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ABSTRACT

Title of Thesis: Finite-Particle Representations and States
of the Canonical Commutation Relations

Name of Author: Jan M. Chaiken.

Submitted to the Department of Mathematics in June, 1966,
in partial fulfillment of the requirement for the degree
of Doctor of Philosophy.

A mathematical analysis is made of the existence of the
formal number-of-particles operator N = Za, * a, for a repre-
sentation of the canonical commutation relations, where a is
the kth annihilation operator. Using a natural rigorous
definition of N as a limit of

n
Y a, ¥ a_as n > o,
k=1 k k

it is shown that N exists in uncountably many inequivalent
irreducible representations; they are all described here.

With an alternative definition of N it is proved that N exists
only in the zero-interaction (Fock) representation.

A related result shows that every regular state of the
Weyl algebra which has a finite number of particles with proba-

bility one is given by a density matrix in the zero-interaction
representation.
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INTRODUCTION

In 1952, Friedrichs was the first to investigate the
exisfence of the total number-of-particles operator for
a representation of the canonical commutation relations.
(see [8] for a reprint.) Among the representations which
he studied, he found only the standard zero-interaction
(Fock) representation to have a number operator. Then,
in 1954, Gérding and Wightman [9] published the statement
that there is only one irreducible representation of the
commutation relations for which a number-of-particles oper-
ator exists, and in the following year Wightman and Schweber
[28] published a proof of this statement. Their criterion

e}

for the existence of a number operator is by ak* a
k=1

should exist, where 8y 1s the kth annihilation operator.

But since this criterion involves the convergence of a
n
sequence of unbounded operators N_ = T o a, * a,, 1t is
n — k k

possible to give several differénf mathematical meanings

to the statement that the 1limit exists. Once a rigorous
meaning has been given to the existence of the limit, it

is then not entirely trivial to show that the limit exists
in only one representation. Recently this problem has been
formulated in a satisfactory way and solved by Dell'Antonio
and Doplicher*, and we also give several other formulations

and solutions in Section 6.

*
G.F. Dell'Antonio, private communication.
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A complication is introduced by the fact that the
accepted idea of what constitutes a representation of the
cancnical commutation relations has changed since the re-
sult of Wightman and Schweber was pubiished. (We describe
the change in Section 1.) If we use their definition of
representation, then ¢ ak* & exists in only one repre-
sentation; whereas if we use the present definition, this
is no longer true. In fact, as we show in Section 5,
any criterion for convergence of ¢ ak* I which can be
proved to hold in the Fock representation is true in un-
countably many inequivalent irreducible representations.
We exhibit all of them more or less explicitly.

The existence of these strange representations sug-
gests that either the present definition of a representa-
tion of the canonical commutation relations should be re-
stricted in some way, or else the number operator should
be defined differently. Only two ways of restricting the
definition of representation seem reasonable. The first
1s to return to the definition used by Wightman and
Schweber in their proof; but this is unacceptable since
the present definition was made to allow the introduction
of relativistic invariance, the description of a quantum
field as an operator-valued distribution (see, for ex-
ample [27]),and the development of an algebraic formula-
‘tion of quantum field theory (see, for example, [25]).
The second alternative is to insert into the definition

precisely those continuity requirements needed to eliminate
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the strange representationg for which T ak* & exists.
But this does not seem to te Justiflable physically;
indeed reasonable nodels exist for which the needed
continuity requirements fail to hold.*

We shall show that in fact it is the definition of
the number operator which 1s unsatisfactory. For a care-
ful examination of what it means tc say a state has a
finite number of particles shows that none of the vectors
in any of the strange representations for which T ak* B
exlsts corresponds to a state with a finite number of par-
ticles. We then discuss two possible criteria for the
existence of a number operator N. Neilther of them is any
more complicated than a rigorous definition of ¥ ak* 8 s
and moreover they both have natural physical interpreta-
tions. One of them, which uses the bounded form of the
commutation relation Na = a(N-I), where a is an annihila-
tion operator, can be found in the work of Segal [24].
This criterion is, however, unrelated to the convergence
of the usual number operators for a finite number of de-
grees of freedom, so we also give a net-convergence cri-
terion. It generalizes the usual sequential-convergence
criterion and is proved to be equivalent to the criterion
of Segal. Taking either of these criteria as a definition
of N, we show that N exists only in the standard zero-in-

teraction (Fock) representation.

* = 3 3 i 3 3
J. Glimm, private communication.
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In the procesgs of proving this result we discuss
methods of finding the number of particles in a state
other than by using a total number operator. The most
important of these involves the notion of the '"probability
of finding a finite number of particles'" in a state. A
state can have a finite number of particles with proba-
bility one even if the vector which represents the state
is not in the domain of a number operator. But in Section
7 we prove that there are no unexpected states which have
a finite number of particles with probability one -- they
are all given by density matrices in the standard zero-
interaction representation.

Section 1 contains the definitions needed for later
sections. In Section 2 we describe in detail the number-
of-particle operators in the Fock representation. Many of
these results are well known but are proved here for the
first time in a mathematically rigorous way. Section 3
contains an extension of certain number operators to
arbitrary representations. In Section 4 we discuss the
probabilistic interpretation of the number of particles
in a state. Section 5 contains the examples of the strange
representations for which % ak* 2y exists. In Sections 6
and 7 we prove our main results which characterize the

finite-particle representations and states.



1. WEYL SYSTEMS
The most satisfactory method of considering the prob-
lem of finding self-adjoint operators @ and P on some Hilbert
space K satisfying the commutation relation
QP - PQ c il (1.1)
is to reformulate this relation in terms of bounded operators.

The method first suggested by Weyl [26] is to let

U(s) = eSQ  ang V(t)7= e’ s
and to require that U and V satisfy the relation
u(s) v(t) = ™% v(t) u(s). (1.2)
Soon aft;rward, von Neumann [14] found it convenient to

consider the operators

% ist
e U(s) V(t)

which depend on two parameters s and t. We may think of
them as depending on the single complex variable z = s + it,

and write
% ist
W(s + it) = e U(s) V(t). (1.3)

These are called the Weyl operators, and they satisfy

W(s+it) W(s'+it') = exp[% i(ts'-st')] W((s+s') + i(t+t'))
or

W(z) W(z') = exp[% 1 Imzz'] Wiz + z'), (1.%)

which are called the Weyl relations. (The bar indicates

complex conjugation.)
We shall need the following generalization from one de-

gree of freedom to an arbitrary number of degrees of freedom,



which is obtained by repizcing 2z 17 (1.4) by an inner
product (z,z').
DEFINITION 1.1. ZILet d we =z compiex Lnner product space.

A Weyl system over H is a mazp z - W{z) which assigns to

each zeH a unitary operator Wiz, ocn some complex Hilbert

space K satisfying

a for every z and z' in H
(a) 3
’ ] 5 o=
W(z) w(z') = exp(> 1 Im{z,z')] Wiz + z') (1.5)

(the Weyl relations), and

(b) for every zeH, if we ccnsider W(tz) as a function
of the real variable t, then t - W(tz) is weakly continu-
ous at zero.
We hasten to observe that from {(a) it follows that
t > W(tz) is a one-parameter grcup of unitaries, so the con-
tinuity assumption (b) is eguivalent to strong continuity
in t, which is precisely what one needs, according to Stone's
Theorem (See, for instance [181), to have a self-adjoint
generator of the group. In other words, (b) is the minimal
assumption required to be able to get P's and Q's from the W's.
Using the Weyl relations. oue =asilv sees that (b) is
equivalent to assuming that the furnction W is continuous
from each finite-dimensiocnadl subspace ol H into the strong

operator topology. But it is not sgulvalent to assuming that

-

I

W is continuous from all of H into tne strong operator topol-

ogy, 1f H is infinite-diwersiona.. That is, 1t is not neces-

sarily true that, given xeX. we ~an make W(z)x close to
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W(z')x by choosing z' close enough to z in H. [This will be
proved in Section 5.] It is impcrtant to keep this in mind
for what follows. Different pecple will have different ideas
as to what the space H should be - for some it will be a
space of test functions with an L2 inner product, for others
a space of solutions to a differential equation - but it is
not generally possible to give some physical reason why a
Weyl system should be continuous on all of H.

The connection between what we have called a Weyl sys-
tem and what is usually called a representation of the com-
mutation relations is, as in the one-dimensional case, a

simple matter of algebra. If we select a real-linear subspace

HR of H such that H = HR + iHR, and define

U(f)

W(f) 4if fe Hp
V(g) = W(ig) if ge Hp
then U(£)V(g) = exp[-1 Re(f,g)] V(g) U(£)

so the pair U,V is what is called a representation of the
canonical commutation relations. (See, for instance,. [1]).
In particular if we can select an orthonormal basis

{egseps e} (finite or countably infinite) of H, and then

we take for HR the reai-linear span of these vectors, we will

get

T 3 )
U(sej) f(teK) explist Busxc) V(tek) U(sej)

U(sej) U(tek) U(tek) U(sej)

V(sej) V(tek) V(teK) V(sej)_
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So we recognize the self-adjoint generator of s - U(sej)
as QJ and the self-adjoint generator of t - V(tek) as Pp.
However, the original idea of a representation of the
commutation relations, referred to in the introduction, dif-
fered from the definition Jjust given in that one allowed, as
elements of H, only those vectors which were finite linear
combinations of the vectors el,eg,v-.. . The vector space
of all such vectors 1s the algebraic span of the set

{el,ez,-~°}. The selection of this space for H means that
one is considering only operators of the form

n

m
exp iZSjQ’j and exp {i Z tkP ,
\ j=1 k=1

where n and m are some integers (Cf. [28]). 1In practice one
observes that there is no natural way to select an ortho-
normal basis, so iﬁ is not meaningful to select H to be the
algebraic span of a basis.

On several occasions we will need to use the Stdne-von
Neumann Theorem [1#], which states that for a finite number
of degrees of freedom there is only one Weyl system up to
multiplicity, so we shall state it carefully here. We say
that two Weyl systems over H, say W (acting on K) and W' (act-

ing on K'), are unitarily equivalent if there is a unitary

transformation U from K to K' such that for every zeH
W'(z) = UW(z) vt
THEOREM (STONE - VON NEUMANN):

If M is an n-dimensional complex inner product space,
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and W is a Weyl system cver M, then W 1s unitarily equi-

valent to a direct sum (possibly not countable) of copies of

a Schradinger Weyl system WS over M, which is defined as
follows: The representation space K  is L2( R™). select
a basis of M so that we may think of M as R" + 1 R®. Then
for every fe LE(BH)

.l ix-y
2 e1UX g (1.6)

Wé(x+iy)f(u) = e u+ y).

The Schradinger Weyl system 1s irreducible, which means
that no unitary operator on Lg(an) commutes with all the
Ws(z) unless it is a multiple of the identity. The P's and
Q's which come from it are the familiar ones:

- and Q = multiplication by Xj'

3
axk dJ

Pk =

L
i
It has been possible to generalize the Schrodinger rep-
resentation to the case where H is infinite-dimensional [ 20].
But because there is no adequate generalization of Lebesgue
measure to an infinite number of dimensions, the measure

which is used in the infinite-dimensional case (the normal

distribution) is a generalization of the measure v on R" given
n/2 e—EX12 e

by dv(x) =7 X, If we transform the Schrodinger

Weyl system defined by (1.6) into the equivalent system W, on

2(1’1

L ,v) (using the unitary transformation

In Llx|?
2

n
£(x) » wr e (x)), we get operators which have the

R

same appearance as thelr infinite-dimensional generalization:
1 . 1 12
5 1(x,y) . _ -5 |y

Wo(x+iy) f£(u) = e? el(u’x)e (u,y)"2 f(u+y), (1.7)
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2. THE STANDARD ZERO-INTERACTION SYSTEM

The generalization of the Schrodinger Weyl system
WO to the case where H is infinite-dimensional acts on
L2(HR,v) in a manner which is roughly indicated by (1.7).
(Here HR 1s a real-linear subspace of the completion H'
of H such that H' = Hp + iHp, and v is the normal distri-
bution.) WO is unitarily equivalent to several other
systems which appear quite different. One of these is
given‘by the holomorphic functional representation [24],
another by the Fock-Cook representation [7; 3]. When we
do not mean to specify a particular one of these unitarily

equivalent systems, we shall refer to the standard zero-

interaction Weyl system. It is known to be irreducible

whether H is complete or not [3; 21], and it is continuous
on all of H, (See [20, Th. 4 and Cor. 3.3] or [2].)

Let us briéfly review how it is defined. We follow Cook
[3] who gave a basis-free description. We suppose here that
H is a Hilbert space, i.e. is complete. (But we do not ex-
clude the possibility that H is finite-dimensional.)

We denote by H? the n-fold tensor product of H with
itself, with g° = the complex numbers. By Sn we denote the

projection of " onto its symmetric subspace:

_ 1 ...
Sn(ul® cen ®un) = = §u01® ® u_,

where the sum. is over all permutations ¢ of {1,...,n}.
The representation space of the Fock-Cook system is

. _ .0 2 3 4.
HF =H ® H® 82 H & S3 H” @
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If z ¢ H, we define a bounded linear operator

(z) « BN > B py

an(z)(ul® e ® un) = (ul,z) Uy @ --- @ Uy

(extending to g? by linearity and continuity). Then we define the

annihilation operator for a particle with wavefunction z on HF by

1/2

a(z) = 0@ a;(z) ® 22 o (2) © 372 ag(z) @ -+ (2.2)

a(z) is a closed, unbounded linear operator on HF’ Its ad-

joint a*(z) is the creation operator for a particle of wave-

function z. It has the form
1 1

a*(z) = al*(z) ® 2§‘Sea2*(z) ® 35 83a3*(z) ® ... (2.2)

where ahf(z) . #2°1 > H? is defined by

an%(z) (ul ® **° @ un) =z®u ® """ ®u, .

1 If we define R(z) to be the closure of the operator
2

2 © [a*(z) + a(z)], then R(z) is self-adjoint [3, p. 231], and

furthermore if we define

Wo(z) = elR(Z) (2.3)
then WO is a Weyl system over H [20], which is the standard

zero-interaction Weyl system.

PARTTICLE INTERPRETATION

The particle interpretation of the vectors in'HF is in
keeping with the terminology we have been using. The vector
1® 0® 0 ® -+ 1is interpreted to represent the vacuum, and
the vector which is produced by applying a*(z) to the vacuum
is interpreted to represent a single particle with wavefunc-
tion z. If we then apply a*(z') to this one-particle state,
we get a vector representing a two-particle state, but unless

z' is perpendicular to z this state is not interpreted to have
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exactly one particle of type z and one of type
z'. Let us state carefully how one makes a particle inter-
pretation of an arbitrary vecfor in HF‘

For each closed subspace M of H we will specify which
elements of HF have exactly k particles with wavefunctions
in M. First let us look at vectors in H". Let Py, = Py (1)
be the projection of H onto M, and let PM(O) =TI - PM(l) be
the projection onto the orthocomplement of M. Then, since

I = Py(0) + Py(1), the identity operator on H" is given by

I = [P, (0) + Py(1)] ® ---®[Py(0) + Py(1)]

= Z Pyla;) ® +++ ® Pyla)
ae{0,11"
where {O,l}n is the set of all n-tuples of zeros and ones.
n
If aef{0,1}", let |al = = aj. Then we have
J=1
" _
n — . e 0
=Y ) R(a) e e Byla). (2.4)
k=0 |a|=k .

Now the operator
A, = }Z Pylay) ® -+ ® Py(a,) (2.5)
laf=k
contains all the terms in (2.4) in which exaectly k Py's show
up. PFurthermore Ak is a projection, since it is clearly self-

adjoint, and from

PM(l) PM(J) = élJ PM(l)

we have



Ak2 = E: PM(al) ® *+° ® PM(an) E: PM(BI) ®"'®PM(Bn)
la|=k | 8=k
- E: Pyla)Py(By) ® «-- ® Pyla )Py(B.)
lal=| 6=k
= E: Pyla;) ® ... ® Py(a,)
[a[=k
= AK'

Now the projection Ak leaves Sn g invariant, since
any permutation of a term in the sum (2.5) is another term
in the sum. The image of Sn H* under Ak is precisely what is
meant by the subspace of Sn g consisting of vectors with ex-

actly k particles in M. So we adopt the following notation.

DEFINITION 2.1. For each closed subspace M of H, define
Pkn(M) to be the projection

o] =k
restricted to S H™. (And for convenience define

P,C(M) =1, P7(M) =0 if k> n)
n n n
PROPOSITION 2.1. P, (M) P, (M) = 8icy Pic (M) -
n
n . . n
Also }: Py (M) = identity on s, H .
k=0

Proof: If 4 = k, the first statement is the same as

saying Pkn(M) is a projection. So suppose 4 » k. Then any

term in the sum defining P,™(M) has at least one more PM(l)

L
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than any term in the sum for PKD(M). When the two terms are
multiplied the extra PM(l) will multiply PM(O) giving zero,
so the product of the two terms is zero. The other part of

the propositionis a restatement of (2.4).

then P, (M)

PROPOSITION 2.2. If P, commutes with P 1

M Ml:

commutes with P&H(M’).

Proof: This is obvious from the fact that PM(i) com-

mutes with PM,(j) for 1i,j = 1 or 2.

Now observe that the operator Bn on HF defined by

O l ! n e o
B, = P (M) ® P (M) @ ® Py (M) ® 0® 0@

is a projection, and if n' > n, then B, i > B,. Hence

st-limn_900 Bn exists and 1s a projection which we shall
call PK(M).
DEFINITION 2.2. The projection PK(M) on Hy is defined by
» n
PK(M) = ® P (M) .
n=0

Its range is called the subspace of vectors which have ex-

actly k particles with wavefunctions in M, or the k-particle

subspace over M.

From Proposition 2.1 we know that

2: PK(M) =TI, (2.6)
k=0

and from Proposition 2.2 we know that if PM commutes with

Py then PK(M) commutes with P&(M'){
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By selecting appropriate orthonormal bases, we can ex-
hibit the projections we have Just defined in familiar form.
First we choose an orthonormal basis {eY : yefo} of M, and
then we extend it to an orthonormal basis {eY: vel'} of H.
From this we can construct an orthonormal basis of HF whose
typical element we shall denote by Hyer eYn(Y>. Here n is
any nonnegative-integer-valued function on T such that only
finitely many values, say n(yl),v--, n(Yk)’ are not zero; and

the symbol HY eYn(Y) stands for the vector which results from

symmetrizing and normalizing

n(y,) n(y,) n(yy)
® T e lelo e |®--0le Eoe
Y Yo Yy

Every element of this basis is either in the range of

P, (M) or in its nullspace; indeed I e n(y) is in the range

K Y Ty
of PK(M) if and only if the number of factors which lie in M

is k, i.e. if and only if ZYero n(y) = k.

NUMBER OPERATORS

Now for any unit vector zeH, let us see the connection
between the familiar "number operator" N(z) = a*(z)a(z)
and the projections PK([Z]>. ([z] is the one-dimensional sub-
space of H spanned by z.) Choose an orthonormal basis

{eY:yeF} of H such that OeT and e, = Z-. Then each basis vec-
tor He;ﬁ<V) of Hy is an eigenvector of N(z) with eigenvalue

n(0). For if n(0) = 0, then

o~
a(z) Heyn\Y) =0
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by the definition (2.1). Now supposing n(0) # O, HeYn(Y)
has the form

)5

where ¢ is a normalization constant, the first n(0) u, 's equal

c S (ul ® *°° ®

U
m m

z, and all the other ui’s are perpendicular to z. Thus
1

n(y) _ 2 1 ' e
a(z)geY = ¢ m° = § u , ® ® u_p

where the prime on the summation sign means we sum over only
those permutations ¢ for which U1 = 2. (There are
n(0) (m-1)! such permutations.)

So we have

N(z) 1 e P = ax(z)a(z) 1 e R(Y)

Y Y
- 1y
—Csmmmg z ® U, % ® Usm
1 1
=c Sm (m-1)! (Zj:' Us1 ® Us2 ® ® Yom
= ¢ =TT n(0) (m-1)! s (u; ® ® um)
= n(0) c Sp, (ul ® ® um)

What we have shown is that every basis vector in Pk([z])HF
is an eigenvector of N(z) with eigenvalue k. Since N(z) is
self-adjoint (in particular closed), it follows that the range
oka([chonsists entirely of eigenvectors of N(z) with eigen-
value k. Now consider the self-adjoint operator N' whose

o0}
spectral resolution is & k Pk([z]). For any u in the domain
k=0
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of N', let u_ = PK([Z]) u. Then u, > u and N'u_ - N'u.

n

ol o]

=0

But N'u, = N(z)u_, so N(z)un also converges to N'u. Hence u

b}

-

is in the domain N(z) and N(z)u = N'u. Thus N(z) o N', so

since both N(z) and N' are self-adjoint we have
o0
N(z) = W' = }Z k B ([z]).
k=0
We make this result into a definition.

DEFINITION 2.3. For every closed subspace M of H, define

the number operator over M for the zero-interaction repre-

sentation to be the non-negative self-adjoint operator given

by the spectral resolution

NO(M) = }: k PK(M).
k=0

NO(H) is also called the total number operator. One sees
from the definition that it has the form

NO(H) =0@®1®2®3® ---
on HF'

According to this definition, what we have proved above
is that N([z]) = a*(z)a(z).

Since the spectral projections of NO(M) commute with
those of NO(M‘) if Py commutes with Py (See the remarks
after Definition 2.2), we conclude that NO(M) commutes with
NO(M') if Py commutes with Py .

Now we shall give a characterization of NO(M) in terms
of the relation of the unitary group it generates to the

standard zero-interaction Weyl system WO. This is the criterion
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we shall use to characterize number cperators for systems
other than the standard zero-interaction system. It states,
in bounded form, the pair of commutation relations

Na*(z) = a*{z)(N + I) and Na(z) = a{z)(N -I).

PROPOSITION 2.3. ILet M be a closed subspace of H, Py

the projection of H onto M. Then for all t ¢ R

itNO(M)

—itNO(M) itP
e W

O(Z) e = Wo(e M Z). (2-7)
Proof:

First suppose zeM. We will show

itNO(M) =itNo(M)

e a*(z) e = a*(elt z).

If z = 0, this is obvious. So suppose z # 0. Select an

orthonormal basis {e_:yel’ .} of M such that OeI’ and e_ = —Z_
Y o) o] o} Izl

and extend to an orthonormal basis {e :vyel'} of H. Then if
Y
x =) c(n) I e n(y)
. n vy Y
is in HF, we(have
—itNo(M)

o x =) exp(-it Z n(y)) c{n) I e
n YeTO Y

n(Y)°
v

Now since the domain of a*(z) is the set of x for which
T n(O)|c(n}|2' { », which is also the domain of a*(elt z)

tk has no effect

[3, p. 228], and since multiplying c(n) by e’
on this sum, we see that e_itNO(M) x is in the domain of a*(z)
if and only if x is in the domain of a*{elt z). Further, for

such an x we have



itN_ (M) -itN_(M)
e © a*(z) e © Tx
e, () zl' n(0)+1 n(y)
= L (a(0))% exp(-it L By (e 2le e me,
YeI‘ y#O
1
= eltX[n(O)]2 c(n)|z| e2(0)+1_ 1 eYn(Y)
Y#0
= a..*(elt z) X.
Hence
itNO(M) —itNO(M) it
e a*(z) e = a*(e”" z) if zeM.
From this we get
itN_(M) -itN (M) .
e © a(z) e © = afe it z) if zeM.

Now suppose z is orthogonal to M, z # O. This time

select an orthonormal basis {eY : ye[;} of M such that 04 T,

and extend to an orthonormal basis {e_:vyeTl'} such that Oel’ and
Y . (M)
_.1 —ltNO

e; = lzl77z. As before the domain of a*(z)e ~ is the

domain of a*(z); and if x = % c(njﬂéYn(Y) is in that domain-

itN (M -1tN_(M
e:L O( ) a*(z) e - O( ) x
1 _
tN M
- el () X:[n(O)] exp(—lt Y. n(y)le(n) |z|en(o) 1 en(Y)
YeT, yko ¥
1
= L (n(0) 1% e(m)|z| 5104 I e, P(Y)
= a*(z) x |
1tN (M -itN_ (M
So e:L O( ) a*(z) el O( z T a*(z) if z Ll M, and con-
s -itN_ (M
sequently eltNO(M) a{z) e "o = a(z) if z 1 M.
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Finally, for arbitrary z, using the fact that a*(z)
is the closure of a*(PMz) + a*((I - PM)Z) [3, p. 225],
we have

itNO(M) itN_ (M) it

= a*(e
and similarly for a(z). Then using the fact that R(z) is
the closure of 2—1/2 [a(z) + a*(z)], we find

itN (M) itN (M) itP
e © R(z) e °© = R(e M z).
Since Wo(z) is defined to be eiR(z), the Proposition is

proved.

PROPOSITION 2.4: If N'(M) is any self-adjoint operator

on the standard zero-interaction space which satisfies

eitN'(M) Wo<z) e—itN'(M) _ Wo<e

then N'(M) = NO(M) + aI for some real number a. If also

N'(M) annihilates the vacuum then N'(M) = NO(M).

Proof;

We see from the hypothesis and (2.7) that

[e—itNo(M) eitN'(M)] WO(Z) [e—itNo(M) eitN’(M)]

= Wo(z) for every z

—itNO(M)

SO e eitN'(M)

commutes with every Wo(z). By
irreducibility,

—itNO(M)

. eitN'(M)

= c(t)I

where c(t) is some complex number such that |c(t)]| = 1.
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One easily sees that c(t1 + t2) = c(tl) c(tz) and ¢ is
continuous, so c(t) = e18% £or some real a (See [17], p. 140).
From this the proposition follows easily.
Proposition 2.4 is a uniqueness result which éllows us
to identify number operators in various guises. As an ex-

ample of'its use we prove a result which could also be proved

using the unbounded operators.

COROLLARY 1. If M 1is finite-dimensional, and {ej,e,, - ,e.}

is an orthonormal basis of M, then
n n

M) = Y ax(e) ale) = ) N (leg)).

k=1 k=1
(This shows the result doesn't depend on what basis is chosen. )
Proof: Using the fact that No([ek]) commutes with

No([ej]) we have

n n
exp (it ZNO([ek])) Wo(z) exp (—it Z No([ek]))
k=1 k=0
n . | n s
= g=1 exp(ltNo ([ek])) wO(Z)kEl exp |-it No([ek]))

=W, (kil exp(it P[ek]) z)

(exp(it PM) z)

I
=
o

Now use Proposition 2.4.

COROLLARY 2. ;gl{Mk} is any sequence of subspaces of H such

that {PMk} converges strongly to I, then exp(it NO(MK))
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converges strongly to exp(it N_(H)) in the standard zero-

interaction space.

Proof:

Let v be the vacuum vector. By the irreducibility of
the standard zero-interaction system we know that‘the set
{Wo(z) v : zeH} generates (algebraically) a dense subset
of HF“

But from (2.7) and the fact thath(M) annihilates the

vacuum, we have

exp(ith(Mk)) Wo(z) v = Wo(exp(it PMK) z) V. (2.8)

Since

exp(it Py )z =e " P
k

which converges to elt z, and since the standard zero-inter-
action system is continuous on H [20; 2],

) z) = w(ett 2).
k

W (exp(itP

o( M

It follows from (2.8) that the sequence exp(it NO(MK)> con-
verges strongly on a dense subset of HF’ hence on all of HF'

Let U(t) = st-1lim exp(it NO(MK)). Since

K>e0

U(t) Wo(z) v =W (e

we see that U is a strongly continuous one-parameter unitary

group on H If N is 1ts self-adjoint generator, then

P
evidently N annihilates the vacuum, since

eltN v = v for all t.
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Furthermore

\

W (z) e = st-lim exp(itNO(Mk)) W »

" (z) exp(-itNO(M

O

1t z).

Hence, from Proposition 2.4, N = NO(H).
Corollaries 1 and 2 together give us a rigorous way of

stating that if H is separable and {e +++} is any ortho-

1’ %27
[00]
normal basis of H, then N (H) = £ a*(e,) a(e_ ). Namely, for
o} k=1 k k

every t
n

st-lim__ exp |it z: a*(ek) a(ek) = e
k=1

itNO(H)

FCR INCOMPLETE TINNER PRODUCT SPACES.

Throughout this section we have been assuming His a
Hilbert space. If, however, we allow H to be an incomplete
inner product space, then all the results of this section
apply to the completion H' 6f Ho If W' is the standard

- zero-interaction Weyl system over H', acting on HF', we de-

fine the standard zero-interaction Weyl system W, over H

by
w (z) = Wo'(z) for all zeH.

Then the standard zero-interaction system over H acts on HF'.

Similarly, if M is any closed subspace of H' such that
McH, we define the number operator NO(M) just as before. In
particular NO(M) is defined for every finite-dimensional sub-
space M of H.
REMARK: It is often stated that a number operator does not

exist in a representation other than the standard zero-
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interaction representation because the representation space
has a basis {XY} consisting of vectors with an infinite num-
ber of particles. We have purposely not made this statement
very precise, for we will discuss it in detail in Section 4,

but it has something to do with the fact that
[ee]
). <arle) ale) x, x, > =+
k=1

We wish to point out that if we make this interpretation,

then the argument is not very convincing, since even in the

standard zero-interaction representation one can find a basis

having this property. One has to expect that an unbounded
operator will have a great many vectors not in its domain, so
that finding a basis consisting of them is not surprising and

doesn't prove that the operator does not exist.
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3. GENERAL NUMBER OPERATORS

Let W be a Weyl system over H on K. Although there
may not be a total number operator for W, we will now show
that for each finite-dimensional subspace M of H, there 1is
a number operator analogous to the operator NO(M) for the

zero-interaction representation.

PROPOSITION 3.1. For every finite-dimensional subspace M

of H there exists a unique non-negative self-adjoint operator

N(M) on K such that

(a) O e spectrum N(M).

(b) eltN(M) is in the weakly closed algebra generated

by {W(z) : z ¢ M} for every t ¢ R.
- (e) eitN(M) W(z) e_itN(M) = W(eit z) for every
z e M, £t e R.

In addition, N(M) has the following properties:

(d) There exists a Hilbert space X and a unitary op-

erator V from the tensor product M, ® X of the standard zero-

F
interaction space MF over M with X onto K such that

-1

W(z) = V[Wo(z) ® I]1V for every z ¢ M
and
. itN_(M)
SJLEN(M) _ Ve °© ® I] v 1

(o]

z: e vip, (M) ® 1] VT

k=0
where I is the identity on X. (See Definitions 2.2 and 2.3.)
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- . itk
(e) eltN(M) W( \ e—ltN(M) — W(e M Z)

Z}

is the projection of H onto M.

for all z ¢ H, where PM i

DEFINITION 3.1. The operator N(M) = N(M;W) on K specified

by Proposition 3.1 is called the number operator over M for

W. Its k' spectral projection is denoted P, (M;W):

[ee}

N(M;W) = z: k PK(M;W),
k=0

The range of PK(M;W) 1s called the k-particle subspace ovar

M for W. Even if M is not finite-dimensional there may exist

an operator N(M) satisfying (c):
eltN(M) W(Z) e-ltN(M) _ W(elt Z)

for every z ¢ M. In this case we say there exists a number

operator over M for W.

REMARKS:

(1) We can rephrase the Proposition as follows. De-
noting byléM(W) the weakly closed algebra generated by
{W(z): z ¢ M}, the Proposition says that the map W(z) = W(eit z)
induces an inner automorphism of AM(W)’ and there is a unique

one-parameter unitary group in A, (W) which has non-

mM(
negative self-adjoint generator, induces the automorphism,
and leaves some vector invariant.

(2) Using the Proposition one can show that the number
operators N(M;W) are related in the correct way to the rele-

vant creation and annihilation operators found from W, but we

shall not need this in what follows.
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To prove the Proposition we will need

LEMMA. Let UO be a continuous one-parameter unitary group on g

Hilbert space KO whose self-adjoint generator has spectral

co
resolution ¥ k Pk' Ther. for any Hilbert space X , the
k=0

operators U(t) = U, (t) ® I on K, ® X form a continuous one-

parameter unitary group whose self-adjoint generator is

kgo k (P, ® I).

Proof:

Let B(KO) be the algebra of all bounded operators on
K . The map g: B(KO) > B(KO ® X) given by o(A) = A ® I is
continuous (and has continuous inverse) with respect to the

strongest (ultraforte) operator topology [15; or 4, p. 57].

Moreover, the strongest topology coincides with the strong topol-
ogy on the unit ball of the operators [4, p. 36]. So we see

that U = UO ® I is a strongly continuous one-parameter unitary
‘ n

group; and also, since T eitk Pk converges to Uo(t) in the
strongest topology as n@:Om (by the spectral theorem), we
see that
n
U(t) = st-lim_ Z T (2o 1).
k=0

Hence the self-adjoint generator of U is

oo

Z k (P, ® I).

k=0
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Proof of Proposition 3.1:

By the Stone-von Neumann Theorem (Sec. 1), the restric-
tion of W to M is unitarily equivalent to a direct sum of
Schrddinger Weyl systems over M. By the same theorem again,
and the fact that the standard zero-interaction Weyl system
Wo over M is irreducible, we conclude that each Schrddinger
system is unitarily equivalent to LS acting on MF' Hence we
can find a Hilbert space X and a unitary operator V from
MF ® X onto K such that

W(z) = VW (z) ® I] V1

for every z ¢ M. (This is simply an alternative description
of a direct sum. See [4, pp. 23-24]).

itN (M :
Tet U(t) = v[el o )®-I] v,

By the Lemma, U is a continuous one-parameter unitary group,

and if we call N(M) its self-adjoint generator then

o

N(M) = }: Ve, (M) ® I] V.
k=0 '
So, for this choice of N(M), (a) and (d) are true.
To see that (b) is true observe that, because W, is

irreducible, the weakly closed algebra generated by

{Wo(z) : z ¢ M} is B(MF) —— all bounded operators on Mg.

Then since the weak closure of a *-algebra equals its strongest

closure [4, p. 43], we see that the weakly closed algebra gen-

1

erated by {W(z) : z ¢ M} is V[B(MF) ® I]1 VvV Evidently

M) 5o 41 this algebra.
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To prove (c): If z e M
1

U(t) w(z) U(-t) .VﬁgﬁNo(M) ® é]V_l viw (z) ® I1 V7

V[atmoum 1

e ® I] v

- V[wo(eit z) & I] V1

= W(eit z).
From (b) and (c) we get (e). For if y is perpendicular

to M, W(y) commutes with {W(z) : z ¢ M}, so by (b) W(y) com-

mutes with eitN(M). Hence for any z ¢ H
eitN(M) W(z) e-itN(M) _ eitN(M) W(PMZ) W((T - PM)Z) e-itN(M)
= w(e'® PE)W(T - By)2)
= W((e™® By + I - By)z)

- W(eltPM Z)
Now to prove that N(M) is the unique non-negative oper-

ator satisfying (a), (r), and (c), suppose N' is another.

Then by (b)
e viB(My) @ 1] VT

So there is an §perator S(t) on MF such that
S(t) @ T = v 1 &Ny

It follows by the strongest continuity of the map A® I > A
that S 1s a strongly continuous one-parameter group.

Using (c¢) and Proposition 2.4, we conclude that

s(t) = eit[NO(M)+aI]
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for some real a. But then since the spectrum of N' is non-

negative and contains 0O, a must be zero.

REMARK: If Wo is the standard zero-interaction Weyl system
over H and M is a finite-dimensional subspace of H, we now
have two different definitions of a number operator over M.
One is the operator NO(M) of Definition 2.3, and the other

is the operator N(M;Wo) given by Proposition 3.1. But they
are, of course, the same operator. For Proposition 3.1 tells
us that N(M;WO) is non-negative with zero in its spectrum,

and satisfies

eitN(M;W itN(M;WO)

o) Wo(z) e

Hence from Proposition 2.4 we conclude that N(M; WO) = NO(M)_+ al
for some real number a. But then the spectrum condition on

N(M;Wo) implies a = 0. So we conclude N(M;W ) = NO(M).

DEFINITION 3.2. For W a Weyl system over H acting on K,

and M a finite~dimensional subspace of H, define

n
Qn(M;W) =kzo Py (M;W) (see Definition 3.1). Then Qn(M;W)
is the prbjection of K onto its subspace consisting of vec-

tors with n or fewer particles with wavefunctions in M.

Suppose now that M' €« M. Then it is intuitively clear
that 1f a state has more than n particles with wavefunctions
in M', then it certainly has more than n particles with

wavefunctions in M. That is the content of the next proposition.
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PROPOSITION 3.2. If M and M*' are finite-dimensional sub-

spaces of H with M' < M, then

Qn(M';W) ZAQn(M;W) for every n.

Proof:

First let us see that the result is true in the stand-
ard zero-interaction representation over M. Then we will
reduce the general case to this one.

So let WO be the standard zero-interaction representa-
tién over M, acting on Mp. Then N(M;WO) is, by the Remark
above, the total number operator for Wo, so its k-particle

subspace is precisely Sk Mk. Thus

QLW ) =IeIe® . ..-2I1000600 -

where . the identity appears n times. (See Definition 2.3.) But
for the number operator N(M';WO), the projection onto the

k-particle subspace is the operator

Pk(M‘ Z P (M')

given by Definition 2.2.

%00 Z ZPm<M'>ZZ Z

So

k=0 m=0
From Proposition 2.1 we see that
n m
m m . .
Z p (M) = Z P (M') = identity on S_ H"
if m { n, so |
QMW ) 2IeI® ---®@I®0@00 ---

> an(M;W,).
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Hence the proposition is proved in the case W is the stand-
ard zero-interaction system over M.
Now let us look at the general W over M. From Proposi-
tion 3.1 we get a unitary operator V from MF ® X onto K having

the property that

W(z) = V[WO(Z) ® I] vt for all z e M
and _

JAEN(MGW) g eitNo(M) o 1 ]V-l .
Define an operator N'(M;) on K by

We wish to show that N'(M') = N(M';W). But since NO(M‘) = N(M';WO}

(See Remark above), we know from Proposition 3.1 that NO(M')

1tN (M)

has spectrum {0, 1, 2, :--}, e is in the weakly closed

algebra generated by {Wo(z) : z e M'}, and

itNO(M') -itNo(M') itP

e wo(z) e = Wo(e

Using these properties of NO(M') and the defining equation

eitN'(M') = V’%itNQ(MY) ® I} V—l

we draw the following conclusions: From the Lemma following

’

Proposition 3.1 we have

(a) N'(M') is non-negative and has zero in its spectrum.
From the equivalence of weak closure and strongest closure we
have

(b) eitN'(M')

is in the weakly closed algebra generated

by {W(z) : z ¢ M'}.
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And a simple calculation shows

(c) eitN!(Mr) W(z) e_itN'(M’) = W(e for all z ¢ M.

From Proposition 3.1 we conclude that N'(M') = N(M';W).
As a consequence of this we have
‘ (o]

N(M';W) = Zk V[P (M'; W) ® 1] vt

k=0

it z)

But we also know that

(0]
N(M;W) = Z k V[PK(M;WO) ® I] VL,
k=0
Hence we just have to use the fact that the desired result

i1s true for the system wo to get

n
Q,n(M';W) = Z V[PK(M’;WO) ® I]V
k=0

-1

= V[g (M';W ) ® I] VT

> vie (W) ® I] v
= q, (M;W).

CONVERGENCE RESULTS
This result leads us to introduce a type of convergence

which will be useful to us throughout the rest of the paper.

DEFINITION 3.3. Let :}(H) be the set of all finite-dimen-
sional subspaces of the inner-product space H, directed by
inclusion. If for each M ¢ FH(H), ay is some element of a
topological space;{?, the notation

llmM L g ey =@ or i > a3 as M-> H
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means that the net (or generalized sequence) {aM} converges

to a. To be precise, given any neighborhoocd V of a in,J{
there exists Mj e F(E) such that ay € V for every M > M.
(We shall use the word net only to refer to the case where
G(H) is the directed set.)

The reader should be aware of some of the pecularities
of net convergence. First, the convergence of the net {aM}
does not imply the convergence of ayls ayps where Ml, M2,---
is an increasing sequence in J(H) converging to H. Second,
the convergence of ay1, ayo, --- for every increasing se-
quence does not imply that the net converges. Third, the
pointwise limit of a convergent net of measurable functions
need not be measurable; in particular the usual convergence
theorems of integration theory do not extend to net conver-

gence.

However, many convergence theorems which are familiar

for sequences are also true for nets. One of these is that

a Cauchy net in a Hilbert space converges [6, p. 28], which

we need for the next result.

PROPOSITION 3.3. Let W be any Weyl system over H, acting on

K. If Qn(M;W) is the projection onto the subspace of K havihg

n or fewer particles with wavefunctions in M, (Definition 3.2)

then the net M - Qn(M;W) converges strongly to a projection Q.

Proof: In view of Proposition 3.2, it suffices to prove
that if {Q(M)} is a decreasing net of projections on K, then
it converges strongly to a projection. The proof we give is

similar to the usual proof for sequences.
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The assumption that Q(M) < Q(M') if M o M' implies that
Q(M') - QM) is a projection if M o M!'. Now let x ¢ K. If
M > M', we have

<am) xx > £ < QM) x,x >,

et a = inf { < Q(M) x,x > : M e FP(H)}. Then

we have lim, . < Q(M) x,x > = a. (Proof: we can choose M,
such that < Q(Mn) x,x > - aXl n"L. Given ¢ > 0, choose any
n such that n~t { €. Then if M > M, we have

a < < QM) x,x > g;@(Mn)x,x > £ a + ¢, which proves the con-
vergence. )

Thus if M > M' we have
[la()x - a(m)x| 1% = [1[@(1') - a()] x ||?
=< [QM') - aM)] x,x >
=< M) x,x > - < QM) x,x D
> a ~-a as M, M' > H,
‘Thus {Q(M) x} is a Cauchy net which therefore converges to
some QXx.

Q is easily seen to be linear, and to show it is a
projection, we Jjust observe that for each M e F(H) and each
X, ¥ e K,

<aM) x, M) vy > =< aMx,y > =< x, QM) v >,

So, taking the limit,
Cax, > =< @&, y>=<x, @ >,
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COROLLARY 1. For each k the net M - PK(M;W) (see Defini-

tion 3.1) converges to a projection P, = PK(W).
Proof:

P (M;W) = Q (M;W) - Q 1 (M;W) > @ - Q-

DEFINITION 3.4. The range of the projection Pk(w) defined

by Corollary 1 is called the k-particle subspace for W.

COROLLARY 2. The seguence {Qn} converges strongly to a pro-

jection @ = Q(W).
Proof: If n' > n, we have for each M ¢ g (H)

Q,(M) @, (M) =q (M) q (M) = q (M),

Taking the limit we have

G T G = &

Therefore Q , 2 @, if n' ) n.

Since an increasing sequence of projections converges to a

projection, the proof is complete.

DEFINITION 3.5. The range of the projection Q(W) defined

by Corollary 2 is cailed the finite-particle subspace for W.
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4, THE NUMBER CF PARTICLES IN A REGULAR STATE

STATES OF THE WEYL ALGEBRA

DEFINITION 4.1. Given an inner product space H and a Weyl

system W over H acting on K, the Weyl algebra AXW) for W is

a C¥-algebra of operators on K which 1s constructed as

follows: PFor each finite-dimensional subspace M of H, let
éM(W) be the weakly closed algebra generated by {(W(z) : z ¢ M}.
Letting B = U {AM(W) : M e JH)}, the algebra 'g\(w) is defined
to be the uniform closure of B. '

When H is infinite-dimensional, there are many Weyl sys-
tems over H which are not unitarily equivalent to the standard
zero~-interaction Weyl system Wo over H. Nonetheless, from a
result .of Segal [22] we know that for any Weyl system W over
H there is a unique C*-isomorphism ¢ :‘é(wo) > A(W) such that

oW (2)) = W(2)

for every z ¢ H. We will call ¢ the canonical isomorphism of
é(wo) with A(W). It has the property that for every finite-
dimensional subspace M of H, ¢ maps éM(WO) onto ﬁM(W)o
Segal's result shows that, as C¥-algebras, all the
é(w)'s are isomorphic, so we may refer to any one of them,
say)é(wo), as the Weyl algebra A over H. When we do use the

' we mean that only the C*-

expression "the Weyl algebra,'
algebra structure and the labelling of certailn operators
as W(z)'s is to be considered. If, on the other hand, we

wish to refer specifically to a Weyl algebra of operators on
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a Hilbert space, we shall use the expression "concrete
C*-algebra."
The next notion we shall need is that of a state of a

C*¥-algebra.

DEFINITION 4.2. Let A be a C*¥-algebra with unit I. A
linear functional E: A > C is a state of A if and only if
(2) E is positive, namely
E(A*A) > O for every A ¢ A.

(b) E is normalized, namely E(I) = 1.

If A is a concrete C*-algebra of operators on a Hilbert
space K, and v is a unit vector in K, the state E of é\
defined by

E(A) = < Av, v

will be called the state determined by v. Not every state of

A need come from a vector v ¢ K in this way; those that are

determined by véctors in K will be called normalizable states

of A in K. Even though the state E may not be normalizable
in K, it is possible to find a representation of A by opera-
tors on another Hilbert space K' such that E is normalizable
in K'. More precisely, given the state E oﬁe~can construct,

by the Gelfand-Segal construction [10;19; see also 5] a

(unique up to unitary equivalence) cyclic representation
of A by operators on a Hilbert space K' such that there is
a unit cyclic vector‘v' e K', satisfying
E(A) =< 7 (&) v', v' >
for all A ¢ A. [Cyclic means that {7(A)v' : A e A} is dense

in K. ]
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The difficulty which arises in the case where A is the

=

Weyl algebra is that for an arbitrary state E, the Gelfand-
Segal construction may yield a representation T such that

the operators w(wo(z)) do not form a Weyl system. The Weyl
relations (1.5) will be satisfied by the v(Wo(z))’s, but the
continuity condition (Definition 1.1(b))may not be. The states
for which we do get a Weyl system are called regular and these
are the only ones which will interest us here. (See the dis-

cussion by Segal [25]).

PROPOSITION 4.1 The following conditions on a state E of

the Weyl algebra é(WO) over H are equivalent and mean E is

regular:

(2) If 7 1is the Gelfand-Segal representation of A(W,)

‘determined by E, then z » m(W_(z)) is a Weyl system over H.

(p)- E(Wo(z)) is a continuous function of z on every.

finite-dimensional subspace of H..

(c) For every Weyl system W over H and every finite-

dimensional subspace M of H, E is weakly continuous on the

unit ball of Ay (W).

(d) For every Weyl system W over H acting on, say,

K and for every finite-dimensional subspace M of H, there

exists a non-negative trace class operator DM on K such
that

E(A) = Trace (ADy,)

for every A e éM(W). (DM is called the density matrix for

E on éM(W).)



The eguivalences stated here are well-known [23; 4,
p. 54].

THE NUMBER CF PARTICLES IN A REGULAR STATE
Now let us return our attention to the number opera-

tors. Proposition 3.1(t) shows that the operator eltN(M;w)

is in the Weyl algebra for W over H. Moreover the mapping
A->vViae I] VL
where V is the operator which appears in Proposition 3.1(d)
is an explicit isomorphism between éM(WO) and éM(W) which
takes Wo(z) into W(z) for every z ¢ M. Since the canonical
isomorphism o between.éjwo) and A(W) does the same thing and,
when restricted tohéM(Wo), is necessarily continuous in the
strongest topology [4, p. 57], we conclude that

w(A) = V[A ® I] vt , for every A ¢ éM(WO).

Hence, in particular,

e

° 1m0, (M) )= JLEN(M;W) (4.1)

by Proposition 3.1(d). The significance of this equation is
roughly the following: the canonical correspondence between
two concrete Weyl algebras puts the number operator over M for
the first into correspondence with the number operator over M
for the second.

Similarly one sees that

(P (1)) = P,(M5%) (4.2)

where PK(M;W) is the projection onto the k-particle sub-

space over M for W.
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Now suppose X is a state cf the Weyl algesbra é(wo).
Since eitNO(M) c éM(WG) we may deiine a function WE;M ? R~>C
by

o, 1tN_ (M)
¢E3M(t)=_g\e ). (4.3)

PROPOSITION 4.2. Let E be a regular state of the Weyl

algebra é(wo) over H, let W be the Weyl system over K which

ils given by the Geltfand-Segal representation for E, and let

v ¢ K be the vector which determines E. Then

(a) For each finite-dimensional subspace M of H, the

function ¥, o of Eg. (4.3) is continuous and periodic with
e YR,

period 2T.

(b) There is sz unigue probablility measure ME M OB the
. 2

non-negative integers such that

[e o}

- ; 1tk :
¢E,M<u) = el U’E,M(R)
- £=0

for every t ¢ R; Hg is given by

ip (®) = < BOGW) v,v >

where PK(M;W) is the projection onto the subspace of K

having k particles with wavefunctions in M (Cf. Definition 3.1).

(c) For each non-negative integer n, “E,M({O’l’ «++, n})

is a decreasing function of M; and ugp(s) = limy o Wg M(n)
2
exists for every n.

(d) U’E{K) = < P&(W) v, Vv > &d HE({O.’]-’ 2y o })= < Q(W)VJV >9

rS

where Q(W) is the projection onto the finite-particle subspace for

W (Definition 3.5).



Proof:
Since E is regular, it is continuous in the weak topology
itN, (M)
o € éM(WO),so

)is a continuous function of t, which proves

on the unit ball of A, (W ). But e
E(eltNO(M)

is conti .
¢E,M continuous

Now let ¢ be the Gelfand-Segal representation of é(WO)

determined by E. Then if we define
W(z) = (W (z))
for every z ¢ H, we see that W is a Weyl system over H and
® is the canonical isomorphism of &(WO) onto éﬂw)- Since
B(a) = < o(4) v,vD (4.4)

for every A ¢ é(wo) , we have

o) - E(eitNo(M))

<CP V:V>

{eitNo(M))

= SN Gy (4.5)

by Equation (4.1).
Now we use the spectral resolution of N(M;W) given

by Proposition 3.1 and Definition 3.1 to conclude that

oo

itk
bp () = ) et R 6w v, .
k=0
This proves the periodicity of wE M2 SO that (a) is proved,
2
and it also proves (b).
To prove (c): n

n
pg (0,1, umh) = ) ug (k) = <Y R OgW) v, >
k=0 k=0

< Qp(Msw) v,v >
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by Definition 3.2. Then by Prcposition 3.2 we have that
UE’M({O:ly"'y n}) ﬁ HE,M' ({O:l)"'a n})
if M > M'. This is the first part of (c). Since decreas-
ing nets of real numbers converge (cf. proof of Proposition

3.3), we know
limMéH HE,M ({O:I:"': n}) = HE({O:l:"': n})
exists. But then

1im M~>H uE,M(n) = 1imM+H [uE,M({O’l’...Q n}) - UE’M({O,I:"':H'
exists.

To prove (d), we simply have to observe that by definition

Pk(w) = st-lim, . PK(M;W) and Q(W) = st-limy .. Q(M;W).

THE PROBABILISTIC INTERPRETATION

The functions wE,M may be convenlently utilized to give.
a'probabilistic interpretation of the number of particles in
the state E. From Proposition 4.2(b) we seé that R is the
Foqrier transform of the probabilility measure'uE,M. In the
terminology of probability theory, ¢E,M is the "characteristic
function" of a certain random variable Ny M which takes on
values which are non-negative integers. For concreteness we
may take n to be the unique non-decreasing function én the unit
interval [0, 1] for which the set

{x : nE,M(X) = k}

is a (left-closed, right-open) interval of length b M(k_).
2

Namely, ng M(x) = k if and only if
2

kg— b, u(d) L x< E ug,p(3) - (4.6)

J=0 J=
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Each randcm variable g M is finite everywhere, but
. s
its expected Valuej

C
deed, for non-negative random variables the expected value

ngp y May be finite or infinite. In-
>

is finite if and only if the characteristic function is
differentiable at zero, and in this case the expected value
equals (-i) times the derivative at zero (See [29]). So,

. . (3 3 '
nE,M has finite expected value if and only if WE,M (0)

exists, and then

f g, = ZK ug, u(K)
0 k=0
=%a% ‘hE,M(t) |

t=0

Fof

4 1tN(M; W)
E3 { e 4 v,V > |t=0'

Hence we see that N has finite expected value if and only
2
1/2

if v is in the domain of N(M;W) , and in this case
1 _21_ -
[ meae = 1 WO50Z v 1L
0

In other words, the expected value (finite or infinite) of the
random variable N M is precisely the expected value of the

3
operator N(M;W) in the state determined by v in the usual

quantum-mechanical sense.
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The random variable %5 M actually contains much more in-
sl
formation about the relation of N(M) to E than just this ex-

pected value. For the probability that n equals k is

E,M
precisely
pg, (k) = < PL4W) v,v > = E(P (1)) (4.7)

by'Equations (4.2) and (&.4).

The physical interpretation of this equation is that

o M(k) equals the probability of finding, in the state E,
, . . N R T N . .. v t. - ’ .ot .

k particles with wavefunctions in M. For suppose we write
o]
v =z 8y Vi where Vi is a unit vector in the k-particle
k=0
subspace for W over M (i.e. PK(M;W)VK = Vk)' Then the quantum-

mechanical interpretation would be that v is a superposition

of the states given by v and the probability of

13Vps tt
finding v, 1is Iak|2. But from (4.7) we see that
v (8 = lagl®
S0 uE,M(k) is precisely the probability of finding k particles
from M. In particular, the only way that “E;M(K) can equal
one is if v lies in the k-particle subspace for W over M.
Another way to look at (4.7) is in terms of particles
in the zero-interaction representation.. Let DM be th% den-
sity matrix for E on Ay(W_ ). (See Proposition 4.1(d)). Dy
is a non-negative trace class operator on HF of trace one,
sO we may sélect an orthonormal basis {xY : vy e T} of Hp

such that D, x =Ax and % A = 1.
M Ty Yy Y
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(k) = B{p, ()

\
Trace (PK(M’ DM)

Z A, < P (1) Xy X >
So we see that the only way “E,M(k) can equal one is if every
non=-zero XY corresponds to an XY which lies in the k-particle
subspace over M; or in other words, if DM is supported by the
k-particle subspace over M.

Even though the staté E may not be represented by a den-
sity matrix on all of &(Wo)’ it is clear from Proposition

4.2(d) that the probabilistic interpretation of the values of

the limit measure Mg is analogous to that for Mg e
2

DEFINITION 4.3. uE(k) is the probability of finding k

particles in the state E. pE({O,l,Q, ... }) is the proba-

bility of finding a finite number of particles in the state E.
To see what the significance of uE(k) is with respect to

the random variables Ny 2 We prove the next result. -
3

PROPOSITION 4.3, Let E be a regular state of the Weyl

algebra over H.

(a) E:M:MUtanﬁMZnRW.

(b) The pointwise 1limit np of np \ as M > H exists
2

(perhaps not finite-valued).

(c) The probability that the 1limit random variable ng

has the value k is “E(k)’ and_the probability that ng is

finite is uE({O,l,E, <o 1)
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Proof: Again, this is a standard result for sequences,
but we shall give the proof since nets are involved.

Let W be the Weyl system for the Gelfand-Segal repre-
sentation determined by E, and v the vector which deter-
mines E.

If M and M' are finite-dimensional subspaces of H

such that M > M', and n = k, then by (4.6)

E,M!
Capq 5w v, v> <x < a (MW v, v,
Then by Proposition 3.2
<o W) v, v> < < q (Mw) v, vy {x

so that x n (x). This proves (a).
SSRGS proves (a)
To prove (b), we just have to observe that for each x,
sup {ng M(X) : M e JI(H)}] exists (finite or infinite). If
2

this supremum is finite, say k, then because n is integer-

E,M

valued, there exists M' such that n (x) = k. It follows

E,M!'

nE,M(X) = k, so limy . N

If the supremum is infinite, given any k we can find an M' such

from (a) that for all M o M!', (x) = k.

that n (x) > k. It follows that n. ,,(x) > k for every
E,M B,M

\ _ )
M> M'. Thus lim, . nE’M(X)

Now we prove (c). For each k we must find the measure

= 4+ .

of the set {x : nE(x) = k}. But in the previous paragraph

we showed that nE(x) = k if and only if there exists an M'

such that for all M o M', ng M(x) = k. This is the same as
2

the condition

<o (61 vov > x < <Q W) v,v >
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for every M o M!, which is equivalent to

Qe (1) w9 > < x << W) v,v >

where Qk is the 1limit defined in Proposition 3.3. Thus the
measure of the set {x : nE(x) = k} is

< Qk v,V > - < Qk—l v,V > = < PKV:V > = HE(k)'
This proves (c).

WHAT CAN GO WRONG

Even though we now know that we can write

j‘tl\ro(lv[)).= 5? itn

WE,M(t) - E(e e HE,M(H)

n=0
and the measures Mg M will converge to a measure Mo
s
nonetheless we can not conclude that the functions i
2

converge to the function

(oo}

m(®) = ) g,

n=0

EXAMPLE: We shall give an example of a state E which has an
infinite number of particles with probability one and which
has the property that the functions $E,M do not converge as
M > H. (In the next section we shall give a similar example
in which the wE,M do converge.) |

Let H be the algebraic span of a countably infinite
orthonormal system {el, €55 e3, «ve }. Let Ws be the usual
Schrodinger Weyl system over € acting on = (R) (see Section
1), and let Ns = N(C ; WS) be the total number operator for
this Weyl system. Let’v1 be a unit vector in the one-particle
subspace for W (i.e. v, is some multiple of the first

Hermite function).
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Let K be the incomplete tensor product of LEOR) with itself
countably many times with distinguished vector v = vy ® vy Qo
(See [16] for the definition and properties of an incomplete
tensor product.)
We define a Weyl system W over H acting on K as follows:

n
If z ¢ H, then it can be written in the form z = X% a;e;
i=1
for some finite n. Define

W(z) =W (a) ® ---@W (a) @I @I® - .

(It is easy to verify that this is indeed aWeyl system over
H.)

It Mn is the finite-dimensional subspace of H spanned
by {e), ey, cv en}, then the number operator N(Mn;w)

is given by

e I ®I® ---.

1tN(M ;W) itN
n’ :[®n e s]

(It is easy to prove this. One simply has to check that the

conditions (a), (b), and (c) of Proposition 3.1 are satisfied

by the given operator.)

Now 1if E is the state determined by the vector

v o= vy ® vy Q@ - , we have
' itN
! (t) - N~ 8 . ...
E,M VY = @ (e V1)® v, ® V) ® » Vi ® V ® >
itn

Hence the sequence n - mE’N%<ioes not converge. But if the
het‘M“+t¢E M converged, the above sequence would:converge, for

- .
every finite-dimensional subspace of H is contained in one of the

M 's.
n
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To show tnat E has an infinite number of particles with
probability one, cbserve that

0 k #n
HE,MH(K)
1 Kk =n

so uE(k) = lim k) = O for every k. By Definition

M>H “E,M(
4.3, the probability of finding a finite number of particles
in the state E is zero.

One could in fact show that the state determined by any
unit vector x ¢ K has an infinite number of particles with
probability one, but we will not do this here since later we
will give a general theorem which proves the same thing. At
any rate, we wish to point out that this in no way proves that

there is no total number operator for W, i.e. that there is

no self-adjoint operator N on K such that

eltN W(Z) e-‘ltN - W(elt Z)

for every z ¢ H. We shall discuss this in detail in Section 6.

REMARKS: When one has a pointwise convergent sequence of
probability measures on the integers, the Lévy Continuity
Theorem [13, p. 191] prescribes exactly what must happen to
the characteristic functions by Either the limit measure y
is a probability measure, in which case the characteristic
functions ¢ converge o the characteristic function

of u, or the limit measure p is not a probability measure, in
which case the characteristic functions y,, diverge or else
converge to a discontinuous. function. However, the same

situation is not true for a pointwise-convergent net of measures.
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It is possiblethat the net Myt converges pointwise to, say,
zero, and yet the characteristic functions WM converge to a
continuous function i; ihdeed even if all the My are non-
zero only on non-negative integers the Fourier series of the A

limit § may have non-zero coefficients for the terms e-lt,

e_git,‘°' ! (We are indebted to L. Gross and C. Herz for
producing an example of this phenomenon.)

In view of the vastly more complicated technical problems
related to nets, it would seem sensible to try to prove the
desired results using a sequence of subspaces of H. At least
in the case that H is separable one can select a sequence
Ml, M2, ... Of finite-dimensional subspaces of H converging
to H. One would like to prove that if the measures
Mpls Hy2s °° . converge to a probability measure, then E must

be normalizable in some direct sum of standard zero-interaction

systems. This conjecture is false, as the next section shows.
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5. SOME DISCONTINUOUS WEYL SYSTEMS

Select an orthonormal basisé; = {el, €55 e3,-°- } of
the separable inner product space H and let HO be the algebraic
span of‘é; . Suppose that H + HO. We will show that a Weyl
system W over H such that W(z) = Wo(z) for every z e H_ need
not equal WO everywhere on H, nor need it be unitarily equi-
valent to Wo. This shows that the continuity assumption in
Definition 1.1(b) is strictly weaker than assuming continuity
on all of H.

To see the relevance of this result to the guestion of

when a number operator exists, suppose we have found such a

W which agrees with WO on HO but does not equal WO. Let‘Mn

be the finite-dimensional subspace of H spanned by {el, ---,en}.

Since M < H_, the number operator N(Mn;w) will equal N(Mn;wo)

SO we can prove

1tN(M_ ;W) itN_(H)
1lim e n = e ©
N>
n
In other words, N(M ;W) = £ a*x(e,) a(e,) does converge as
n ol K K converge
n - «» to the number operator NO(H). So we have a Weyl sys-

tem W not unitarily equivalent to the standard zero-interaction
system for which § a*(ek) a(ek) converges. It is precisely
this diffiéulty wilih forces us to use the>net of number opera-
tors rather than a sequence of number operators in what follows.
We shall see that, despite the convergence of ¢ a*(ek) a(ek),

1tN(M;W)

the net e can not converge. Moreover there does not

exist a number operator over H for W in the sense of Definition

3.1.
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To review the nctation to be used in this section:

H is a separable complex inner product space.

WO 1is the standard zero-interaction Weyl system over
H acting on K.

<§ = {el, eg,"°} is a fixed orthonormal basis of H,
and H  is the algebraic span of £ .

First we will show the extent to which a Weyl system over

H can differ from WO if it agrees with WO on Ho“

PROPOSITION 5.1. Suppose W is a Weyl system over H on K

such that W(z) = Wo(z) for every z ¢ H_. Then there exists

a real-linear transformation T : H - [R such that

_ eiT(z)

W(z) WO(Z)

and
T(H,) = {0}
Proof:

For any z ¢ H and Z, € HO we have

[(W(z) W (z)-l]Wo(zo) = W(z) WO(—Z + zo) exp [% iIm(-z, z_)]

O O

=W(z) W (z

olzg - z) exp f% i Im(zo,z)] (5.1)

using the Weyl relations (1.5).

On the other hand, since Wo(zo) = W(zo), we have

wo(zo)[w(z) W
= W(z) W(zo) exp [1 Im(zo,z)] Wo(z)

= W(z) Wo(zo-z) exp [%-i Im(zo,~z)] exp [1i Im(zo,ﬁj

% i In(z_,z2)] . (5.2)
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Comparing (5.1) with (5.2) we see that W(z) Wo(z)'l commutes

with Wo(zo) for every z, ¢ Hj. Using the irreducibility {[3] of

(o]

{Wo(zo) : z, ¢ HJ}, we conclude that W(z) Wo(z) is a mul-~

0]

tiple of the identity. Hence for each z e¢ H there exists a

z).

complex number y(z) such that [y(z)| =1 and W(z) = y(z) w_(
Now for every z, z' e H,

x(z + z") W (z + z') =W(z + z')
=W(z) W(z') exp [ - %-i Im(z,z')]

= x(z)x(z") W (z) W (z")

x exp [- %-i Im(z,z')]

= x(2z) x(z') w (z + z'),
This shows that for every z, z' ¢ H
x(z + z') = x(z) x(z'). (5.3)

Now we will show y(z) = eiT(z)

, wheré T is real-linear.

Define, for each z e H, XZ : R >R by Xz(t) = y(tz). Then

by (5.3) Xz(s +t) = xz(s) Xz(t). Furthermore XZ is contin-

uous. For by Definition 1.1(b) for any x, y ¢ K, the func-

tion t » < W(tz) x, ¥ > is continuous from R to €. But this

says t > x2(t) < Wo(tz) X, ¥ > is continuous, from which, by

an appropriate choice of x and y, we find that x% is continuous.
Hence xz is a continuous character of R. Hence there

exists T(z) ¢ R such that x2(t) = eitT(Z) for all t ¢ R

(See [17, p. 1%0]).

It follows from (5.3) that T is real-linear, and since
iT(zO)

if z, e H, e = 1, we have T(Ho) = {0}, so the Proposi-

tion is proved.
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DEFINITION 5.1. A function x : H > € of the form

T(z)

x(z) = et where T is real-linear and T(H ) = {0} is a

character of H modulo HO; X is called non-trivial if it is

not identically 1.

PROPOSITION 5.2. Let X be any character of H modulo Ho’

and define

W(z) = X(z) Wo(z) for all z ¢ H.

Then W is a Weyl system over H such that W(zo) = wo(zo)

for all z_ ¢ H . Furthermore W is irreducible, and it is

not unitarily equivalent to W  if X 1is non-trivial.

Proof':

Let X(z) = 1T(2) | since T(H,) = {0} it is obvious
that W(zo) = wo(zo),for all z_ ¢ H_.
To show the Weyl relations are satisfied:

w(z) w(z') =x(z) x(z') wy(z) w,(z")

X(z + z') Wo(z + z!') exp [% i Im(z, z')]

=W(z + z') exp [%-i Im (z, z')],

To show t »> W(tz) is continuous, we Jjust observe that

W(tz) = e1tT(2) W (tz).

1tT(z) 44

Wo(tz) is a weakly continuous function of t, and e
a continuous function of t, so the weak continuity of
t > W(tz) is proved.

To show irreducibility, suppose U is a unitary operator

on K such that U W(z) U™F = W(z) for all z ¢ H.
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Then in particular
-1

U w(zo) U o= W(zo) for all z_ ¢ H,

-1
or U wO(zO) U = wo(zo) for all z_ e H_.
Then by the irreducibility of the restrictioniof>wb”to*Ho
[3], U'is a multiple of the identity.

Similarly one shows that if V is a unitary such that

V W(z) v o= Wo(z) for all z ¢ H,

then V is a multiple of the identity, which implies W = WO.
Hence if W # WO (i.e. if X is nontrivial), then W is not

unitarily equivalent to WO.

REMARK: We havebnot yet proved the existence of non-
trivial characters of H modulo Ho in case H # Ho' But in
fact it is obvious how to construct the most general char-
acter of H modulo HO. First extend the orthonormal basis
of H to a Hamel basis§ U{vﬁ: B ¢ B} of H.(See [6, p. 36]
for a definition of Hamel " basis.) Then for each index B

select two real numbers c, and d,. Define T(v = c, and

B B B) B
T(iv,) = d,. Extend T to all of H by real-linearity and

B B
the condition that T(H_) = {0}.

Despite the fact that ¥x WO and WO are not unitarily
equivalent if X 1s non-trivial, we shall now show that for
every finite~-dimensional subspace M of H, the restriction
of xWO to M is unitarily equivalent to the restriction of
WO to M. This not quite a trivial consequence of the
Stone-vonNeumann Theorem (Section 1), since there is a ques-

tion of multiplicities. We shall exhibit the unitary oper-

ator explicitly.
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PROPOSITION 5.3  ILet X = el be a character of H modulo

H , M a finite-dimensional subspace of H. ILet y(x, M)

o)

be the unique element of M such that

T(z) = Re(y(x, M), z) (5.4)

for all z ¢ M. Then Wo(iy(x, M)) transforms WOIM into

X W.| . That is
o'y ===2

W(z) =x(z) W (z) =W (1L y(x,M)) W (z) W (-1y(x,M))
| (5.5)
for every z e¢ M.

Proof':

To see that a y(X, M) satisfying (5.4) exists, recall
that T is a real-linear functional on M. Since M is finite-
dimensional, T is necessarily continuous with respect to any
(real) inner product on M, for instance the inner producﬁ
v, z > Re(y, z), where ( , ) is the complex inner product on
H. By the Riesz fepresentation theorem [6, p. 249] there
eiists a unique'j(x, M) ¢ M satisfying (5.4).

If ze M and y = y(X, M), we have

W_(1y) W_(z) W_(-1y)

=W, (iy) w_(z - 1y) exp [% i Im(z, - 1y)]

W (z) exp [%-i Im(iy, z-iy)] exp [%—i Im(z, - iy)]

W (z) exp [1 Im (iy, z)]

=W (z) exp [1i Re (¥, 2z)]

W(z). (5.6)
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NUMBER OPERATORS FOR X W .
Let X be any character of HAmoduloiHb,”and'let'W = Xwo' For
each finite-dimensional subspace M of H, the number operator

N(M;W) (Definition 3.1) is related to NO(M) (Definition 2.3) by

N(M;w) = wW_(iy(X, M)) N (M) W (-iy(x, M)) (5.7)

where y(X, M) is the vector of Proposition 5.3. To see that
this is true,one Jjust has to prove that Wo(iy(x,M)) NO(M) |
X WO(-iy(X,M)) satisfies conditions (a), (b), and (c) of

Proposition 3.1. Using (5.5) this is trivial.

PROPOSITION 5.4 Let X be a non-trivial character of H

modulo Ho’ and W = ¥ Wo'

(a) There does not exist a number operator for W

over H in the sense of Definition 3.1.

(b) The net M » eXPN(MW) doés not converge strongly

for all t ¢ R.
T ‘” itN(Mn;W) | ) |
(c) The sequence n » e does converge strongly

for every t e¢ R, where M = span of {el,-~-,en}.

Proof':
(a): Suppose there exists a number operator N for W over

H. Tetting U(t) = e**N, by definition we have

U(t) W(z) U(t) T = w(elt z) for all z ¢ H. (5.8)

In particular

U(e)W(zg) =W (7% 2 ) wlt)

i \J L

for all z_ e H . By irreducibility of {wo(zo): z, ¢ HJ}

O
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, itNO(H)
we conclude that U{t) is some multiple c(t) of e

But then

oo oo i) eyt &
- X(z) Wo(eit z)
= x((1 - &Py z) w(ett 2). (5.9)

However, if X is non-trivial, there exist z ¢ H and t ¢ R
such that x((1 - elt)z) # 1, so (5.8) and (5.9) can't both

be true.

(b): If w(t) = Stélimﬁeﬁ eitN(M;W) exists for every:t,.

thenU(-t) :"'\U('t)mw]'-a ' Sincey 1f z e M,

itP

eitN(M;W) ) e-itN(M;w) (e M z) = W<eit 2)

W(z
we get, by taking the strong limit,
u(t) w(z) u(t) = w(elt 2),
and we just showed this is impossible.
(c): If M_ = span {ey,"°, en}, then M < H,, so

v(x, M) = 0 (See (5.4) and so by (5.7)
)

By Corollary 2 to Proposition 2.4 we have

N(Mn;W) = NO(Mn

1tN(Mn;W) 1tNO(H)

llm.n_>00 e = e

which proves (c).
The remarkable fact is that it 1s posssible for the se-
quence N(M’n;w) to converge as in Proposition 5.4(c) for other

sequences M‘n and, indeed, to converge to a different operator.
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EXAMPLE 1. Suppose H is a separable, infinite-dimensiocnal
complex Hilbert space (i.e. is complete). We need to know
that H does not have a countable Hamel basis. (Proof: Sup-
pose {vl, v2,°-°} is a countable Hamel basis of H. This means
that every x ¢ H can be written as a finite linear combination
of the vi's. By the Gram-Schmidt orthogonalization process
(See, for instance, [1l, p. 27]), one can produce from

{vl, vg,"-} an orthonormal basis {el, e,,*++-} of H having the

‘ 2
property that < vy, e; > = 0 if > i. Now let {ay, ay, - "]
be a sequence of real numbers such that Z(ai)2 { o and ay # 0

for all i. Then x = Y% a;e; ¢ H. From the hypothesis that

n

{(Vv,,V5,°"°} 1s a Hamel basis we have x = ¢ Db.v, for some n.
1’72 j=1 1

But then < x, e. > = 0 for j > n, which contradicts the fact

J
that < x, e > = 8y

Now we shall show that it is possible to select an uncount-
able collection {£ Y : y ¢ T'} of orthonormal bases of H such
that the algebraic span H of & Y intersect H o in {0} if y £ oyt.
(We say HY is disjoint from Hy");

First select a Hamel basis {Qa : 6 € A} of H. As we just
showed, A is uncountable. Let& . {e l, egl, e3l, .-} Dbe
any orthonormal basis of H. Then we can write each eJ.l uniquely
as a finite linear combination of some v, 's. Let Al be the

o
set of all the §'s for which V6 appears in one of these linear
combinations. Then Al is countable, and the algebraic span
Hy of‘é;l is contained in the algebraic span of {v6 8 € Al}

Now consider the span G of {v6 16 € A—Al}. This 1s a linear
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submanifold of H which is disjoint from Hj since the set
{v6 8 € A—Al} is linearly independent from {v6 : 8 € Al}.
We select an orthonormal basisé 2 of G. (The usual argument
shows this is possible even though G is not complete.) The

algebraic span H fﬁgg is contained in G and so is disjoint

2

from Hl'

Now it is clear how to procede. Let {é;Y : v e T} Dbe
a maximal collection of orthonormal bases of H such that the

algebraic span H, of & ' is disjoint from H,, if v # y'. If

Y Y
T is countable we reach a contradiction to the maximality by

considering those &'s for which v, appears in the sum for one

o
of the elements of U(CDY and constructing an extra & as we

Y
v

constructed 5;2 aktove. Hence T’ must be uncountable.

Now let {& Y : v e T} be such a collection of ortho-
normal bases of H, and suppose O ¢ I'. For each y # O
select two non-zero real sequences {anY} and bnY} such that

y 2 v\ 2
Z(an ) and Z(bv1 ) converge. We can select these sequences
to be different for different y, since there are as many

O O

such sequences as there are elements of H. Let a,” =Db, =0.
Denoting the elements of&% Y by e. Y, ng, ... define
Y\‘:: Y m{ 3 Y — Y 14
T(erl ) &y s *(len ) b ', and extend T to a real-linear
1M
functional on H. Then T(H ) = {0}, so yx = et* is a charac-

ter of H modulo HOQ Let W be the Weyl system ¥ WO.

For all z ¢ HY we have

x(z) w(z) =w,(iy ) w,(z) W (-y,)
where v, = T (anY + ibqY)enY. (see Equation (5.6).) Since

n
Yy # 0, Wo{iyy) is not a multiple of the identity. In fact
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Wo(iyY) does not leave the vacuum state invariant [ef. (1.7)
with y = 0, x = iyY° Here f = 1 represents the vacuum. ]

Now letting M Y = span of {elY, «e , e ¥}, it is clear
that y(X, MhY) > yy as n > @, so that Wo(iy(X,MhY)) > Wo(iyY).

Hence from (5.7) we see that

itNO(H)
exp [1tN(M Y; W)] > Wo(iyy) e WO(-iyY)
as n > o. In other words
D ax(e) aleg?) = W iy ) N () W,(-1y.). (5.10)

k=1
This operator does not equal NO(H) since it does not anni-

hilate the vacuum. What we have shown is that for uncount-

ably many different orthonormal bases & Y, the operator (5.10)

exists and is different from the usual number operator

NO(H).

EXAMPLE 2. This is a special case of Example 1. In this

example we will show explicitly what happens to the net

itNO(M))

*E,M(t) = Ele
where E is a certain normalizable state of one of the dis-

continuous Weyl systems. This state E has an infinite num-
ber of particles with probability one, but the behavior of

ME,M is different from that in Section 3. In this examplé

the functions wE,M converge to a discontinuous function.

Let = {el, €yt } be an orthonormal basis of the

separable complex Hilbert space H, and let;&b.:>ég'be a Hamel
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basis (consisting of unit vectors) for the real Hilbert
space generated by 8
Select any z_ € @such that z éé , let@’ 5@- {z,}
and define
T(z) =0 for all z ¢@:
T(z ) =1, T(izo) = 0,
Extend T to a real-linear functional on H.

Tet X = etl

and W =X Wo‘ Then for every vector z
in the span of &', W(z) = Wo(z), and for every finite-
dimensional subspace M of H contained in the span of as',
N(M;W) = NO(M). However, as proved in Propositions 5.2, 5.4
W 1s not unitarily equivalent fo Wo, and there does not
exiét a number operator over H for W.
Now let Vs € Hpbe the vector which determines the zero-
interaction vacuum state ofé‘(wo)° If we define a state E
of the Weyl algebra by |
B(W,(2)) = < W(z) vy, vo > = X(2) < W (2) vg,vy > (5.11)

(extending in the obvious way to all of &(wo)) then E is
not the standard zero-interacticn vacuum state of the Weyl
algebra. In fact we shall show E has an infinite number of
particles with probability one. By Definition 4.3, for each
finite-dimensional subspace M of H, we have to find

itN (M) . )
Vg u(t) = Ele ° ) = AWOBW) o s

then we must find the measure Mg M'such that
>

(o]

¥ g,u(t) =) et ug, k) >
k=0
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and then show

Lizg g “E,M(k) = 0.

First we calculate §5 y. Let F(M) be the intersec-
| 2
tion of the span of(25 with M, and let QM be the projec-
tion of H onto F(M). Then if z ¢ M, z can be uniquely

written in the form

z = QZ + (¢ + id) z, where ¢ + id e C.
N/
Note T(QMz) = 0, since @z ¢ span @%’.

LEMMA 1. If z_ e M, then the vector y(x,M) of Proposition

5.3 is given by

y6 M) = y=| (T - Qz 1178 (I - @z, (5.13)

E ZO é M, Y(X, M) = 0.

Proof:
If z ¢ M, then W(z) = W (z) for all M, so y(x, M) = O.
If z_ € M, then (T - QM)ZO e M and (I - QM)ZO # 0 since
QM Z, € spaxlds'.
Furthermore
exp [1 Re (y,z)]

exp[i (T - gz, ]2

Re ( (I—QM)ZO, Qz + (c + id)zO )

exp [i Re (c - id)]

exp [ic]

x(z).
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Now, using (5.7) we have

. . itN (M)
ANMEW) _y (1y) & © W (-iy)
1tN (M) -1tN (M) itNO(M)
=W_(iy) e W _(-iy) e e
(@] (o]
. itN_(M)
= w_(1y) w_(e'¥(-1y))e ©
O (e}
. . itN_(M)
= Wo(iy - ielty) exp[% i Im(iy, - elty)] e ©
. [ tN_(M)
= W, (1(1 - e'%)y) exp t%l sint ||y||%le © .
: itNG(M)
To calculate E(e )from.this,let'HR be some real-

linear subspace of H such that i(1 - elt)

y e HR' Then repre-
senting v_ by the function 1 in L2(HR, v), where v is the nor-
mal distribution with variance % [20], we have (cf. (1.7))

p(et ™o () _ exp[% i ]lyl12 Sint] < Wo(i(l-eit)Y) VsV D

= exp{% i llyll? sin%];R exp[i <u,(1-e')y >}dv(u)

= exp % 1]yl sint]£ exp [iu H(l—eit)yH - ug]du
! = |
" .

= exo} 1 113112 stnt - E 1102 - ¥ y112]

- exp-—%- Ily¥]12 (i sint + cost - 1)]

- exof2 113117 (= - 1)]

Now, referring to (5.13) we see that if z, e M

312 = Ty 2 = (1T - gzl 172,
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Thus

itN_ (M)
c _
WE,M(t) = E(a }—

which gives
exp[_%ﬂi(l - QM)ZO§|'2 (1 - cost)] z,e M
H’E,M(t) I =

LEMMA 2. limy . H’E,M(t)l =0, t #0, 27, +47,

Proof:

First we prove
limy o (T - Q) zo|| =0.

If M > M', then F(M) > F(M'), so I - QMg I- Q- Thus
it suffices to prove that there exists an increasing sequence
M;, M2, c++ of finite dimensional subspaces of H such that
lim (T - QMn)zOII = 0. Select M? = span {eg, oy e,

‘then Qm = projection on M, so clearly st-lim Qn = I

Therefore lim (T - Q) zoll = O.
Now givenl)e> O, t # 0, +2w, ++-, choose M_ such that
. 2 1l - cost '
for all M> M_, | | (T - Q,M)ZOH < S Toge Let M, be the

span of M_ U {z}. Then for all M > M;, we have, by (5.1%),

|y, g(8) | <e,

which proves the Lemma.
LEMMA 3.

Hmy g bg m = O
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Proof':
From the proof of Lemma 2 we see that choosing
M(k) = span {eqs "y & 2.}, we have lim wE,M(k) =0
almost everywhere. Also each function wE,M(k) is bounded

by 1. Then since

2T
1 ~-int
“EJMK)UD'_EFJ. be,mx) (B) € dt
0
we have by the Lebesque Dominated Convergence Theorem

1 (n) = O.

oo VE, M(K)
But it is clear from Proposition 4.2(c) that

ug({0,1, -+, n}) = Mimy g up \(£0,1,, n})
< lim ME, M(K) ({0,1,-+-, n})
= 0.
This completes the proof of the fact that despite the
"very small" difference between W, and W, the vector v,
which determines the no-particle state of é(wo) determines

a state of A(W) which has an infinite number of particles

with probability one.



~70-

6. CHARACTERIZATION OF THE STANDARD
ZERO-INTERACTION REPRESENTATION

It has been known for a few years [24] that there are
Weyl systems over H other than the standard zero-interaction
system for which total number operators exist in the sense of
Definition 3.1. These Weyl systems may be constructed, using

the Gelfand-Segal construction, from so-called universally

invariant states. (These are states E which have the property
that E(W(Uz)) = E(W(z)) for every unitary operator U on H.)
Segal has proved that the only universally invariant state
for which the related number operator is non-negative is the
standard zero-interaction vacuum [24, Theorem 2]. It is also
implicit in his work [24, Theorem 3] that the only cyclic
Weyl system which has a non-negative total number operator
which annihilates a cyclic vector is (unitarily equivalent to)
the standard zero;interaction Weyl system. However, the pub-
lished statement of this result seems to require a certain
additional continuity assumption. Wé shall indicate the -
structure cf Segal's proof, so that we can see that the con-
tinuity assumption 1s not needed in this context.

On pages 515-516 of [24], Segal proves

LEMMA: Let W be a Weyl system over H on K, and let A be

a non-negative self-adjoint operator on H. If there exists

a_non-negative self-adjoint operator B on K such that

eltB W(Z) e-ltB - w(eltA Z)



._73 -
for all z ¢ H, and if v ¢ K is invariant under all the

itB ;
operators e ,» fthen

< W(e-itA u-u) v,v > = exp[—-% | g ith u-ul]g] (6.1)

for all ue H, t ¢ R.

From this we have

PROPOSITION 6.1. If W is a cyclic Weyl system with a non-

negative total number operator N which annihilates a cyclic

vector Vs then W is unitarily equivalent to the standard

zero-interaction Weyl systen.

Proof: We use the Lemma with A = the identity on H,
B=NonK IfzeH letu=-32z Then fort =,
(6.1) gives

-5l 12112

<u(z) v, vy > = e

By [23, Theorem 1 and Section 4] we know that the only regu-

lar state E of the Weyl algebra such that

1 2
E(i(z)) = elEllZIl

for all z ¢ H is the standard zero-interaction vacuum. Since
there is, up to unitary equivalence, only one cyclic Weyl
system with cyclic vector whecse state is E [19] the Proposi-
tion is proved.

From Section 5 we know that there are cyclic Weyl systems
W other than the zero-interaction system which have a cyclic
vector Vs which is annihilated-by every number operator

N([ek];W), where {eq,e +++} is some fixed orthonormal basis.

2.’
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However the following criterion specifies the zero-

interaction systam.

PROPOSITION 6.2 ILet W be a cyclic Weyl system with a

cyclic vector Vs which is annihilated by the number operator

N([z];W) for every vector z ¢ H. (See Definition 3.1).

Then W is unitarily equivalent to the standard zero- inter-

action system.

Proof: If z ¢ H, select the operator A of the Lemma to be
the proJjection P[z] of H onto the subspace spanned by z.
By Proposition 3.1

S1tN([2]5W) W( ~1tN([z];W)

y) e = W(exp(itP[Z]y))

for all y ¢ H, and N([z];W) is non-negative. The hypothesis

here is that Vo is invariant under eltN([z];W)'- So in fhe h

Lemma we can select B = N([z];W), t =7, u= - % z, and we have
1 2 |
Rl
| < W(z)vo,vo> = @ .
The proof is completed as in Proposition 6.1.
From this result and the results of Section 5 we have

the following result in case H is separable.

PROPOSITION 6.3. Let {el,eg, +-+} be an orthonormal basis

of the separable Hilbert space H, and let W be a cyclic Weyl

system over H with cyclic vector Vs which is annihilated by

the number operator N([ek];W) for every k. If either H equals

the algebraic span of {el, e +++}, or the function

2’

z > W(z) v,v, >
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is continuous or: all of H, then W is unitarily equivalént

to the standard zero-interaction Weyl system.

Proof: Let HO = the algebraic span of {el, e2,--.}. If
Z € Ho’ then z is contained in the finite-dimensional
subspace M spanned by, say, {el,---,en}. By Cor. 1 to
Prop. 2,4 we know N(M;W) annihilates v, so it follows
from Prop. 3.2 with M' = [z] that N([z];W) annihiiétes
vy Since z was an arbitrary element of Ho’ bylProp. 6.2

.we have W = W_ on Ho. If H=H we are finished. If

o) o’

H # H,, the hypothesis is that W is continuous on H. 3But

by Prop. 5.2, W =X W_, where X is a character of H

modulo Ho' Since the only continuous character is

X = 1, we have W = WO.
Now we want to characterize all Weyl systems for which

there are normalizable states having a finite number of par-

ticles with probability one. Our first result along these

-lines 1is the following.

THEOREM 1. Let H be a complex inner product space, W a

Weyl system over H acting on the Hilbert space K. The

following conditions are equivalent:

(1) W is unitarily equivalent to a direct sum (of arbi-

trary cardinality) of standard zero-interaction Weyl systems.

(2) The representation of the Weyl algebra A(Wo)ggven

by the canonical isomorphism of A(WO) onto A(W) (See Defini-
l asnd on

tion 4.1) is a direct sum of cyclic representation, each
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having the property that there is a cyclic vector which deter-

mines a state which has a finite number of particles with proba-

bility one.

(3) The finite-particle subspace of K is K itself, (See

Definition 3.5.)

(4) Every normalizable state of A(W) in K has a finite

number of particles with probability one. (See Definitions
4.2, 4.3.)
(5) For each t ¢ R, there is an operator V(t) on K

such that for every x e‘K

[P O5W) _ ye)] x (] > 0

uniformly in t as M > H.

(6) There exists a self-adjoint operator N on K whose

spectrum is contained in the non-negative integers and which

satisfies '
e}tN W(z) g 1tN _ W(elt z)
for all z ¢ H, t ¢ R.

REMARK 1. Since the equation in condition (6) is precisely

our criterion for N to be a number operator over H (Defini-

tion 3.1), condition (6) can be restated as: There exists a
nonnegative-integer-valued total number operator.

REMARK 2. We shall see that the operators in condition (5)

actually converge to the operator efLtN

of condition (6), so
(5) is one way of stating rigorously the condition "The num-

ber operators N(M) converge to a number operator."
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REMARK 3. The net convergence specified in (5) is not par-
ticularly easy to verify in practice. However, we have seen
by example that one can not prove the theorem assuming very
much less. If the space H is separable, the following condi-
tion can be substituted for (5):

(5s) If Ml, M2, ... is any increasing sequence of finite-
dimensional subspaces of H such that limném PMn = I where PM
is the projection of H onto M, then there exists, for each t,
an operator V(t) such that the sequence n - exp(itNMn) conver-
ges strongly to V(t), and t > V(t) is weakly continuous at
zero.

It is to be noted that (5s) is a condition on every in-
creasing sequence {Mn} converging to H, not just one particu-
lar sequence.

In case the representation space K is known to be separ-
able, the condition (5s) can be simplified by removing the
“assumption that t -» V(t) is continuous. For the strong limit
of the sequence of one-parameter unitary groups is easily
seen to be a (weakly) measurable one-parameter unitary group
(See the proof of Proposition 6.4.) 1In case K is separable,
a measurable unitary group on K 1is automatically continuous.

(See, for example, [12].)

REMARK 4. The assumption of uniform convergence in (5) is

probably unavoidable, as was indicated in the remarks at the
end of Section 4. However, it is not an artificial assump-
tion since we shall reduce it to a question of uniform con-

vergence of certain characteristic functions; but if a sequence
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of characteristic functions converges to a continuous function,
the convergence is necessarily uniform on every compact inter-
val [13, p. 191]. In the case in question here, we are only
interested in the wvalues of the functions on an interval of
length 27 anyway. As we procede with the proof, it will Dbe-
come clear that the assumption of uniform convergence in (5)

can be replaced by the assumption of uniform convergence on

an arbitrarily small neighborhood of zero. However, we have

avoided the extra verbiage required to prove the result in
this form.

The proof of the theorem procedes through a number of
lemmas, some of which are interesting in their own right.
Throughout this section the symbol W stands for the given Weyl
system over H, K is the space on which W acts, and a symbol

such as N(M) means the number operator over M for the par-

ticular given W, i.e. N(M;W).

First observe that (3) €= (4) is obvious. For a state
E is normalizable in K, by Definition 4.2, if and only if
there is a unit vector x ¢ K such that E(A) = < Ax, x >
for all A in the Weyl algebra. Now let Q be the projection
onto the finite particle subspace (Definition 3.5), and we
see that E has a finite number of particles with probability
one if and only if < Qx, x > =1, and this is true if and only
if Qx = x.

Now (4) plays no further role in the proof which follows

the outline
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!

LEMMA 1. (1) == (2): A direct sum of standard zero-

(1) === (2) ==> (3) ==>(6) =—=>(1)
(

interaction representations is a direct sum of cyclic repre-

sentations each having a cyclic vector which has a finite

number of particles with probability one.

Proof: Let vy be the standard zero-interaction vacuum vec-
tor. Then the state E determined by Vs has zero particles
with probability one. (Proof: NO(M) v_ = 0 for every finite-

o
dimensional M, so it follows that ug M(k) Hence
)

= dyor
“E(K) = 8, Now use Definition 4.3.) Purthermore v, is
cyclic for é(wo), since any non-zero vector is cyclic for an
irreducible algebra of operators. This proves the Lemma.

Now we introduce the following

NOTATION: Define U(t): QK - QK by

oo}

U(t) = Z et
k=0
where Pk is the projection onto the k-particle subspace for
W (Definition 3.4) and Q is the projection onto the finite-
particle . subspace  for W (Definition 3.5)
Note that since we have defined U(t) to be eitN, where
N is the self-adjoint operator on QK whose spectral resolution

is N =% k Pk’ t > U(t) is a strongly continuous one-param-

eter unitary group on QK.
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The first main point of the proof is contained in

lleitN(M) <

LEMMA 2. If x ¢ QK, then lim, . -U(t) x || =0

uniformly in t.

Proof':
Let PK(M) be the projection onto the k-particle subspace

for the number operator N(M) over M. Choose any X ¢ K. Then

o]

b(8) = <My s o ST Cp ) x, x>
k=0

0

itk
Z ey (1)
k=0

} From Corollary 1 to Proposition 3.3 we know that as M » H,

(k) converges to

“x(k) =< P, X, X >.

I‘lx,M

If x ¢ QK, then, from the fact that Q = % P,, We have
=0

| | ii < Py X, X > =<x, x,

i k=0

so that in thils case the total variation of My is the same as

the total variation of each My M2 namely lellg. From this
2
l we can show that the Fourier transforms y, converge uni-

formly to

[>]

yp(e) = ) e (k).
k=0

For convergence of sequences, this is a familiar result. (See,

for instance, Loeve [13] or the Vitali-Hahn-Saks Theorem,
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which can be found in mény functional analysis texts.) How-
ever, most of the available proofs can not be adapted to net
convergence, although the proof is quite simple in the case
we have here. So we shéll gi&e a complete proof.

Let € > 0 be given, and choose n, such that

Hxl |2 = HX({O’J-:'“: no})< %‘8.

Then
() = w0 =) 5 M ) - ) e (k)

k=0 k=0
@ . no .

g Z eltk UX,M(k-) - Z eltk U-X,.M(k)
k=0 =0
No o

2 D DRV S IR SRS €O
=0 =0
no . 2 .

Y M) - Y e () l
k=0 k=0 | (6.2)

The first term and the third term here are less than

€/3, independent of M and t. For



%) O
itk . itk
Z € HX,M(L{) € U'X,M(k)
k=0 k=0
B itk
- © “x,M(k)
k=no+.l
o)
2
<Y e y(® = HIxIIP -y (60,2500, )
k=no+l

2 r
é llxl[ - \J-XL{OJ:L;T'°°3 nO})
<%,
and the calculation for the third term is similar.

Now select MO such that if M > Mb we have

2 [ru®) - w0 <5

(This is possible since My M(k) > px(k) for each k.) Then
. b

the middle term in (6.2) is also less than-%, independent

of t, 1If M > MO’ for

nO nO
Y et (9 - (01| <Y g y(®) - ()]
k=0 k=0

SO0 we have shown that for each x ¢ QK

¢ SINMM Loy L us) xx >, > 0 unif. in t
as M > H.

ThHen by polarization (see [11, p. 13]) we find that for

all x,y ¢ QK

| < eitN(M)x,y > - < Ut) x,y > | » 0 unif. in t. (6.3)
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What we want to show is that 1f x ¢ QK, then

| [eitN(M) -U(t)] x || = 0 unif. in t.

But

K [eitN(M) | |2 itN(M)

- U(t)] x =2 < x,x » - 2Re e x,U(t)x>,
so it suffices to show

< eitN(M) x, U(t) x > >< x,x > unif. in t.

We may assume x # O.

Now since t - U(t)x is continuous and periodic, the set
{Uu(t) x : t ¢ R} is compact in K. So, given & > 0, we can
select a finite set of wvectors {yl,---, yn} cK such that for

every t there 1s a Vi satisfying
&
[ ue)x =y < %]

Fix t for the moment, and select a Vi such that this in-

equality 1is satisfied. Then

MM ue) x> - Cxyx D |

| <ML uie) x> - Cult)x, U(e)x D |

I

= | <M D ge)) x, ule)x > |
et Cge)] %, ule)x -y, > |
w | <1t gy x, y, >

<2 [l Hu(e)x -yl

v ] <M gy, v, >

.

From this result we conclude that for any t we have
| <MD o pe)x > - Cx, x> |

CE& +max | < [ _ye)) x, 3, >
1
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By (6.3) we can select an M_ such that if M o M_ the in-

o
dicated maximum is less than %&5 for all t, so the proof
is complete.

Next we need the converse to Lemma 2.

LEMMA 3. If x ¢ K, and if for each ¢t
itN(M)

e1tN(M)X

x exists, and || [ - v(t)x]|| > o

V(t)x = limy o e

uniformly in t, then x e QK.

Proof: ILet x ¢ K.

0

Let vX’M(t) = < eitN(M)X,x > = E: eTtE ux,M(k),
k=0

and wx(t) =< V(%) x,x .
From the hypothesis and Schwarz' inequality we have
[T - o L, >0
But we also know that for every k “x,M(k) > “x(k)’ where
“x(k) =< P, X,X > (Corollary 1 to Proposition 3.3).
For each integer n we can select a finite-dimensional
M™ we have

subspace M? of H such that for every M

>
1
v -ty 1o <5
and
1
| “x,M(k) - UX(K)] < = for k=0, 1,-++, n.

It follows that

Him [ b, ~ Yy llm =0
and
1imn+m HX,Mn(k) = uX(K) for k = 0, 1, 2, ---,

Then by the Lévy continuity theorem [13, p. 191], since Uy

is evidently continuous, the total variation of Mo is
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{ x, x >, which is to say < Qx, x> ={x, x> , or
X € QK.

LEMMA 4. (3)<?==§5 (5): A necessary and sufficient con-

dition for QK to equal K is that for each t € R there exist

an operator V(t) such that for every x ¢ K

M) g6 x || >0 (6.4)

uniformly in t as M > H.

Proof:
Suppose QK = K. Then by Lemma 2, for every x ¢ K,

| eitN(M)x - U(t) x || » 0 uniformly in t. Conversely,

if some operator V(t) exists satisfying (6.4), then every

x € K satisfies the hypotheses of Lemma 3, so K c QK.

LEMMA 5. If QK =K, then t - U(t) is a continuous one-

parameter unitary group on K such that

u(t) w(z) u(-t) = w(elt 2) (6.5)

for all z ¢ H, t ¢ R.

Proof: We already observed when defining U(t) that t - U(t)
is a continuous unitary group on QK, which by the assumption
here equals K.

By Lemma 2, if QK = K

U(t) = st-lim . LtV (M)

It follows that

U(t) w(z) U(-t) = st-limy . S1EN(M) W(z) o 1tN(M)



-84~
But if M is any finite-dimensional subspace of H con-
taining z, we have

eitN(M) -1tN(M) _ W(eit 2).

Ww(z) e

It follows that the limit is w(elt z) also.

LEMMA 6. (3) === (6): If QK = K then there exists a

self-adjoint operator N on K whose spectrum is contained

in the non-negative integers and which satisfies

eltN W(Z) e—itN - W(elt Z)-

Proof: By Lemma 5, if QK = K, then the operator
[o0] .

U(t) =% e "F P satisfies (6.5). But the self-adjoint
k=0

. . o
generator of U is kEOkPk’ whose spectrum is contained in

o0}
the non-negative integers. Taking N = ¢ kPk, the Lemma
k=0
is proved.
The next lemma is now easy to prove, but is the second

main step in the proof of the theorem.

LEMMA 7. QK 1s invariant under the action of the Weyl

algebra.
Proof: If x ¢ QK and z ¢ H, then

eitN(M) eitN(M)X

W(z)x = W(elt z)
for every finite-dimensional subspace M of H containing z. So

11 eMNO0 o) - (el 2) u(s) x|

| W(eit z) eitN(M)x - W(eit z}'U(£)x|f:
[ XMy y(e)x ||

which converges to zero uniformly in t since x ¢ QK (Lemma 2).
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By Lemma 3, using V(t)[W(z)x] = W(e

find W(z)x ¢ QK. Hence we have shown
X € QK === W(z)x ¢ QK for all z ¢ H.

Now suppose A is in the weakly closed algebra gM(w) gen-
erated by {W(z) : z ¢ M}, where M is a finite-dimensional
subspace of H. Then using the Weyl relations (1.5), we see
that A is a weak 1imit of operators An having the property
that each A is a finite linear combination of W(z)'s,

Hence each A x ¢ QK if x ¢ QK, so that for all y e(I-Q)K
we have

(Ax, y>=1lim < AXx, y)>=1lim 0 =0,

Therefore A x e QK.
Finally, each operator B in the Weyl algebra is a uni-

form 1limit of A's of the above type, so B x ¢ QK if x ¢ QK.

LEMMA 8. (2) === (3): Suppose the canonical isomor-

phism ¢ of A(W_) onto A(W) is a direct sum @, where each

ieT P4

Py is a cyclic representation on, say, Ki’ with cyclic vector

vy such that Vi e QK. Then QK = K.

Proof: To say v; is cyclic means that {@i<A)Vi : A e éjwo)}
is dense in Ki' Then, since vy € QK, we know from Lemma 7
that this dense subset of Ki is contained in QK. From the
fact that QK is closed, we conclude that each Ki is contained
in QK; and from this we see that K < QK.

Now we have

(1) = (2) == (3) =—=> (6)

7
.

(4/ \ (5)
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So we just have to prove (6)==—==>(1). We shall do this

in two steps, of which the first is the last main point of

the proof of the theorem.

LEMMA Q. If K # {0} and there exists a self-adjoint opera-

tor N on K whose spectrum is bounded below by an element of

the point spectrum and which satisfies

eltN W(Z) e—itN _ W(elt Z)

for all z ¢ H, t ¢ R, then there is a sub-Weyl system of W

which is unitarily equivalent to the standard zero-inter-

action system.

Proof: Let b = inf spectrum (N), and let N' = N-bI. If
v(t) = e then the following are true:
(1) The self-adjoint generator of V is nonnegative;
(11) V(t) W(z) V(-t) = Ww(et? z) for all z ¢ H, t ¢ R;
(iii) There is a unit vector x ¢ K such that V(t)x = x
for all t. (By hypothesis we can find an eigen-
vector x of N with eigenvalue b, and we may choose
it to have unit length.)
Let KX be the smallest subspace of K which contains x

and is invariant under the Weyl algebra. Namely

K, = closure of A(W)x

where é(w) 1s the Weyl algebra for W. Then if we restrict
each W(z) to K, we get a cyclic Weyl system W_ with cyclic

vector x. Furthermore K _ is invariant under V(t) since

il

v(t) w(z) V(t) w(z) Vv(-t) V(t)x

W(elt z)x e K_.
x
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It is clear that if Vx(t) is the restriction of V(t)
to K, then t > Vk(t) is a continuous unitary group on K
which also satisfies (i), (ii), and (iii) above with V
replaced by VX and W replaced by Wx' Hence by Proposition
6.1 WX is unitarily equivalent to the standard zero-inter-
action Weyl system, which proves the Lemma.

Now to complete the proof of (6)==== (1) it is only

necessary to use Zorn's Lemma in the usual way.

LEMMA 10. (6)=======} (1): If there exists a self-

adjoint operator N on K, whose spectrum is contained in the

non-negative integers, and which satisfies

eltN W(Z) e—itN _ W(elt Z)

for all z ¢ H, t ¢ R, then W is unitarily equivalent to a

direct sum of standard zero-interaction Weyl systems.

Proof: From Zorn's Lemma and Lemma 9, we know that there
exists a maximal invariant subspace K of K having the prop-
erty that the restriction of W to K is unitarily equivalent
to a direct sum of zero-interaction Weyl systems. We will
show K = K by deriving a contradiction from the assumption
that the orthocomplement KT of ¥ is not zero.

If KT # {0}, then K1 is invariant under the Weyl algebra

1

(since K is), and so the restriction W~ of W to k1 is a Weyl

system. Furthermore eltN leaves K:L invariant too, since

e-ltN leaves K invariant and hence for any X ¢ Kl and y ¢ K,

we have

0 =< x, o~ 1tN y > =X eltN X, ¥ 0.
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It follows that the self-adjoint generator Nl of the

tN 1

restriction of the group t -»> et to K~ is the restriction

of N to Kl. In particular Nl has spectrum contained in the
non-negative integers, because N does. Finally
exp[itNl] Wl(z) exp[—itNl] = oIt W(z) g 1tN
Kl
. W(ej‘JC z) =W
K
Thus we see that the operator Nl satisfies the hypotheses of
Lemma: 9 with respect to the Weyl system Wl on K;. So, that
Lemma tells us there is a sub-Weyl éystem of Wl acting on,
say le o Kl, which is unitarily equivalent to the standard
zero-interaction Weyl system.
But then K @ le is a subspace of K which is larger
than K and has the property with respect to which K was

supposed to be maximal, namely the restriction of W to K @ KX

" is unitarily equivalent to a direct sum of standard zero-

interaction systems. This is the desired contradiction.

This completes the proof of Theorem 1.

Now we will prove that the net-convergence criterion (5)
is equivalent to the sequential convergence criterion (5s).
(See Remark 3 after the statement of Theorem 1.) (Of course
these two criteria are not equivalent in general, only in the
context here.)

Supposing (5) is true, from Theorem 1 we know the repre-

sentation is a direct sum of standard zero-interaction



-91-
representations, in which case (5s) is true by Corollary 2
to Proposition 2.4.

On the other hand, suppose (5s) is true. Let x be a
unit vector in K and E the state it determines. Select an
increasing sequence {M"} such that “E,Mn(K) > uE(k) for every

k, and P, > I. Using (5s) we conclude that the sequence

MR
n > exp [1tN(M%)1x converges to, say, x(t), and the function

§ defined by y(t) = < x(t), x > is continuous at zero. Hence,
letting gyn(t) =< exp[1tN(M?) ] x, x > we see that the se-
quence n > an converges to . Thus by the Lévy continuity
theorem, {§ is the Fourier transform of Wgs and consequently
Mg has total variation 1. Since this is true for any unit
vector x ¢ K, we have shown that (5s) implies condition (3)

of Theorem 1, which implies (5).

REMARKS: We have proved a number of facts which are not
actually stated'in.the theorem, so we shall point out a few
consequences here.

First, if W is any Weyl system acting on, say, K, we
can write K as a direct sum

K=QK @ (I - QK.

By Lemma 7 and the fact that the Weyl algebra‘é(w) is self-
adjoint, we see that A(W) leaves both summands invariant. On
the first, by Theorem 1, W acts like a direct sum of standard
zero-interaction Weyl systems. In (I - Q)K, every normaliz-
able state has an infinite number of particles with probability'

one, because for any v ¢ (I-Q)K such that |v]| = 1 the probability
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S
of finding a finite number of particles in the state de-

termined by v 1s

From this we see that if neither QK nor (I—Q)K is
trivial, then given any p between O and 1 it is possible
to find normalizable states for which the probability of
finding a finite numbter of particles is the given number p.
However if QK = {0}, that is, no subsystem of W is the stand-
ard zero-interaction system, then this phenomenon can not
occur -~ every state has an infinite number of particles with
probability one.

All tThe above considerations simplify to relatively trans-
parent statements in the case that the Weyl system is irre-
ducible. Since for a quantum field of "elementary" particles,
the associated Weyl system is expected to be irreducible any--

way, these are the systems of greatest interest.

THEOREM 2. Let H be a complex inner product space, W a Weyl

system over H acting irreducibly on the Hilbert space K.

The following are equivalent:

(1') W is unitarily equivalent to the standard zero-

interaction Weyl system.

(21) One normalizable state of the Weyl algebra of W

has a finite number of particles with non-zero probabilility.

(3') The finite-particle subspace of K is K itself.

(4')  Every normalizable state of the Weyl algebra of W

has a finite number of particles with probability one.
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(51) For one non-zero vector v € K, the net

M > exp[itN(M)] v converges to some v(t) uniformly in t

(as M » H through the finite-dimensional subspaces of H).

(6') There exists a self-adjoint operator N on K

whose spectrum is bounded below, which satisfies

eltN W(Z) e—itN _
for all z ¢ H, t ¢ R.

Proof:  Evidently (1') =—— (2').

If (2') is true, then there is a vector v ¢ K such
that Qv # 0, where Q is the projection on the finite-
particle subspace. This implies that QK is a non-trivial
subspace of K, which by Lemma 7 is invariant. Hence

QK = K, so (3') is true.

(3') === (4') as in Theorem 1.
(41) —_— (5') since by Theorem 1 (4') implies an
even stronger result than (5').

(51) ::::::::} (6') since by Lemmas 3 and 7, the set

itN(M) v exists uniformly in t}

Q,K={VeK:V(t)=limM_>He

is an invariant subspace, so since it is not zero, it is K.

(e

Then .
ut) = ) e
k=0
_ . itN(M)
= St_llmM»H e

is a continuous one-parameter unitary group whose self-adjoint
generator N is non-negative and satisfies the condition in (6').

To show (6?).::::::% (1'), we will show (6') ::::::§

condition (6) of Theorem 1. TFor (6) —) (1), and
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evidently (1), together with irreducibility, implies (1').
To show (6!') =————== (6), we must show that the existence
of a self-adjoint N whose spectrum is bounded below and which
satisfies

eitN W(z) e—itN _ W(eit z)
implies the existence of an N doing the same thing, but whose
spectrum is contained in {0,1,2,-:-}. Let b .be the infimum

of the spectrum of N. Notice that

e2W1N W(Z) e-2w1N _ W(e2v1 z) _ W(z)

erlN 2TiN _ eEvla T

so commutes with all the W(z)'s. Hence e
for some real number a such that b { a < b+ 1. It follows
that
Ae spectrum N'=:====§ A = a + an integer.

But the spectrum of N is bounded below by b, so A ¢ spectrum t
N ————3 A = a + nod-negative integer: Hence N - aI is a
~self-adjoint oberator with spectrum contained in {0,1,2, ---}.
Clearly

exp[it(N-aI)] W(z) exp[~it(N-aI)]

eitN 1tN

W(z) e~
= W(ej't z).
So take N = N - aI, and the proof is complete.
It may not yet be clear that Theorem 2 implies the re-
sult originally stated by-Wightman and Schweber [28], so we
shall prove a rigorous form of that result now.

PROPOSITION 6.4 Let § = {eq,e,, -} be an orthonormal

basis of the separable complex inner product space H, and
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let HO be the algebraic span of § . Let M? be the span of

{el, cee en}, Suppcse W is an irreducible Weyl system

over H on a separable space K such that

. v . n
V(t) = st-lim ,  exp [itN(M™) ]

exists for every t ¢ IR. Then W is unitarily equivalent

to X W,, where W  1is the standard zero-interaction repre-

sentation over H and X is a character of H mod HO (Defini-

tion 5.1).

Proof:

Consider the Weyl system W' over Ho which is the restric-
tion of W to Ho‘- Then for each finite-dimensional subspace
M of H_, N(M;W') = N(M;W), since both operators satisfy (a),
(), and (c) of Proposition 3.1. So we shall use the notation
N(M) to represent either one.

The hypothesis is that

v(t) = st-lim , = exp [1tN(M™) ]

exists. Then V(t + t') = V(t) V(t'), soV is a one-param-
eter group. Moreover, V(t) is an isometry, since it is the
strong limit of unitaries. This together with the fact that
V(t) V(-t) = V(0) = I, implies that V(t) is unitary. Further-

more, for any x, ¥y, ¢ K,
<v(t) x, vy > = lim  {exp[itN(M)] x, ¥ >,

so t » < V(t) x, y > is measurable. Thus we have shown that
V is a weakly measurable one-parameter unitary group, which,

since K is separable, implies V is continuous [12].
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By Stone's Theorem {see [18]), there exists a self-

adjoint operator N such that V(t) = ™ 16 see N is non-

negative, let x ¢ K, and consider
W(e) =< W x x> = lim < exp [1tN(M™) ] x,x D

e}

1lim E: itk < PK(Mn) X,X .

N—~>oc0

k=0

By the Lévy continuity theorem [13], the fact that § is

continuous implies

(o 0]
1tN itk ..
Cet™ x,x > = E: e lim 4 Pk(Mp)x, X >
k=0 '
so the spectrum of N is in fact contained in {O0,1,--- }.

Also, for every z ¢ Ho

1N (g 1N L lim [exp[itN(Mn)] W' (z) exp[-itN(Mn)]]

lim W'(exp[itPMn]z)

eit

=W'( Z),

since there exists an n, such that
Pyn z = z for every n ) ng.
Thus by Theorem 2 (6'), W' is unitarily equivalent to
the standard zero-interaction system over Hy. Since W' 1is
simply the restriction of W to Ho’ we know from Proposition

5.1 that W is unitarily equivalent to ¥ WO for some character

X of ‘-H mod Ho‘



7. STATES WITH A FINITE NUMBER OF PARTICLES

Given any regular state of the Weyl algebra é(wo) over
H, one can produce, using the Gelfand-Segal construction, a
concrete Weyl system W over H acting on, say, K such that
the state E is normalizable in K. (See Section 4.) Using
this procedure and the results of the previous section, we
can derive a characterization of those regular states of the
Weyl algebra which have a finite number of particles with

probability one.

DEFINITION 7.1. A state E of a C¥-algebra A 1s pure if
and only if it 1s not a convex linear combination of two other
states.

It is known [19; or see 5] that the Gelfand-Segal repre-
sentation corresponding to a pure state is irreducible, and
conversely a vector in an irreducible representation deter-

mines a pure state. Using these facts it is easy to prove

THEOREM 3. For any regular pure state of the Weyl algebra

over a complex inner product space, the probability of find-

ing a finite number of particles is either zero or one. If

the probability is one, then the state is normalizable in the

standard zero-interaction representation (i.e. there is a

unit vector v in the space KO of the standard zero-interac-

tion Weyl system such that

E(A) = <AV, V>

for all Ae A(W,).)
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Proof: | Iet E be a regular pure state. Then by the Gelfand-
Segal construction we can'produce an irreducible representa-
tion T of the Weyl algebralé(wo) on some Hilbert space K such

that there is a unit vector x € K such that

E(a) =< 7(8) x, x> for all A e éﬁwo).

Moreover, by the regularity of the state E, z » w(W(z))
is a Weyl system on K. By Theorem 2, if the probdbility of
finding a finite number of particles in E is not zero, then
it is one. Furthermore, if the probability is one, then
Theorem 2 tells us that 7 is unitarily equivalent to the iden-
tity. The unitary operator which effects this equivalence
takes x into a vector v (in the standard zero-interaction
space Ko) satisfying the condition stated in Theorem 3. So
the Theorem is proved.

At this point we could procede in several ways to char-
acterize all the regular states (not just the pure ones) which
" have a finite number of particles with probability one. The
procedure which gets us least involved in irrelevant topolog-
ical questions is to look once again at the proof of Theorem
l, and derive the next result from there rather than from the

more specialized Theorem. 3.

THEOREM L. Let é(Wo) be the Weyl algebra over H, E a regular

state of é(Wo). The following are eguivalént;

(a) The probability of finding a finite number of parti-

cles in the state Et;g one.
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(b) The Wevl system which results from using the Gelfand-

- Segal construction with the state E is unitarily equivalent

to a direct sum of standard zero-interaction Weyl systems.

(¢c) There exists a non-negative trace-class operator

D on H, such that Trace D = 1 and

F.,
E(A) = Trace (AD) for all A ¢ é(wo).

(d) Letting ¢M(t) = E , then the net

M > wM converges uniformly.

(eitN(M)

Proof:

(a) —— (0):

Consider the Gelfand-Segal representation of &KWO) de-
termined by E. This representation is cyclic with a cyclic
vector whose state is E. If (a) is true, then E has a finite
number Of particles with probability one, so by Theorem 1,
the representation is a direct sum of standard zero-inter-
action systems, from which we see that (b) is true.

(b) ===== (c): Suppose (b) is true. Let v be the

cyclic vector whose state is E. If we write the space K on

which W acts as K = @,

K., where the restriction of W to
iel 1

Ki is unitarily equivalent to WO, then we see that the pro-
jection of v into Ki can be non-zero for only a countable
number of indices. Since v is cyclic, we conclude that the
direct sum is actually countable. |
So without loss of generality we may assume
K=K, @K, ® " (finite or countably infinite)

1 2
where the restriction of W to each Kn is WO, and the
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projection of v into each Kn is non-zero. Write

Vv =av, ®a,v, ® -+ where each a, > 0 and each v, is a
unit vector. Then 1 = llv{ie =T ang. Furthermore, for

every A ¢ é(wo)

E(A) =< Z%@ A(a v,), g:@ a v, >

2 .
Zn a’n < A' vn) vn > e
Let Rn be the projection of HFonto the subspace spanned

2

by v,, and let D = T a “ R . Then D is evidently non-nega-

tive, and Trace D = ¢ an2 = 1.

Now we Jjust have to show E . is related to D by
E(A) = Trace (AD).
In case the direct sum is infinite we need to observe first.
that the sum T an2 Rn converges in the Ll sense. This

follows from the fact that

Trace

Il
=
Ix
o
e]
®
.ﬁ
B

il

2. ta
A

n=no+1

which —— 0 as n, > o. 30 whether the sum is finite

or infinite, we have
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2
%;an CAv,v, >

E(A)

I

il

2 al
Zan Trace (ARn)

il

Trace [A(). an2 Rn)]
 n

= Trace AD.
Hence (c) is proved.
(c)=——o (d):
If E(A) = Trace (AD) for all A ¢ A(W), then in particu-

lar for every finite-dimensional subspace M of H
E(exp[itNO(M)]) = Trace (exp[itN_(M)ID)

where NO(M) is the number operator over M in the standard
zero-interaction representation. (Definition 2.3)

Now the function A - Trace (AD) is strongly continuous‘
on the unit sphere of operators, so, given g ) O, we can find

1tN, (H)

a basic strong neighborhoodaLLof e in the unit sphere

- such that for all A 662(

itNO(H) D) (g

Trace (AD) - Trace (e

JLLhas the form

U=(a: llall =1, ana H[A - eitNo(H)}xiH <1, 1-1,--

But we know, from Theorem 1, that
[eitNo(M) 1tNO(H)]

- e > 0

X.
i
uniformly in t for 1 = 1,-**, n, so we can select MO such

that for all Mo MO

exp [itNO(M»]eﬁULfor every t.

-’n



-102~
It follows that if M o MO

itN_(H)
© D]l( € for all t.

|¢M(t) - Trace [e
Hence we have the WM'S converging uniformly, and (d) is
proved,
(d) ===y (a): This is proved as in the proof of
Lemmé 3 to Theorem 1. From the fact that
[y - ¥ |1, > 0 and pp > up we conclude

that pg has total variation 1, which is (a).

REMARK 1. As in Theorem 1, the condition (d) in Theorem 4

can be replaced, in case H is separable, by

(ds) For every increasing sequence {Mn} of finite-
dimensional subspaces of H such that PMn - I, the sequence

n > yyn converges to a function § which is continuous at

zero. |

REMARK 2. Suppose Vv is a unitveetor: in- the representation space
'for a Weyl system over H. From Theorem 4 we can determine

the behavior of the number operators N(M) in the entire

cyclic representation generated by v simply by checking

whether (a) or (d) holds on the single vector v. In par-
]1/2

ticular if v is in the domain of [N(M) for every finite-

1/2V1|exists, then

dimensional M c H, and limy . || [N(M) ]
surely (a) is true for the state determined by v, so that
(b) follows. This is slightly stronger than a recent re-

sult of Dell'Antonio and Doplicher.*

*G.F. Dell'Antoﬁio, private communication.
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