/Ne'y, and §; = y; — 3, we need to then consider the

optimization problem

maximize Y'g
subject to  ||gllq < 1,

g>0.

The dual of this problem is the convex conic problem

~

minimize A
subject to  A\; > ¥, VieN,

Al < A,

in variables A € RY. A € R. Now noting that strong duality holds between the two

problems (both are convex with strict interiors), we mayv insert the dual problem into
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the original problem and we get the desired result. O

Thus optimization over the coherent risk measure (3.24) based on higher-order
tail moments is equivalent to a robust optimization problem with a norm-bounded
uncertainty set. This robust problem can be solved efficiently as it is equivalent
to a convex optimization problem with N + 1 additional variables and NV + 2 total
constraints (N +1 of which are linear). We conclude this section by noting that (3.27)

naturally induces families of nested uncertainty sets.

Proposition 3.4.1.
(a) For 1 < ¢; < g2 and « € [0, 1], we have Py, o(A) C Py, o(A).
(b) For ¢ > 1 and a1, oz € [0,1] with oy < ap we have Py 4, (A) C Py a,(A).

Proof.
(a) Follows form the definitions and the fact that ||z|l, <1 = |lz|l, < 1if ¢ < ¢o.
(b) If @ € Py, (A) then @ = 1/N(e + a1(g, — §ie)) for some g; > 0, |lgy]l; < 1.

Set g, = (a1/a2)g; (so g, > 0 and ||g,ll; < 1) and we can also express a as

1/N(e + a2(g, — go2€)), implying that a € P4, (A). O

3.5 From uncertainty sets to coherent risk mea-
sures

Up to this point we have focused on the situation where some coherent risk measure
is the primitive element. We have seen that this primitive leads to an uncertainty set
with some structure depending on the risk measure of choice. We now consider the
converse construction; namely, we take the uncertainty set as the primitive. It is easy
to see that the reverse construction holds; that is, a robust problem with a convex
uncertainty set (contained within the convex hull of the data) corresponds to a risk

averse problem with a coherent risk measure.

Proposition 3.5.1. The robust optimization problem (2.3) with convex uncertainty

set U C conv (A) for a single, uncertain constraint vector a distributed as in As-
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sumption 3.3.1 is equivalent to a risk averse problem (3.4) with coherent risk measure
generated (via Theorem (3.1.1)) by the following families of measures Q:

(a) For arbitrary, convex U C conv (A),
Q = {geA" |JaclU : a=Aq}. (3.29)

(b) For finitely generated, polyhedral U C conv (A), i.e., U = conv ({uq,...,ux}),

we have
Q = {geA"|Fie{l,....,K} : u;=Agq}. (3.30)

Proof. We only need to prove (a), as (b) is merely a special case of it. Since U is
convex and contained in conv (A), for any a € U, there exists a vector g € RY such
that ¢ > 0, €'q = 1, and a = Aq. This then implies that there exists a set Q such
that

maxa'z = maxq Az,
acld qeQ

which is the supremum of the expected value of the random variable @'z over a family

of measures Q. From Theorem 3.1.1 we know such a risk measure is coherent. O

3.5.1 Comonotone approximations

As we have noted, an arbitrary convex uncertainty set corresponds to a coherent risk
measure. In general, however, there may not be an efficient representation for the
corresponding measure. For instance, if the uncertainty set is a polytope with a facet
description. then. from Proposition 3.5.1(b), the risk measure can be written as the
supremum over a number of scenarios, where each scenario corresponds to an extreme
point of the uncertainty set. In general, of course, this set mav be very large and
therefore difficult to describe.

It is natural, then, to consider efficiently representable approximations to these

risk measures. In particular, we consider comonotone approximations to the risk
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measures derived from convex uncertainty sets. From a complexity standpoint, this
is very desirable because, as we have noted, comonotone risk measures are uniquely
defined by a single generating measure. In addition, optimizing over comonotone
measures may be done efficiently (Theorem 3.3.1). It turns out that the class of
centrally symmetric 74 (,A) from Section 3.3.2 naturally induces a norm, and thus
provides a convenient way of approximating more general measure structures, as we

now illustrate.

The norm || - ||q.4

N

sym*

We now describe the norm induced by the sets 7, (A), where ¢ € A

N
sym

in R*, A={ay,...,an}, with a =1/N Zfil a;, the function

Proposition 3.5.2. For a comonotone generator ¢ € AN _ and any N distinct points

~

a—a

la—éllqqa = inf {a >0 l € frq(A)} , (3.31)

where 74(.A) is 74 (A) shifted by —a, is a norm.

Proof. ||-||q.4 is a form of a Minkowski function, and it is well-known that this function
is convex whenever the underlying set in question (here 74(.A)) is closed and convex,
which is the case in this construction. Without loss of generality we assume a = 0 in

the remainder of this proof.

llallq.4a = 0 implies that a/e € w4 (A) for all € > 0. As 74 (A) is a bounded set,

this can only be the case if @ = 0.

If 3> 0, it is easy to see that ||Ballq.4 = 5llaljq.4 by a simple scaling argument.

If # < 0, we have fa € mq(A) if and only if 74 (A) is centrally symmetric about

N

zero: this is the case, however, since ¢ € A[,,. Combining all this, we see that

l3allq.a = |3lllallga.



Finally, noting that this function is convex, we have, for all a;, a, € R",

a1 + azllga = 112(1/2a1 +1/2as)llq.4
2[11/2a1 + 1/2as||q.4

< 2[[1/2a1llga + 11/2a2]|g.4]
= |laillga + llazliq.4,
which completes the proof that it is a norm. O

The norm || - ||q.4 has one particular property which is of interest.

Lemma 3.5.1. Let g € AY_ be any centrally symmetric generator and A € R. Then

sym

the vector § = Aq+ (1 — \)e/N satisfies
- 1 ~
IM—MHA=]ﬂW—aMA (3.32)

for all a € R™.

Proof. The proof follows by noting that 75 (A) is a scaled version of 74 (.A) around
a by a factor of A. Indeed, it is easy to see that the extreme points of 74 (.A)
affine combinations of the extreme points of 74 (A) and e/N (which is permutation-
invariant). (Note that because of this we may as well assume XA > 0, as A < 0 reflects
the set through a, and it is centrally symmetric through this point by construction.)

The result then follows from the definition of || « ||4,4. O

Approximating norm-bounded uncertainty sets

In this section, we consider finding inner and outer approximations to uncertainty

sets described by

U={a]lla—-al <A}

for some norm |- || in R". We may generate approximations from the class of centrally
symmetric 74 (A) using the fact that the associated norm || - |44 is equivalent to any
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other norm || - ||.

Proposition 3.5.3. Let || - || be any norm in R™ and || - ||4.4 be the norm induced by

a centrally symmetric generator q € [&g,m, and denote @ = 1/N Zf\il a;. Assuming

there exists a basis {ej,...,e,} of R™ such that |le;|| = 1 for all ¢ € {1,...,n}, we

have the following:

(a) There exists a constant ¢ > 1/ 21111 ¢:Y(:), where y(;) are the order statistics of

||a@;l|, such that

|z — allga = cllz — al|. (3.33)

(b) There exists a constant 0 <€ < Y%, [|€ilq.4 such that

i=1

& — allg. < 2ll — all. (3.34)

Proof. We assume without loss of generality that a = 0.

(a) Consider the problem max {||la|| | ||a]lq.4 < 1}. Denote the optimal value of this

problem 1/¢c. We have

1/c

IN

N
I Z Qo (i) G| for some o € Sy
i=1
N
D> aotllasl
i=1
N
< Z%”y(i),
i=1

IN

which shows (3.33).

(b) Consider the problem max {||lallq.4 | |la]| < 1}, and denote its optimal value by
¢. Clearly. we must have ¢ > 0, for otherwise the optimal solution of this problem

would be a = 0. which cannot be the case (as it is a maximization of a nonnegative
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function over a nonempty compact set). We have

n

< | Z’\ie"”q#‘ for some A € R" : Z I\ <1
i=1

i=1

Al
A

n

< Y illleillga

i=1

n
< > lleillga
i=1

which shows (3.34) and we are done. O

Remark 3.5.1. For specific ¢ € AY_ and data A, computing the constants ¢, ¢ exactly

sym
seems to be a difficult combinatorial problem. The bounds derived in Proposition

3.5.3, however, are efficiently computable.

We now see that Lemma 3.5.1 and Proposition 3.5.3 provide a simple way of

computing inner and outer approximations to uncertainty sets U described as norms

centered around a.

Theorem 3.5.1. Consider any centrally symmetric generating measure q € Asj\y’m.

The uncertainty set described by
U = {a]lla—al <A},
where ||-|| is any norm and A > 0, satisfies the inclusion mq (A) C U C 75 (A), where

= (aA)g+ (1 —alA)e/N, (3.35)
g = (BA)g+(1-pA)e/N, (3.36)

and « and 3 satisfy 0 < a < ¢, 3 > € from Proposition 3.5.3. Moreover, w4 (A) and

g (A) correspond to comonotone risk measures on a under Assumption 3.3.1 if and
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only if

1

1
B < A= Ngw)’ (3.38)

respectively, where qm;, = min; g;.

Proof. We prove the inclusion mq(A) C U; the other inclusion follows in similar

fashion. Since 0 < a < ¢ and using Proposition 3.5.3, we have

- . 1 R

la—allga<ad=lla-al < —lla—alqa
< Zfa—al
= 5 q,A
< A

Now, by Lemma 3.5.1, it is easy to see that
{alllea —édllga<ar} = {a]la—dlga<1}
= Tq (A),

and the result follows. (3.37) follows by noticing that g must be a valid measure
on R" in order for it to be associated with a comonotone risk measure, i.e., all its

components must be nonnegative. O

An example is illustrated in Figure 3-5.

Tight inner approximations to uncertainty polytopes

Here we consider the case when U/ is a polytope. Given a robust optimization problem
over some uncertainty polytope, is there a corresponding comonotone risk measure?
Not surprisingly, the answer is, in general, no. We first state an obvious case for which
this converse does hold; we omit the proof, as it follows trivially from the preceding

results.
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Figure 3-5: A series of centrally symmetric for the data points from Figure 3-4 and the
uncertainty set U = {a | ||a — all2 < 3/8} using the result of Theorem 3.5.1. The inner
approzimations here all correspond to comonotone risk measures; the outer approrimations
here do not.

Theorem 3.5.2. A robust linear optimization problem (3.13) over an uncertainty
set of the form mq (A) for some q € AN where the uncertain vector a is distributed
according to Assumption 8.8.1 is equivalent to a risk averse problem (3.4) with a

comonotone risk measure fig.

In general, however, a robust optimization problem may certainly be defined over
a polyhedral set which is not a g-permutohull. In many cases the uncertainty set is

an arbitrary polyhedron U described in constraint-wise form:
U = {aeR"|ua<y, Vie{l,...,m}}. (3.39)

We assume that the sample mean @ € U. In such cases, we can always find a
comonotone risk measure which leads to an inner approximation (lower bound) on
the robust problem with &/. We will find an inner approximation which is centrally
symmetric about a and use the norm || - ||4 4 derived in Proposition 3.5.2 to measure
the quality of the approximation. We begin with a simple fact about || - ||.4-

Lemma 3.5.1 immediately suggests a method for finding an inner approximation
to an arbitrary uncertainty polytope U: begin with a centrally symmetric generator
q € A;\y(m and “mix” it with as little of the generator e/N such that the result is

contained in Y. From Lemma 3.5.1 the resulting mg+ (A) will be the largest in the
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| - lq.4 sense among all such mixtures contained in /. We now show how to compute

this algorithmically via linear optimization.

Theorem 3.5.3. Given a centrally symmetric generator § € Agm and an arbitrary
polytope U C R™ described by (3.39) such that & € U, the centrally symmetric mq (A)
which is largest in the ||+ || 5.4 sense among all such mq (A) C U is given by the solution

to the linear optimization problem

maximize A
subject to g =A§+ (1 — N)e/N,
e’(sk—i-tk) <w Vke {1,...,m}, (340)

Ski+tk; > (upaj)g Vi, j e N XN, Vke{l,. .. m}

in variables s, € RN, k€ {l,...,m}, tx e RN, k€ {1,...,m}, g€ RY, and A € R.
Moreover, the resulting approximating uncertainty set corresponds to a comonotone

risk measure if and only if the optimal value \* of (8.40) satisfies

1

P —
1 _Nq'min

(3.41)

Proof. Consider a single inequality constraint u'a < v. We have u'a < v for all

a € mq (A) if and only if the optimal value of the problem
N N

maximize Z g Z(u' a;)yij

i=1

=1

N
subject to Zyij =1 VieN,
i=1

N

Z Yi; = 1 Vie N,

j=1

1/1]207 V?,]ENXN,
is no greater than v. We note that this is optimization over a bounded, nonempty
polyhedron and thus by stroug duality the optimal value of this problem equals the
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Figure 3-6: Optimal inner approzimation for a class of centrally symmetric generators for
the example from Figure 3-4 and an arbitrary polyhedral uncertainty set. The dashed line
indicates the non-scaled version of mq(A) in each case, and in dark gray is the tightest
inner approrimation. In the first two cases, the approzimations are “shrunken” and thus
correspond to comonotone risk measures. In the the last case, the optimal approzimation is
actually larger than mq (A).

optimal value of its dual

minimize  €'(s +t)

subject to  s; +t; > (u'a;)q Vi jeEN xN.

It is then easy to see that mq (A) C U if and only if there exist s1,...,8m,t1,...,tm
such that

e'(sy +ty)

IN

Uk Vke{l,...,m},

Skit+te; > (upay)q Vi,je N xN,Vke{l,...,m}.

Now, to find the largest such 74 (A) C U in the || - ||5.4 sense, we can, by Lemma
3.5.1, set ¢ = A\q + (1 — A\)e/N and maximize A, which leads us to the desired linear
program. The bound (3.41) follows as in the proof of the bound (3.37) in Theorem
3.5.1. O

Figure 3-6 shows an example of an inner approximations to an arbitrary polyhedral

uncertainty set.

83



3.6 Computational example

In this section, we provide a computational example to illustrate the connection be-
tween robust optimization and coherent risk measures. The goal here is to compare
the distribution, structure, and performance for robust solutions generated accord-
ing to some specific coherent risk measures to robust solutions generated from some
more ad hoc uncertainty sets. Specifically, we consider optimal policies for some risk
averse problems using uncertainty sets from CTE,, (-) risk measures as well as optimal

policies for some ellipsoidal uncertainty sets. Our major findings are the following:

(1) The CTE, (-) policies are much easier to understand and interpret in terms of

their structure and distribution than their more ad hoc ellipsoidal counterparts.

(2) Even using a small number of observations (e.g., N = 100), the CTE,, (-) policies
do in fact perform the best in terms of actual CTE, () (measured on a large
number of new observations) out of all the policies we study for the specific

value of o for which they are computed.

(3) The CTE, (-) policies outperform the ellipsoidal policies (in terms of CTE, (-))
over a wide range of a levels (i.e., not just for the specific value of o for which

they are optimized). In some cases, they outperform for all & € [0, 1].

3.6.1 Problem description and data generating process

In particular, we consider the problem an uncertain objective vector ¢. The structure

of the problem we examine is

minimize maxcx
ceU
subject to  e'xz =1, (3.42)

x > 0.

One can think of this problem in terms of portfolio theory; here we are attempting

to allocate optimal fractions of our resources into various risky assets to minimize
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some risk function subject to no short sales. We reiterate that we are minimizing
here; thus lower values of the risk function are preferred (which goes in hand with

our framework that a higher risk is associated with a greater loss).

For the specific problem, we consider a problem with z € R!® and assume we
have N = 100 observations of the uncertain vector ¢. We generate these observations
randomly according to uniform distributions for each component. Specifically, we
take, foralli=1,...,N, j=1,...n, ¢;; ~ U[j/2,35/2] and concatenate the results
as C = {e1,...,cn}. The idea behind this distribution process is to generate various
“assets” such that lower mean (and thus preferable in a minimization framework)

assets have higher variance.?

3.6.2 Robust formulations

We then solved Problem (3.42) for the following two families of uncertainty sets,

U, = Tq, (€)
U, = {ceR"||£ (-2, <n},

with g, set to the corresponding value to achieve the associated CTE, (-) risk mea-

&1, . . “ .
sures, and where ¥  is the sample covariance matrix of C, and ¢ is the sample mean

of C.

We solved the problem with the values a = .01, @ = .5, and a = 1. Note that
CTE, (X) = E [X]. For the U,, we set p = m for probability guarantees p =
99, p = .95, and p = 0.9 (leading to p = 9.9, p = 4.4, and p = 3, respectively). These
implv. under any distribution for & with mean & and covariance 3, the guarantee

P { c'z* > maxeey, ¢ :1:*} <1 — p (Bertsimas et al. [30]).

2The uuiform choice for the distribution may seem curious. The reason we chose this as opposed
to a normal distribution was to yield a discernable variety of distributions after taking linear combi-
nations of & wirh our decision vector x. If & were normal. the resulting random variables &'x would
also be normal and their resulting distributious would not be as easily distinguished.
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3.6.3 Performance comparison

After computing the optimal solutions, we then generated 100,000 new samples of

the ¢; and plotted the distributions of &ax*. The results are shown in Figure 3-8.

The distributions on the left correspond to U = mg, (C) uncertainty sets and
they match intuition; as we increase o in minimizing CTE, (¢'z), we improve the
mean but fatten the tails of the resulting distribution. We gain more in terms of
mean performance, and correspondingly less in terms of protection against for “bad”
events. On the right are the distributions for the uncertainty sets U,. Clearly larger

p leads to a more conservative performance, as expected.

In the left part of Figure 3-8 we see the performance of the various optimal policies
in terms of CTE, (¢'x*) for all & € [.01,1]. Careful inspection at the values o = 1,
a = .5, and o = .01 shows that the optimal policies which are to minimize these
quantities do in fact perform the best in this example. Moreover, for all a € [.01,1],
one or more of the optimal CTE (-) policies outperforms all of the optimal Fuclidean

norm robust policies.

In the right part of Figurc 3-8 we see the optimal policies in terms of allocation for
the 10 variables for the various uncertainty sets. o = 1 simply maximizes expected
value; smaller « results in a more even distribution of resources. The optimal policies

for the U, do not appear to have an intuitive interpretation.
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Distributions of optimal CTE policies

Distributions of optimal 2-norm policies
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Figure 3-7: Distributions of the optimal polices for the numerical example of Section 3.6.
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Figure 3-8: Performance (left) and optimal allocations (right) for the numerical example

of Section 3.6.
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Chapter 4

A flexible approach to robust
optimization via convex risk

measures

In this chapter, we attempt to extend the methodology of robust optimization to
uncertain linear programs by employing a more flexible approach based on more
general decision-maker risk preferences. This approach allows one to specify the
tolerance to various degrees of infeasibility. To be specific, consider the constraint on

a vector x € R™
axr <b, (4.1)

where the constraint vector a is uncertain. As before, the model of uncertainty in
our setting here is “data-driven,” i.e., the only information on the uncertain vector a

at our disposal is a finite set of sampled vectors a;.. ... ay.
In the robust optimization approach, the uncertain constraint (4.1) is represented
by its so-called robust counterpart (RC):
adx < b Vacl. (4.2)
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where U is a user-specified uncertainty set which is closed, bounded, and convex
(in our uncertainty model here, we have U C conv(a,,...,ay)). The RC can be

equivalently written as

adz < b+pa) VaeR" (4.3)

where B(a) = 0 if @ € U and 400 otherwise.

One can then view the RC as ensuring feasibility by employing a particular “ex-
treme” penalty function - the indicator function of #/. In this chapter, we consider
the possibility of using “milder” penalties which arise naturally by considering the
decision-maker’s risk preferences. Specifically, the risk preference criteria we use here
are based on the theory of convez risk measures as developed by Follmer and Schied
[58]; in particular, we focus on the class of convex risk measures related to the Opti-
mized Certainty Equivalent (OCE) measure due to Ben-Tal and Teboulle ([22], [23],
24)).

In Section 4.1, we revisit in more detail the class of convex risk measures intro-
duced in Chapter 2 and show that for this class, a risk constraint on an uncertain
linear function is equivalent to the inequality (4.3) with a specific function §(a) aris-
ing from the Follmer-Schied representation theory of convex risk measures [58]. We
further obtain a dual formulation of (4.3) which is particularly amenable to tractable
computation. In Section 4.2, we restrict our attention to the subclass of OCE-related
risk measures introduced by Ben-Tal and Teboulle and show that the penalty func-
tional is given in terms of a (generalized) relative entropy functional (see Csiszér [47]).
In particular, we suggest four variants of the representation (4.3), each offering a dif-
ferent level of protection against infeasibility of the original constraint. In Section

1.3. we derive for each variant a probabilistic guarantee on the level of infeasibility.

A motivating example for our approach is a portfolio optimization problem of the
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form

maximize 7'z

subject to 7'z >y (4.4)

x € X,

where 7 is an uncertain return vector, X is a deterministic feasible set, and 7 is
the expected return. Here, the constraint #'& > « is an uncertain constraint which,
presumably, must be modelled in a way to reflect the risk preferences of the investor.
This problem is in the spirit of the classical work of Markowitz [84], in which the risk
measure of variance is used. In Section 4.4, we apply our proposed approach to a
real-world asset allocation problem (4.4) using historical financial data. The results
suggest that our milder-RC approach offers a tradeoff between expected return and
downside risk protection that is, in many cases, more favorable than the pure-RC
approach or the one based on conditional-value-at-risk (CVaR).

A direct connection between robust optimization and uncertainty sets associated
with risk measures was been explored in Chapter 3 and has also been investigated by
Natarajan et al., [87], but for the smaller class of coherent risk measures (Arztner et
al., [3]). Our work here can be thought of as an extension of these papers, where here

we connect these risk measures with more general and milder notions of robustness.

4.1 The general approach: convex risk measures

Recall the following class of risk measures:

Definition 4.1.1. Let M be the class of risk measures p : X — R such that

w(X) = sup {Eq[X] - a(q)} (4.5)

geAN
7 : )
where o : AV — R U {400} is a closed, convex function.
As discussed in Chapter 2, this is in fact the class of convex risk measures (Féllmer
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and Schied [58]) over (2, F,P).
For convenience, we will work within a mildly restricted class of normalized convex

risk measures. In particular, we will be interested in the following class:

Definition 4.1.2. Let M denote the set of 4 € M which satisfy inf a(q) = a(P) =

geAN
0 and dom o C RY.

Note that the condition 161sz a(q) = 0 implies that ©(0) = 0, which, in conjunction
with the translation invari;nce property, means that u(c) = c for every constant c.
It also allows us to interpret x as a minimum capital requirement to make a random
variable X acceptable.

The fact that P attains the minimum, implies that u(X) > Ep [X] for all X € X,
i.e., expected value is the least conservative risk measure in this class.

The condition on the domain of o can be imposed without loss of generality since

we are always penalizing over nonnegative measures.

4.1.1 'Tractability of convex risk measures within linear op-
timization

We now illustrate how we will use these convex risk measures in the context of linear
optimization under uncertainty. Consider the uncertain, linear constraint @'z < b,
where © € R" is a decision vector, a is an uncertain constraint vector, and b € R
is a known constant. For simplicity, we are only considering a single, uncertain
constraint; clearly the discussion can be carried out in constraint-wise fashion for
multiple, uncertain constraints.

In this chapter, as before, we assume a crude knowledge of the uncertainty asso-

ciated with a, namely:

Assumption 4.1.1. The uncertain vector a has support A = {a1,...,anx} and a

N
probability measure P € AV ie.. P{a = a;} = p;, where p; >0 and > p; = 1.

i=1
Assumption 4.1.1 captures a prevailing situation in many practical problems where

one has at his disposal merely N samples of the uncertain vector @ (presumably.

92



obtained from historical data). Thus, in this case, we have 2 C R" with |Q| = N, so

the space of measures which are absolutely continuous with respect to P is just AY.

Definition 4.1.3. Given an uncertain constraint vector a, a known constant b € R,
and a risk measure p : X — R, we say that * € R” satisfies the risk-averse

constraint under p if

(@) <b. (4.6)

Note that when p satisfies translation invariance (as all convex risk measures

must), (4.6) is equivalent to the constraint u(a'z — b) < 0.

It is not immediately obvious that (4.6) is tractable, even when pu is convex. In
fact, the general principle for finding a tractable approach to a robust optimization
problem is to utilize duality principles and replace the supremum with an infimum of
a convex function over a potentially lifted space of variables. For instance, consider

the case of a usual robust linear constraint of the form

supa’xz < b.
acld

If the description of U is such that we can find a constraint of the form

i <
ety /(B Y) <0

which is equivalent to the original, robust constraint, and f is convex in (x,y), with
YV convex, then we have a tractable representation (provided we have appropriate

oracles for evaluating f, etc.).

We show next that we can accomplish similar results in our framework.

Theorem 4.1.1. Let 1 € M and let a satisfy Assumption 4.1.1. Then the following
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relations are equivalent:

(A) p(@z) <b
(B) dx <b+ f(a), YV a € conv (A)
(C) 32{{ {v+a"(Ax —ve)} <b

where A is the N X n matriz:

and

Proof. We prove that (A)<(B) and (A)<(C). The key is the representation result
of Follmer and Schied. Let AN (a) = {q € AV | A’q = a}. To show equivalence of
(A) to (B), we have

pwaz)<b & qAx—a(q)<b, VqgeAV
& adz<b+alq), VgeAV(a), acconv(A)
< adx<b+pBa), Vacconv(A).

To show equivalence of (A) to (C), we have

wae) <b & qAz—-a(q)<b,  VqeA®

& sup {'A'q—a(q)} <b
qeAN

< infsup{x'A'q—alq)+r(l—-€q)} <b
veR q>0

< infv+sup{(Azx —rve)qg—a(q)} <b
veR q>0

< infrv+ sup {(Ax—ve)qg—a«o(q)} <b
velR gedom (o)

& m£ v+ o' (Ax —ve) < b
VIR
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where the second equivalence follows by standard duality arguments. This completes

the proof. a

Formulation (B) in Theorem 4.1.1 gives an interpretation of the risk-averse prob-
lem in terms of “generalized robustness.” Indeed, instead of strictly enforcing fea-
sibility for all realizations of @ within conv (\A), (B) shows that we require a milder
B(a)-feasibility. In other words, we not only control where we wish to be feasible, but
we also control how feasible we are for a particular realization of a. Thus, by appro-
priately choosing p (and hence the penalty function «), one can balance the tradeoff
between feasibility and conservatism in a much more flexible way than traditional
robust models can.

It is also easy to see that the conditions requiring p € M imply that the “penalty
term” 3(a) is nonnegative. Thus, we have a family of formulations in Theorem 4.1.1

which are less conservative than the robust constraint

a'z <b, Y a € conv (A).

Formulation (C), on the other hand, essentially shows that the risk-averse problem,
when 4 is convex, is tractable. Indeed, Theorem 4.1.1 implies the equivalence of the
two problems:

minimize, cx minimize,, , cdx
=

subject to u(@'z) <b subject to v+ a*(Azx—v)<b

)

where the latter problem is convex from the well-known facts that the conjugate func-
tion of any function is convex (e.g., Rockafellar, [101]). and that convexity is preserved
by affine transformations. Therefore, provided we have an oracle for efficiently eval-
uating a* (and, possibly, its subgradients). then the risk-averse problem is tractable.
In fact. for many choices of the penalty function «, the conjugate function can be

computed analytically.

Example 4.1.1. (Indicator functions). Let the penalty function « in the definition
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of i be an indicator function on a convex set, i.e.,

0, ifge Q,
a(g) =
400, otherwise,

where Q@ C AV is a nonempty, closed, convex set. In this case a*(y) = sup,co{¥'a},

so the risk-averse constraint in Theorem 4.1.1 is

inf {v + sup {(Az — ve)'q}} <b < sup{(Azx)'q} <b
vER geoQ geQ

< sup{a’z} <b,
acld

where U = {A'q | ¢ € Q}.

This choice of a, then, leads to robust optimization in the traditional sense. At
the same time the choice of o as an indicator function of a convex set yields the
class of coherent risk measures [3], and we explored the connection between these risk

measures and robust optimization in detail in Chapter 3.

4.2 Convex certainty equivalents and robustness

In this section, we consider various choices for the penalty function a(-) which corre-
spond to different notions of robustness, then demonstrate their connection to convex
risk measures originating from certainty equivalent measures. In particular, we will

connect the following four notions of robustness to convex risk measures:

1. Feasibility within an amount dependent on a distance measure, for all realiza-

tions of a.

2. Feasibility for all realizations of @ within a convex, compact set (this is the

standard notion of robustness).

3. Feasibility for all realizations of a within a convex. compact set, and, in addition,

feasibility within an amount dependent on a distance measure for all realizations
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of a outside this set (“comprehensive robustness”).

4. Feasibility within an amount dependent on a distance measure, for all realiza-

tions of a within a convex, compact set (“soft robustness”).

In addition to showing the corresponding risk measures for these penalty functions,
in this section, we will also explicitly construct the corresponding robust optimization
problems, provide intuition behind the feasibility guarantees which are offered, and,

finally, prove tractability of the approach with these types of penalty terms.

4.2.1 Optimized certainty equivalents

Our starting point will be penalty functions which depend on divergence measures

from the underlying probability distribution P. We need a bit of terminology before

developing these ideas further and relating them to robust optimization problems.
We first recall a class of certainty equivalents introduced by Ben-Tal and Teboulle

[22] and further developed in [23], [24].

Definition 4.2.1. Let u : R — [—00,00) be a closed, concave, and nondecreas-
ing utility function with nonempty domain. The optimized certainty equivalent

(OCE) of a random variable X € X under u is

Su(X) = sup{v+Ep[u(X —v)]}. (4.7)

veER

The OCE can be interpreted as the value obtained by an optimal allocation be-
tween receiving a sure amount v out of the future uncertain amount X now, and the
remaining, uncertain amount X —v later, where the utility function u effectively cap-
tures the “present value” of this uncertain quantity. It turns out that OCE measures
have a dual description in terms of a convex risk measure with a penalty function
described by a tvpe of generalized relative entropy function called the ¢-divergence

(see Csiszér, [47]).

Definition 4.2.2. Let @ he the class of all functions ¢ : R — R U {400} which are

closed, convex. have a minimum value of 0 attained at 1. and satisfy dom ¢ C R L
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Specifically, we have the following, known result.

Theorem 4.2.1. (Ben-Tal and Teboulle, [24]) With u(t) = —¢*(—t), where ¢ € P,

we have

N
Su(X) = inf {Eq[X]+Zpi¢(Qi/pi)}- (4.8)

qeAN

N
The term Y pid(qi/p;) is called the ¢-divergence of g with respect to P. It is a
i=1
distance-like measure from q to P; indeed, noting that ¢ € ®, by Jensen’s inequality,

we have

N N
ZP@(%’/I&') 2 ¢ (Zpi ' (%/Pz)) =¢(1) =0,
i=1 i=1
with equality holding if ¢ = p.

The framework defining the OCE in terms of a concave utility funcstion is derived
in the context of random variables representing gains, whereas our concern is with
random variables representing losses. To capture this difference, we will use the risk

measure pg(X) := —S,(—X), where u(t) = —¢*(—t). Note that, in this case, we have

po(X) = —Su(=X)
= —sup{v+Epu(~X - v)]}
= inf {~v — Ep [u(-X - »)]}
= inf{v —Eefu(v - X)]}
= inf {v +Ep[¢"(X —v)]}.
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In view of Theorem 4.2.1, it is also easy to see that

,u¢(X) = —Su(—X)
N
= — ;22 {lEq -X]+ Zpi¢(Qi/pi)}
N
= 31615 {Eq [(X] - Zpiﬁb(Qi/Pi)} )

and therefore, the penalty function ap(q) in our setting is just the ¢-divergence of g
with respect to the reference measure P, i.e., ap(q) = év: pi®(qi/p;). Since ap(p) = 0,
we have that pg € M. =

The interpretation of the risk measure 4 is analogous to that of the OCE, but in
terms of losses: the decision-maker can pay off a sure amount v of the uncertain debt
X immediately and thereby leave the remaining uncertain amount X — v remaining
to be paid back at a later time. The function ¢* plays the role of a loss function, and
Ep [¢*(X — v)] is the current expected value of the future remaining debt. The risk
measure (,(X) then reflects the optimal payoff allocation between these two time

periods.

In the context of linear optimization under uncertainty, the risk measure p,4 also

has a very clear interpretation in terms of robustness, as we now make explicit.

Proposition 4.2.1. With ¢ € ®, and under the conditions of Theorem 4.1.1, the

risk-averse constraint ps(@'z) < b is equivalent to each of the following:

(Robustness) a'x < b+ By(a), Y a € conv (A);

(Risk aversion) pg(@'x) <b,

where
N
/_3 a = inf i i/ Pi Al = . 4.9
o) = inf {;pé(q /p) | A'q a} (4.9)
Proof. Both formulations follow directly from Theorem 4.1.1. O
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Within the context of optimization, Proposition 4.2.1 implies the following equiv-

alence:
minimize cr minimize, ,, cdx
<~ ) N
subject to pgy(@’'x) <b subject to v+ > pi¢*(aix —v) <b
i=1

Similar to the discussion after Theorem 4.1.1, it is clear that the problem on the right
is convex in (&, v), and therefore modelling uncertainty using the OCE measure yields

a tractable problem in this case.

Example 4.2.1. (Ezponential utility). Consider ¢(t) = tlog(t) —t + 1. The corre-
sponding dual function is ¢*(y) = e — 1. The OCE in this case, then, is

poX) = il (v + B [ 1]}
= logEp [e¥].

The corresponding, risk-averse constraint in the context of linear optimization under

uncertainty, then, is

pg(@'x) <b < logEp [ed'“’] <b

Such a constraint is convex in x and is, in fact, the convex form of a posynomial
function associated with Geometric Programming (Boyd and Vandenberghe, [40]).

Note that the penalty function ap(q) in this case is
N
ar(q) = ) pidla/p)
i=1
N
= > pi(q:/pi) log(ai/p:) — (a:/p:) + 1)
i=1

N
= > alogla:/pi).
i=1
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known commonly in information theory as the relative entropy (or Kiillback-Liebler
distance) from g to IP (see, for instance, Cover and Thomas, [46]). The robust prob-
lem, in this case, then, corresponds to one which enforces feasibility within 34(a) for
all realizations of a € conv (A), where 3,(a) measures the minimum relative entropy

(from P) among all measures which generate a in expectation.

Example 4.2.2. (v-divergence). Consider the family of functions

¢

1 1 1
@) = A pvi

bl

parameterized by 7 € [0, 1]. The corresponding conjugate function is given by

= [ =)0V —1], ify<1/y,
¢y) = ¢

+00, otherwise.

The corresponding, risk-averse constraint is

inf {I/ + 1 ! Ee [(1 —y(@'z — ))-D/r — 1]} <b.

v>max; alx+1/y -y

For any 7 € [0, 1], this is a convex constraint on  and v > max; ajx + 1/v. For 7 =
1/2, the associated divergence function is ¢y /2(t) = 2(v/t—1)?2, which is the divergence
function generating the Hellinger distance 2 fj(\@ — \/171)2 between measures g and
p. In the limiting case when v = 0, we rec:;:er the relative entropy; indeed, this is

easy to see from the fact that

[(1 — )T - 1]

= }in})(l —yy) V-1

lim ¢*(y) = lim
limgiy) = limi—

= e¥-1.

Thus, in this case, the robust problem corresponds to one which enforces feasibility
within 3(a) for all realizations of a € conv (A), where §a) measures the minimum

o4-divergence (from P) among all measures which generate a in expectation. The
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corresponding risk constraint is an OCE with the utility function given by ¢7.

See Amari [2] for a more detailed discussion of these types of divergence measures.

Example 4.2.3. (Piecewise linear utility). Consider the divergence function

¢(t) _ 07 if t € [717 72]7

400, otherwise,

where 0 < v, < 1 < 7. Clearly, ¢ € ®. A simple calculation shows that ¢*(y) =
max(y1y, vey). With this choice of ¢, then, we have

N
ps@z)<b & IveR: v+ Zmax(fyl(agw —v),2(a;x —v)) <b

i=1
N
v+ Zp,;ti S b
=1
N+1 ., .
<~ H(I/,t)éR : ’Yl(afliw_l/) < t(° 1 =1, , N,
Ylaix —v) < i

which is clearly convex (in fact, linear) in (,v,t). Ben-Tal and Teboulle [24] show
that the OCE is coherent if and only if ¢ has this form. Note also that when v; =0

and v, = 1/a for some o € (0, 1), we obtain the risk measure

/.Lq,(X) = inf {l/ + le—E]P [(X — y)+]} ,

veR
which is a representation for CVaR (e.g., Rockafellar and Uryasev, [102]).

Variants of penalty functions « related to the ¢-divergence, and their connection

to other robust models, will now be our focus.

4.2.2 Standard robustness

We have already discussed the connection of indicator functions of convex sets to
coherent risk measures and. in turn. to the usual notion of robustness. Here we make

this connection concrete in terms of a convex set related closely to ¢-divergence.
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Proposition 4.2.2. Consider the following penalty function

N
0, if > pio(ai/pi) <p

alq) = =1

400, otherwise,

where p > 0, ¢ € ®. Denote the corresponding risk measure by R, ,(X). Under the
conditions of Theorem 4.1.1, the risk-averse constraint Ry ,(@'x) < b is equivalent to

each of the following:

(Robustness) a'xz <b, Y a € Uy(p);
(Risk aversion) }\I;% P + Aug(@'z/N) < b,

where

Us(p) = {A'q

N
g€ AV, Zpi¢(Qi/pi) < P} : (4.10)

i=1

Proof. Since ¢ € ®, we can apply Theorem 4.1.1 once we have the conjugate function

for a. We have

o (y) = sup {v'qa—a(q)}

= SUP{yq > pid(ai/pi) < }

i=1

— }\Ig) S\;p {y’q + A (p — ZP@(%/M)) }

= }\I;f(;p)\%-)\sgp{ (y/N)'q sz %/Pz}

N
_ ‘ Y% &
= }\gf)pAnLAszsu_p{A ¢(qz/7)1)}

Pi

= infp)d—/\Zpl sup {%'Qi—@(%)}

A>0 i1 gi€dom ¢

= inf pA + ABp [6"(y/A)],
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where the third equality follows by standard, convex duality arguments (the Slater
N
condition holds, since ¢ € ® implies that Y p;d(p;/p;) = ¢(1) = 0 < p). Now

i=1
applying Theorem 4.1.1 to the random variable @'z, we have

Ry, (@'x) = inf inf {v+ pA + AEp [¢*((@'z — v)/N)]}

VER A>0

= }\r;%/\llirelnfz{l/+p+IEp [¢*(@'x/)\ —v)]}

— 1 ~!
= iof pA + dug(@'z/N),
and we are done. |

Remark 4.2.1. The function Aug(@’'z/)\) which appears in Proposition 4.2.2 will be a
recurring theme in a number of the models we consider. It is easy to show that this
function, in addition to being nonincreasing in A for any fixed x, is also convex in
(A, ), and therefore such problems may be efficiently solved with convex optimization
techniques. One possible approach to such problems, provided one can efficiently solve
problems with constraints of the form ug(@'z) < b, is to then bisect over A € (0,U],
where U is a predetermined upper bound on an optimal value of A, and solve a

polynomial number of nominal problems.

For a concrete example of Proposition 4.2.2 within the context of optimization,

consider the case when ¢(t) = tlog(t) — t + 1. We then have the equivalence

o ,
minimize, cx mInIMIZeg x>0 cx
=

N
subject to Ry ,(@'w) <b subject to  pA+ Alog (Z pie“im/’\> <b

i=1

which is a convex optimization problem in (x, A) over R" x R, .

4.2.3 Comprehensive robustness

N

With a(q) = > pio(q/p:) for ¢ € @, the interpretation in terms of generalized
i=1

robustness is that = must satisfy a’x < b+ 3(a) for all a € conv (A). where 3(a) is

the minimum é-divergence with respect to P over all mneasures g such that E, |al = a.
S q
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Notice, however, that feasibility of x is only guaranteed for realizations a such that
B(a) = 0, and this set can be as small as a singleton.! On the flip side, a penalty
function which is the indicator function of a convex set @ C AY (and thus the
risk measure is coherent) offers no guarantees for realizations of @ outside of the set
U = {A'q| q = A"}. This motivates the following, related type of convex risk

measure, which also has a certainty equivalent interpretation.

Proposition 4.2.3. Consider the following penalty function

a(q) = max (0, ZP@(%/M) - P) )

where p > 0 and ¢ € ®, and denote the corresponding risk measure by Cy ,(X).
Under the conditions of Theorem 4.1.1, the risk-averse constraint C, ,(a'z) < b is

equivalent to each of the following:

(Robustness) a'z < b, YV a € Uy(p)
ax <b+ (fy(a) —p) VY aé€conv(A)\Up);
4‘ . . ~ < .
(Risk aversion) Aler%(f),l] PA + Aug(@'e/A) < b,

where 34(a) is as in Equation (4.9).

Proof. We need to evaluate the conjugate function of o, then use Theorem 4.1.1. We

IThis, in fact, is the case when o is strictly convex. In this case, the only guarantee is on the
~ . N ~
expected value of @'z, i.e., @'z < b. where a = Ez [a.
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have
N
a*(y) = sup {qu — max (Oa Zp1¢ (Q1/p1) - p) }
q i=1
N
= sup {min (y’q, vq— > pio(a/p) + p) }
q

i=1

t<p- me(qi/pi)}

g, 120 im1

N
= inf  sup {y'q+t—)\1t—)\2 (t+2pi¢(qi/pi)—p>}

(Al,)\z)ERi (g.t) i1

= sup {y'q +t

N
= inf su 'g+ (1 =X — X))t — )\ .6 (0:/D5) + pAs b .
ul,Az)eRa(q.S{“ (1=21 =) 2;p¢(q/p) pz}

Clearly, the supremum is finite if and only if A\; + A2 = 1, and therefore, it suffices to

consider s € [0,1]. Continuing, we have

A€[0,1] 4 P

N
o*(y) = inf sup {y'q —A Zpi¢ (¢i/pi) + p)\}
N
= . ér(})f’l] PA+ A (S‘f,p {(I/A)y’q - ;piqﬁ (Qi/pi)})
- ,\eix(%)f,llp)\+ /\;pi&qlip {% : qu: ) (91)}

N
= inf pA4AS P (/A
Jnf oA+ ;P¢(y/)

- ,\él(]of,l] pA + AEp [¢6*(y/N)] -

Now, since ¢ € ®, dom ¢ C R, and, therefore, we can apply Theorem 4.1.1 in similar

fashion to the proof of Proposition 4.2.2 to obtain the desired result. O
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Within the context of optimization, Proposition 4.2.3 implies the equivalence:

minimize, cx

Y
subject to Cy ,(@'x) < b

minimizeg. , ze(o, 1] cw

N
subject to PA+ A (V + > pid*(ax /N — V)) <b
i=1

i

which is not convex in (x, v, ) because of the term Av, but by the change of variable

n = Av, it converts to an equivalent convex problem in variables (x,n, A):

minimizem,n,xe(O,l] c'z

!

N
subject to pA+ 1+ A pid* (a‘ ,-a,:\—n)
i=1

Remark 4.2.2. (Certainty equivalent interpretation of Cy ) In light of Proposition
4.2.3, the risk measure C, , has a very natural interpretation. Indeed, it is somewhat
similar to the usual OCE in Proposition 4.2.1, with two differences. First, as before,
we can pay a certain amount v as an immediate credit towards the uncertain debt
@'z, the remainder of which, @'z — v is revealed at a later time period. In addition to
this allocation choice, we also have control over A € (0, 1], which can be interpreted
as a discount rate describing the value over time. The uncertain amount @'z — v
accrues “interest” to a future-value loss of (1/))(@'z —v), ¢* reflects its utility, and A
then scales the expected utility back to present value units. Finally, we pay a certain
penalty of p at the later time period, and the present cost of this is thus Ap. This sure
penalty represents the fact that we are protecting completely against all realizations

of @ within the set Uy (p).

Remark 4.2.3. (Robust interpretation of Cy ,) The robustness interpretation of Propo-
sition 4.2.3 is straightforward: we require @’z < b for all a € Uy(p), and enforce 3(a)
feasibility for all @ € A\ U,(p), where B(a) represents the minimum ¢-divergence
among all measures g € A" such that E, [@] = a. This is similar in spirit to the work

of Ben-Tal et al. [7]. who explore models for “comprehensive robust optimization.”
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These models enforce feasibility over a pre-specified set U/ which represents the “nor-
mal range” of values that can be realized by the uncertain vector a (here, this is the
set Uy(p)). For values of @ outside the normal range, the infeasibility is bounded by

a term proportional to the distance of @ to U (here, this distance is captured instead

by B(a)).

4.2.4 Soft robustness

The penalty function in Proposition 4.2.3, then, is more conservative than a penalty

function of the form

N

0, if X pidla/pi) < p,
a(q) — i=1
+00, otherwise,

as it offers protection for corresponding realizations of @ outside the set Uy(p). We
may also wish to consider a model for robustness which is less conservative than the

standard approach. This motivates the following.

Proposition 4.2.4. Consider the following penalty function

N N

Sopid(ai/pi), if Y pidlai/pi) < p,
a(q) — i=1 i=1
—+00, otherwise,

where p > 0, ¢ € ®. Denote the corresponding risk measure by Sz ,(X). Under the
conditions of Theorem 4.1.1, the risk-averse constraint Ss ,(@'x) < b is equivalent to

each of the following:

(Robustness) a'x < b+ Py(a), YV a € Uy(p):
(Risk aversion) }\g{){p)\ + A+ Dugl@’z/(A+1))} < b

Proof. As in Proposition 4.2.3, the proof is largely an exercise in Lagrangian dunality

to find the conjugate function o*, then a direct application of Theorem 4.1.1 by virtue
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of the fact that ¢ € ®. We have

a’(y) = Sup{yq sz (¢:/pi) Zwb %/p:i) < }
=1

= 1nfsup {yq sz¢ qi/p:) + A ( ZP@ a/pi) )}

i=1

. ' Ha: In.
= }\rzlg Ap + sx;p {y g—(A+1) ;mﬂ%/&)}

= nEdp+ (O DB [¢* (A—_{—l)} ,

where the second equality follows by convex duality. From here, we apply Theorem

4.1.1 to obtain the desired result. O

4.3 Probability guarantees

In this section, we derive probability guarantees for the various robust formulations
discussed in Section 4.2. The key will be the relationship of the corresponding risk

measures to the following coherent risk measure.

Definition 4.3.1. For a random variable X € X with || = N, and « € (0, 1], the

conditional value-at-risk at level o, CVaR, (X), is

CVaR, (X) = sup Eq[X], (4.11)

3€Pa
where P, = {q€ AY | ¢ <pi/a, i=1,....N}.
For continuous distributions, we have CVaR,, (X) = E[X | X > VaR,, (X)], where

VaR, (X) = sup{z |P{X >z} > a},

called the value-at-risk at level «. For detailed treatments on CVaR and its

properties. see Rockafellar and Uryasev [102] and Delbaen [49]. It is not hard to
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see, for any « € (0, 1], we have that CVaR, (X) > VaR, (X ), which means
CVaR, (X)<y=P{X >v}<a.

Note that the use of CVaR to bound VaR is not arbitrary. In fact, CVaR is known to
be the smallest law-invariant (i.e., dependent only on the distribution of the random
variable) convex risk measure which upper bounds VaR (e.g., Féllmer and Schied [60],
chapter 4.5).

This will be the key fact that we use to prove probability guarantees on the various
robust formulations corresponding to different types of convex certainty equivalents.

We need the following fact.

Lemma 4.3.1. Let p,(X) = sup Eq [X], where
ae2p

Q, = {qGAN

> pid(ai/pi) < p} , (4.12)

i=1

with ¢ € ® and p > 0. Then, for any X € X, with || = N and p; = 1/N for all i,
we have p,(X) > CVaRq (X) for all a > &(p) := max(1/N, a(p)), where

a(p) = inf {a | ag(1/a) + (1 - a)p(0) + (1/N) max (¢(1/a), 4(0)) < p}4.13)
Additionally, we have, in the following important cases:

o) = tloglt)—t+1 = al(p) =™,

(1~ VeZ=1N) . ip=2N,

1, otherwise.

o) = 20vE-12 = alp) >

Proof. For general ¢ € ®, our goal is to find the smallest @ > 0 such that P, C Q,.
Clearly, we can do no better than 1/N as o = 1/N implies that P, = AV, which
proves the first part of the bound.

For given @ > 1/N, p > 0, the desired containment is true if and only if
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Z p:;0(q:/p;) < p for all ¢ € P,, which is equivalent to this statement being true
for all ¢ that are extreme points of P,, since this set is polyhedral. There is a

bijection between the extreme points of P, and the family of index sets

I = {Ig{l,...,N}

qlzl/(Na)VzEI, qz=0\7’z§éI,Zq1::1}

i€l
For any I € Z, we have the corresponding extreme point g with ¢; = 1/(Na) fori € I,
gi =1—|Na]/(Na) < 1/(Na) for some j ¢ I, and g; = 0 otherwise. Note that
0 < Ng; < 1/ and convexity of ¢ together imply that ¢(Ng;) < max(¢(1/a), $(0)).

Using this fact, for such a g, we have

> pidlai/p) = % (Z¢(1/a))+ Y 6(0) | +6(Ng;)
i=1 | \ier i@l iA]
< < (Z¢<1/a))+ S $(0) | +max(6(1/), (0))
i€l ¢l itj
— [INalo(1/a) + (N = [Na] - 1)g(0) + max(6(1/a), 6(0))

<+ [Nag(1/a) + N(1 - a)g(0) + max($(1/a0), ¢(0))

= ag(1/0) + (1 - a)(0) + 1 max (9(1/a), $(0)).

Now finding the smallest such a gives us the desired result in the general case.
N
For the case of relative entropy, we require ) g;log(g;/p;) < p for all extreme
i=1

points g of P,. Using a similar argument to above, we have, for any I € 7, a

corresponding q satisfying

> ailog(N) = %[Zcﬁ(l/aH( 1l J)log(Nq,)]

i=1 icl
< LjXZJ log(1/a) + (1 — LxZJ> log(1/a)
= log(l/e).

where the inequality follows from the fact that Ng; < 1/a and log being an increasing
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function.
For the case of Hellinger distance, we require 2 5. (1/(q¢i/p;) — 1)? < p for all
i=1
extreme points q of P,. As above, we have for any I € 7, a corresponding q satisfying

VT - F 2 () (o
< % rLN&J <\/g—-1)2+1

2
1 2

y 1) +=

* <\/; ) TV

and, when p > 2/N, the first case holds. Otherwise, the bound &(p) > 1 holds

vacuously. O

With Lemma 4.3.1, we can now state our main result regarding probability guar-

antees for various classes of convex risk measures.

Theorem 4.3.1. For any ¢ € ® and p > 0, when a satisfies Assumption 4.1.1 with

pi = 1/N for all i, we have the following implications for all € > 0:

(OCE) us@z) <b = Pla'z>b+e} < ale),
(robust) Ry, (@'x) <b = P{a'z>b+e} < a&(p),
(comprehensive robust) Cy(@'x) <b = P{a'z>b+e} < a(p+e),
(soft robust) Sepl@x) <b = P{a'xz>b+e} < a&(min(e,p)).

Proof. For the case of Ry ,, the result holds directly as a result of Lemma 4.3.1. We
prove the implication for the case of Cy , and the rest follow in similar fashion. For

any € > 0, cousider the penalty function

le
0. if > piolai/pi) < p+e,
ola) = =1
+oc, otherwise.
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Name | Risk measure Robust guarantees™ P{a'z > b+¢}

Lo ;gf& {v+Ep[¢p*(X —v)]} Bs(a) ¥ a € conv (A) a(e)
. 0if a € Uy (p)’ A
Bo.p /1\1:11(") {oA+ )\M¢(X/)\)} i—i—oo other(iavise, a(e)
. Oifac ué(p)a A
Con ,\ér(lof,ll (P2 + Aus(X/N)} {ﬁ¢(a) — p otherwise. alp+e)
) Bola) if a € Uy(p), ..
Sop | inf (oA + (3 + Dug(X/ A+ 1))} {jcfo )14 €Wl imin(e, )

Table 4.1: Summary of the properties of the various risk measures discussed. The
robust quarantees (*) represent the smallest value 3(a) such that @’z < b+ ((a) for
each a € conv (A).

N
For any q € AN, we have max(}_ pi#(¢:/pi) — p,0) < a5(q) + €, implying
i=1

Cop(X) = sup {Eq [X] — max (Z pid(a:/pi) — p, 0) }

geAN

> sup {Eq[X]-aj(q)} e
geAN

= sup {Eq[X]}—e
qGQp+e

= Ry (pr9(X) — €

Therefore, Cyp(@'z) < b = Ry, (@) < b+ ¢, and, invoking Lemma 4.3.1, the

result follows. O

Table 4.1 summarizes the risk measures we have discussed.

4.4 Application to portfolio optimization

Here we apply some of the models discussed in the previous sections to an asset allo-
cation problem using real-world financial data. Our focus is exploring and comparing
the empirical performance of various classes of convex risk measures in terms of the
observed distribution of returns. For theoretical insights and structural results using

general convex risk measures, see Litthi and Doege [82]; for a theoretical treatment
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of OCEs applied to portfolio problems, see Ben-Tal and Teboulle [21].

4.4.1 Problem set-up

We consider an investor with wealth level w > 0 who wishes to allocate his wealth
among n assets. The decision vector € R" denotes the vector of weights the
investor allocates to each asset for the current time period. We require ¢ € X :=
{x €e R" | €z =1, > 0}. In a true real-world setting, of course, there will be
many others constraints in addition to a no short-sales restriction; as we are largely
examining the relative performance of the various risk measures, however, and we

expect similar relative results with the addition of these constraints.

The n assets have an associated, random return vector 7 over the time period,
with P {# > 0} = 1. The final wealth after a single period is therefore just w - #'x.

Denote E [#] by #. At each time period, the investor solves the problem

maximize P
1
subject to —Eu(—w -xT) >, (4.14)

xcX,

where 1 € M is a convex risk measure specified by the investor, and v > 0 is a

parameter reflecting the investor’s target risk level.

Remark 4.4.1. The presence of the minus signs in the risk constraint simply accounts
for the fact that we defined convex risk measures to measure losses in Definition 2.2.4.

For instance, we have

—VaRq (—X) = —sup{—z |P{-X > -z} > a}
= il;fExl]P’{Xg;c}Za}
= ilﬁl,f{.’li |P{X >z} <1-a}
— VaR; . (X).
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where the last equality holds provided the distribution is continuous. This, in turn,

implies we have

—CVaR, (—-X) = —-E[-X| — X > VaR, (—X))]

l

E[X | X < —VaRq (=X)
= E[X ‘ X < VaRi_4 (X)]

If p = CVaR, (+), then —u(—X) = E [X]. Similarly, —CVaRg (=X) = Zmin-

Thus, if u is CVaR, (+), the constraint in (4.14) simply states that the expected
value of the portfolio return given that the return is less than its 1 — a VaR, is no
smaller than the level . In this setting, and, in fact, generally, one would expect an

investor to have v = 1.

It is not obvious that (4.14) is feasible for a particular value of v > 0. Note,
however, that if we assume the presence of a risk-free asset with constant return ry,
the problem is feasible for all v < ry. Indeed, if the investor invests all of his wealth
in the risk free asset, we have

1 1

——Eu(*w crp) = ——[u(0) —wrs) =1y,

w
provided that p(0) = 0, which is in fact the case since u € M.

Note that when pu is coherent, by the positive homogeneity property, the wealth
level w is irrelevant. For an arbitrary, convex risk measure, however, the wealth
level does impact the risk constraint in (4.14). Specifically, we have the following,

straightforward fact.

Proposition 4.4.1. Let u,,(X) = (1/w)pu(wX), where w > 0 and p : X — R satisfies
i € M. Then we have the following:
(a) (X)) is increasing in w.
(b) lim py(X) = Timax, Where zp.x = Hmax X(w).
w-—0C we

(c) lin‘%)/t,u,(X) = [ [X], provided that « is strictly convex.
ur—
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Proof. The proof in each case follows easily by noting, from the representation theo-

rem for convex risk measures. that

o(X) = = sup {Eq[wX] - a(q)}

w quN

- ap feu00- o).
From here, (a) clearly holds, since u € M implies that a(g) > 0 for all g € AN (b)
is clear. Finally, for (c), we see that, as w — 0, the second term in the supremum
dominates, and therefore, in the limit, any g which achieves the sup must satisfy
a(q) = 0. Since p € M, however, PP is one such measure, and if « is strictly convex,

it is the only such measure, which gives the desired result. O

Proposition 4.4.1 means, specifically, that an investor whose risk preferences do
not change over time will become more conservative as their wealth level grows. Ben-
Tal and Teboulle [21] prove an analogous result for more general probability spaces,

but over the more restrictive class of OCE risk measures.

4.4.2 Empirical data

For our empirical study, we use monthly historical returns for n = 11 publicly traded
asset classes over the period from April, 1981 through February, 2006. The asset
classes are listed in Table 4.2. In Table 4.3, we list the realized CVaR and VaR for the
various assets based on the data from this time period. Note again that —CVaR,, (—R)
can be interpreted as that the expected value of the asset’s return, given that the
return is in the lower a-tail of its distribution; in particular, —CVaR; (—R) is the

expected return of the asset.

4.4.3 Experiment and results

Using the data described in the previous section, we solved (4.14) for several different

risk measures and compared the resnlts. In this setup, we used a sliding window of the
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| Asset name 1 Symbol | Category J
S&P 500 Index SP500 U.S. equity
Russell Mid-cap Index RMidC U.S. equity
Russell 2000 Index R2000 U.S. equity
MSCI EAFE Index MSCIEAFE | International equity
MSCI Emerging Market Index MSCIEmer International equity
NAREIT Index NAREIT Real estate
Lehman Brothers’ U.S. Aggregate Index LBUS U.S. bond
Lehman Brothers’ U.S. Corporate High Yield | LBHY U.S. corporate bond
Global Governments Bond GlobGovBnd | International bond
Emerging Markets Bond EmerMktBnd | International bond
3-month LIBOR LIBOR Cash

Table 4.2: Descriptions for the various asset classes used in the experiment.

I o |
—CVaRo(—R) | 1.0 50 .10 .05

—VaR,(—R)

SP500 1.141 1.013 0.802 0.752

1.480 1.156 0.871 0.776

RMidC 1.1564 1.020 0.846 0.785

1.508 1.141 0.880 0.851

R2000 1.133 0976 0.805 0.730

1.638 1.131 0.847 0.811

MSCIEAFE | 1.139 0.965 0.794 0.743

1.858 1.120 0.869 0.764

MSCIEmer 1.169 0.900 0.731 0.682

1.796 1.033 0.795 0.717

NAREIT 1.134 0.998 0.885 0.775

1.546 1.107 0.941 0.899

LBUS 1.098 1.045 1.018 1.012

1.319 1.087 1.024 1.017

LBHY 1.115 1.040 0.989 0.980

1.509 1.082 1.004 0.981

1.347 1.067 0.945 (.923

EmerMktBnd | 1.139 1.037 0.863 0.863

1.388 1.132 0.880 0.866

LIBOR 1.062 1.040 1.017 1.012

1.144 1.059 1.021 1.016

Table 4.3: C'VaR and VaR of annualized returns for the 11 asset classes from April,

1981 through February, 2006.
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past three years of returns as the sample data for solving (4.14) (therefore, N = 36, as
we have monthly return data), implemented the optimal portfolio over the following
year’s worth of data, then re-balanced.?2 We repeated this process over each year
within the entire data range and tabulated performance statistics (described below)
for the various risk measures. The parameters used were v = 1 and and initial wealth
level of w = 50.

Specifically, we examined the performance of this approach under the following

risk measures:

(a) CVaR,, fora=0.1,0.2,...,1;
(b) Ry, (standard robustness);
(c) Cy, (comprehensive robustness);

(d) Sy, (soft robustness).

For all trials, we used ¢(t) = tlog(t) — t + 1, i.e., an exponential utility function
u(t) = 1 — et or ¢*(t) = ¢! — 1. Guided by Theorem 4.3.1, we therefore chose
p = log(1/a) in all cases.

In Table 6.3, we see a comparison of the realized performance in terms of CVaR,
and expected return for the various risk measures. Table 4.5 shows the probability
that the realized return (annualized) drops below a pre-specified threshold for the
different risk measures. Finally, Figure 4-1 shows the cumulative return over the
historical time period for the risk measures under various choices of a (and hence p).

Some key observations from these empirical results are the following:

1. The standard robust (R4 ,) and comprehensive robust measures generally did the
the best in terms of closeness to achieving a realized CVaR,, of at least 1. This

matches intuition. as thev are the most conservative risk measures of the four.

2xxr . . . . N . -

2We did not account for transactions costs in our results. The turnover levels for the various
risk measures. however. were similar, so the relative performance should be similar with such costs
included.
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2. Somewhat surprisingly, the soft robust measure significantly outperformed CVaR
in terms of realized risk (measured in terms of CVaR,, for a = 0.3,...,0.8).
This risk reduction was not always offset by a decrease in rate of return (e.g.,
for « = 0.8 and o = 0.9, the soft robust measure significantly outperformed

CVaR; this is clearly demonstrated in Figure 4-1).

3. The comprehensive robust solutions were quite similar to the standard robust
solutions for @ < 0.5, as was the corresponding performance and risk. For
a > 0.5, however, Ry, offered an average of +3.68% expected return over Cy .
The probability of bad performance, however, was significantly higher for large
a for Ry, (e.g., 25.0% vs. 2.0% of the (annualized) monthly return dropping

below 0.8 for the case o = 1).

4. Over the 10 values of o, the average benefit of the soft robust measure over Ry,
was +0.38% of expected return. This was traded off at a cost of an average of
1.97% of realized CVaR,. The probability of bad performance, shown in Table

4.5, was similar for a > 0.5 for both R4, and S ,.

5. Although CVaR had the highest expected performance in many of the cases, this
was not always so (see point 2 above), and, in every case listed in Table 4.5,
the investment strategies using CVaR had the highest probability of bad perfor-
mance. Figure 4-1 emphasizes this graphically; note the large dips in cumulative

return for the CVaR investment strategy, particularly for the case o = 0.8.
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—CVaR,(—R) (annualized) E [R] (annualized)
CV&RQ R¢yp S¢’p C¢,p CVaRa Rd’,/) SdJ,P O¢7p
0.941 0954 0.879 0954 | 1.062 1.062 1.069 1.062
0.943 0975 0.931 0975 1.065 1.063 1.069 1.063
0.943 0984 0955 0.987 | 1.072 1.064 1.070 1.064
0.915 0.990 0970 0.998 | 1.079 1.066 1.071 1.065
0.906 0992 0.978 1.008 | 1.107 1.069 1.074 1.066
0.896 0.993 0985 1.018 | 1.128 1.075 1.079 1.067
0.899 0.999 0996 1.029 | 1.120 1.088 1.093 1.067
0.945 1.007 1.005 1.040 | 1.117 1.118 1.120 1.068
1.020 1.039 1.038 1.052| 1.118 1.125 1.125 1.068

o|oo| oo ol ol =] R

Table 4.4: Realized conditional-value-at-risk (left) and expected return (right) for
the experiment run with the 4 types of risk measures at different levels of a. p =
log(1/a) and ¢(t) = tlog(t) —t + 1 in all cases. Recall that —CVaR, (—R) =
E[R | R < VaRi_, (R)].



P {Return < 1} P {Return < 0.9}

o | CVaRe Ry, Sy, Cs, |CVaR, Ry, Se.p Cop
0.1] 0.127 0.095 0.190 0.091 | 0.020 0.012 0.040 0.020
02| 0187 0.119 0.198 0.119| 0.032 0.020 0.040 0.020
03] 0218 0.151 0.210 0.139| 0.052 0.024 0.044 0.024
04| 0266 0.190 0.222 0.151| 0.115 0.028 0.048 0.028
0.5] 0282 0210 0.238 0.167| 0.171 0.040 0.071 0.032
0.6 0310 0.250 0.258 0.175| 0.230 0.083 0.099 0.032
0.7] 0321 0.266 0.274 0.190| 0.266 0.107 0.119 0.032
0.8 1 0357 0294 0.310 0.190 | 0.290 0.194 0.210 0.032
091 0373 0329 0329 0.190| 0.302 0.266 0.266 0.040
1.0 0373 0.365 0.369 0.194 | 0.302 0.302 0.302 0.040

P {Return < 0.8} P {Return < 0.7}

(63 CVaRa R¢,p Sd%ﬂ C¢7p CV&RQ Rd’yp S¢’p Cd),p
0.1 0.004 0.000 0.020 0.000 | 0.0040 0 0.0079 0
0.2} 0.008 0.004 0.016 0.004 | 0.0079 0 0.0079 0
0.3] 0.016 0.008 0.016 0.004 | 0.0119 0.0040 0.0079 0
04 0.052 0.012 0.016 0.008 | 0.0198 0.0040 0.0119 0.0040
05| 0.091 0.016 0.020 0.012 | 0.0516 0.0119 0.0119 0.0040
0.6 | 0155 0.028 0.036 0.012 | 0.0992 0.0159 0.0159 0.0040
0.71 0.206 0.063 0.079 0.016 | 0.1627 0.0278 0.0317 0.0040
0.8 0238 0.099 0.111 0.020 | 0.1905 0.0635 0.0675 0.0079
0.9 0262 0.198 0.198 0.020 | 0.2103 0.1468 0.1508 0.0079
LO] 0.262 0.250 0.262 0.020 | 0.2103 0.1984 0.2024 0.0079

Table 4.5: Frobabilities that the realized, monthly returns (annualized ) are less than 1
(upper left), 0.9 (upper right), 0.8 (lower left), and 0.7 (lower right) for the various
risk measures in the experiment.
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Figure 4-1: Realized cumulative return under the 4 risk measures for various o.

122



Chapter 5

Extensions and probability

guarantees

Chapters 3 and 4 developed our approach with coherent and convex measures, respec-
tively, to the case of linear optimization under uncertainty. While linear optimization
certainly captures a wide range of applications, there are nonetheless many problems
with inherent nonlinearities. In this chapter, we briefly extend the theory of the pre-
vious two chapters. We also consider the issue of implied probability guarantees by

solving scenario approximations of the risk-averse problems.

5.1 Risk measures and conic optimization
In this section. we explain the problem of interest and provide an overview of our

approach to it. We begin by defining the nominal problem.

5.1.1 Problem setup

Definition 5.1.1. A conic optimization problem is a problem of the form

minimize cx
subject to Az — b <y 0. (5.1)
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where K C V is a closed, convex cone contained in a finite-dimensional vector space

V.

For full generality we consider cones in arbitrary, finite-dimensional vector spaces
V, but we note that we are essentially always interested in the case when ¥V = R™,
VY = S™ (i.e., the space of symmetric matrices of dimension m), or ¥V = R™ x §™2.
Throughout our work, we will operate under the following, mild assumption on K,

which will allows us to exploit strong duality results to the fullest.

Assumption 5.1.1. The cone K in Problem (5.1), in addition to being closed and

convex, is also pointed and has a nonempty interior. We will say such cones K are

reqular.
Some practically relevant cones are the following:

1. The nonnegative orthant, R

2. The second-order (or Lorentz) cone, i.e.,

3. The positive semidefinite cone ST, i.e., the cone of all symmetric, mXm matrices

which are positive semidefinite.
Another relevant cone is the epigraph of certain classes of convex functions.

Lemma 5.1.1. Let f : V — R be a convez, lower semi-continuous function satisfying
the following properties:

(a) |f(x)| <0V xEYV,

(b) fkz) <kf(x) VE>0, x€V.

Then the set

Ky = {(z,t) e VxR | f(z) -t <0} (5.2)

is a closed, convex cone with a nonempty interior.
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Proof. Closedness follows from standard results in convex analysis relating to convex,
lower semi-continuous functions (e.g., Rockafellar [101]). That K is nonempty follows
by Property (a); for any @ € V, the point (x,t) where f(x) < ¢t < oo is in the interior
of Ky. To show that Ky is a convex cone, we need to show that it is closed under
addition and nonnegative scaling. The latter follows directly by Property (b). For

closure under addition, consider (x1,t1), (®2,t2) € Ky. Then we have

fl@i+zo) = f(2(1/2x; +1/22,))

< 2f(1/2x1 +1/2x3)  (Property (b))
< flm) + f(=2) (convexity of f)
S tl + t2a
SO (3)1 + xo, 1 + tz) € Kf. O

Note that any norm in V satisfies the requirements of Lemma 5.1.1. For instance,
the second-order cone ™" is an example of K; with the function f being the Euclidean
norm.

The fact that the objective is linear in Problem (5.1) is not particulary limiting.
In fact, given a conic optimization problem similar to (5.1) but with a nonlinear
objective function f(x) satisfying the requirements of Lemma 5.1.1, we may transform
the problem to an equivalent one in the form of Problem (5.1). This may be done
by introducing an extra variable ¢ and taking the product of the original cone in
the constraints with the epigraph cone K;. We then proceed to minimize ¢ in the
objective.

We are interested in the case when there is uncertainty in the problem data
(A,b, c) associated with Problem (5.1). As a consequence of the above commen-
tary, any uncertainty in c is irrelevant; we may always introduce epigraph form if c
is unknown, then minimize the certain quantity t. Similarly, uncertainty in b may be
ignored, as we may always add a extra decision variable z,1, aggregate the uncertain
vector b with the matrix A. and constrain r,,; = 1. The transformations in the case

of uncertainty in b or ¢ are easy enough to see that we do not state them rigorously.
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Without loss of generality, then, we are interested in the following problem.

Definition 5.1.2. A conic optimization problem with data uncertainty is a prob-

lem of the form

minimize c=z
subject to Az — b <k 0, (5.3)
where A is an uncertain matrix, and K is regular.

As stated, Problem (5.3) is ill-posed; the cone membership constraint is meaning-
less in the absence of an uncertainty model and a metric for measuring the quality of
feasibility. As before, we will use data for the uncertain matrix and a risk measure
on the uncertain constraint to accomplish this. There are three key elements to our

approach:

1. A data set of size N for the uncertain matrix A. We denote the data set by
An; the ith element of Ay is denoted by A;.

2. A convex function g : V — R satisfying the following:

9(y) <0 & y<kO. (5.4)

3. A coherent risk measure p: X — R.

g is essentially a type of convex indicator function for membership in K. Some

examples of possible choices of g are:

o) = £ (0. md K = R

e g(y) = |lyt|l, where || - || is any norm in R™ and K = R7.

e g(Y) = ||AT(Y)||. where || - || is anv norm in R, A(Y") denotes the vector of

m eigenvalues of a svinmetric. m x m matrix Y € S, and K = S™.
(e] . b +
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o 4w, Y) = || (u*. A*(Y)) ||, where K = R}" x 7.

e g(y) = max(0, ||Yy,,_1ll2 — Ym), where K = L™ and y,,_; is the vector of the first

m — 1 components of y.
We now describe formally the problem we solve.

Definition 5.1.3. The (u,g) risk averse counterpart of Problem (5.3) at level
v > 0 is the problem

minimize cx

subject to  u (g (A:z: — b)) <7, (5.5)
in decision variables x € R".

In short, Problem (5.5) ensures that any feasible solution x is no worse than -
infeasible (measured by the function g) to Az — b <k 0 for all scenarios captured by
the risk measure u. Although Definition 5.1.3 makes no mention of an uncertainty
model for A, clearly we must have a probability space (Q, F,P) for A in order to
evaluate p. As in the linear case, we will utilize the following probability space, which

works quite naturally in a data-driven context.

Assumption 5.1.2. The uncertain matrix A has support Ay = {A;,..., Ay} and

a corresponding probability measure P € AV,

5.1.2 Tractability of the approach

We now show that (5.5) is tractable for various classes of convex risk measures. We

have all the necessary machinery to immediately state the main result.

Theorem 5.1.1. Let 1 € M be a convex risk measure with associated penalty function

a. Under Assumption 5.1.2. Problem (5.5) is equivalent to the conver optimization
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problem

minimize cx
subject to v+ a’(y —ve) <7, (5.6)

g(A;x — b) <y, 1=1,...,N,

in decision variables (z,y,v) € R*V+L

Proof. Invoking the representation theorem (Theorem 3.1.1) for convex risk measures,

and using Assumption 5.1.2, we have

N

pg(Az —b)) = sup { Y g g(Ax—b)—alq)
I ey _z:—’

= inf sup {2'q—a(q)+v(l-¢€q)}

VER gedom o

= inf {u+ sup {(z—ve)’q—a(q)}}

veR gcdom o
= inf {v+a*(z —ve)},

veR
where we used the shorthand notation z; = g(A;x — b) for convenience. Now recall
that y € M requires dom o C RY, which, in turn, implies that o* is nondecreasing.

Indeed, consider z; € RY, 2z, € RY, with 25 > z;. Then

a*(z)) = sup {z\g—a(q)}

g€dom o

= sup {259 —a(q)+ (21— 22)'q}

g<€dom o

< sup {z4q - a(q)}

gedom o
= a*(zg),

where the inequality follows from the fact that any g in the sup must be nonnegative,
and z, > z,. As a consequence of a* being nondecreasing, then, we may replace the
9(A;x —b) within the argument of o* with auxiliary variables y; with g(A,z—b) < y;

to achieve the desired result. O
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Thus, provided we have an oracle for efficiently evaluating the function a*, Prob-
lem (5.5) is efficiently solvable using standard convex optimization techniques. We
can also explicitly state (5.5) for the types of risk measures discussed in the previous

two chapters.

Corollary 5.1.1. Under the conditions of Theorem 5.1.1, the risk constraint in (5.5),

for the following choices of 1 € M, is equivalent to the sets of constraints:

¢

supq'y < 7,
i coherent = ¢ €2

Lﬂ&w—wsw, 1=1,...,N
( N
V+Z:1¢*(yi——y)g’77

g(Aix—b) <y, 1=1,....N.
\

N
b+pkHA+DZ¥m%%ﬁ%
p=Spp = <g(Aiw—b)§yi, 1=1,....N,

LAza

( N
v+ pA+ A pid* (%),

i=1

#=Csp = Sg(Ax—-b) <y, 1=1,....N,

\)\ € (0,1].

Here, Q denotes the generating family for 4 when g is coherent.

Proof. Each case follows directly from Theorem 5.1.1 and the results developed in

Chapters 3 and 4. O

We emphasize that the sets of constraints for each of the cases in Corollary 5.1.1

are convex in their corresponding variables.
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5.1.3 Connection to robust optimization

The emphasis of Chapters 3 and 4 was the connection of constraints based on risk
measures to robustness constraints. In particular, we essentially showed that when
the underlying problem was linear, the correspondence between robustness and risk
measures was one-to-one. In the case of conic optimization, however, we can only
show that constraints with risk measures imply robustness, but not vice versa. In
other words, solutions based on risk constraints, which we have shown to be tractable
when the risk measure is convex, are robust feasible but, in general, not robust optimal,

where we define “robustness” in a particular way. We now make this explicit.

Proposition 5.1.1. Let * be a feasible solution to (5.5) under the conditions of

Theorem 5.1.1. Then x* is feasible to the robust constraint
g(Az* —b) < v+ B(A), V A € conv (Ay), (5.7)

where

qeAN

8(A) = inf {a<q>

N
Zini = A} .
i=1

N
Proof. Consider any A € conv (Ay), and let Q(A) = {q e AN l Y gA; = A}. We
i=1
then have, for any q € Q(A),

g(Ax" —b) = g ((Z q,'Ai> Tt — b)

N
< > ag(A—b)
i=1

< v +olq),

where the first inequality follows by convexity of g, and the second by the fact that
x* is feasible to (5.5) and Theorem 3.1.1, since ;¢ € M. Taking the minimum over all

g € Q(A) gives us the desired result. O
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Proposition 5.1.1, then, shows that solutions to (5.5), are feasible to a robust
optimization problem, although the converse does not necessarily hold. Thus, one
way to view the risk-constrained problem is as an inner approrimation to robust
problems of the form (5.7). Quantifying the tightness of this inner approximation is

an open question of interest.

5.2 Probability guarantees

In this section, we consider probability guarantees on optimal solutions to problems
with convex risk constraints. Recall that all of the development up to this point
has centered on a data-driven approach. Our goal here is to provide a probability
guarantee on the feasibility of optimal solutions, given that we used N independent
observations of the uncertain matrix A to compute our solution. Obviously, then, a
central question will be the rate of convergence of optimal solutions in our scenario-
based methodology as we increase N.

This issue, in the context of risk measures, is a nontrivial one, and the results
we present serve only as a starting point. Specifically, we present some convergence
results for fixed solutions. Extending these results to solutions to solutions chosen as
a function of the realizations, which is clearly what we would ultimately want, is a
challenging problem. Again, we emphasize that the results here are incomplete and
only a starting point.

To our knowledge, the only paper which considers this issue explicitly in the
context of optimization of risk measures is the work of Takeda and Kanamori [109],
who derive convergence bounds of optimal solutions to CVaR problems using learning
theory (i.e., VC dimension). It is quite likely that such bounds are very loose, as this
theory, while powerful, is also quite conservative. The results here could be extended
to arbitrary, convex risk measures, but it is likely that the VC dimension for such
classes would be so large that they would be useless from a practical perspective.

Convergence results in the context of chance constraints on convex functions are

considered in a number of studies. de Farias and Van Roy [48] prove probability
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of containment of the approximate feasible set within the actual feasible set for the
case of linear constraints. Calafiore and Campi [41] prove similar bounds for optimal
solutions, but for the case of a general, convex function. Erdogan and Iyengar [54]
extend these results when the underlying distribution is not exactly known, i.e., the
chance constraints are ambiguous. Nemirovski and Shapiro [89] derive bounds based
on moment generating information for the underlying distribution.

Notice that development thus far has relied on the assumption of finite support
Ay (Assumption 5.1.2) for the uncertain matrix A. Now we are taking a differ-
ent viewpoint: let us assume that A has an underlying distribution, and that Ay
represents N independent samples from this distribution.

We would like to quantify explicitly how well a sample-based optimization approx-
imates the actual risk constraint for some N. In practice, we usually know very little
about the underlying distribution, so this motivates us to make as few distributional
assumptions as possible. We now define the problem formally, with the definition of
randomness explicitly stated. Note that all of our results will focus on the convex

OCE risk measure (i, as discussed in Chapter 4.

Definition 5.2.1. The risk-averse problem of interest is

minimize ¢’z
subject to  pe(g(Ax —b)) <~ (5.8)

x € X,

and where the matrix A is a random variable with supp (A) = A € R™*", and

pe € M is a convex risk measure with ¢ € ®.

As we will solve this problem approximately with N independent trials for A, we
can define the following. This is the problem we have been solving in the previous

two chapters.

Definition 5.2.2. Let A,... .. Ay be N independent samples of the random variable

A, and let u be the convex risk measure py € M, where ¢ € . The N-sampled
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counterpart of (5.8) is the problem

minimize cz
subject to  fgx(A1,...,AN) <7 (5.9)

x e X,

where
1N
fox(A1,...,AN) = iI'}f {I/ + N ;21 " (9(Aix —b) — V)} . (5.10)

The only distributional assumption we will make is bounded support for the un-

certain quantity of interest.

Assumption 5.2.1. There exists a finite U > 0 such that the random variable
g(Ax — b) satisfies supp (g(Ax — b)) C [0,U] for all x € X.

Note that the function g was taken to be nonnegative, so the lower bound in the
assumption must hold by construction.! In many applications, the upper bound U
is also reasonable. For instance, in the portfolio optimization example in Chapter 4,
we had X C A", and the uncertain return vector r played the role of A. Assuming
we believe there is a limit to the size of asset returns, we can readily derive an upper
bound U as above. Of course, the quality of the resulting probability guarantees will
depend intimately on the quality of our bound for U, as we will see shortly.

The probability of infeasibility of a solution involves a tradeoff between “bias” from
the choice of risk measure and learning error due to the fact that we are approximating

the original problem. Recall from Chapter 4 the sets

Oy = {Q<P|Q<P/a}
Qy(e) = {Q«P’EPI:¢(%%)}S€}a

T the case of single constraints in linear optimization, where there is no function g, we can
readily modify Assumption 5.2.1 to be the bounded. but not necessarily nonnegative. interval {a, b],
and all of the vesults still hold with appropriate modifications.
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and note that we also have

CVaR, (X) = sup Eg[X]
QEQa

pe(X) = inf {v+Bp [5"(X )]}

for any ¢ € ®. The tradeoff in these two error terms is straightforward to show, as

we now illustrate.

Proposition 5.2.1. Let £* = *(A;,..., Ay) be a feasible solution to (5.9). Then,

for any € > 0, x* satisfies

P{g(Az* —b) > v+e} < AéI[Bf,u {a((1 = Ne) + P{ug(g9(Az® — b)) > v+ Ae}},

where é&(e) = inf {a € [0,1] | Q4 C Qy(e)}.
Proof. We have, for any € >, for all A > 0, the relation

P{g(Az™ —b) > v +€}
= P{g(Az" —b) = v+e| pp(g(Az" — b)) < v+ Ae} P{ug(9(Az” — b)) < 7+ A}

<1
+P{g(Az" —b) > v+ €| py(9(Ax" — b)) > v + e} P{ug(g(Ax™ — b)) > 7+ e}
<1

< P{g(Az" —b) > v +e€| pp(g(Az™ — b)) < v+ e}
+P {ugs(g(Ax* — b)) > v+ e} .

For the first term, we proceed similarly to the proof of the bound for p4 in Theorem
4.3.1. Note that, for any a > &((1 — A)e), we have, by definition, Q, C Qu4((1— A)e).
Similar to the proof of Theorem 4.3.1, we can compare penalty functions from the
representation theorem for convex risk measures to see that, for such an «a, we have

the relation

CVaR, (X) — (1 = N)e > pys(X).
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This in turn implies

P{g(Az" — b) > 7 + € | po(g(Az” — b)) <7+ Ac}

IA

)
P{g(Ax* —b) > v+ €| CVaR, (9g(Az" — b)) < v+ Xe+ (1 — A}
P{g(Axz® — b) = v + €| CVaR, (9(Az” — b)) < v+ ¢}

IA

P{g(Ax* — b) > v+ ¢ | CVaRa1-»0 (9(Ax* — b)) < v+ ¢}
< a((1 - Ne),

where the second to last inequality follows by the definition that &((1 — A)e) is the
smallest such a such that Q, € Qu((1 — A)e), and the last inequality follows from
the fact that

CVaR, (X)<z=P{X >z} <a

Noting that this is true for any A € [0,1], we can take the minimum over all A to

obtain the result. O

Of course, to evaluate the bound in Proposition 5.2.1, we need both the function

(or an upper bound on it) &, as well as a bound on the error term
P{us(g(Ax" — b)) > v + Ae}.

For &. the case of discrete random variables is handled by Theorem 4.3.1. Similar

results should hold over continuous spaces of measures.

A more challenging issue is bounding the learning error term. The primary diffi-
culty is that the solution a* is itself a random variable, which means, among other
things, that the samples A;x* are not independent. Additionally, even if we can
describe the distribution for A;x*. we are ultimately interested in the distribution of

Ax*. where A is a new realization of the random matrix A.
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5.2.1 Bounds for fixed solutions

Obviously, one way around this issue is to assume the solution «* is chosen determin-
istically. In this case, bounding the learning error term simply becomes an estimation
issue, and we can leverage results from the theory of concentration inequalities to ob-
tain some bounds. Of course, in practice, all of our framework depends on the fact
that we choose x* as a function of the realizations A, ..., Ay; the following results
are meant only to provide some qualitative insights into the rate of convergence of
risk functions.

The main machinery for proving a rate of convergence for fixed solutions and

convex OCE measures will be the following, powerful result from McDiarmid [86].

Theorem 5.2.1. (McDiarmid [86]) Consider a function f: S™ — R which satisfies

sup  |f(z1,-- o Zn) — f(Z1,- -, Ty T0)|] < @, (5.11)

Tl TLES

foralli=1,...,n. Let Xy,...,X, be independent random variables taking values in

S. Then

n
22/ $5 o
=1

P{E[f(X1,-. -, Xa) = f(X1,-- - Xn)] 2 €} < e (5.12)

We now apply McDiarmid’s inequality to derive a rate of convergence on (5.9) for

fixed solutions x*.
Theorem 5.2.2. When x* is a feasible solution to (5.9) chosen independently of
(Ay,..., An), under Assumption 5.2.1, we have

P{g(Az* —b) >~y +e} < inf {&((1 —Ne) + e‘2N(’\€/¢*(U))2} .
Aef0.1]

Proof. The main task is to find the bounded differences, then apply McDiarmid’s
inequality and Proposition 5.2.1. Without loss of generality, we may assume the left
term (using A;, not A}, is the larger of the two). Let vz be a value of v which

achieves the infimum for the righthand term below (such a value exists and attains
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the infimum, since, by assumption, g(Ax — b) € [0,U]). We have

sup [:l,q',,z*(Al,...,AN) —ﬂd,,m*(All,...,AN)

(Aq,..., AN,AII)EAN“H

= sup inf{ qu (A;x” ——b)—l/)}

{(A1,..,Ay,A)EAN+L ¥

. 1 ,
_1r3f{y+_ﬁ¢((A/m —b)— ;(ZS oAz _b)—y)}
1 N
< su Vg + — (A" —b) — v
(A1, AN,jIl)'l)GAN+l R N Z ¢ (9( ) R)
1 1 N
—vr = 39" (9(A12" = b) —vg) = & ; ¢* (9(Aiz* — b) — vg)
1
= &, 5w (94"~ b) —vr) = " (g(Aje" — ) —vi)
(A1,A])eA?
1
< A
< Ncb (U)

Now, note that the function fiy z+ (A1, ..., Ay) is the infimum over a family of convex

functions in (A;,..., Ay), and, therefore, we have, by Jensen’s inequality,

E[fpa (A1, ..., AN)] = ]E[lnf{u+NZ¢ (Ajx — b)—v)}]
> inf v +E[6"(o( A — b) ~ )]}
— elg(Az ~ b))

We then have

P{us(9(Az™ — b)) > v + €}

IA

P{ug(g(Ax® — b)) = v + €}
P{,U@( (Aw - b)) > :U«f)m* (A] ..... A]\/) + 6}
P {IE [ﬁ¢_m*(A1, Ceey AN)] 2 ﬂ@.w*(Alw cee A.,v\..') + E}

o —2N(e/8°(U)?

(AN VAN

IA

Now putting this bound into Proposition 5.2.1, we obtain the stated result. O
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5.2.2 Bounds for fixed solutions and CVaR

When the convex risk measure pg corresponds to CVaR,, it is well-known (e.g.,
Ben-Tal and Teboulle, [24]), that the corresponding “utility” function is ¢*(t) =
1/amax(0,t). Directly applying Theorem 5.2.2, we find, in this case, with a fixed

solution x*,

P{g(Az* —b) >v+e} < )\ir[%)fl] {o“z((l — A)e) + e‘2N°‘2(>“/U)2} . (5.13)
e ’

Intuitively, this bound seems quite loose, due to the following result, which is

actually a special case of McDiarmid’s inequality, but discovered independently much

earlier by Hoeflding [70].

Theorem 5.2.3. (Hoeffding, [70]) Let Xi,...,Xn be i.i.d. random variables with
supp (X1) € [0, U], where U > 0. Then, for any € > 0, we have

N
{ Z i <E[X] —e} < e 2/UPN,

Hoeffding’s inequality says we need Ny = O((U/¢)?log(1/5)) samples to estimate
the sample mean within a precision of € with probability at least 1 — 4. We would
expect for CVaR, to need O(1/a - Ny) samples, as CVaR is essentially a conditional
expectation of the a-tail of the distribution, and O(1/«) samples fall in the a-tail.
The bound in (5.13), however, suggests O(1/a? - Ny) samples are needed, and this
seems too conservative. It turns out, by exploiting the structure of CVaR in more

detail, we can reduce this to O(1/a - Ng) to match intuition.

To show this, we first need the following, straightforward fact.

Proposition 5.2.2. Let X, ..., Xy beii.d. random variables with supp (X;) € R,
and let 67,,(X-,. ..., Xn) be the sample estimate of CVaR,, (X;), i.e..

N
- . 1 +
C(,(Xh...,XN) = llgf{y-l-vz(xi_l/) }
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Then we have

[Nef
. 1
ColX1,. ., Xn) > ;\I—GZXU), (5.14)

i=1

where X(;) are the decreasing order statistics of X;, i.e., X3y > X9y > ... > X(w).

Proof. The proof follows by simply carrying out the minimization of the piecewise
N

linear, convex function v+ 5= > (X; —v)*, which has V +1 pieces. Quick inspection
i=1
shows that the slope of this function changes sign from positive to negative at v* =

X([Na]), Which means v = v*. We then have

N

1
* - Xi— *\+
V+Na;( V)
[Nal

= X a ~ Xz—X a
(e + 7= D (Xa) = X(rva)

i=1
| Wl
= Xvay + 3 ;(Xu) — X(mvap)

[Na)
[ Na| 1
= (1 - o ) Xaway + 5= D X
1=1
[Ne]

7\,}5 > X,
i=1

A

Ca(Xla' .. )XN)

Y

where the inequality follows from the fact that X; > 0. a

We can now generalize the Hoeffding Inequality to apply to the sample estimates
of CVaR, (X) for random variables with bounded support. Our result applies to

underlying random variables with a continuous distribution function.

Lemma 5.2.1. Let Xy,..., Xy be i.i.d. random variables with a continuous distrib-

ution function and supp (X,) C [0,U], where U > 0. When N > 1/« for any € > 0,

we have

P {(,“.*,,(Xl, ... Xn) < CVaR, (X) — €} < gl /PN,
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where ¢ = ($2/2 ~ 0.2123, and 3 is the unique root in [0,1] to the cubic equation
4% — 166% + 218 — 8 = 0.

Proof. We have, by Proposition 5.2.2,

[Naj

P{Oa(Xl,...,XN)SCVaRQ(X)—e} < pllt Y X@ < CVaRq (X) — ¢
i=1

Na «

It is well-known (e.g., Acerbi and Tasche, [1]), that when the distribution function
for X has no discontinuities, that CVaR, (X) = E[X | X > VaR,, (X)]. Thus, from
here, we are basically trying to bound the error in estimating conditional expectation.

The key behind to doing this is to condition on the random variable Ky o, defined as
Kno = max{i | X € [VaRq (X)), U]}

(Note that Ky 4 is a function of (Xi,...,Xn), but we omit this dependence for
brevity). Clearly Ky, is binomially distributed with parameters N and a. From here,
if we condition on Ky o = k, one can see that 1/k 3~ X; is equal in distribution
to 1/k Zle X,;, where X; are ii.d. and X; is equal in distribution to {X1] X5 €
[VaRq (X),U]}. We then have

|Nal
P{sa X Xo) S CVaRa (X) — ¢

N | Naj
= Y P{Kyo= k}u»{,-;z S X < CVaR, (X) —¢ ] Kno = k}
k=0 i=1

|Na) | vl
= > P{Kya=k}P{ ; X < CVaRoa (X) — € ) Kna=k

k=0

>

"

I

N [Na|
1
+ Y P{Kya= k}lP’{m >~ Xy < CVaRq (X) = ¢ | Ky = k} .
C =1

k=[Na]

N

I
We now distinguish two cases.
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Case 1: k > [Na]. Then

KN,a = A}

KN,a = k’} (k > UVOL_‘ > ]VOZ)

IN
=)

LY Xy < CVaRq (X) — e

k
- P{%ZXiSCVaRa(X)——eiKN,azk}
2

o 2e/UYE (Thm. 5.2.3)

IA

Therefore, we have

N
I, < ak(l_a)N—ke—2(e/U)2k
k=[No] \ k
N
< e—2(e/U)2Na Z N ak(l__a)N—k
k=[Nal \ k
< 6—2(6/U)2fNa1

< p=20(e/UPN

Case 2: k < | Na]. Then

IN
s

" X < CVaR, (X) — ¢ } Kyo= k} (X; > 0)

IN
=
=
AN
>
R
[
5
=v
Q
s
?
N
=
Z
Q
l
>
——

< CVaR, (X) — Wale 4 ([—@,j—‘ﬁ) U ‘ Kyo = k} (CVaR, (X;) <U)

A
9

oo

=
A

A
< P Al Z X < CVaR, (X) - El(k) ‘ I(Nﬁ = l»} .

i

where €' (k) = —l‘\;” (e —U)+U. Note that ¢'(k) > 0if and only if & > (1 —¢/U)| Na].
Let 4 = 1 — ¢/U and let A* = [7|Na]]. Finally, for some 3 € [0.1]. let A} =

(3 + (L= I[Nl = (1L =B(e/UN) | Na|] € [k*, | Nov]]. We furthermore note by
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a simple concavity and Taylor series argument that, for any & € [k*, | Na|], we have

(€(k)/U)* =

Continuing, we have

IA

IA

IA

IA

IN

(-2
(v

k
P {% ;X(z) < CV&RQ (X) — Gl(k) i KN,a = k}

\
;

\
)

\

e~ 2 (kK)/UPk

L

k
e—Qk(TN—aJ—’Y)Z

L

k
e_zk( [Naj —'7)2

*

k
—2k( [N[ij "'7)2

o= 2k(1-)¢/U)?

L,

k* <k <|Naj,

k< k*,

k* <k < |Naj,

k < k*,

ki <k <|Nal,

k < kg,

By <k < |Naj,

k < kg,

ks < k < |Nal,

k < k.

Going back to our original expansion, we have

I

IA

[Na|
S P{Kyo = k}]P’{
k=0

(Thm. 5.2.3)

(Eq. 5.15)

Na|
'1\}_04 Y X < CVaRq, (X) —€ ‘ Kyo= k}
i=1

k-1 |Na)
Z o (1= a)VN | 4 Z ak(1 - a)N—ke—Qk((l—[i)c/U)z
k=0 k =kt \ k

G

(5.15)

-~

]"u
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For the first term, we have

L = P{Kna<ky—1}
< P{Knao < (1-p5(e/U)) [Na]}
< P{Kna < (1-B(¢/V)) (Na)}
< e (@/D(B/UNN (Chernoff bound)

For the second term, we have

[Naj N 2
I2b — z Oék(l _ a)N—ke—2k:((1—B)e/U)
k=k3 \ k
Vel [N k
- ¥ (a : 6—2((1—ﬂ)6/U)2> (1— )N+
k=ky \ k
N
< (1 - (1 — e 2(1=P)/ U)z) a) (Binomial expansion)
< e—(l—exp(—2((1—ﬁ)e/U)2)aN) (1 —A < e for A > 0)
< ma(BE-H1-H) /)N

where the last line follows from the fact that that, for any p € [0,1] and z € [0, 1], we

have

1—e 27" = 1-(1-2p%22+2p%% —--+)

20%z2 — 2ptat 4 - -

v

2p°x% — 2ptzt

> az?

b

provided that a < 2p*(1 — p?). Using p = 1— 3, £ = €¢/U, and setting such an a to
its highest value gives the above bound. To combine the three terms into a single,
exponential bound with the highest decay coefficient, we want to choose 3 € [0, 1]
such that the f(8) = min (3%/2,26(2 — B)(1 — 3)?) is maximum. which occurs when

these two terms in the minimization are equal, and hence the cubic equation in the
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result. Putting everything together, we have

P {Ca(Xl, ..., Xn) < CVaR, (X) — e}

IA

I + Iy + Inp
e~ 20(e/UN | —al(B?/2)(e/U)?N | ,—a(2B(2-B)(1-B)*)(¢/U)*N

IN

3g—amin(2,82/2,26(2-8)(1-8)2)(¢/U)2N

IA

3e—ca(e/U)2 N

IA

where c is as stated above. d

Lemma 5.2.1 leads us directly to the main result for a probability guarantee with

fixed solutions and CVaR.

Theorem 5.2.4. Let py, = CVaR, for some o € [1/N,1]. When z* is a feasible
solution to (5.9) chosen independently of (A,, ..., An), under Assumption 5.2.1, we

have
P{g(Az* —b) >v+e} < a+3e SN

where ¢ is as in Lemma 5.2.1.

Proof. The proof follows directly from Proposition 5.2.1 and Lemma 5.2.1. O
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Chapter 6

A tractable approach to

constrained multi-stage LQC

The previous chapters focused on static optimization problems in which there is a
single decision to be made. In this chapter, we consider a dynamic problem with
multiple decision stages. Although some attempts at extending the risk theoretic
ideas we have discussed have been made (e.g., Artzner et al., [4]), the theory is still
undeveloped from an algorithmic perspective. As a result, our starting point here
will not be risk measures; instead, we will start directly with an uncertainty set-based
model of uncertainty from robust optimization, and show how to tractably approach
optimization under uncertainty of linear systems with quadratic costs. Risk in this
setting will come to play in the form of probability guarantees on the performance of
the resulting solutions.

The standard approach to multi-stage optimization is the theory of dynamic pro-
gramming. This theory, while conceptually elegant, is computationally impractical
for all but a few special cases of system dynamics and cost functions. One of the no-
table triumphs of dynamic programming is its success with stochastic linear systems
and quadratic cost functions (stochastic linear-quadratic control, SLQC) . It is easily
shown (e.g., Bertsekas [26]) in this case that the cost-to-go functions are quadratic
in the state, and therefore the resulting optimal controls are linear in the current

state. As a result. solving Bellman’s equation in this case is tantamount to finding
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appropriate gain matrices, and these gain matrices are described by the well-known
Riccati equation (Willems [115]).

This success, however, has some limitations. In particular, Bellman’s equation
in the SLQC cannot handle even the simplest of constraints on either the control or
state vectors. It is not difficult to find applications that demand constraints on the
controls or state. Bertsimas and Lo [29] describe the dynamics of an optimal share-
purchasing policy for stockholders. The unconstrained policy based on the Riccati
equation requires the investor to purchase and sell shares, which is clearly absurd.
This can be mitigated by a nonnegativity constraint on the control, which causes
the cost-to-go function to become piecewise quadratic with an exponential number
of pieces. Thus, a very simple constraint destroys the tractability of this approach.
Much of the current literature (e.g., Verriest and Panunen [110], Voulgaris [112])
derives necessary conditions for optimality for simple control constraints, but does
not explicitly describe solution methods.

A further drawback of the Riccati approach from dynamic programming is that it
only deals with the expected value of the resulting cost. In many cases, we may wish
to know more information about the distribution of the cost function (e.g., cases in
which we want to provide a probabilistic level of protection guaranteeing some system
performance).

In this chapter, we take an entirely different approach to the SLQC problem.
Rather than attempting to solve Bellman’s equation, we exploit relatively new results
from robust optimization to propose an alternative solution technique for SLQC. Our
approach has the following advantages over the traditional dynamic programming

approach:

1. It inherits much greater modelling freedom by being able to tractably handle a

wide variety of constraints on both the control and state vectors.

2. It admits a probabilistic description of the resulting cost, allowing us to under-
stand and. in some cases. control the system cost distribution. We can capture

risk in this setting, then. via related probability guarantees on the distribution
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of the cost.

3. In the unconstrained case, its complexity is not much more than the complexity
of linear feedback (i.e., the Riccati approach). In particular, optimal policies in
this case may be computed by optimizing a convex function over a scalar, then

multiplying the initial state by appropriate matrices.

Our approach is based on convex conic optimization. Although the use of these
optimization techniques is widespread in the control literature (see, e.g., Boyd et al.
[37], El Ghaoui and Lebret [64], Rami and El Ghaoui [96], Rami and Zhou[97]), we
believe this is a new approach. Chen and Zhou [44] provide an elegant solution to
the SLQC problem with conic control constraints, but their solution is limited to a
scalar-valued state variable and homogeneous system dynamics. Our approach here is
more general. We emphasize that we are not proposing a solution for robust control
(see e.g., Zhou et al. [119] for a start to the vast literature on the subject); rather,
we are proposing an approach to the SLQC with the conceptual framework of robust
optimization as a guide.

The structure of the chapter is as follows. In Section 6.1, we present a descrip-
tion of the SQLC problem, as well as the currently known results from dynamic
programming and a conceptual description of our methodology. In addition, we pro-
vide background for the robust optimization results we will later use. In Section 6.2,
we develop our approach for the unconstrained SLQC problem. This approach is
based on semi-definite programming (SDP) and robust quadratic programming re-
sults from Ben-Tal and Nemirovski [17]. We further show that this SDP has a very
special structure which allows us to derive a closed-loop control law suitable for real-
time applications. Unfortunately. in the presence of constraints, this simplification no
longer applies, and the complexity of solving the SDP is impractical in a closed-loop
setting. This motivates us to simplify the SDP, which we do in Section 6.3. Here we
use recent results from robust conic optimization developed by Bertsimas and Sim
[33] to develop a tight SOCP approximation which is far easier to solve. We then

show in Section 6.4 how this approach admits various constraints and performance
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guarantees. These constraints may be deterministic constraints on the control, or
probabilistic guarantees on the state and objective function. In Section 6.5, we show
that a particular model for imperfect state information fits into the framework al-
ready developed, and in Section 6.6, we provide computational results. Section 6.7

concludes the paper.

6.1 Problem statement and preliminaries

Throughout this paper we will work with discrete-time stochastic linear systems of

the form:
Try1 = Agx, + Bruy + Crwy, E=0,...,N—1, (61)

where o, € R™ is a state vector, u; € R™ is a control vector, and wy € R™ is a
disturbance vector (an unknown quantity). We assume throughout that the matrices
A, € R%=*X"= B, € R%=*"™ and C} € R"™*™ are known exactly.

It is desired to control the system in question in a way that keeps the cost function

N N-1
J(zo, w,w) = Z (xf Qrk + 2q5 i) + Z (uf Ryus, + 2rfuy) , (6.2)
k=1 k=0

as small as possible. Here we will assume Q, = 0, R, > 0, and, again, that the data
Q.. q;, Ry, and 7, are known exactly. We are also using the shorthand u and w to

denote the entire vector of controls and disturbances, i.e.,

o = [uf wf o uh, (6.3)

w! = [on wl ... 'szv—x]' (6.4)

Finally, our convention will be for the system to be in some initial state &o. Unless
otherwise stated, we assume this initial state is also known exactly.
Note that (6.2) is an uncertain quantity, as it depends on the realization of w,

which is unknown. Most approaches assume w is a random variable possessing some
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distributional properties and proceed to minimize (6.2) in an expected value sense.

We now survey the traditional approach to this problem.

6.1.1 The traditional approach: Bellman’s recursion

The dynamic programming approach requires a few distributional assumptions on
the disturbance vectors. Typically, it is assumed that the wj are independent, and
independent of both x; and uy. Moreover, we have E [wy] = 0, and wy has finite
second moment. For this derivation, we will assume qx = 0, 7, = 0, and C}, = I
for ease of notation, but the result holds more generally after some simple manip-
ulations. Modifications of some of the distributional assumptions (such as nonzero

mean, correlations) are also possible, but we do not detail them here.

The literature on this subject is vast, and the problem is well-understood. The

main result is that the expected cost-to-go functions, Jx(xx), defined by

JN(CUN) = w%QNmN,

Jr(zr) = xXQuwy + I{lblknE [up Rk + Jisr (Axzi + Brug + wy)], (6.5)

are quadratic in the state axy. Thus, it follows that the optimal policy is linear in the
current state. In particular, one can show (see, e.g., Bertsekas [26]) that the optimal

control u} is given by
*
U, = Lkmk,

where L, = —(B{KkJrlBk + Rk)‘leKkHAk, and K, are symmetric, positive

semi-definite matrices given recursively by

K:"V = QN
K, = A} (Kk+1 — KBy (B K1 By + Rk‘)hl Bsz—H) A+ Q,.(6.6)

The fact that the recursion given in (6.5) works so well (from a complexity standpoint)
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is quite particular to the case of linear systems and quadratic costs. For more arbitrary
systems or cost functions such an approach is, in general, intractable.

A more troubling difficulty, however, is that even with the same system and cost
function, this approach explodes computationally with ostensibly simple constraints,
such as u; > 0. For instance, the cost-to-go function (6.5) in this case becomes
piecewise quadratic with an exponential (in N) number of pieces (Bertsimas and Lo,
[29)).

Thus, the traditional, dynamic programming approach can be solved very rapidly
with linear feedback in the unconstrained case, but becomes, for all practical pur-
poses, impossible when we add constraints to the problem. This is a very unfavorable
property of the DP approach, and it is in direct contrast to the field of convex op-
timization, whose problem instances are quite robust (in terms of complexity) to
perturbations in the constraint structure. Our approach, which we now detail, will

leverage this useful property of convex optimization.

6.1.2 A tractable approach: overview

The traditional approach above is not amenable to problem changes such as the

addition of constraints for two primary reasons:

1. Complezity of distributional calculations. Computing the expectation in (6.5),

except for very special cases, is cumbersome computationally.

2. Intractability of Bellman’s recursion. The recursion in (6.5) requires us, when
computing the current control, to have advance knowledge of all future controls
for all possible future states, even states that are extraordinarily improbable.
While this recursion is an elegant idea conceptually, it is not well-suited to
computation because the number of possible future states grows so rapidly with

problem size.

We propose the following approach, which cirenmvents these difficulties:
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(a)

(b)

Given our current state xy and problem data, we consider the entire control

and disturbance vectors u € RV ™ aw € RV ™ respectively, as in (6.3)-(6.4).

We do not assume a particular distribution for w. Assume only that w belongs
within some “reasonable” uncertainty set. In particular, assume w belongs to

some norm-bounded set

Wy = {w]|wl: <7}, (6.7)

parameterized by v > 0.!

Discard the notion of Bellman’s recursion. Instead, do the best we can for all
possible disturbances within W,,. That is, rather than computing controls for
every possible state realization, we simply choose a control vector for the re-
maining stages which performs best for the most pessimistic disturbance within
this “reasonable” uncertainty set. Specifically, we search for an optimal control

u* to the problem

i ) 6.8
J3in, 1 J(@o,, w) (6:5)

Of course, this brings up the issue of open-loop versus closed-loop control. At first

glance, this approach appears to be an open-loop method only. We can, however,

compute a solution u* to (6.8), take the first n, components, and apply this as the

current control. After a new state observation, we can repeat the calculation in (6.8)

with the updated problem data (most of this updating can be done off-line). The

only issue is that the routine for solving (6.8) be computationally simple enough for

the application at hand. The complexity of these solution procedures will indeed be

a central issue for much of the remaining discussion.

This approach, as will be shown, has the following properties:

Uf we wish instead to have w € {w | w" S 'w < 42}, where 3 > 0. then we may re-scale
coordinates and obtain a problem of the same form. Note that the statistical appropriateness of
ellipsoids and their explicit construction is not the subject of this chapter, but the interested reader
may see Paganini [92] for uncertainty set modelling for the case of white noise.
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1. It is tractable, even in the presence of control and state space constraints.

2. It admits greater insight and control into the stochastic behavior of the cost
function under appropriate distributional assumptions. The traditional ap-

proach, on the other hand, only minimizes the expected value.

3. In the unconstrained case, it yields an efficient control law which is linear in
the current state after a simple, scalar optimization procedure. In addition, for
v = 0, we recover the traditional (Riccati) solution, whereas, for v > 0, we have

a family of increasingly conservative approaches.

Thus, our framework is a methodology for SLQC which pays essentially nothing
in complexity in the nominal (unconstrained) case but is vastly more amenable to the
addition of constraints and performance guarantees. We do this by discarding the
cumbersome calculations over distributions as well as the total adaptability demanded
by Bellman’s recursion. Of course, given a known distribution for the wy, our approach
will be a suboptimal solution to the problem of minimizing the expected cost-to-go.
The quality of this approximate solution under normally distributed disturbances will
be the subject of Sections 6.4 and 6.6.

In terms of modern control theory literature, our approach can be thought of
as H*, model predictive control (MPC) for a discrete time, finite horizon problem.
The H®™ aspect is due to the sup over all disturbances within W,, (for more on H,
particularly as it relates to the problem set-up here, see Bagar and Bernhard [6]).
The MPC portion of our approach is related to the fact that we are not enforcing
Bellman'’s equation, but rather recomputing a solution which does not assume future
optimality at each stage. A good starting point for the vast literature on MPC is
Mayne et al. [85].

Although this Chapter uses these standard ideas from control theory, we believe
a number of the results, including the solution structure shown in Section 6.2.1, the
SOCP approximation in Section 6.3, and the probability guarantees in 6.4.3. are new.

To solve (6.8) we will utilize a number of results from robust optimization.
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6.1.3 Results from robust quadratic optimization over ellip-
soids

We will leverage some robust quadratic programming results popularized by Ben-Tal

and Nemirovski [17]. In particular, they consider the conic quadratic constraint
|Az +bls < "z +d

when the data (A, b, ¢, d) are uncertain and known only to belong to some bounded
uncertainty set . The goal of robust quadratic programming is to optimize over the
set of all  such that the constraint holds for all possible values of the data within

the set Y. In other words, we desire to find « such that
|Az + bl <cTx+d VYV (Abcd) clU.

Ben-Tal and Nemirovski show that in the case of an ellipsoidal uncertainty set, the
problem of optimizing over an uncertain conic quadratic inequality may be solved
tractably using semi-definite programming (SDP). This turns out to also be the case
for (6.8) above. To this end, we will need the following two classical results, proofs
of which may be found in [17], among others. First, we have the Schur complement

lemma.

Lemma 6.1.1. Let

B CT
C D

where B > 0. Then A is positive (semi-) definite if and only if the matric D —
CB™'C7 is positive (semi-) definite.

In addition, we have the S-lemma.

Lemma 6.1.2. Let A. B be symmetric n xn matrices, and assume that the quadratic



inequality
xT Az >0
is strictly feasible. Then the minimum value of the problem

minimize T Bx

subject to xTAx >0

is nonnegative if and only if there exists a A > 0 such that B — AA > 0.

6.1.4 Results from robust conic optimization over norm-bounded

sets

To improve the complexity of solving (6.8) when we have constraints, we will utilize
recent results from robust conic optimization results due to Bertsimas and Sim [33].
Most of these results are presented in Chapter 2, but we repeat them here in more

detail for convenience.

The approach is a relaxation of the exact min-max approach, but is computation-
ally less complex and leads to a unified probability bound across a variety of conic

optimization problems. We survey the main ideas and developments here.
Bertsimas and Sim use the following model for data uncertainty:

jEN

where D° is the nominal data value and AD’ are data perturbations. The Z; are
random variables with mean zero and independent, identical distributions. The goal

is to find a policy « such that a given constraint is “robust feasible,” i.e.,

max f(x, D) < 0, (6.9)

Deld,



where

Uy = {DO+ZADJ‘uj

JEN

]| < Q} . (6.10)

For our purposes we typically use the Euclidean norm on wu, as it is self-dual, but
many other choices for the norm may be tractably used [33]. We operate under some

restrictions on the function f(x, D).2

Assumption 6.1.1. The function f(x, D) satisfies:
(a) f(x, D) is convex in D for all x € R™.

(b) f(x,kD) = kf(z,D) forall k >0, D, x € R™.

One of the central ideas of [33] is to linearize the model of robustness as follows:

max f(x, D% + > {f(x, AD)u; + f(z,—~AD);} < 0, (6.11)

,U)EV ¢
(u,v)€Vq ieN

where

VQ = {(u,'v) € R?JNI

lu+ || < Q} :

In the framework developed thus far, Eq. (6.11) turns out to be a relaxation of Eq.
(6.9), i.e., we have the following:

Proposition 6.1.1. (Bertsimas-Sim)

(a) If f(xz, A+ B) = f(z,A) + f(x, B), then x satisfies (6.11) if and only if x
satisfies (6.9).

(b) Under Assumption 6.1.1, if @ is feasible in (6.11), then x is feasible in (6.9).

Finally, Eq. (6.11) is tractable due to the following.

2 By . . . . .
“In [33], the authors assume the function is concave in the data. For our purposes, convexity is
more convenient. All results follow up to sign changes and we report them accordingly.
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Theorem 6.1.1. (Bertsimas-Sim) Under Assumption 6.1.1, we have:

(a) Constraint (6.11) is equivalent to
f(z, D% +Qs||* <0, (6.12)
where

s; = max{ f(z, AD?), f(z,—AD")}.

(b) Egq. (6.12) can be written as:

1 y,te RIM
f(waDO) S _Qy
t; > f(x,AD’) Vj€N (6.13)

tj > flz,-AD’) VjeEN

1" <.

Finally, Bertsimas and Sim derive a probability of constraint violation.

Theorem 6.1.2. (Bertsimas-Sim) In the model of uncertainty in Equation (6.10),
when we use the ly-norm, i.e., ||s||* = ||s|l2, and under the assumption that u ~

N(0,1), we have the probability bound

P{f(x.D) >0} < VGLI (—22—)

o 202

where a = 1 for LPs, o = /2 for SOCPs, and o = /m for SDPs (m is the dimension
of the matrix in the SDP).



6.2 An exact approach using SDP

In this section, we apply the robust quadratic optimization results to formulate (6.8)
as an SDP. We then show that we can compute optimal solutions to this SDP with a

very simple control law.

First, exploiting the linearity of the system, we have the following straightforward

result.

Proposition 6.2.1. The cost function (6.2) for system (6.1) can be written in the

form

J(xo,u,w) = 2aTxy+ a:OTAa:O +2b7u + uTBu

+ 2c"w + w'Cw + 2u” Dw, (6.14)

for appropriate vectors @ € RVl p ¢ RIVm)x1 ¢ ¢ RWVm)X1 and matrices
Ac R(N-M)X(I’V%z)7 B c R(N'nu)X(N-nu), C c R(N'nw)X(N‘nw)7 Dc R(N'nu)x(N'nw), and
where B > 0, C > 0.

Proof. Since the system is linear, we can write the state at any instant k as
Ty = fik—ﬂ:o + By u+ ék—lw-,

where

k—1
Ak—l - HAz

1=0

_ k—1

Bk—'l - l:( I—[I Aj)B() Tt Bk—l On,x(N-k)-n.l:l
J=

_ k—1

CL'-—I = [( H AJ)CO T Cl.'—l O'II-I-X(.’V—L')JI.‘-} .
J=1



Now the cost of any state term is written

~T ~ ~T ~ ~
wgﬁAk__leAk_lw() + ng‘Ak‘—le (.B]C_]_'u: + Ck_1w>

~T ~ ~T ~ ~ T ~
u'B,_,Q,Br_ju+ wlC,_,Q,Cryw + 2uTBk_1Qkaﬁ1w

w}kawk + 2q£mk

+
+ 2q{ (Ak_la:o + Ek_lu + é’k_lw) .

Thus, the overall cost is clearly written in the form stated above, with

No_p
a = E:Ak—IQk
k=1

N
=T
A = ) A QA
k=1
N 7 . N T
b = 7+ (Z Bk_leAk_1> zo+ Y _ By 1q;
k=1 =1
N, _
B = R"l‘ZBk—leBk—l
k=1
N 7 B N T
cC = ( Ck_leAk—l) m0+ZCk—IQk
k=1 k=1
N, _
C = ch_leCk—l
k=1
No_r
D = Y B, ,QCr,
k=1
where
) T
o= [k

R = diag(Ro.....Ry_)).

Finally, positive (semi-) definiteness of B and C follow from positive (semi-) definite-

ness of R; and Q. d

Next. for case of notation, we will transform the coordinates of the control space.
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Proposition 6.2.2. To minimize the cost function J(xy, u,w) in Proposition 6.2.1
over all w € RV ™ it is sufficient instead to optimize over all y € RV™ the cost

function

J(@o,y,w) = y'y+2h w+2y" Fw+w Cw (6.15)

with h=c—- DTB~'b, F = B™V?D.

Proof. The proof is immediate from the fact that B~ exists since B > 0, and then

using the transformation w = B~Y2y — B 'b. O

By Proposition 6.2.2, then, (6.8) is equivalent to the problem
min max J(xo, y, w). (6.16)

YyERN nu wWEWy

This problem may be solved using SDP, as we now show.

Theorem 6.2.1. Problem (6.16) may be solved by the following SDP:

minimize z
I Yy F
subject to yT z—+%) —hT =0, (6.17)
FT  —h M-C+F'F
A>0,
in decision variables y, z, and .
Proof. We first rewrite the problem as
nminimize  z (6.18)

subject to z —yly — 2w — 2T Fw — wTCw > 0. V w : wlw < 72
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We may homogenize the system and rewrite this equivalently as

minimize  z (6.19)

subject to  t2(z — yTy) — 2thTw — 2ty Fw — w'Cw > 0, V w,t : ww < 2

Clearly, feasibility of (z,¥) in (6.19) implies feasibility of (z,y) in (6.18) (by setting
t = 1). For the other direction, assume (z,y) is feasible in (6.18) and set W = tw,
2t2

where wTw < 42. This implies w7 < %2, and

2th™w + 2ty" Fiw — @"Cw = t* (2h"w + 2y" Fw — w' Cw)

< (z—y"y),

where the inequality follows by (6.18). Thus, the claim is true.
But now we wish to check whether a homogenous quadratic form in (¢, w) is
nonnegative over all (¢, w) satisfying another quadratic form. Invoking Lemma 6.1.2,

we know the constraint holds if and only if there exists a A > 0 such that

z=yA-yTy AT —y'F
—h - FTy M-C

Y
o=}

z— 72\ ~hT y?
i [y F]
—-h M-C+FT'F FT

Finally, utilizing Lemma 6.1.1 with B = I we see that this is equivalent to

FT _h M-C+F'F

Thus we arrive at the desired SDP. O

There is a tie between the standard DP approach (the Riccati equation) and this

SDP. and the connection is not difficult to sec.
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Corollary 6.2.1. With v = 0, the optimal solution to SDP (6.17) solves the Riccati

equation, i.e.. minimizes the cost-to-go in an expected value sense.

Proof. As argued in proposition 6.2.1, the total cost can be written in the form
Ju(®o) = 2aTxo + xl Azy + 267 u + uT Bu + 2¢"w + w ' Cw + 2u” Dw.
With v = 0, we require w = 0 = E [w]. Hence, we have
max Ju(zo) = E[J(xo)] +c,

where ¢ = —E [wTC"w]. Since the goal of the dynamic programming approach is
to minimize the expected cost, the equivalence of the two approaches in this case

follows. |

In summary, Theorem 6.2.1 provides an exact SDP approach towards solving
problem (6.16), and in the limiting case v = 0, this SDP yields the same solution
as the Riccati equation. It is not surprising that the complexity of the problem is
that of solving an SDP; in fact, Yao et al. [118] have shown that solving the Riccati

equation can be cast as an SDP.

6.2.1 Simplifying the SDP for closed-loop control

Although Theorem 6.2.1 ostensibly provides us with an open-loop policy, we can
certainly run this approach in closed-loop. We would do this by solving (6.17) and
applying the first n,, components of the solution as the current control. Then, with a
new state observation. we update the data to Problem (6.17) (in fact, only h depends
on the current state. so all other data for the problem can be computed off-line) and
solve (6.17) again.

For large problem sizes and applications demanding rapid feedback. however, this
approach is clearly impractical. In particular, solving large SDPs of the form (6.17)

is expensive for large problem sizes, and this a serious drawback in real-time control
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settings. We would like a simplification which allows us to compute solutions much

faster.

In this section, we show that Problem (6.17) has a very special structure which
allows us to dramatically reduce the problem complexity. We will show how to com-
pute optimal policies with only linear operations (i.e., matrix multiplication) in the
current state plus a very simple optimization of a convex function over a scalar vari-
able. In short, we will derive for our approach a control law which is an analog of the
linear control law (Riccati) in the distributional framework. This control law, while
nonlinear in the current state, can nonetheless be computed extremely efficiently and

thus may be used very efficiently in closed-loop control.

To begin, we need the following simple observation.

Lemma 6.2.1. Consider matrices G, U, and V', of appropriate size, and let U and
V be the orthogonal complements of U and V', respectively (i.e., full-rank matrices

such that U U = 0, Vv =0 ). If there ezists a matriz X such that
G+UXVT4+VvXTUuT » o,
then the following hold

I"J_T

L
Y
e

G (6.20)
viev

Y
o

(6.21)

Proof. Clear, by multiplying inequalities (6.20) and (6.21) by (U T, U) and (VT, V),
respectively. O

Lemma 6.2.1 is actually a special case of an “elimination lemma.” The statement
is in fact true in both directions when the inequalities are all made strict (Boyd et
al., [37]). We can now apply Lemma 6.2.1 to simplify Problem (6.17). From here on

out we use the notation || P||, as the spectral norm of a positive semi-definite matrix
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P € R™™" e,
\Pla = max Ai(P),

=1,...,

where )\; are the eigenvalues of P.

Proposition 6.2.3. Let 2* be the optimal value of Problem (6.17). Then 2* > 2},

where 2}, is the optimal value of the problem
minimize

2
z— %A ~h"
subject to =0, (6.22)
—h M~C+F'F
A

> [C1%,

in decision variables (z, \).

Proof. Applying Lemma 6.2.1 to the constraint in (6.17), we see that we can write it

in the form
G(z,\) +UyVT +Vy'UT = o,

where

G(z,\) = |07 z—~2) —h"

IN-nu

0

L
V = e(N'rL,L)A—l-
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We now invoke Lemma 6.2.1 with

- 0
U =
-IN“n,w+1
Iy, 0
V = 0 0 )
0 Iy,

where all zero matrices are sized appropriately. With these choices, if there exists a y
such that (6.17) is feasible for a given (z, A), then the following inequalities also hold
for such a (z, A):

.
_ 2/\ —"hT
e -~ 0,
—h M—-C+FT'F
I F
- > 0,
FT M-C+F'F

and, by Schur complements, the latter inequality is equivalent to A\I—C > 0 = X\ >
IIC]|?, since C = 0. It follows that any (2, A) which is feasible to (6.17) is feasible to
(6.22), and hence z* > zj,. O

Before analyzing the structure of Problem (6.22) in more detail, we note the

following definition, which we will employ for notational convenience.

Definition 6.2.1. Consider a matrix X such that X > 0 with eigenvalue decom-
position written as X = QAQT. Denote by X the unit full-rank version of X,
with

X = QAQ". (6.23)
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where A is a diagonal matrix such that

[A]ii _ [A]iia if [A]ﬁ > 0,

1, otherwise.

Note X > 0 always, so X - always exists, and that if X > 0, then X = X.

We now show that Problem (6.22) can be reduced to a simpler optimization prob-
lem involving no semidefinite constraints and just the variable A. In what follows we
will denote the eigenvalues and eigenvectors of FT F—C by \; and q,,t=1,...,N-ny,

respectively.

Proposition 6.2.4. Problem (6.22) is equivalent to the convex optimization problem

(in single variable \)

minimize  f()\)

subject to A > ||C|?, (6.24)
where

VA+RTH '(Wh,  ifqTh=0 Vi: A+\=0,
f) = (6.25)

+00 otherwise,

and H(\) = \] — C + FTF.

Proof. By Schur complements. a pair (z, A) is feasible in (6.22) if and only if

1
z— 2\

H(\) - < ) hh' =0 & -y NeTHMNz > (h'z)’V e



where v is the optimal value of the problem

maximize hlz

subject to T H(\)x < 1.

Note that feasibility of X implies that A + A; > 0 for all 4. Let I, = {3 | A+ \; > 0}.

Then carrying out the above optimization problem, we find

,

T h)2 . .
Z (()J\I_H\) ) if hTQJ =0V] ¢ I+a
v = < i€ly t

400, otherwise,

hH (Mh, ifhTq,=0Vj¢I,,

~+00, otherwise.

From the above equivalences, then, we have (z, A) feasible to (6.22) if and only if
2> A+ hH ' (\h.

Since we wish to minimize z, for a fixed A, we should set z equal to v2A+hH _1(/\)h.

Thus (6.22) is equivalent to minimization of f(\) over all A > ||C||%. O

We now argue that optimization of f(\) may be done efficiently.
Proposition 6.2.5. The function f(A) in (6.25) satisfies the following:
(a) f()) is convex on A > ||C||2.

(b) If Y _>_ Ythresh, where

-1
IET(ICIDR). qTh=0Vi : [C|2+ A =0,
Ythresh = (626)
+oc, otherwise.

then \* = ||C||* minimizes f()) over all A > ||C]|%.
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(¢) If ¥ < Ythresn, then the minimizer A* of f(A) over all A > ||C||* may be found

(within tolerance €) in time O(k), where

VAIQ Rl = A(ICI? + _min  A)

k = log, — P | (6.27)

the columns of @ are the eigenvectors of FTF - C, and m < N - N, 1S the

number of eigenvectors such that g7 h # 0.

Proof.
(a) We may write f()) as

Ny,

fO) = 2/\+Z Th)2

which is clearly a convex function in A over A > ||C||? = A + ); > 0.

(b) If ¥ > Yinresh, we have, for all X > ||C||?,

N1y
2 (quh)z

Q) = »- Z

— (A+X)?
N.-n
¥ (qTh)?
> Yewesh — Z (—m
m0W+A 2 A+Av
> 07

so f(A) is nondecreasing over A > [|C]|?.

(¢) If v < Vet then we must search for \* > ||C||? such that f’(A\*) = 0 (since, by

(a). f(\) is convex). This is the same as finding a root \* > [|C||? of the nonlinear
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equation

Ny

(Q'Th)2 2
e = A 6.28
; TS (6.28)
We claim \* < A, where
T
A = M — min
y i=1,....,N Ny
Indeed, assume \* > X. Then
N ny
o) = (g/h)?
— (A + X;)?
Nny
< Z gqgh)Q
— A+ N)?
N Ny
<y (g7 h)?
- i=1 m”QThHgo/ny
P T (¢FR)
m = |QTh|%
< A

which implies that A\* cannot be a solution of (6.28). The result then follows by
applying bisection (with tolerance €) on the interval [||C]|?, A O

We are finally ready for the main result of this section. Given an optimal solution A*

to (6.24), we can then compute our closed-loop optimal simply by performing matrix

multiplications.
Theorem 6.2.2. Let A* be the optimal solution to Problem (6.24). Then the solution

(N z*.y"). where

vy = —FH (\)h (6.29)
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is an optimal solution to the SDP (6.17).

Proof. By Proposition 6.2.3 we know that z* > z}, and, by Proposition 6.2.4 we have
zk = f(X\*), so if we can just show that the solution (A*, z*,y*) in (6.29) is feasible
to (6.17), then we know it must be optimal. First, since A\* > ||C||? > 0, we have
A* > 0, as required. For the semi-definite constraint in (6.17), by Schur complements,

we require

*

2* —
—h

_pT +T
A*I—C+FTF] B {Z"T} v £l =

As before, let H(A\*) = \*I — C + FT F; note that feasibility of A\* in (6.24) implies
H)M)—-F'F=XI-C>0,50 NI -C = GTG for some matrix G. Finally,
A\* minimizes f(\*) over all A > ||C||?, so f(\*) must be finite and thus 2* — y2\* =
hTH _l()\*)h. Putting all of this together, we have

*T
y
(WTE T () FTFE (\)h
—FTFH ' (\)h

—z* _ 7,2)\* —'hT 7

L —h AT -C+ FTF_

C[wmETOR AT ]

| —h HO| | FTF
h (H_I(A*) - ﬂ"l(A*)FTFI?I‘I(A*)) h —h? (1 - Iar‘l(,\*)FTF)

] - (I - FTFfI'l(A*)) h »I—-C

~[WET ) (ﬁ(») . FTF) H'0r  —RTH 'O (f{(A*) - FTF)
- (BO) - FTF) H ' (0)h NI~ C

RTE T () (VT — C) B (0)h

—(NI-C)H 'Ok

—ATH '\ (VI - C)
»I-C

_nTE T 006" -
- o [el: STl

Y
o

which completes the proof. O
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Figure 6-1: Optimal control law (left) versus initial state; optimal value of A in optimal
control law (right) versus initial state. Both plotted for various values of ~y.

We reiterate that Theorem 6.2.2 provides us with a control vector y € RV ™« for
all remaining stages. When we run this in closed-loop, however, we would just take
the first n, components and apply that as the control to the current stage.

Figure 6-1 displays a simple example illustrating the optimal control law (as well
as optimal value of \) calculated via Theorem 6.2.2 versus the initial state for various
values of 7. This is the first control for a 10-stage problem with time-invariant state,
control, and disturbance matrices A = 1, B = 1, and C = 1. The cost function is
given by Q. = (1/2)*, Ry = (1/2)*, and q, =, = 0 for all k € {0,...,10}. In this
case, the optimal control is piecewise linear in the initial state. Note that the case
v = 0 yields a linear policy (i.e., the Riccati approach), which we know must be the
case from Corollary 6.2.1.

Thus, we see that the optimal, closed-loop control law for the approach given
by Problem (6.16) may be computed in the following way: first, by computing the
optimal value A\* (which may be done by bisection, via Proposition 6.2.5), then by
matrix multiplication. The only data in the SDP (6.17) which depends on the current
state g is the vector k. Thus, much of the work may be done offline. We now quantify

explicitly the online computational burden.
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Corollary 6.2.2. Consider the problem setup from (6.17), with N the number of
stages, n,, 7., and n,, the sizes of the state, control, and disturbance vectors, respec-
tively. Then the optimal closed-loop policy for a single period may be computed in

O (Nny (k + ny + ny)) time, where « is given in Equation (6.27).

Proof. Since we only care about the current control, and h is linear in the current
state xg, we may write re-express the closed-loop control for the current optimal

* 3
control u? . as

u o= u-+ Ff:l_l()\*)émo,

where F' € R™*Nmw G € RN™*"= and fI—l(A*) € RNnwxNnw  Of course, since
H(\) = M — C + FTF, we may compute an eigenvalue decomposition for H(0) =
QAQT offline, and computing the inverse of H(\*) may be done simply by adding
A* to the diagonal elements of A. Our total computational burden breaks down as

follows

+ O(Nnyn,) iterations for setting up the optimization of f(A) (i.e., computing
Q"h).

+ O(k) bisection calls, each requiring a sum over Nn,, terms, for a total effort of

O(k - Nn,,) searching for A*.
+ Right-matrix multiplication of the current state: O(Nnyn,).
+ Scaling the resulting vector componentwise by A* + \;: O(Nny,).
+ Left-matrix multiplication to obtain optimal control: O(Nn,n,).

The total effort required is thus

O(Nn,(1+Kk+n,+14n,)) = O(Nny(k+n:+mn)).
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Ty
N 1 10 | 100
110 1e-8 | 1e-6 | 1e-5
10 || 1e-7 | 1e-5 | 1e-4
100 || 1e-6 | 1le-4 | 1e-3
1000 || 1e-5 | 1e-3 | 1e-2
10000 || 1le-4 | 1le-2 | 1e-1

Table 6.1: Computational effort (sec.) for various problem sizes on a 1GHz machine. Here,
k =~ 10 and n, = n, = n,, are assumed.

We note that the computational effort, for all other inputs fixed, grows linearly
with the number of stages N. Of course, by computing the matrices offline, we
are reducing the computational effort by increasing storage requirements. Our total
memory usage is to store N matrices of sizes n, - Nn, and Nn, - n,, for a total
memory requirement of O (N2n,, (n; +n,)). Hence, memory increases quadratically
with the time horizon N.

Table 6.1 illustrates order-of-magnitude estimates for the computational time for

various problem sizes.

6.3 An inner approximation using SOCP

In the presence of constraints, we cannot use the simplification results of Section 6.2.1.
This means for constrained control with feedback we would need to solve a problem
of the same form as (6.17) with constraints at each stage. For large problems and
applications demanding fast decisions, this will not be feasible. This motivates us to
find a simplification of the exact SDP in (6.17).

Here we will develop an inner approximation using SOCP (i.e., any feasible solu-
tion to the SOCP will be feasible to SDP (6.17)). We will exploit the robust conic
optimization results highlighted in Section 6.1.4.

Recall that our cost-to-go can be written as

Jzp.yw) = y'y+2h+Fly)"w+w Cw.
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As before, we would like to find the policy ¥ which minimizes the maximum value
of J(xg, y, w) over all w € R¥N™ in some ellipsoidal uncertainty set. We may write

this problem as

minimize z

subject to  f(y,w) <z-—|lyll? Vw e Wq, (6.30)

where f(y,w) = 2(h + FTy)Tw + w” Cw, our uncertainty model is

N-ny
Wao = {w Ju e RV™ : w = Z ujel, |ullz < Q} , (6.31)
j=1
and {e!,..., eV} is any orthonormal basis of RV ™. Note that Wy is precisely the

same uncertainty set utilized in Section 6.2, with {2 assuming an analogous role as 7.
In the framework of Section 6.1.4, we are using the assignments D = w, D° = 0,
and D/ = éJ.

From here we would like to directly apply the results from Section 6.1.4. The
difficulty, however, is that the quadratic term w? Cw causes f(y,w) to violate As-
sumption 6.1.1(b). We remove this difficulty with a slight relaxation of problem
(6.30).

Proposition 6.3.1. Consider the problem

minimize 2

subject to  fly,w) <z—|lyllZ-Q¥C|2 VYV we Wy, (6.32)

where f(y,w) = 2(h + FTy)Tw, Wy, is as described in Eq. (6.31). We then have
the following:

(a) If a solution (z,y) is feasible in problem (6.32), then it is also feasible in problem

(6.30).
(b) The function f(y,w) satisfies Assumption 6.1.1.
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Proof.
(a) Let (2,y) be feasible in (6.32), and consider any w € Wq. Then we have

fly,w) = 2(h+ F'y)"w+w"'Cw
< 2(h+ FTy)Tw + Q?||C|2 (6.33)
< ozl (6.34)

where (6.33) follows from the fact that

max ' Cz = Q?||C||3,
[EJIESY

and (6.34) follows from feasibility of (z,y) in (6.32). Thus, (2,¥y) is also feasible in

the original formulation in (6.30).

(b) This follows trivially, since f (y,w) is linear in w. O

Now that we have cast the problem in the framework of Section 6.1.4, we may
apply the corresponding results. This leads us to our formulation of problem (6.30)

as a second-order cone problem, as we now illustrate.

Theorem 6.3.1. Consider the SOCP

minimize  z
subject to  |ly|l3 < z — Q4§ — Q*|C|I3
12(h+ FTy)Tel| <t;,  j=1,...,N-ny, (6.35)

It < 7.

in decision variables (z,y,9,t). If (z.y) are part of a feasible solution to (6.35), then
(z,y) are also feasible in problem (6.30).
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Proof. From Theorem 6.1.1, problem (6.35) is equivalent to the problem

minimize z

subject to  f(y.0) + mw:§j{fy, s + Fly,~es } < =~ [yl - )OI
where

VQ — {(u7 v) e R?{—(N-’nw)

e+l < @}

Now, since f(y,w) is linear in w, this problem is equivalent to problem (6.32), by
Proposition 6.1.1(a). Finally, invoking Proposition 6.3.1(a), we have that feasibility
of (2,y) in (6.32) implies feasibility in (6.30), and thus we are done. a

Theorem 6.3.1 thus gives us an inner approximation to the exact problem given in
(6.30). This is in contrast to Theorem 6.2.1, which solves the problem exactly using
SDP (and, in the unconstrained case, can be simplified via the results in Section
6.2.1). Theorem 6.3.1 gives us an SOCP formulation, which is a significant reduction
in complexity from the SDP. In addition, we expect this approximation to be quite
tight, as the only inequality we have exploited is wTCw < Q2||C||2, which holds for
all w € Wn. We now quantify this difference.

Corollary 6.3.1. Let zinp and z5ocp be the optimal values of the SDP and SOCP
(with Q = ) given in Theorems 6.2.1 and 6.3.1, respectively. Then we have the

relation

zgoce — Zpp < 27||R|l2- (6.36)
Proof. Note that we have
oor = ICI+min |yl +2_max (h+FTy) w
< 2ICIE+2 max hTw

= YICI; + 21k,
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where the inequality follows from feasibility of ¥ = 0. On the other hand, positive

semi-definiteness of the matrix in Theorem 6.2.1 requires

zpp = |lYll3+%X
YA

v

> ¥¥C)3,

where the last line follows from Lemma 6.1.2. The result in Equation (6.36) now

follows. O

6.4 Constraints and performance guarantees

We now demonstrate the modelling power of the approaches developed in Theorems
6.2.1 and 6.3.1. In particular, we show that both approaches readily lend themselves
towards handling a wide variety of constraints. These constraints fit into three cat-
egories: control constraints, probabilistic guarantees on the state, and probabilistic
guarantees on the cost function. For the probabilistic guarantees, we will assume the
disturbances are independently and normally distributed.?

We present the results here for both the SDP and SOCP frameworks. Since the
presence of constraints destroys the simple control law for the SDP from Section 6.2.1,
however, the SOCP is more viable in a constrained, closed-loop control setting (in
fact, we reiterate that this was the primary motivation for the development of the
SOCP approach).

Throughout this section we will make claims about the “complexity type” of the
problem being unchanged. By this we mean the SDP remains an SDP and the
SOCP remains an SOCP. We implicitly appeal to the fact that the class of SDP

problems includes the class of SOCP problems, and thus we may add second-order

3The fact that we are now making distributional assumptions whereas the approaches developed
in Sections 6.2 and 6.3 are independent of such assumptions should not be viewed as contradictory.
Our point is that these approachies are general in that they are derived in the absence of a probabilistic
framework, yvet flexible and powerful in that they can be augmented with probabilistic gnarantees on
both the state and cost function under the common assumption of normally distributed disturbances.
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cone constraints to an SDP without increasing its complexity type.

We turn first to the simplest case of control constraints.

6.4.1 Control constraints

We will show that both approaches may handle any convex quadratic constraint on
the control vector. In this and the following section we temporarily revert to the
traditional notation u for the controls and note that the simple affine transformation
listed in Proposition 6.2.2 allows us to implement these constraints in our y control

space. We first need the following well-known result.

Proposition 6.4.1. The quadratic constraint 7z < t is equivalent to the second-

order cone constraint

2/ 2
Proof. This is a standard result (see, e.g. Ben-Tal and Nemirovski [17]) which follows

t+1)?* _ (t=1)?
s T4 -

by noting that t =
We now have the rather straightforward result of this section.

Theorem 6.4.1. Any control constraints of the form
|Gul% +2g"u + § < 0, (6.37)

where G € RN mIx(Nn) g ¢ RWmIXL gnd 5 € R, may be suitably added to

problems (6.17) and (6.35) without increasing their respective complexity types.

Proof. By Proposition 6.4.1 we may write (6.37) as

(g+1) - 2

Gu o gty -1

which is a second-order cone constraint and hence may be added to either problem

without raising the complexity type. O
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Note that Theorem 6.4.1 implies we can tractably deal with any polyhedral or

ellipsoidal constraints on the control.

6.4.2 Probabilistic state guarantees

Since the state x of the system is not exactly known, any constraints on x can
only be enforced in a probabilistic sense. To ensure probabilistic guarantees in what
follows, we will operate under the typical assumption that the disturbances w are

independently and normally distributed.*

Assumption 6.4.1. The disturbances w are independently and normally distributed

with zero mean, i.e.,
w ~ N(0,I).

Note that, if instead we have w ~ N(0,X), where X > 0, we may simply ro-
tate coordinates and multiply the C} matrices in the dynamics in Equation (6.1)
accordingly.

We now show how to explicitly ensure that linear constraints on the state will
hold with a desirably high probability. The notation ® and y,, stand for the cumu-
lative distribution functions of standard normal and n-degree chi-squared variables,

respectively, and the notation || - |4 will represent the the Euclidean norm induced

under the matrix A > 0, i.e., ||x||a = VT Ax.

Theorem 6.4.2. Consider a linear system described by Eq. (6.1), with the state

written as
x = Axy + Bu + Cw,

for appropriate matrices A, B, and C. Then under Assumption 6.4.1, we have the

following:

1Of course, other distributional assumptions may be made: we present the normality assumption
primarily because (a) it provides the cleanest analytical results and (b) it is the most common
assumption in the literature.
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(a) The constraint
p'u<y, (6.38)

where p = BTg, q = § — gT Axy — ||CTg|2@7 (1 — €) implies the following

guarantee:

P{g'z> g} <e (6.39)

(b) The constraint
|Azy + Bullg <, (6.40)
where r =1 — ||C'TH Cllaxni(1 — €) implies the following guarantee:
P{z"Hz > 1} <§, (6.41)

where H > 0.

Proof.
(a) We have

P{g’z>g} = P{g"Cw>j—g Axo—g"Bu}
S TAR. _  TH
_ 1_(1,(!1—9 A_a? g Bu)
IC*glla

and the result follows by setting this less than or equal to € and inverting .
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(b) We have

P{z"Hz >1} = P{||Azo + Bu + Cw|| s > 1}
< P{||Azo + Bu||g + ||Cw||g > 1}

< P{IIC"HC|ljwl> > 1 - | Azo + Bulx }

(1 — |Azo + BuuH)
= 1- XNk )

ICTHC||,

and, again, the result follows by setting this less than or equal to € and inverting

XNk- d

Both parts of Theorem 6.4.2 are constraints which can be added to either the
SDP or SOCP approaches without increasing their respective complexity types. Note
that the constraint in part (a) of the theorem is exact, while the constraint in (b) is
somewhat conservative. Care must be taken to ensure that H and e do not result in

a constraint which forces the problem to be infeasible.

6.4.3 Probabilistic performance guarantees

In this section, we analyze the probability distribution of the cost-to-go function.
We first derive a bound on the performance distribution of the cost-to-go function
for a given control policy y under Assumption 6.4.1, then describe the protection
guarantees and expected losses for both problems (6.17) and (6.35). Finally, we show
how to probabilistically ensure certain levels of performance.

We emphasize that the results proven here in terms of performance guarantees
are for open-loop control. In general, analyzing our approach in a feedback context
seems difficult. Instead, we will study the closed-loop performance computationally
in the Section 6.6.

For a given policy y, the cost function is a random variable (a function of the

random disturbances):

J(xp.y.w) = w Cw+2(h+ Fly)Tw+y"y.
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For our results in this section, we need a slightly stronger assumption.
Assumption 6.4.2. In addition to Assumption 6.4.1, we have C > 0.

We see that under Assumption 6.4.2, we have

E[J(@oy,w)] = lwl3+1x(C),

with Tr(C) = Zf\;;”” \i, where \; are the eigenvalues of C. We now derive a key

result; the proof is quite similar to a proof from Bertsimas and Sim [33].

Proposition 6.4.2. Under Assumption 6.4.2, we have

P{Jany,w) > 2} < cooxp (s [~ Il = 2lalie] ) (642

where

¢y = (——p—>p/2 , (6.43)

p—1
Tr(C)
p = m > 1, (644)
i=1,...,N-ny
g = h+FTy. (6.45)

Proof. Let \; >0,i=1,..., N -n,, be the eigenvalues of C > 0, and QT AQ be its

eigenvalue decomposition. We then have

P{j(wo,y,w) > z} = P{w'Cw+2(h+ FTy)"w > = — |y||3}

N-ny,

_p { S At /A > 2l + ngné-l}
=1
Nong

where we employ the transformations v = Qw, f = Q(h + F'y), and we have wu; ~

N (fi/Xi.1). independent. Finally, 2 = z — |ly||2 + [|g]|%-: for notational convenience.
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Continuing, we have

N ny;
N-nw E [exp (0 3 /\iu?)]
P Auf > £y < —
{ ; iz Z} - exp (0%)
N-ny

I1 E [exp (0A;uf)]
i=1
exp (0%)
N-ny u2 BON;
21;11 E [exp —ﬁl) ]
exp (02)

e ()

i=1

7

exp (6%)

where we require 6 > 0, §6); < 1, and 8 > 2. The first line above follows from the
Markov inequality, the second follows from independence of the u;, and the last line

follows from Jensen’s inequality. Now noting that under u; ~ N(f;/\;, 1), we have

elon (%)) - \/;Zexp (g ),

we have, after some rearranging with 6 = 1/(Bmax;—1,_n.n, M),

Finally, we set 3 = 2p > 2 and the result follows. O

Note that the bound in Equation (6.42) is for any policy y, and we have in no
way imposed the structure of either of the approaches developed in Sections 6.2 or
6.3. Now utilizing the structure of the SDP and the SOCP, we may quantify more

precisely what we gain in terms of performance protection with both approaches.
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This protection comes at the price of some degradation of expected performance, and

we also quantify this decrease.

Theorem 6.4.3. Under Assumption 6.4.2, and with E[J(xq, 0, w)] the ezpected value
of the Riccati approach, we have the following:

(a) If (ypp, 25pp) are feasible in SDP (6.17), then the expected performance loss is

bounded as
E | J(@o, yipp, w)] — E [J(@o,0,w)] < 2lhly, (6.46)
while we gain the following level of probabilistic protection:
- . . P
P {J(asg, Y$pp, W) > zSDP} < aexp (—572) , (6.47)

where

1 2
A (2@—1)%(0)5)
5 = 1lC7 [kl + | FET|l2/2Rl7]

(b) If (ysocps Zéocp) are feasible in SOCP (6.35), then the expected performance loss

is bounded as
E [j(:co,ygocp,w)] —-E [j(:co,O, w)] < 4||h}|2, (6.48)

while we gain the following level of probabilistic protection:

T * * € Q2
P {J(:I:o,ysocp,w) > zsocp} < \/;Q exp (——Z> ) (6.49)

Proof.
(a) For the expected loss from the Riccati approach. note that the optimal Riccati

solution. from Corollary 6.2.1, is y = 0. and that the expected performance of any
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policy is just given by
E (@0 yw)| = Ilyl3+Tx(C).
Therefore, noting that feasibility of (y$pp, 2pp) in SDP (6.17) requires

”?JEDPHS < Zpp — ”C||§’727

we have

E |J (@0, yEpp, w)] — E [J(20,0,w)] = llyioeli
< zipp — ICI37°
= myin [HyIl% + max wlCw +2(h + FTy)Tw
—lICI3y?
[w'Cw +2(h + FTy) w] — ||C|137?

IA
g
£

weW,

ICI37* + 2llhll2y — ICI37?

2[Ry

IA

The first line follows from feasibility of (ypp, 2ipp) as stated above, the next line
follows from the definition of 2§np, the next line follows by noting that y = 0 is
feasible in the SDP, and the second-to-last line follows by bounding the maximum

value of the given function over all w € W,.

For the probabilistic guarantee of Eq. (6.47), we note, from Proposition 6.4.2 and

feasibility of (y&pp, 25pp) that

P {J(o, yinp,w) > 2pp} < cpoxp

N
N—’

1 \ . 1
"G [zsm) — llysoells — ;—___—I“g”é—l])
1 2.2 1 2
1

2(p— 1)Tx(C) lglic —1) exp (_g,y2> .
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Now, we have

lglic-r = b+ Fryippllo-
< [IC7 o)l + FTygppll2
< NCz [llallz + 1 F yspelle]
< C7 iz [kl + 1 FFT |l2llygpell:]
<

IC iz [kl + I FF [2/2]R]0 |

where we have repeatedly used matrix norm bounds, the Schwartz inequality, and, in
the last line, utilized the bound for ||y%pp||3 derived in the expected loss above. The

result now follows.

(b) The expected loss for the SOCP follows exactly analogously to the proof for
the expected loss for the SDP in part (a) by noting that feasibility of (y$ocp, 230cp)
in the SOCP implies feasibility in the SDP (Proposition 6.3.1), replacing v with €2,
and then noting the result of Corollary 6.3.1 (namely, z5ocp — 2z5pp < 2Q||h||2). The
probabilistic bound follows by directly applying Theorem 6.1.2. O

Theorem 6.4.3 quantifies the expected loss and a probabilistic protection level
for both approaches. Note that the expected loss from the Riccati equation can be
bounded by a quantity linear in the size of the uncertainty set (v or Q). More-

over, the protection level bounds are both of a similar nature (O (yexp(—7?)) and

O (Qexp(—2))).

In addition to simply describing performance, we may also want to explicitly protect

against certain threshold performance levels. We now show how to do this.

Theorem 6.4.4. Under Assumption 6.4.2, the convex quadratic constraint

y Py +2q"y <. (6.50)
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where

1
P = I+ FEFC‘IFT ~ 0, (6.51)
1 -1
¢ = ——FC'h, (6.52)
1
r = 2+2T(C)ln(e/c,) — p—_—lth—lh, (6.53)

implies the following guarantee:

P {j(mo,y,w) > z} <e (6.54)
Proof. The proof follows directly from Proposition 6.4.2 in straightforward fashion,

noting the implications
T T 2 1 2
y Py+2gy<r = |ylz+ S plgllcr < 2+ 2T(C) In(e/c)

1 1
= o (g 2 Wl - 2 lal-] ) <

= lP’{j(:co,y,w) > z} <,

where P, g, and r are defined in Egs. (6.51)-(6.53). Positive definiteness of P follows
from positive definiteness of I and C, and thus the constraint is a convex quadratic

constraint. g

We see that (6.50) is a convex quadratic constraint and hence may be added (in the
same manner as in the proof of Theorem 6.4.1) to either approach without increasing
their respective complexity types. Note that we may only ensure against appreciably
high levels of cost. In fact. a simple necessary (but not sufficient) condition to retain

feasibility of the problem is the requirement

{
v

—2Tr(C)In(e/c,) .
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6.5 Imperfect state information

In some cases, we may not know the state x of the system exactly. Rather, we may
only have an estimate &¢ of the current state. In standard dynamic programming
texts (e.g., Bertsekas [26]), it is shown that in the case where noise-corrupted state

observations of the form
Vp = H KLk + Jk

are available, with H known matrices and &, additive noise with finite second mo-
ment, then the resulting optimal policy is a modified Riccati equation. Here, we

assume the following model for the state estimate &y:
CiIO = &g+ N, (655)

where 7 is a noise term with some distribution. We will show that the form of the
cost-to-go function is unchanged by the added uncertainty in the state by now viewing
the disturbances as w = [nT wT]T. As a consequence, we can apply either of the
robust approaches to the problem with imperfect state information of the form given

in Eq. (6.55).

Proposition 6.5.1. With noisy estimates of the state given by Eq. (6.55), the cost-

to-go can be written in the form
Ay — A AT - p T T ST T A Ty
Ju(@y) = Xy Ao +2a" Tp+2b u+u Bu+ 2w ¢+ w Cw + 2u” Dw, (6.56)

where A. a. and B are as in Proposition 6.2.1. b is as in Proposition 6.2.1 with &g
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replacing xq, and

ek

o

D

M=

k=0 =0
” N _r
A =2 C1QkCr
N o _ k=1
> C1QkCr C

=
Il
—

~T ~
Ry + Bk—leBk—l)

D

=
Il
R

Furthermore, the matrix C is positive semi-definite.

Proof. The proof follows by recalling the original, perfect state cost form of

Ju(mo)

(Eq. (6.14)). Simply

26T xo + xd Az + 26" u + uT Bu + 2¢"w + w Cw + 24T Dw

substituting €y = &y — 1 and collecting terms, Eq. (6.56)

follows. To see that € > 0, note, using the original definitions of A and C, we have

o

=

~T
E Ak—leAk—l - Ck-—le:Ck—-l
B kz Ci1QkCrn AZ Ci 1Q,Cr
= .:l
N [ T ~T
Z A1 QrAs- C1QiCx
=T ~T ~
k=1 _*Ck—leck—l C;‘._leCk_l

Ai—6i) QA -G

where the last line follows, since it is a sum of similarity transformations of positive

definite matrices (Q, > 0).

)
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6.6 Computational results

We have written routines for solving the control law of Section 6.2.1 as well as SOCP
(6.35) in Section 6.3. The routines have been implemented in a Matlab environment
and the SeDuMi (Sturm, [108]) package has been used for the underlying optimiza-
tion problems. In this section, we explore computationally the performance of our

approach in closed-loop control in a variety of ways.

6.6.1 Performance in the unconstrained case

Here we compare the performance of optimal policy in Theorem 6.2.2 to that given
by the Riccati equation for a problem without constraints. We considered a simple,
10-stage problem with time-invariant state, control, and disturbance matrices A = 1,
B =1,and C = 1, initial state £y = —1. The cost function was given by Q,, = (1/2)*,
R, = (1/2)%, and g, = vy = 0 for all k € {0,...,10}.

We ran 1000 trials of the closed-loop policies for the Riccati approach and the
control law of Theorem 6.2.2 and tabulated the average percentage increase in cost
(over Riccati) for various values of . Disturbances vectors were generated at each
iteration by N (0, 0?), where o is a parameter we varied. Table 6.2 lists the results,
which are also illustrated graphically in Figure 6-2.

We observe the following from these computational results:
1. For v small, this approach does not result in a marked increase in expected cost.

2. For v beyond a certain value, the expected cost increase does not change. This
is not surprising, since for v large enough, we have ¥ > “Ynresn (Proposition 6.2.5,
(b)) at each iteration. In this case, there will be no change in the policy given
by Theorem 6.2.2 for further increases in 7. so the performance, on average,

will not change.

3. The policies given by Theorem 6.2.2 are more conservative than the traditional,
Riccati approach. As such. the distribution in the cost is more stable for larger

5. Here, we measure stabilitv in terms of the standard deviation of the first
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[ Average relative cost increase (%) |

¥ 001 01 1 1 10
01} .00 .05 40 51 31
91 1] .00 .13 48 54 54
1] .04 45 50 48 49
10| .00 .02 .20 2.8 19
[ Stability increase (%) |
% 001 .01 1 1 10
.01} .16 15 17 110 120
cl10] .13 15 15 80 86
1 .06 .57 51 15 19
10| .00 .01 .13 41 7.7

Table 6.2: Average relative cost increase (top) and stability increase (bottom) for our ap-
proach versus Riccati for various v and disturbance distributions. All numbers in %. Sta-
bility is measured here by the standard deviation of the first upper tail moment.

upper tail moment. Specifically, if we denote the cost distribution under a
control policy 7 by the random variable J,, then the stability results reported

are

Stability, = o (E[max(J; —E[J],0)]).

We chose the upper tail moment because downside variability in the cost is
potentially beneficial. The policies given by Theorem 6.2.2 give, for the most
part, significantly more stable policies than the Riccati policy. Thus, by varying
7, there is a tradeoff between expected value of the cost and variability of the

cost.

4. Although we only report results for a NV = 10 stage problem here, the results

are similar for other dimensions and other problem instances.

6.6.2 SOCP performance in the unconstrained case

The SOCP approach from Section 6.3 has been developed for use in the constrained

case (i.e., when we cannot use the control law given in Theorem 6.2.2). As it is
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Figure 6-2: Ezpected % increase in total cost from Riccati under various distributions. The
dashed lines are 95% confidence intervals for the expected % increase.

an approximation to SDP (6.17), however, it is relevant to examine how good this
approximation is when we have no constraints. We ran 100 trials of the problem
instance from the previous section and compared the performance of SOCP (6.35) to
the control law in Theorem (6.2.2), with both approaches run closed-loop. The results
are shown in Figure 6-3, again versus v and under various disturbance distributions.

Note that the shape of the expected cost increase for SOCP (6.35) versus 7 is
essentially the same as that for the control law of Theorem 6.2.2, just with a higher
asymptote for large v. For 7 <« 1, however, the performance of the SOCP approxi-

mation is essentially indistinguishable from that of the control law in Theorem 6.2.2.

6.6.3 Effect of constraints on runtime

Here we present resulting run times for various values of N for a problem with n, =

ny=n,=1 A, =B,=1 C,=1/2N), Q. =1,q, =0. R = 0. 7, =0, and
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Figure 6-3: Expected % increase in total cost from Riccati for both the control law of
Theorem 6.2.2 (+) and SOCP (6.85) (o).

xo = 1. For all trials we use 2 = 0. The machine is running Linux on a 2.2GHz
processor with 1.0GB RAM. The results are listed in Table 6.3. Note that in this
case we are solving the problem in open-loop fashion, i.e., we are computing a single

control vector in each case and calculating the runtime to do so.

We note the following from the computational results:

1. The presence of any of the constraints listed does not result in marked increases

in run time for fixed N.

2. For the objective guarantee, we use € = 0.4 for N = 2, ¢ = 0.2 for N = 5, 10, 20,
and € = 0.1 for all other N. In the unconstrained case, we do not have a very

good guarantee: in fact, we only know

P {Juo(20) > 2E[Ju, (20)]} < 1.
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Run Time (sec.)

N | 2 | 5 | 10 | 20] 50| 100
No constraints 0.06 0.05 0.06 0.07 0.12 0.47
P{Ju(®o) > 2E[Juy(xo)]} <e| 0.13| 013] 016| 020 044| 187
P{z; <0} <.01 0.09 0.11 0.14 0.14 0.40 1.54
u >0 0.08 0.08 0.11 0.15 0.38 1.57
P{z; <0} <.01& u>0 007| 009 o011| 016| 038| 155

Increase from Unconstrained, Expected Cost Per Stage (%)

N B 2| 5 | 10 | 20 50 100
P{Ju(®o) > 2E[Juy ()]} < € | 1696 | 247| 0.79] 027 067] 135
P{z; <0} <.01 61.00 78.58 86.24 88.53 | 89.93 | 91.89
u>0 293.93 | 1909.38 | 7261.24 | 27993.9 | 1.71E5 | 6.82E5
P{z; <0} <.01&u>0 293.93 | 1909.38 | 7261.24 | 27993.9 | 1.71E5 | 6.82E5

Table 6.3: Run time in seconds and cost increase from unconstrained for the SOCP ap-
proach with various constraints.

where wug is the optimal policy in that case. As we can see, however, without
significant increase in expected cost we are able to ensure that this bad event

occurs with probability no greater than e.

3. The constraints w > 0 result in very large increases in expected cost. This is
merely due to the fact that it is a very restrictive restraint and not a drawback

of the proposed approaches.

4. Although we do not report the run-times here, we ran this simulation for the
SDP with the listed constraints as well. Typically this runs O(N) longer than
the SOCP, solidifying our assertion that the SOCP is much more suitable to

efficient, closed-loop control.

6.6.4 Performance on a problem with constraints

Here we compared the performance of SOCP (6.35) versus the optimal policy for a
5-stage problem with the constraints ux > 0 for k € {0....,4}. The problem data

were Ay, =1. By =1.and Cp =1for k= {0..... 4}, initial state xq = —.6. The cost

function was given by Q, = 3*, Ry, = 5%, and q,=0.r,=-3forallk € {0,...,4}.

3
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Figure 6-4: Ezpected % increase in total cost from optimal policy versus v for a problem
with nonnegativity constraints on the control for various discount factors 8. The dashed
lines are 95% confidence intervals on the expected % increase.

Here, (3 is a discounting factor which we varied in the simulations. Note that smaller
0 implies that the cost associated with later stages are less important.

The optimal policy was computed by enumeration to solve Bellman’s recursion
(using a discrete grid for the control and state spaces), under the assumption that the
disturbances are generated independently wy ~ N(0,0.1). The results are illustrated
graphically in Figure 6-4.

We make the following observations from these results:

1. The form of the increase in expected relative cost is very similar to the un-
constrained case. In particular, for v < 1, there is very little degradation in
performance from the optimal policy. For large enough -, the performance ap-
proaches an upper limit (in the range 20 — 40% in this case) and does not go

beyond that.

2. The performance loss is better for smaller 3. This makes intuitive sense, as
our approach does not exactly capture the tradeoff between current costs and
future costs. When [ is smaller, then, future costs are less relevant and SOCP

(6.35), which is myopic, will perform better.

3. For 3 =1, we see that our approach appears to outperform the optimal policy

for small . Obviously, this cannot be the case. This can be attributed due to

194



estimation error, as well as small error in computing the optimal policy due to

the discrete approximation of the state and control spaces.

We emphasize that it is not obvious that SOCP (6.35) will perform as well as the
optimal policy for small v (in fact, in general, it will not be the case). This is true in
the unconstrained case via Corollaries 6.2.1 and 6.3.1. In this example, however, we
can in fact do just as well as the optimal policy (which, in general, is very difficult to

compute), by solving (6.35) (with constraints) closed-loop and keeping -y small.

6.7 Conclusions

A primary open question of interest is how to simplify this approach even further
in the presence of constraints. The best we have here is to solve an SOCP at each
step. From Section 6.6, we see how the complexity of this problem grows faster than
linearly with the size of the problem. For large enough problems, solving this in
closed-loop will become overly burdensome. It remains to be seen if the constrained
SOCP has a structure which can be simplified for more efficient computations. Also
of interest is extending many of the performance guarantees in Section 6.4.3 to our
framework run in closed-loop fashion. Finally, an open question is if there are classes
of constrained LQC problems for which a certainty equivalence principle holds. For
such problems, it would likely be the case that controlling with the SOCP here with

~v = 0 would result in an optimal policy.
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Chapter 7

Reflections and future directions

This thesis has focused on a set-based model for uncertainty within the context of
optimization and its relationship to various notions of risk. For static optimization
problems, we were able to derive explicit connections between robust approaches and
the theory of coherent and, more generally, convex risk measures. This framework,
originally developed in the context of linear optimization, is applicable for optimiza-
tion problems over convex cones. In the context of dynamic optimization, this thesis
also presented a set-based model of uncertainty for optimization of quadratic costs
over linear systems.

There are a number of open problems related to these ideas which demand further

research efforts. We now briefly discuss these directions.

7.1 Open theoretical questions

The following problems represent some of the critical open problems related to the

theory developed in this thesis.

7.1.1 Extensions to general distributions

The connections between risk theory and robust optimization explored in Chapters

3 and 1 have emphasized a data-driven approach in which the decision maker is
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equipped with scenarios for the uncertain parameters. While there is a clear, practical
motivation for this approach, it is interesting from a theoretical perspective to see
how the methodologies extend under, for instance, the underlying parameters possess
a continuous distribution function. It would be interesting to see what types of robust

problems arise in this setting.

There is reason to believe extending this theory in this way is more involved than
simply utilizing similar, but more rigorous, duality results. For instance, from a
tractability perspective, it is well-known that even evaluating CVaR, except for very
special distributions, involves multi-dimensional integration, which can be computa-
tionally expensive (e.g., Nemirovski and Shapiro, [90]). In other words, it may be
possible to derive equivalent robust problems, but such problems may be, in general,
intractable. One possibility would be to develop approximation techniques to such

problems, as the authors do in [90].

7.1.2 Probability guarantees for nondeterministic solutions

Chapter 5 derives implied probability guarantees for fixed solutions to risk-averse
problems. Obviously, a more interesting question is what types of bounds can be
shown for solutions which are chosen as functions of the realized data. The discussion
in Chapter 5 highlighted some of the challenges in obtaining such results.

As we have mentioned, one way around many of these difficulties is to apply
Vapnik-Chervonenkis theory, similar to Takeda and Kanamori [109]. This seems like
a reasonable approach for linear problems and CVaR, but, for more general prob-
lems and more complex risk measures, the conservatism may result in unenlightening
bounds.

The thrust of Chapter 5 was to assume only bounded support for the underlying
random elements. In some situations, one may possess more distributional informa-
tion. It would be interesting to see how any derived probability guarantees could be
strengthened as one utilizes more distributional information, such as a hierarchy of

increasing monents.
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7.1.3 Tightness of approximation results

In Chapters 3 and 4, we showed a one-to-one correspondence between robust opti-
mization problems and problems based on risk measures for the case of linear opti-
mization under uncertainty. Chapter 5 extended these ideas to optimization of more
general cones, and showed that these problems based on risk measures were an inner

approximation to robust problems.

As we have discussed in Chapter 2, equivalent robust optimization problems to
general, conic optimization problems generally has a very unfavorable increase in com-
putational complexity. This has motivated approximation methods to these problems,
such as the work of Bertsimas and Sim [33]. Our work may actually be viewed as a
generalization of this approach. Indeed, Bertsimas and Sim approximate the following

type of robust, conic constraint

N
f@,D) < 0, VDeU= {Do +3 4D; | ||z|| < Q} (7.1)
j=1

with the constraint

N
fl@, Do)+ > zf(®,D;) < 0, Vz:|z|<Q (7.2)

7=1
It is not hard to see that this type of constraint would also arise from a constraint
based on a risk measure which depends on a Euclidean norm. Specifically, a second-

order tail moment risk measure, as in Section 3.4, would induce a constraint like

(7.2).

In any event, Chapter 5 does not quantify how tight the inner approximation is
for the corresponding robust problem. It would be interesting to see what kinds of
approximation results. similar in spirit to the work of Ben-Tal and Nemirovski [19)].

could be derived, and what classes of risk measures yield better approximations.
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7.1.4 Dynamic risk measures

The starting point in Chapter 6 was from uncertainty sets, not risk measures. A pri-
mary reason for this is that the theory of dynamic risk measures, from an algorithmic
perspective at least, is certainly far from developed.

An interesting, open problem is developing an axiomatized description of risk
measures in a dynamic setting (e.g., Artzner et al. [4]) which result in practically
solvable problem structures. Ideally, such a theory would not suffer the brittleness
that plagues many dynamic optimization approaches; for instance, tractability would

be preserved under small changes in the underlying constraint structure.

7.2 Application directions

While most of our focus here has been on questions related to the theory of these
approaches, one can argue the ultimate metric of success for a theory of optimization
under uncertainty would be its performance and utility for compelling applications.
Given that the theory of risk was largely derived from an economic perspective, an
obvious application domain of interest here is problems related to finance.

Portfolio optimization is a canonical problem in this category. CVaR and, more
generally, convex risk measures, have certainly been applied to this problem (e.g.,
Rockafellar and Uryasev, [102], Liithi and Doege, [82], Ben-Tal and Teboulle, [24]).
In addition to understanding the structural properties of optimal portfolios using these
ideas, more studies on the empirical performance of these approaches are needed. The
example in Chapter 4 was merely a first step in this direction.

Risk measures have been widely used in the actuarial sciences as a pricing mech-
anism (e.g., Wang [114], [113]), and it would be interesting to see if the relationship
of this theory to set-based uncertainty models would yield tractable methods for
challenging valuation problems, such as options pricing. Clearly, this would rely on
further developments of the theory within a dynamic setting. Other types of dynamic
problems, such as the optimal timing of large market transactions (e.g., Bertsimas

and Lo, [29]) could potentially benefit from the ideas presented here.
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Outside of financial applications, there are also a number of important opera-
tions research problems which have been extended to corresponding, robust versions
(inventory control, supply chain problems, revenue management, etc.). It would be
interesting to utilize some of the connections here to see the implied benefits, from a

risk perspective, of such extensions.
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