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ABSTRACT

This paper shows how Lo deduce the reciprocity laws of Dedekind and Rademacher,
as well as n-dimensional generalizations of these, from the Atiyah-Bott formula, by
applying it to appropriate elliptic complexes on a “twisted” projective space. This
twisted projective space is obtained by taking the quotient of C* — 0 by the action

p(w)(z1y. ..y 2n) = (W2q,...,w™"z,), weCq €Zt,

where the ¢;’s are mutually prime. Since this is not a manifold, it is necessary to
adapt Atiyah-Bott to the setting of orbifolds.
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Introduction

Let Y be the “twisted” projective space obtained by taking the quotient of C* — 0
by the action

p(w)(z1y. .-y 2n) = (Wh2,...,0"2,), weC*qe€Zt

where the ¢;’s are mutually prime. We will show in this paper how to deduce the
reciprocity laws of Dedekind and Rademacher, as well as n-dimensional generaliza-
tions of these formulas, from the Atiyah-Bott formula by applying it to appropriate
elliptic complexes on Y. Since the twisted projective space, Y, is not a manifold,
this will require our adapting Atiyah-Bott to the setting of orbifolds. The version
of Atiyah-Bott needed for our purposes is described in section 1 and the number

theoretic applications of it, mentioned above, are discussed in section 2.



1 Fixed point formula for orbifolds

1.1 The case of good orbifolds

Let X be a compact complex manifold of complex dimension n, G a finite group acting
on X with action 7 : G x X — X. The quotient space Y = X/G is consequently a
good orbifold.

Define the Dolbeault cohomology of Y to be the G-invariant cohomology of X,
H(Y) = H5(X), where H5(X) are the G-invariant subspaces of H'(Y),i =1,...,n.

A holomorphic G-equivariant function f : X — X induces a quotient map f: Y — Y

and f*: H5(X) — HL(X) from the pull-back on G-invariant forms.

We will define the Lefschetz number of the mapping f to be

L(f) = (= 1)trace (f : H5(X) — H5(X)).

i=1

We will need the following elementary result:

Theorem. 1.1 Let V be a vector space and p : G — Aut(V) a representation of a
finite group G on V. If L : V — V is a G-equivariant linear map, then

trace (L : Vg — Vg) = ﬁ Z trace (pgoL): V — V),
9€G

where Vg is the space of G-fized vectors in V.

By the above Theorem 1.1, we have

. LA | . .

L(f) = ZE Z trace ((r,0 f)': HY(X) — H'(X)).
1

=

Supposing, in addition, that f : Y — ¥ has only non-degenerate isolated fixed points,

or equivalently, that 750 f has only non-degenerate isolated fixed points for all g € G,
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we can compute

n

Z(—l)"trace((ryof)“ : H(X) - H'(X)) = Y. sgndet(1-d(r,0f),)
i=1 {pl(rg0f)(p)=p}

by the standard Lefschetz fixed point theorem [GP).

Theorem. 1.2 Under the above conditions we have:

L(f) = |LG| > Y sgndet (1—d(ry0 f),).

9€G {p|(rg0f)(pr)=r}

1.2 The case of general orbifolds

In order to write formula (1) in a form which makes sense for general orbifolds Y that

are not globally quotients of the form X/G (X a manifold, G a finite group), let us

determine the actual contribution of a fixed point ¢ of f: Y — Y. Still assuming

Y = X/G, let py,ps,...,pr be the pre-images of ¢ in X. Replacing, if necessary, f

by 74 o f for some g € G, we can assume f(p;) = p1. Let Gy, be the stabilizer group

of p; in G. Thus, the contribution of ¢ to the Lefschetz number is:

1 k
TCTIE Z sgn det (1 —d(7g 0 f)y,)
i=1 {g€G|(r40f)(pi)=pi}
or
1 k
@E Y sgndet (1 —d(ry0 f)y)

I-=1 ger'-

since f is G-equivariant. In fact,

Z sgndet (1 —d(r,0 f)p) = Z sgn det (1 — d(7g 0 f)p,

QGGP.‘ 9€Gp,

because the G, are conjugate and f is G-equivariant, i.e.

d(rg; 0150 T;.,l 0 f)rg(p) = d(T5 0 p-



Therefore, the contribution of ¢ to L(f) is

1
|_G|.k. Z sgn det (1 — d(7y0 f)p,)
9€Gp,
or
1
T Y sgn det (1 —d(ry0 f)p,).
n

9€Gp,

This motivates the following result (which we will give a proof of elsewhere):
Let f : Y — Y be a holomorphic function from a compact complex orbifold Y to itself,
having only non-degenerate isolated fixed points qi,...,gm. Define the Lefschetz
number of f to be
L(f) =Y (=1)trace (f* : H'(Y) = H'(Y)).
=1

Taking orbifold charts around each of the ¢;’s, for a neighborhood Y; of ¢;, there are :

X and G such that Y¥; = X/G,

a pre-image p; of g;,

an isotropy group G;, and

a locally well-defined lift f; of f.

Claim: We have

reducing again a global topological invariant to a finite number of local differential

computations.

Remark: If L — G is a G-invariant holomorphic line bundle and H*(X, L) the
cohomology groups obtained by tensoring the Dolbeault complex with L, we can
compute the alternating sum of the traces of f# on H(X, L) by a sum over the fixed
points of f:Y — Y of the terms

1 trace (140 fi: Ly, = Lp,)
: AB].
|G| geZG‘_ det (1 —d(t50 fi)p) [AB]




2 Application to a twisted projective space

2.1 General formula

Take Y to be the orbifold obtained by dividing C® — 0 by the group C* where C*

acts by

p(w)(z1y. -y 2n) = (Wh21,...,wT"2,), ¢ € ZY.
Assuming ¢y, ..., ¢, mutually prime, the orbifold Y is non-singular except at the n
points:

1,0,...,0], [0,1,0,...,0], .... [0,...,0,1]

which have stabilizers Z/qi, . .., Z/q,, respectively, and thus may be singular. (Notice

that when ¢; = 1, the corresponding point is non-singular.)
The standard diagonal action of S! on C™ — 0,
fi(z1y. 0 20) = (e™z, ..., e““zn)

induces an action f; on the orbifold ¥ (since it commutes with p). As long as t # 0,

its fixed points are only

[1,0,...,0], [0,1,0,...,0], ..., [0,...,0,1].

Consider the holomorphic line bundle L over Y associated with the representation
v :C* = Aut(C), 7y(w)c=wle,
ie, L=[(C"=0)xCl/{z7(w)]~ [p(w)z,c],w e C}.

In order for L to be well-defined on Y, the condition
qi|d$i = 1’ sy 2, or equivalently, q - qnld

is required. We will writed=1-¢; - - ¢,.



PROOF. The projection of the hyperplane z, = 1 of C* — 0 on Y contains only
one of the singular points, namely [0,...,0,1]. The subgroup of C* which fixes this
cross-section is the group of ¢, roots of unity that acts as p(w)(21,...,2s-1,1) =

(Wizy,...,wI"1z,_1,1), while y(w)c=w’ on the fiber of L. We have

[(0""’0’1)97(“)6] ~ [p(w)(ov-' .,0,1),6]
|| I
[(0,...,0,1),wic] [(0,...,0,1),¢]

hence, in order for L to be well-defined at [0,...,0,1] we need gn|d.
Similarly for the other singular points. Q.E.D.

On the cross-section z, =1, 7, = p(ez’"'f;) acts by

2ridd 2ridin=1
To(21, .0y 2no1, 1) = (€5 2, e T 2z, 1),
whereas
— [ 2mit 2mit 2rit 2rit(1-4 2mit(1-In=1
fi(z1y. oy zna1, 1) = (2™ 2,. .., €™ 2, €™ ) ~ (€ vn)zl,...,e - )zn_l,_l).

We define an action of S* on L induced by letting S? act trivially on the second factor

of (C* -0) x C:
&™(0,...,0,1),¢ = [(0,...,0,e*™),] ~ [(0,...,0, 1), e*™*on ],

so the action of €™ € S on the fiber of L above [0,...,0,1] is given by multiplication

.. d
21ntqn .

by e

Interpreting these results in terms of the lift to the smooth C"~! covering of this
cross-section (which roughly amounts to ignoring the last coordinate z, when it’s 1),

we conclude that

T4 © (ft)n = (ft)n = multiplication by e2miter . Lio,...0) = L,...0),

9



. +99n — . . -
d(730(f)n)(0,..0) = diag(ezm%-l, e € 1 )-diag(eh’t(l'%)zl, cee e2mit(1-22 )z,._l).

Summing over the g,-th roots of unity,w = 62’"73?, ¢g=0,1,...,g.—1, the contribution

of [0,...,0,1] to the Lefschetz number of f; is

1 9"2":1 2t
9n ¢=0 Hm;en(l — 2ril=g e%iﬂg,’,n) :

Similar computations yield similar results for the other fixed points. Adding all these

contributions up we finally get for the global Lefschetz number of f;:

n 1 qr—l 62"“6%

Ly = rZ—-:l o 9=0 [[mzr(1

_ 21—t e2m'1grm_)' (2)

On the other hand, the Lefschetz number of f; was defined to be

n-1 ) )
L(f)) = Y_(=1)'trace(fi : H\(Y,L) — H(Y,L)).
i=1
We assume H'(Y,L) = 0 for i > 0. As for H°(Y, L) this is the global holomorphic

sections of L and these are just the monomials on C™® 21" ---z™" which transform

under the action of C* according to the law

(WQIZl)ml - (an:n)mn — wd:;nl . z;':ln

and hence gim;+...4+¢.m, = d. Thus the dimension of H%(Y, L) is the number # of
integer lattice points (my, ..., m,) satisfying g1mi+...+¢.mn =d, mq,...,m, > 0.
We will compute this dimension in the next section by studying the limit of (2) as

t— 0.

2.2 The limit case

Although our formula doesn’t hold for ¢t = 0 since f; leaves all points fixed, we can

compute its limit as ¢ — 0. Notice that the dimension of H(Y, L) is independent of ¢.

10



So, when t — 0,

L | gr=1 e2rrit£
#=lm) — : .
"*°r§_'—.; qr q§==:0 [Tz (1 — e2m(1={0t ez"’%u)
n 19l 1 n 1 2mitd
=2 =2 ; + lim) = ; (3)
midm mi(1—
r=19r q=1 Hm#r(l - 62 a ) =0 r=194r H,,,,#,.(l - 62 @ gq!vl-‘)t)

where the last limit can be computed writing a Laurent series for each summand:

An-1,r ay,r
precul SRR

+aop,+....

As t — 0 the sums of the negative terms in these series must cancel and we end up

with

n 1 gr—1 1
Z Gor + — Z 2midam |

r=1 qr g=1 nm#r(l —¢ ar )

as the number of non-negative integral solutions of the equation
gami+ ...+ ¢g.m, =d.

Now we can write

n o1 gr—1 1

DD =Y~ ¥ 1

L4 B o (1= )~ 250 o 2 g 070

and relate this to generalized Dedekind sums according to [HZ] (see section 2.4).

2.3 The case n = 3 and reciprocity laws

For n = 3 (the first interesting case), formula (3) reads:

#{(m1,mz,m3) € Z%|qym;1 + g2m2 + gzm3 = d,my,mz,m3 > 0} =

3 gr-1 3 2ritd
1 ]. 1 € qar
— —gm— + lim) — . .
; qr q; nm;ﬁr(l _ e21r113f1) t-—»O; q- Hm#r(l _ eZm(]-%':l)t)
A B

11



Let’s deal with each of these terms A and B in turn.

A:

We can write

w

1 1
A= Z Z Hm;er(l—n""')'

r=1 9r par=1n#1

Setting q3 = k1q2 mod 1, ¢1 = k2gz mod q2, g2 = k3q1 mod g3, we find
1

_ 3 qr—l
A= Z 2 (1—77)(1—77’“)—2( 4q, _S(k"q’))

r=1 qr n9r=1,n#1 r=1

by the definition of s(k.,q.) according to [RG, p.15]. But by the Rademacher reci-
procity law [HZ, p.96],

S (kg =~ Ararad 1
ryHr/) — *
=1 12 q192q3 4

When ¢3 = 1 we can take ky, = ¢,k = q1,k3 = 0 and the formula reduces to

1 G 1 Q2) 1
s(k,, q-) = s(qq, + s(qq, =—. =4+ —42=)-=
rg (kr, gr) = 8(q2,q1) + s(q1, q2) B (q2 anta 1

which is just the Dedekind reciprocity law [RG].

B:

ewt

.(i. . (1_ew1t)(1—e“’2t) for which the constant

Each summand in B is of the form

term in the Laurent expansion is

1 /1 1w lw 1 &? lw 1w,
q(4 '

2(4) 2(-02 2(4-‘1(4)2 EUJQ ﬁwl

Therefore,

1 1 1Y), ¢ r 1 ¢ +¢2+¢
B=2 a,=7 +—+—)+— tate)t+g + 22,
1;1 0 ( PRI ) (q1 + g2 + ¢3) 919293 12 419225

Next we should compute the left-hand side to see if it agrees. We have

#{(m1, m2,m3) € Z%|q1m1 + @23 + gzm3 = d = lq1g2g3, M1, M2, m3 > 0}

12
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lg192
= Y #{(m1,m2) € Z?|gim1 + g2m2 = (Iq1g2 — m3)q3, m1, my > 0}

m3=0
lq192
— 2 {[(1411112 — ms)Qe.] +1- e(mg)} ’

m3=0 192

where
[z] denotes the greatest integer not exceeding z,
€(m3) = 0 or 1, with €(m3) = 0 whenever m3 is a multiple of ¢; or ¢z, and
e(ms) + €(lg1g2 — m3) = 1 when mj is neither a multiple of ¢;, nor of g.
Therefore,
lg192

3 e(ma)= %#{integers in [0, {q1q2] neither multiples of ¢, nor of g2} =

m3=0

[(g1—1)(q2-1)
—

Also, since

p—1 5 —
Z [_ ﬂ] = —Q)—Mﬂ for p, ¢ mutually prime,
k=1L P 2

we get
Rk (lg192 — m3)gs

m3 =0 ql q2
We conclude that

12 l
=3 Q19293+ ;(q:s —qi1q2+1).

#{(m1, ma,m3) € Z%|qum1 + ¢2m2 + gsm3 = d = lq192g3, m1, M2, m3 > 0}

2 l
=3 0st+5(@atete)+l

and, hence, in this case (3) is equivalent to Rademacher reciprocity law.

2.4 Generalized Dedekind sums

When [ =0, i.e., d =0 and the line bundle L is trivial, formula (3) reduces to

=215 : + lim3o - L
r=1 I =1 nm#"(l - 621"-‘1‘%1) =0 Hm#r(l - ezm(l-%"l)t)

13



=1 1

& Z llmz—-

=1 9qr n9r=1,n#1 nm;‘:r(l - 77""‘) - t=0 r=19r Hm#r(

where the last limit can be evaluated by the Laurent series argument. Letting

1
: 4
eZm(l—%‘f)t) ( )

bulgriqini#Er) = ) =

nir =1,n#1 Hm#r(l - ’7""‘)

on(qry. 1 Gn) = Z 5n(qr,q.,z #7),

r=19r

when n =2,3,4,5 we explicitly find the following generalized reciprocity laws.

an(le evey qﬂ)
1/1 1
n=2 1- = ("‘ + —)
2\¢1 ¢
1 1 1 1 ¢? 2 2
ne3 1_1(_+_ _).__.‘?l_i'l?_ilﬂi
4\q1 9 g 12 q19293
1 1 1
8 \q1 q2 q3 q4
1 + + + + + +
— (‘h ¢I2+(I1 ¢13+Q1 Q4+(I2 (I3+¢Iz ¢I4+¢I3 94)
24\ q3q4 q2q4 9293 q194 193 7192
1 1 1
n=>5 : l1-— —_——— q:9;9%
16 2 qs 48 4192939495 ,,;2#, !
1 1
DI >4
T 144 19293940 i< 0 4192939495

Remark: It is possible to write the limit term (corresponding to B in section 2.3) in

terms of Bernoulli numbers B, defined by

Z_B%tn_ tt )
= n! et—-1
1 1
B0=1, B1=—§, Bg=§,...

This is why the coefficients in the final expressions for the a,’s resemble products of

Bernoulli numbers.

14



On the other hand, [HZ, p.100-101] gives results for generalized Dedekind sums of

type 6, for n odd, namely

nop el k I
Z i Z H cot TRGm =1 n—l(‘hv 1qn) (5)
r=1Ir k=1 m#Er qr 9 qn

where [,_; is a certain polynomial in n variables which is symmetric in its variables,
even in each variable, and homogeneous of degree n —1. Formula (5) is related to the

previous é,,’s and a,’s by

n 1 Qr"l k n 1 qm 1
S et ™ = 3 — ) s
r=1 Ir k=1 m#r qr r=14r nir=1,n#1 m#r nim — 1
_vloy ¥ (-2
=1 9 nor STnat1 320 10 (1 mvre=; ier (1 = 1%)
n—1 n
= > (-2) Y binlemsgni€l)
Jj=0 r=19r IC{1.n}\r#I=;
= 22y ¥ ajlgmiel)
Jj= JC{1..n} #J=j
When n = 3,5

1 5 2 7 5
14(q1,92, 93,94, G5) = ' (ZQ?) - %E‘IE‘

1 3
la(q1,92,93) = 3 Z‘I?
i=1 i=1 i=1
and it is easily seen that (5) is in agreement with our results for a,, n = 2,3,4,5. In

some sense (4) extends (5) to the case of n even.

2.5 Counting lattice points

Considering again a general line bundle (i.e., arbitrary d, or l), we see that formula

(3) provides an expression for the number # = #,(q1, ..., ¢x) of integer lattice points

(ma,...,my,) satisfying ggmy + ... + g.m, = d, mq,...,m, > 0, namely

n 1 q'.—l 1 n 1 e2mt;¢;
#olqry o qn)= ) — - + lim) — . .(6
( = Lo B - Loy ©

A, B,

15



As in the case d = | = 0 (see formula (4)),

4, =3 L% ! =1 - limy 2 1
n =19 =1 g1 — eszff*) =073 O [Tnsr (1 — ez«.’(l-ﬂ;})t),

and thus both A, and B, can be computed from the Laurent series argument. For

n < 5 we get the following results.

#1 9= 1
#:, = 1+1
2 l
#3 = 3119298 + 5((11 +q2+¢q3)+1
B [?
#1 = (010:00)" + 700990 + @+ 6+ )

l
"‘Ti(‘h2 + @+ ¢+ @3 +3q192 + 3193 + 39194 + 39203 + 3¢2q4 + 3gaqs) + 1
I 3 P 2 12
#s = 57 ([la) +15 (M) (Za) +5; (M) (Zq? +3- ;%‘(Ij)
i<j
) :
+37 (Z ¢qi+3- 3 Qi‘quk) +1

i#j i<j<k
Working out #,(q1,. . ., ¢n) directly for each n, by decomposing into sums generalizing
the procedure in section 2.2, e.g.
lg1929304
#e= Z; #{ami + @ma = z} - #{gsms + quma = lq1920304 — 7},
and equating similar powers of [ in (6), we can gradually find many other interesting

formulas.

We conclude that it is easy to deduce Number Theory results from Atiyah-Bott
adapted for orbifolds, by applying it to specific examples.
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