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INTRODUCTION

The first two chapters consist of the evaluation
and extension of a number of definite integrals; whereas, in
the third chapter, an attempt is made to show a possible
method for obtaining the sum of a finite series by means of
definite integrals somewhat of the form used in Chapters I
and II.

It is perhaps advisable to outline the useful
notions and formulae which are used repeatedly in the evalu-
ation of the definite integrals. This will enable the
reader to follow the steps more readily without an undue
repetition of the same theorems, etc., between equations.
The notions and formulae, the proofs of which may be found
in practically any text on Functions of a Complex Variable,
will merely be stated as it 1s not deemed necessary to

repeat such proofs since this would merely take up space.

Methods of finding residues:

(1) Simple pole as of function P £ (z) = ¢ (z)

Then Lim (z - a) ¢ (z) = f (a) is the residue at a
z->a
if the Limit is a definite number.



(8) It follows from L'Hospital's rule that, if ¢ (z) and
¥ (z) are holomorphic at a and if z - a 1is a non-

repeated factor of ¥ (z), the residue of 3;%5} at a

is -;JL)

(3) If we have poles of higher multiplicity, then we use

Taylor's expansion f (z) = —--QL--ﬁ ¢ (z) where a
(z - a)
is real or complex.
........ (6 (a) + (z - a) ' (a) + (z - a)% 800280 &+ ... ....]
z - a) 21
If n=1 then g (a) is the residue at a
If n=2 " ¢'(a) n o n n LI
If n=23 n éﬁﬁ'ﬁl n on n noa
-1
If n=n n €072(a8) woow " n g
(n - =
Two useful theorems for showing that [ around R or r
(where R—> © and r—->o0) = 0 are the following:
lim SB f (z) dz = 1 (92 -.91) K around large circle
R-»oo
and 1im z f (z) = K
Z - 00
If 1im (z - a) £ (z) = k +where k is a constant, then
Z—» a
lim § £ (2) dz = 1 (92 -6,) k

r—>o0



The following useful formulae are given:

iz -iz z -z

cos z = e..te . cosh z = e te _
2 2

iz -iz z -z

si = &__.-_€ __ sinh z = e__-_¢__
nz 21 2

sinliz = 1 sinh z 62n7Ti = 1
cos 1 z = cosh z e(2n-1)7ri 1

sin @ 2 %? where 0 £ ¢ <= L
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Chapter 1

EVALUATION OF DEFINITE INTEGRALS

Scosmxdx 4 —a4
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1
!
N
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N
1

= a [ecos x~---STL2
[ 4

where k=0, 1, 2, 3

Consider
imz
§ . N dz
z4 + a4
77’
z, = a et T
3
- 1 2. . .
22 b a e 4
87
25 = aei 4
..R fo) R
i 7
2y = ae 4

ie
---------------------- Re~~dea
0 ré e4iQ + a4
- -mR sin© T
< § 5_91---_4-_ do <« --2R__ 52 -mR sin © 0
0 R® - a R4 - 8.4 [o}
L _ zuRe -~ 2R



Residue at = S
X oS
- ima(cos 'g+ i sing) i 92 - :'-;%
Residue at aei"zi' = S l= 8T L & Mt .
g 8T 3 1
3 —4 4& (" --+i T —
4 a° e NG
437 ima(cos %Z[ + 1 sin §£T-)
Residue at ae ¢ = ST ..
1 9T
4a%e 4
-1 Ra - na
. e e AE
1 1
4 2% (== + 1 =2)
NF NE
Adding residues, we have
- ha 4 ma . i ma
e N2 | e N2 ___ e 2 __
48 1 ., 1 i _; 31
J2 N2 NF) J2
ma ma ma
- B8 188 (L1-1) -1 28 (-1+1)]
e N2 Le N2 | . -e B
1 1 1 1
4a® (+z+z-z1i+:
2 5tz 31tz Y
ma
- ua ma T
2 i== r= =
= "-/:-éf-sf (e J2 ) ~(V2)e 4 -(e ~f2—)(-~/§) e
a
ma



o glmx 2 e ~2 sin (:[2 + -1[)
§ -2 77a dx = —--e-—me—ee it
“®x* + a a
. ma
NE) ma . 77
® cos mx . 2 e sin 4)
S i "2 dx = —--emeome g AMEo
- x* + a a
- ma
ma 7
® cos mx e VZ sin NP * '4')
§ “3 "4 dx = mee———mee—- P iataatttaiy
° x*+a 2a
[ Sind sin mx dx _
-00 X4 + a4

s wv  am em e em wm wm wm em ew o e e o e ew  am  wm e e e wn we e em aw e e em e

m and a positive

- - - —

-R o R

Integral around R = 0 for

(7 Bel® tmR (cos 0+ 1sin0) 4p .10 g

0 gt 416, 4
T pz2 ~-mRsin © 2 /R
£ g B“gi"“’i““ a9 < _&gﬁ__a ;e cmRsin 8 4o
Y R® - a R® - a®* 0
I
. I . 2mBo - _ 29| *
< _ZB_B__i 52 e m a0 = - -_-_g'fi. _____ a— e T
R* -a~ O omR (Y - a%) 0
> 0
= -‘127-5-; [1-¢R] as R—> P



Residue at X = __9__.5-_
4X
g I ima(j:+i—3§) igg -3;
Residue at ae 4 = S._-__TZ ___ 7% = &% _& 1%
1 L 4 a® 1
4 a® e
1 1 . ma ma
31 ima (- == + 1 =) i== - ==
Residue at aei 4 = & . {? -5—--{?- = &% §~—§—~{§
.4 e - 4a*1
4a%e *
Adding residues
- ma 4 D& -1 Ba - ma
e V2| ¢ NB_ e NB| _ o WE ma
Sems | SemmeenmSeeeoe = =---- sin ==
2 a 21 2 a
. ma
S0° x el BX dx Tie V2 gin D2
I S S = 7
X"+ a a
- ma
3'_0:0 §-EQ§_I§4§ ax + i 5_"0 35.4.5’:1{1..’543} dx = EI.EE..{? sin D&
x*+ a X" + a a
o0 x cos mx -
S-oo };4 +-“a4- dx 0
- na
g0 xstnme o . Te ¥ . ma



a> 0, m >0

0 x*+at /\
3 imz ‘ .
z- + a —-R © R
3 310 _imR (cos 8 + 1 sin 0)
g7 3--‘2----.?1"&{5--—-; ----- -2 R1 e a0
0 R* e + a
2mRO
T g4 -mRsin O 4 T . =R22
< 13--‘:"1_-—-&"- de < _f_ﬁ,_; §2 e 7T gg
0 R* - a R* - a~ O
_ o R* T

(R4 a4) 2mR
3 imX
Residue at X = XT e ___
4 X3
1 1 ma ma
i ima (== + 1 -=%) i =2 - 218
1 2
Residue at ae 4 = € _____ '{g ----- “—[? - = -9——{?“-9-_".@_
4 4
) 1 1 ma ma
3 ima (- == + 1 =2) -1 == - ==
1 2.l
Residue at ae ¢ = & _______ '-'-,g ..... “[g.. = -§--_E__§-_".[§-
4 4
Adding residues
_ ma q Da -y @ma _ ma
e Bl e NBre 2| _ e N2 _ ma
2 2 2 J2
imx - e
co x2® e ma
R dx = Jie N2 cos 28
x% + 2 N2



g X2 cosmK g, g ¢® Eisinmx,o oy
-0 4 4 ) 4 4
X" + a X" + a
3
§® X__COS X 4y = 0
- 00 x4 + a4
3 . za
SOO E--gig-@g dx = - e 2 cos ma
0 x*+ at 2 N2
¢ ___xidx
0 4 2
x” + 5x” + 4
Consider ) ___jfi}ﬁi_-_
4 2
z- + 5a” + 4
22 = =.9.Lf Ne5 - 16
2
z2 = -1 or -4
-R ) R z = 1 or %21
2 X 2
residue at pole X —-zZ--_- R S
P 4z° + 10zj 43 + 10X
X
= X
4cx® + 10
. i i
d S, =
residue at 1 i Z~1) 716 g
" n 21 = el ___ - _1
4 (-4) + 10 3

Since the exponent of the numerator is 2
less than that of the biggest exponent
in denominator :

2
(i.e., %~ the §_= 0 as R—>00)
24 R

10
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----------- = 27 i [= - 2]
® x%+ 5P+ 4 6 3
since we have an even function
2
A e Pl e
0 x*+ 5x° + 4
§® o xex _ T
0 x4 + 5x2 + 4 6
If M> 0 evaluate
0  cos mx dx
W T 5 4
O 1+ x* +x . .
consider
k- CR 5 —+
1+ 22 + 24
1+ 2% + 2% = 55..:_1- . 8.1 = o0
z€ - 1
wherever 1 + z2 + z% = 0
Z = CcOS (9~t-6“—2§1) + 1 sin (91—6—2]’517:) (k =0, 1, 2, 3, 4, 5)
imz 1 1L i1 7L
I D, i has poles at e © s € & s above
1+ z? + z
1 IC i el
the x a.xis.) the residue at e © + the residue at e 3
Lin _e™: . Lin e
21 L



tn (& + 1 Y3 im (- 2+ 1 Y3
e 2 2 e
...................... + - e e o o e =
(R 2i I 1 & a1 I
2e % (1+2e 3) 2e S (1+2e 9)
g _p VB PR Y
________ e ® e *® e R e B2
NG ofe 1.48 sv21  orl. B 42 o1 N3 514
=+ N2 + 42 =442 +2(2 +42
2( DIt+a( 3+32 101 2@+ 121+ +¥2 1)%]
-1 "_/..3: i n -p == -3 o
e B e ® , _e_ B e 2 __
1+J831) 31 (- 1+ V8 1)(- V3
wf® 1B L1 yE) 1D+ 143)
e £ o 2 e 2
i3 (1 +1J3) (1 -1J3)
—m"-@ 1B 4 T 1B 30 -m{g
e Zlze Pe B t+2e Fe 5 /_ e * . m_m
143 1+143) (1-143) N 2 3
on the circle
z = R e:Lg
dz = R1e® g0
imx T o~ R sin © im R cos 6
I ax + § Semeogogigtgage R a0
-001+x2+x4 0O 1+R"e + R e
-m !23
= 2 1e _*~ cos (1L - B
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the second {—0 when R—>

YL
Sfo ---°-°—s§-3”—x—-a dx + 1 § --3-13%3‘3‘-‘1 ax =20 e 2 cos (I- %‘
1+ x¥ + x - 1+x¥+x NES
_m Y3
. §% o__cesmx = L e 2 cos (-73I - 1_2_11
0 1+ x° + x* NE]
in mx
and g0 - sinmx dx = 0
=P 44 xP o+ x?
a-1 0<a<i1
P§ Xoo dx
0 1-x
a-1
Z
2 071 dz
= R
Z = T eig . ’
dz = riel®ao
Lm0 port llet)O b (30 g9
r—>0 o r eig o1
0 a a 0
<§ 1%l a0 . _2%_ § 40 —> o0
=2 |r+1f = r+1ew
Lim BT pa-1 ei(a-l)@ I
R>eo h 5 e
0 R e -1
e a a 2m
R R
<§ Zs=--de _ oc=-- ¢ de 0
= 50 R+ 1 = R+ 1% I



14

1-¢ _a-1 a-1
Xoax+ §° Xo_ax
o x-1 1+ x -1
1-¢ _a-1 a-1
e2a7ri x __ dx + S co x___ dx =
0 x-1 1+e x -1
ﬂq_[ezﬁ(a-n i +eo(a-1{ﬂ
(928.71'1 - 1) P Sm}____ dx = T i (6273'&1 + 1)
O -
i ami ami
p s Al gy o Ta(ePTliy Lo Tt D)
o 1-x e84 ijfi_:_-:??:i
21
= 789887 - 7 etn ay
sin a7

- e e e wr em e em em ew we ce e me wm em we e s am  me e e wm e em mm wr e e

%3 sinh 7 x < '\ b} -
} e
az
dz l —_N T
Consid -&__..¢z_ VR
nsider | sinh 77 2z S . S

since sinh gz = S—w-Z_ S ..

we have poles when e’ 2 = ¢

927Tz = 1 i.e., when z = 0 and z = ki

when 2z = 1 need only concern us)using above contour.
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z = R+1y
dz = 1 dy
o2 ey e ey - I ¢ ay
0 JR Jlmy _ TR _-ity = TR _ _-7R| = J(r-a) B
e
tends to 0 as R—> ©
z = -R+1y
dz = 1 dy
R g e —> oo
-(7r-a53 N tends to 0 as R
e-TrR
goo e . 50 __-,g?f’ffil_-__
o sinh 7 x © sinh 77 (x + 1)
5-00 ea(x+i) 0 e®F ax
o simh 7 (x +1) -00 sinh T x
Lim ‘_‘gg_gff_w_ - <az e?% + 2e2%
z—>0 -z T
T2 Tz TeT™ 4+ e~ T2
Lim , az
z2—7% %.(771) 2(z - 1) &% _ _ 1 o2
cTZ _ =72

]
e

residue about little semicircle g?“ﬂ'i

Combining

1ay © X 1ay 0 3% 1
(1+e™®) § __&____ dx + (1 + S +1- &=
) % sinh 77 x ( © )imﬂmlﬂxdx 1-1e
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ia a0 eax - emaX i ia
1+ et3) §7 & __Z_ & ___ = - = -
(1 +e7)§ 2 (sinh 77 %) g (1 -]
-1 2 a
e 2 - ei Z
(®sthazxg . 1[1-e?® .y TETL T
e _Rte °
2
in 2
= 1— .s.-il-g = 1‘ tan a
® cos & & 2
e
o1
§ cot 9-:-%5:_91 ae
0 z = et®
0 - a -~ bi
TS TR 4 - 4z = 1 e a0
0 gin 9.-.2_-bi
5 dz - 4o
iz
o 4 {8-a-bi) -1 (8-a-pi)
y 1 &2 N e Y_oe S do =
0 g {9-a-bi 1 (9-a-bi)
e - e 2
2T ie-1a+b
1 8. .1 g =
0 ig-1ia+b _
ia-b
§oozte " 4z o oy If b O
c 7 - eia-b z ia-b N tsid
_ e s outside
= -R27Ti+4T 1 unit circle
= 271 e12P i5 inside

unit circle
ITb >0



oz (z-e2" | ..,
Z—?O (Z eia‘b) z
21
§ cot 9-:-%§:~93 d0 = 27i whenb > 0
0
= - 271 whenb< 0O
0< a <2
a-1
o0 _.....J.S ~~~~~~ dx
0 1+ x + x°
Consilder R - ° -~ R
a-1 a
— dz = § % _ 9z ___ zZ +z+1 = 0
1+ z + z® z (1 + 2z + z%) 1 z
= - - 4 =2
Z 533 i
= _ 1,48
z = 5 + > i
inside figure
1, J3 a
Lin g0l
J3 (-1, 43 _ (-1 _3
2> -1y 2 la- -3+ R DI -1~
el a
_ ei 3
i BT
e 8 NEE

it

Integrated around r

i lim z z%

O S ax + § —--Fa dx = 27 i-Residue

17
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a-1 _ri(a-1) a-1
Soo X & .____° dx + Sm — ax
0 1 - x + x° 0 1+ x+ x°
£a 4 £lla
_ g o8 TyTtishn Tyt
3 cos gg-- + 1 sin 2,3‘1[

(cos g:g:é + 1 sin 2337:5) (cos 8%7’_ -1 sin '3;;:’1)

S s G M T O M W S e e W e M e GA W BN T Gue W s SIS S wh M G e G S — O W S . S — - -

'fg (GOS -2-;;:[ + 1 sin g%r—) (cos ‘?".’%E - i sin g%’:)

= g.... [cos (21[.9: g:n.) + 1 sin (227..§ - ?.'.77.')}
3 3
a-1 00 a-1
°°_.:§....-_.z. cos'ﬂ’ a dx + S ..-E_.--...z. = gZT: coS (glg - .2.:”:)
01-x+x 0 1+x+x NES 8 5
o0 %21 2ma 27
1§ B sinra dx = {1 sin (®=-% - £20)
0 1-x+ x° 3
a-1 sin g:”:.a.-:.lr
5 ___3 ...... dx = g_- __-__---éﬁ___
0 1-x+ x*2 NES sin7 a
1 log (x + 3)
o Ti¥xE T T g leZ
0
Consider § 195-£5~t—§l dz
z2 + 1 -
R 2 s
§{ around R = 0, for 1lim zf (z) =0

z —> o0



zlog (z+1) _ zxiltelzrd
z2 +1 2z
-1 4 logzt i
= _E_t..i-__......_.ng ..... = 0
2
Residue at i = 1lim ?-:-3-195-‘5-1’-12 = 1-95_,2_1-
z—>41 (z-1) (z + 1) 21
o log_(x + 1) =
S_oo e i dx T log 2i
0 fTEEED
- oo /\CVL'T“/ -7 47 >
oo ,
A
/ f}/f(/” 4/> /L{, ~
— 00 /}/ z.+ / - -
(] o s
2 [l
5 'SV z J, X E
mf’

! (x+4)
; %j@j - %?: ’é—fﬁ?a

-0 Y& #y
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Chapter II

EXTENSION OF THE EVALUATION OF ONE DEFINITE INTEGRAL

TO THAT OF MANY OTHERS

The following example will show from the evalua-
tion of one definite integral how we can obtain a great

number of other integrals:

a -~ 0
0 a ¢cos X+ x sin x
Lo "y =
Consider oz
¢ -Ji&ii iz
zZ - a R 5 R
(7 gRleos 8+ 1 sin 8) g4 10 gg
0 R et - ai
7 RO
< " ReRSIM8  or F -Rsine . 2 T 27
§ e “Eo. % ¢ do € -%==. e
0 R + a R+ a 0 R+a 0
<+ 5--BR ___ 1. eR— —> O
R+ a) 2R [ e ] 0 as R—>
’ iz
- Lim z -aile - -a
Residue at 1a z—>1a "3 oz e
ix
0 e -3
______ = m
S;oo i dx 271 e
00
cos x + 1 sin X = -a
§_ oo v dx 271 e
¢ (cos x + 1 sin x)(x + al) 4. = g71 o2

e (x - ai)(x + ai)
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¢° xcosx-asinX g g ¢° 8008 X¥X SIn Xy - oy o2
o 2 . .2 - 00 ) 2
x* + a X + a
o0 + i -
(1) .r. § §-99§_§--_3_‘§§?:§,§ dx = 27 e~ 2
- 00 x2% + a
O x cos X - a sin x _
(2) § 0o T F-—-—g==—-= dx = 0
- xX® + a
If 0 because odd function
o0 00
?.{599§..§ dx - a S '2;‘!}'}55 dx = 0
-0 X° + a -00 x* + a
o0 .
(8) T -k M
-C0 x° + a
a > 0

+ 0o
S —a_cos X + X sin X dx = 0
- 00 x® + a®

e:l.z

Consider | —=te-- dz

§ z + al ‘

ix

§° & _ax = 0
-00 x + ia ~R o R

o + -

g cosx +isinx (x-ia) 40 - o

- o (x + 1a)(x - ia)

@ X co8 X + a sin x © —g cos x+ x sinx
§ 2.=R2. e dx + 1 § R - dx =0
% X< + a - 00 x“ + a

O — g 08 X + x sin x
(4) §77 L2222l S--=mgmmo-s dx = 0
- 00 x° + a
60 X coS X + a sin x -
(5) S-oo ------ S-=-TgETES dx 0



Adding (1) and (4)

(6) g0 2x sinX g o gorea
-0 x* + a®
0 x sin X - I .-a
7 insbudendenfndiind ool - -
e %) x® + a® 2 ©

Adding (3) and (6)

(8) ¢ (xr1) sinx g, - T2

g0 (ex # 1) sinX g0 _ 52

- sinx °~ _
(9) § QQEJ;%Z ----- dx = nTe”? where n is an integer



Chapter III

SUMMATION OF A FINITE SERIES

BY MEANS OF DEFINITE INTEGRALS

The scheme consists of evaluating Soo =X ax

by a standard method; then, knowing the answer, we compare
this with the finite summations in the real and imaginary
parts of an equation gotten by taking a number (n) of poles
on the unit circle, where we may let these poles approach

arbitrarily close by increasing n sufficiently.

0 £ p <« 1

- e -

t
=
=]
]
|_b
~~
N
-
]
(o]
=

R—> c0
Lim z £ (2) = 0
zZ—>0
-1 0 2 1P
SOO -Jg-pow-- dx + ooﬁ’f_g___-l,___ dx = 2ywi e(P‘l)_n-i
o 1+x 1+ x 271
-1
Lim (1 + z) zZP 71y P
since = YT . A= _2Ll. 2. =
€ —> -1 (z + 1) (e )
oo ¢P-1 0 2pwi _p-1 _
§7 Eo-- Sy o om X lax = gy PDTH

23
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(1-eF77) § 0 s ax = - 271 P71
o 1+x
[l + 8L . T
o 1+x (_epvri+ep7ri) sin p1
p-1
0<p<1 then § FX-—_ /.
0 1+x sin p7

§P X ax =y
en
0 X + 1 2n-1
enx dx = dy
m 1-2n
1 o0 Zn z en xi-.‘:":n
-2 W A A d d = eemeem—
en SO 1+y v * n &
o1 i-2n
(B2l _ g =
dx = -———a
.1_ SOO Y--?E ...... dy <n v
2n "o 1+y e
x =y
Since fm t+ 1 < 1 ) o
on x:an = yn
2m+1
co (-éﬁ- - 1)
.];. Lo dy = —-—=—- 7
2n g 1+ ip 2m* 1
en sin on
....... = § S dx
on sin 21.95::1_1 0 x84 4

We now attack the problem in a different manner which will
permit us to get the sum of a finite series by means of
definite integrals. We have the advantage now of knowing the

value of the definite integral o x<m ax
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m and n positive integers

with m 4« n

fos) 2m
e
0 x*B 4+ 1 /\
m
§  --%-___ az :
220 L q -R o R
zSn = -1

- am ae wn - —— o -

4 (e T+ 2T T+ 2k
z = 1 (cos 5= + 1 sin 5 )

' 3 4n - )T
.!'. we have poles at angles %g, ?gg evecee g"""éﬁfl"

on unit circle

The poles from %% cevee (2n_-_ )7 on unit cirele are n

poles in upper half of the plane and as long as n is finite

there are no poles on the x-axis.

Lim

— a
R”?m):m £ (z) dz = 1(92-91)5

It £ (z) = 5;%5)1

where ¥ (z) 1s a polynomial of degree n and 4 (z) 1s a
polynomial of degree less than n; where a and b are the
coefficients of z®% and 2zP in g (z) and ¥ (z) respec-

tively. Since the degree of ¢ (z) is <£n -2, a=0 and

.'. the integral of f (z) round semicircle of radius R is O.



§ -E—_ax = 27 1S Residues
R x°B 4 1
par
Taking pole at e<&n
(PIC) 2m 2:3ug (2mtl)pTr
lel®71 o e M _____ =_e
en (e?") 2nePT e 2n
p = 1, 5, LI 2 I Y 211 - 10 Substitute p = 2p - 1
n (2m+1) (2p-1) 1T n ombl
> -t L > em T
- e - o~ o ——— - - - e
2n <n ‘
p=1 p=1
n
- %ﬁ Z (cos ggé:_;_} (2p - )77 + 1 sin gx—’-lé:—;-l' (2p - 1))
p:
o) 2m n
X 271 em + 1
L) § —zmeeea dx = == cos S----= 2p - 1)
W 57 Z 21 - (2p - 1)
n
277 ' em + 1
+ 20 > qip BT L -
50 21 sin =252 (2p - 1)77
p=4

since we have an even function

n
00 m
X = I E em_+_ 1 -
) dx 55 - sin (2p )7
p:

26
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from comparison with the answer obtained in the first method.
n

Since EE cos 2B_* 1 (gp-1)77 = o0
p=1

for the imaginary must vanish in equation (4) as we know

from the answer obtained in the first way.

Checking the results of this specific finite series:

n n
;E cos (ap + b) = :EE ei(ap*'b) (only real part of it)
p=1 p=
n,
= lb ;Zi. iap
p=1
Using geom. series
n
= eler . glalml) _ ola  ola (17(2m1) _ o)
=1 eia -1 eia -1
18 18
= 3 _-l-g-g--?_- = .e...._?
18 .58 sin 2
e S _ ¢ R 2



<8

n a
ib ia sin (b +
E cos (ap + b) = 9---_159-_ = e e ;"g"
=1 ' sin 2 sin 5
= §l§'—.9 = 0
a
sin é
- 1
em + 1
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We note the peculiarity of the finite series
n,,,,
> cos BBEL (ap 1) = o
p=1
that 1s, no matter how many terms we have in the series given

by n the sum is always zero (i.e., if n is a finite



integer no matter how large n is (with m < n) then
wherever the series is broken off (at n = 5, 1000, 1010, or

any such integral number) the sum is zero.

Checking the result in special cases

Suppose for simplicity m = 1
For n = 2
e
E cos 2 (8p - 1)7 = cos 87T + cos 21T
4 4 4
p=1
1 1
= - - + = =
5 NF 5 NF 0
For n = 3
3
§ cos‘z’(zp—l)‘r( = cos IL + cos 3L + cos 37T = ¢
6 2 2 2
p=1
For n = 4
4

E cos 2 (2p - 1) 7 = cos §57I+ cos ?g[ + cos -j-'§8:11

\ + 81‘8.... = Q0
o8 |
Since from the diagram and
¥
knowledge of sign of cosine
cﬁi‘ Yo being positive in the first and
third quadrants and negative in

the second and fourth quadrants,
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cos 81T + cos 2111
8
cos gg[ + cos =:i--

ete., for n > 4 (continuing

i
(o]

il
o

the same process).
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