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Abstract

The main result is a computation of the Nahm transform of a SU(2)-instanton over R x 7'3, called
spatially-periodic instanton. It is a singular monopole over 7'3, a solution to the Bogomolny equa-
tion, whose rank is computed and behavior at the singular points is understood under certain condi-
tions.

A full description of the Riemannian ADHMN construction of instantons on R* is given, preceding
a description of the heuristic behind the theory of instantons on quotients of R*. The Fredholm
theory of twisted Dirac operators on cylindrical manifolds is derived, the spectra of spin Dirac
operators on spheres and on product manifolds are computed. A brief discussion on the decay of
spatially-periodic and doubly-periodic instantons is included.
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Introduction

This introduction is composed of three parts. There is first a description of the main result of this
thesis, then a historical account of the ideas leading to this thesis, and finally a road map composed
of a brief description of each of the chapters in this thesis]

A Yang-Mills instanton on a Riemannian four-manifold is a vector bundle E along with the gauge
equivalence class of a connection A whose curvature F4 is anti-self dual and of finite L2 norm.

The Nahm transform of an instanton (E, A) on R x T3 consists of a bundle V' over an open subset
of T3, a connection B on V, and an element ® of EndV. These objects are constructed as follows.

Each point z € T3 correspond to a flat line bundle L. over R x T3, and we consider the twisted
spin Dirac operator

P TRxT S ®E®L,) -TRxTST®E®L,).
The bundle V is defined by the equation
V. = L* Nker (D).

Let ¢t be the R-coordinate in R x 73, and m; denote multiplication by ¢. Let P denote the L?
projection on V', and d* the trivial connection for the trivial bundle with infinite dimensional fiber
L?(R x T3, S~ ® E). Then the connection B and the Higgs field ® are defined by the equations

B = Pd?,
® = —2miPmy.

The main result of the present thesis is the following theorem.

Theorem (8.0-Tlin the text on page B4). Outside of a set W consisting of at most four points, the
family of vector spaces V described above defines a vector bundle of rank

1
— Ful?,
82 /]R><T3 ’ A‘

and the couple (B, ®) satisfies the Bogomolny equation
Ve® = *xFpg.

For w € W and z close enough to w, unless we are in the Scenario 2l of page there are maps

The author can be reached at benoit @ alum.mit.edu
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®+ and O- such that

b=—"" &+
2|z —w

and ®* is the L?-orthogonal projection on the orthogonal complement of a naturally defined sub-
bundle V[ of V.

We know heuristically, as shown in Chapter [ that (B, ®) must satisfies the Bogomolny equation,
up to a limiting term coming out of some integration by parts on R x 7'3. As it is shown in Chapter
[2 harmonic spinors are exponentially decaying outside of W, and it then must be that the limiting
term just mentioned is 0.

The rank of V' is not really a surprise and follows for some relative index theorem. It is a sharp
contrast with the S* x R3 case where the computation, and the formula itself, is slightly more
involved; see [INSOQ].

The last part of the theorem follows from a careful analysis of some geometric splitting of V' coming
from considering the kernel of the Dirac operator in some weighted L 2-space

L?; = e&L2,
and variants. Taking € > 0 small enough, we define the various spaces

V, =eML2n ker(94.), V.:= et n ker (97, ),
K. :=ellL?Nker(Pa.), H.:=elL?n ker (9. Da. ).

Then obviously ¥/ C V' C V.. But also, as shown in Section

r‘/z = L/z S %Asz-

A progression of ideas

A concrete understanding of instantons played an important role in particle physics since their dis-
covery in mid-"70 by Belavin et al [[BPST75]]. More importantly for us, it played an important role
in four-dimensional topology and geometry. For example, Donaldson has shown in [[Don83]] how
to extract information about the intersection form on a given manifold from its moduli space of
instantons; see [[EU84]] and [[DK90] for more details.

Finding a complete description of all instantons on a given space is not an easy task and we have
a description for a limited number of spaces. In particular, we do not completely understand the
moduli spaces for quotients of R* by lattices. In that picture, a non-linear analog of the Fourier
transform, the “Nahm transform,” appears.

This present thesis takes place in the quest for a unified understanding of moduli spaces of instantons
on R* invariant under the action of a group of translations via the Nahm transform heuristic.

The problem of describing all instantons on R* was addressed by Atiyah, Drinfeld, Hitchin and
Manin in 1978 in [ADHM78]]. Their description became known as the ADHM construction. Using
twistor methods, they were able to equate the moduli space of instanton on R* to a finite dimen-
sional space of algebraic data, called the “ADHM data.” Still using twistor methods, and using the
relationship between monopoles on R? (solutions to Bogomolny equation) and time-invariant in-
stantons on R*, Hitchin [Hit82]] proved in 1982 that every monopole can be constructed from some
algebraic geometry data, the “spectral curve.”

12



Nahm in 1981-1982 proposed a simplification which he thought would be better understood by
physicists. As it turned out, his idea was very fruitful. The main idea is to construct the ADHM data
by considering the kernel of the Dirac operator coupled to the instanton connection. By twisting the
connection by a flat connection parameterized by ¢, Nahm also explained how monopoles can arise
from solutions to a set of differential equations on R, which we now call the “Nahm equations.”

These ideas were rapidly exploited by Corrigan and Goddard in [[CG84]] who formalized the R*
story, a complete proof of which with some algebraico-geometric flavor can be found in [[DKO9(0,
Chap. 3], and by Hitchin in [Hit83]] who completed the SU(2)-monopole story.

Around 1988, Braam noticed that Nahm’s considerations can be used for instantons on flat tori.
Exploiting Braam’s observation, Schenk and Braam—van Baal in [[Sch&88]] and [BvB&89]] proved inde-
pendently a bijective correspondence between the moduli spaces of instantons over a flat torus and
over its dual torus.

While the proofs of Corrigan—-Goddard—Nahm and Schenk—Braam-van Baal are quite direct, it is
not the case with Hitchin’s construction, which sits in a triangle of equivalences:

SU(2) — monopoles

T

spectral solutions to
curves Nahm'’s equations.

In 1989, Hurtubise and Murray completed the monopole story for all classical groups, using in
[HMS89Y] a triangle of ideas similar to Hitchin’s:

G — monopoles

T

spectral solutions to
curves Nahm’s equations.

Note in both cases that not all arrows go both ways. While the “spectral curves” are interesting
objects to study in themselves, it would be desirable to pass directly from monopoles to Nahm data,
as we do for R* and 7. For SU(2)-monopoles, this direct proof was accomplished in 1993 by
Nakajima in [Nak93]].

All those various correspondences fit in a more general framework. The Nahm transform takes an
instanton over R?, invariant under the action of some group of translations A, and creates some
Nahm data over R**, invariant under the action of

A= {t e R¥™ | t(A) C Z},

or equivalently, over R**/A*.

More precisely, for each instanton A on a bundle E over R*/A, the Nahm transform creates a
bundle E over R** /A* less a few points and a connection A. The self-dual part of the curvature F';
encodes the behavior of solutions to the Dirac equation in the non-compact directions. The bundle
E is assembled from kernels of twisted Dirac operators for perturbations of A varying continuously
over R**/A*, less those points where the associated Dirac operator is not Fredholm.

13



For an expanded version of the Nahm transform, as well as for examples of non-flat Nahm trans-
forms and a survey of the literature, read the survey paper [Jar].

This idea has been exploited quite successfully by Marcos Jardim in his doctoral thesis [Jar99]]
and a series of papers [JarO1} UarO2al JarO2bl]. Some analytical details concerning asymptotics
were tackled by Jardim and Biquard in [BJO1]. This work relates doubly-periodic instantons, or
instantons on T2 x R?, with singular Higgs pairs on 7'2. It is worth noting that Jardim’s construction
does use Hitchin’s approach and goes through the spectral curves realm.

And so do Cherkis and Kapustin in [[CK98], [CK99, [CK01]] where they relate monopoles on R? x S!
to solutions of Hitchin’s equations on S x R using the Nahm transform and Hitchin’s approach.

While Nye’s doctoral thesis’s work [[NyeO1]] on the Nahm story for calorons, which are instantons
on S x R3, does not directly use spectral curves, it relies on the construction of the Nahm data for
monopoles of [HM89] which does use them. Nye’s work, and the companion paper [NSO0] with
Singer, cover a lot of ground but bits and pieces are missing. As mentioned by Nye in his thesis, a
direct proof of the SU (n)-monopole story through a careful analysis of the Dirac operator similar
to Nakajima’s proof for the SU (2) case would help cover even more ground.

Of the four-dimensional quotients of R?, there remains only R x 7. At this point in time, very
little is known about instantons on R x 7'3: some comments about the Nahm transform heuristic,
and numerical approximations are found in [[vB96l|. This current thesis is a step forward.

Road Map

The heart of this present thesis is composed of Chapter Pl where the heuristic guiding our steps is
presented, and Chapter [8l where the main result is described and proved. The experienced reader
might want to pick and choose what he wants to read from the other chapters in order to get to the
main result. To facilitate this approach, we now rapidly explore the whole thesis.

In Chapter [ we explore the ADHM construction of instantons on R*, incorporating the idea of
Nahm and using only Riemannian constructions and avoiding at all cost any use of the complex
structure of R*. Acknowledging those facts, this chapter is called “The Riemannian ADHMN con-
struction.”

In Chapter 21 we explore in more details the Nahm Transform heuristic which guides the research
in this field of study. The curvature computation presented in that chapter is the key ingredient in
understanding why the pair (B, ®) satisfies the Bogomolny equation on almost all of 7'3.

In Chapter Bl we study the Dirac spectrum of product manifolds. Of particular interest is the Dirac
Spectrum Formula given in Theorem B2-Tk see page Bl This formula constructs the spectrum
Y pmx v of the Dirac operator on a spinor bundle of the product manifold M ™ x N™ in terms of the
spectra >y on M™ and X on N. More precisely, we get

+|Zp x B, if m and n are odd;

)y = -
Mo {iyxff X x| U (Sn)#K3 U (—Sn)#53,  if mis even,

This formula might not be present in the literature. As a corollary, we derived in Theorem B.4-T]
a formula for the spectrum of the Dirac operator on the spinor bundle of 73 twisted by a flat line
bundle.

In Chapter El we derive formulas for eigenvalues and multiplicities of the Dirac operator on spheres.
Section EIl computes the spectrum for S3. The proof presented here is quite similar to a proof of
Hitchin of which the author was not aware at the time of the writing. Knowledge of this spectrum
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is necessary to understand the asymptotic behavior of harmonic spinors on R* proved in Chapter [
and used in Chapter[[l Section presents a construction of Trautman for the eigenvalues on all
spheres and confirms to some extend the results of the other section.

In Chapter Bl we take note of certain results concerning the asymptotic decay of instantons on
R x T3. The proof exists elsewhere in the literature and is not included here. Should one be able
to adapt the center manifold proof for instantons on cylindrical manifolds presented in [MMRO94]]
to warped cylinders, one could use Theorem on the decay of instantons on 72 x R? living in
the gauge group translates of the zero Fourier mode to prove a conjecture of Jardim on finite energy
and quadratic decay.

In Chapter [6l we define weighted Sobolev spaces and study conditions on the weights for a Dirac
operator twisted by an instanton to be Fredholm. An analysis of the time-independent case provides
a formula for the difference of the indices for different weights. A short story of the concepts of
weighted Sobolev spaces is presented to get the chapter off the ground.

In Chapter [l we derive knowledge of the asymptotic behavior of harmonic spinor. To achieve that
goal, the Fredholm theory of Chapter [flis extended to weighted Sobolev spaces on half-cylinders.
Once this task is accomplished, a diagram chase gives the desired result. This chapter closes with
an analysis of the asymptotic behavior on R*. The knowledge of this behavior is necessary for part
of the algebraic data in the ADHMN construction of Chapter [I1

In Chapter B we describe the Nahm transform of spatially periodic instantons. It is a singular
monopole on 73. The excision proof of Chapter [l allows for a computation of the L?-index of
the Dirac operator, which is presented in Section A geometric splitting of the bundle V' given
in Section allows for an understanding of the behavior of the Higgs field at the singular points,
which is given in Section A derivation of a precise formula for the Green’s operator on S* ® L,
presented in Section constitutes some preliminary work on the behavior of the connection B at
the singular points.

Four appendices complete this thesis. In Appendix [Al we derive the various dimensional reductions
of the anti-self-dual equation. In Appendix [Bl we study an excision principle for the index of
Fredholm operators. In Appendix (0 we state and prove an algebraic lemma useful for simplifying
the exposition in Chapter § In Appendix [Dl we study how the Dirac operator changes under a
conformal change of the metric. In Appendix [EL we visit the treatment of Bartnik of weighted
Sobolev spaces on R™ and Fredholm properties for operators asymptotic to the ordinary Laplacian,
merely cleaning up a part of his paper [[Bar86] by adding proofs where needed. The results presented
in this appendix are used in Chapter [[land parallel to a certain extend our treatment of Dirac operator
on cylindrical manifolds of Chapters [l and [}
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Chapter 1

The Riemannian ADHMN construction

On a four dimensional riemannian manifold X, a G-instanton is a G-bundle E equipped with the
gauge equivalence class of a connection A which is such that its curvature F'4 is anti-self-dual
(written ASD for short)

'y = —Fy

and has finite energy
[Fall > < oo.

In the case where X is compact, we can associate to the SU(n)-instanton (E, A) its instanton
number co(E). In fact, the equalities

e (E) = 8—;/TT(FA)2

1 _
= W/—|FX|2 +[Fy 2dp

and
2 —
1Falls = [ 1FA1 + |F Pdn

indicate that
IFa|l%, = 8n2c(E) if and only if A is ASD.

Hence not every bundle admit a ASD connection: an obstruction to the existence of a ASD connec-
tion on E is co(E) > 0.

In this chapter, we explore the ADHM construction of instantons on R* from a strictly riemannian
viewpoint. Most treatments found in the literature exploit the holomorphic possibilities stemming
from the ASD condition. Nahm’s [[Nah84!] and Corrigan—Goddard’s [[CG84]| papers are unlike those,
but provide more of a backbone than a complete construction.

1.1 The setting

In this chapter, we consider only instantons for the group SU(n) on the space R*.

Let S = ST @ S~ be the spinor bundle of R*. Recall that ST and S~ are trivial bundles with
quarternionic fiber H. Let’s denote the Clifford multiplication by p.

Let E be a complex vector bundle with structure group SU(n). Let E be equipped with a connection

17



A. We denote by D 4 the Dirac operator I'(ST®FE) — I'(S™®FE) and D its adjoint. The Laplacian
V*V 4 we denote A 4. Thus

4

4 4
Aaf==>(0:)"=2> Aioif = > ((3:A:) + A}) f.

i=1 i=1 i=1
The main object we are studying are instantons on R*. An instanton connection is

a SU(n) bundle E, and
a connection A on E such that
F{ = 0 (ASD condition), and
[Fall 2 < o0
An instanton is the gauge equivalence class of an instanton connection. It must be in fact that

k= ||Fall,./ 872 is an integer that we call the charge. Let M,?ELD denote the moduli space of
instantons of charge k and rank n.

Equally important are the ADHM data. They are

a hermitian vector space V' of rank £,
a hermitian vector space W of rank n,
a 1-form a with values in hermitian endomorphisms of V, and
amap¥:V — ST W.

In the more general framework of Chapter Pl ADHM data are called Nahm data.

There is a natural notion of isomorphism of ADHM data. Of course, any two hermitian vector
spaces of same rank are isomorphic, so a can be thought as a 1-form with values in hermitian k£ x k
matrices, and U as a 2n x k matrix. The ADHM data (V, W, a,¥) and (V', W' a’, V') are to be
considered equivalent if there exist u € SU(n) and v € U(k) for which

wa'v™' =a, and 1@ u 1)y = V. (1.1)

The aim of the ADHM construction is to place in correspondence the space of instantons and the
space of equivalence classes of ADHM data satisfying Conditions ((L3]) and (L4} described below.

We identify ST to its dual using a complex skewform w on S+:

St — (ST)*

s+ w(-, s).
Hence we can associate to the map ¥: V — ST @ W the map
P=(wel)o(la¥): STV —W.
We use a and ® to define the map
Qr:8TV -85S VeWw

Q. = S p(03) @ (ai + @) (12)
X @ .

18



The conditions referred to above are the

—p([a,a]) +20*® =1® U*¥ (ADHM equation), (1.3)
Q. is everywhere injective. (non-degeneracy condition) (1.4)

Let Mﬁ%HM denote the space of ADHM data satisfying the ADHM and non-degeneracy conditions,
modulo the equivalence relation of Equation (TJ).

The goal of this chapter is to prove the following theorem.

Theorem 1.1-1 (ADHM construction). The map

N MDD s MARID,
constructed in Section and the map

& MR — MRS,

constructed in Section [[3 are inverses of each other.

1.2 From instanton to ADHM data

We build up the ADHM data bit by bit.

The Weitzenbock formula
1
DiDy=Ax+p(FY) + Zscalar curvature

tells us that the ASD (anti-self-dual) condition for the connection A is equivalent to the condition
that
D’ D 4 commutes with quaternion multiplication.

It also tells us that for an A connection whose curvature is ASD, ker(D 4) N L? = {0}. Indeed,
because of the Weitzenbock formula, when D 4¢ = 0 it must be that ¢ is parallel. But to be L? on
R4, a parallel section must then be 0.

Set
Ve = L? Nker(D}),

and
W g := bounded harmonic sections of F.

Elements of Wg are in natural bijection with sections parallel at infinity. Set the scalar product on
W g to be
(w1, wy) = 472 (W, w). (1.5)

Let {¢1,...,%¢y} be a L?-orthonormal basis of V. We use the L? scalar product, which we also
denote ( , ), and define the projection IT by the formula

II .=

J

(7/}]'7 >¢J

k
=1
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Let m,, denote multiplication by x,,. Consider the linear map

Q- VE —>VE

1.6
P = —1Im. (1.6)

The endomorphism a,, has matrix
[-(1% w;ﬂﬁjhﬂ} 1<i i<k’

This matrix is clearly hermitian, that is a;, = a,,.

The L? condition imposes a particular asymptotic behavior to elements of V. We study in Chapter
[ how harmonic spinors decay on cylindrical manifolds. Since R*\ {0} = R x S conformally,
we reprove in Section [Z3] the classical result that any element of Vi has an asymptotic expansion
of the type

2|~ p(x)d + O(|2 ) (1.7)
for a parallel section ngb of ST E.
We define the map

v: Vg — S + QR Wg
¢ +— (;AS /2.
We package the obtained ADHM data as

N(E,A) = (Ve,WEg,a, 7). (1.8)

The rest of this section is devoted to the analysis justifying the given description of DM1(E, A) and
preparing the way for the proof that (F, A) satisfies the conditions ((L3) and (L4).

The Green’s function G and Projections

As multiplication by x; could potentially kick an element of L? out of it, we have to prove that on
ker(9) it doesn’t. To do so, we observe that the L?-condition on Vj is actually too weak. This
observation is best described in the realm of weighted Sobolev spaces see Appendix [El or [Bar86]]
for conventions and results.

Again using the conformal identification of R*\ {0} with R x S3, and using the fact that the inter-
val (—3/2,3/2) contains no eigenvalue of the Dirac operator on S* (see Section EET)), we can use
the technology of Chapter [ or of Appendix [Hto prove that

Vi = Wy N ker(D¥)

for § € (—3,0). In that range, the kernel is constant.
For —2 < § < 0and 1 < p < oo, the operator

Aq: WEP(S @ E) - WED (S @ E)

is invertible; see for example [[KN9(, lemma 5.1, p. 279]. Let G 4 denote its inverse, the so called
Green’s operator. Observe that as A 4 is defined independently of 6, so is G 4 for § < 0.
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Set
Py :=1d— DaGaD}.
In a finite dimensional setting, it is obvious that I = P4. The next lemma tells us for which

weighted Sobolev spaces these projections are indeed the same.

Lemma 1.2-1. When § € (—3,—1), the projection P4 : W51 2 Vi is a well-defined continuous
map. When § < —1, the projection 11: L(% — Vg is a well-defined continuous map. On the spaces
W;’zforé € (—3,—1), we have I1 = Pay.

Proof: All the maps in the sequence

D*
1,2 A 2 Ga 2,2 Da 1,2

are continuous when 0 + 1 € [—2, 0], thus when § € [—3, —1]. Since D% P4 = 0 in the interior of
that range, P4 maps into Vg for § € (=3, —1).

We have
(5, D) < 195l 6, 111, 4

with 0 4+ 61 = —4. Since v; € Vg C W;;Q for 61 > —3, we have that the scalar product is finite
when ¢ € Lg for § < —1. We can clearly see that II is continuous and maps into Vg in that range.

Now, suppose ¢ € VEl N VV(S1 2. Then
(Pag, vj) = (6, 05) — (DaGaD4 ¢, 1;).

The first term of the right hand side is clearly O since ¢; € Vg. For ¢ € W51 2 with § € (—3,-1),
we have the equality

(DAGAD}¢,5) = (GaDy¢, Dyib;) = 0.

Hence (Pa¢,v;) = 0 for all j and Pa¢ € VE+. Since we already know that P4¢ € Vg, we must
have P4¢ = 0 and P4 = II. O

Asymptotic for G¢

We also need to know the asymptotic behavior of G 4¢ for ¢ € V.

Lemma 1.2-2. For ¢ € Vg, we have

9 ¢

Gap =17 +0(r™2). (1.9)

Proof: Notice first that
VAV 120 = —8p — AVY ) + 12V V 46. (1.10)
Since ¢ € Vg, we have from Equation (I7) that
¢ = |z p(x)d + O(r™Y).
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In fact, by doing the decomposition in some higher order Sobolev spaces, we see that

v40(r~) = 0(r™), and
VAVAO(r™ = 0(r7°).

Note now that

Vap(W)r2¢ = rp(Vav)r 3¢ +rp(w) (v - r~*)d + p(v)r >rVie
=0+ rp(v)(=3r "d+0

= —3p(v)r .
Thus, we have

V4¢ = -3¢+ O™ + V450(r™)

Similarly, since

Z A Z z;p(0

=1

4
ZVZA 4ZVA%P )b+ 0i(r Z%p
7j=1

1

.
Il

I
NE

1
Vi p(d)9) + > 07 (r ) p(x)d
i=1

1

.
Il

4
+ 30, YV (p(2) )
=1

0i(r=")p(D:)$ + 8r~°p(z)$

I
'F%%

@
Il
=

(—4)r~S2:p(9;)¢ + 8r~Cp(2)d

[
'F[\%%

Il

o
-
Il
L

we have

ViVap=— 24: ViV (r~p(z)e) + Vi VAO(r™)
i=1
= O0(r™°) (1.12)
Summing up what we know with Equations (LI0), (LTI}, and (LT2), we find that
ViVarig = —8p —4(=36 + O(r™)) + r*0(r~%).
Applying G 4 on both sides, we get

Gap = T‘zg + GAO(T_4).
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Lemma 3.3.35 from [[DK90, p. 105] tells us that
GAO(r™) =00 + 0(r™2) + O(r*" ) = O(r ™).

Substituting in the previous equation, we complete the proof. O

The Curvature of a

In view of the heuristic we explore in Chapter Pl we choose to temporarily view Vg as the fiber of
a trivial bundle over R*. The endomorphisms a . then team up to produce the constant connection

a=aydz' + - + agdz?.

Lemma 1.2-3. The curvature I, = %[a, a] of the connection a on the trivial bundle with fiber Vg

over R%, seen as an element of End(Vg) @ N2 R* is given by

3 3
1&g
Fo=TGa) p(&) @& =2 ) Wple)V @6
i=1 =1

Proof: Component-wise, the curvature is

(Fa)ij = %[% a;).

To compute this curvature, we need to to see that
[mi, Da] = —p(0;), (1.13)
and that
[0(9;), G.a] = 0. (1.14)

These two results are independent of the ASD condition on A. The second has to do with the fact
that the 0; are parallel.

Let ¢ € V. We have

Since at this point we have two formulas for II, let’s use both and use P4 to denote the usage of the
1 — DG 4o D7 formula, and IT for the scalar product type formula. We then compute

k
I(m; Pamj¢) =) lim (/ (mi(1 — DAGAD;)qus,zpl)) U, (1.16)
= 7—00 B4(r)
but
(mi(1 = DAGAD})m;d, ) = (mimjop, ) — (miDaGaDym;d, vy). (1.17)

The first term gets killed when we antisymmetrize with respect to ¢ and j. We thus compute only
the second term. Equation (LT3)) tells us that

(miDAGAD M), ) = (miDaGam; Dy, ) + (miDaGap(0;)o, )
= (Dam;iGap(0;)d, 1) — (p(03)Gap(05)9, V). (1.18)
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The second term gives the IIG 4p(0;)p(0;) part of the curvature once we integrate, take the limit,
substitute, antisymmetrize as asked by Equation ((LT3)) and divide by 2 to get its part in F,.

As proved in [Roe93, p. 46], we have

4

(Das, i) = (s, Dath) = Z P(On)s,Pr).

Since D1y = 0, the first term of Equation (LI8) transforms:

4

(Dam;Gap(9;)¢, ¢) = Z P(On)Gap(0;)¢, ).

We now integrate by parts over the ball of radius r to obtain

/ (DAmiGap(9;)é,101) = / (p()miGap(8;), ).
B4(r) S3(r)

We now use the asymptotic given by Equations ((L7) and (L9) to get

P = 7“_30(’/)% + O(r_4), and
Gag = p(v)g/4r +O(r=2).

Then

/SS . (p(v)m;G ap(0;) ¢, )
5 fo”
5 fo

4
(r=5/4) Z 2(O1) b, ) / zizn + O(r—)Val(S3(r)).

53(r)

Y (p(v)p(05)p(0) S/ 4r + O(r2), 13 p(w)dhy + O(r ™))

I M’” I M’”

5/4 Yzixh(p (aj)p(ah)qb, ) + /SS(r) (O(r_5) + O(r_4) + O(r—4))

As 7 — o0, the volume of S3(r) is O(r3) thus the last term vanish in the limit. The integral
J. §3(r) TiTh vanishes when 7 # [ and is otherwise

r2Vol(S3(r)) /4 = rPVol(S3(1)) /4 = ror? /2.

Thus we have from Equations (LT7), (LT6) and (CT3) that
a1, 0,](6) = 2G.ap(3)p(3))6 — = > (0(@1)p(0))6 ).
Note that

Z p dIL' /\de Zp Ez €z+p(€z) €.

1<4,5<4 =1
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Remember that A acts trivially on Vi C T'(S™ ® E) and A\~ acts trivially on I'(S* ® E). Hence,
the curvature is

3 2 3 k
N, T ;g
Fo(¢) =TIGA Y p(&)de — 5 > (ple) o, o) nes

i=1 1=11=1

3 7T2 3 k
=1G4 ) plei)pe; — 5 D (p(ei) ¥ (), ¥ (¥n)) e
i=1 i=11=1
Using the scalar product given by Equation ((C3)), we complete the proof. O

The ADHM data satisfies the conditions

Before going further, let’s walk through the association between ® and ¥ in more details. Using the
identification R* = H = S* = S~, the Clifford multiplication p(z): S* — S~ is multiplication
by —Z and p(x): S~ — ST is multiplication by .
Let ¢; and € denote the usual basis of AT and A\~ respectively. The action of self-dual forms on
Stis

pler) =2i, plez) =24, pleg) = 2k.

We use the complex basis s; = 1, s5 = j of ST, with the identification

CpC=9" L1
(21, 22) — 21 + jzo. (1.19)
Then,
;0 0 -1 0 —z
pler) =2 [é _Z.] , ple2) =2 [1 0 ] , ples) = [_i 021 : (1.20)

We split the map W as

U:V->Stew
V=350V +sy® Vs

We identify S+ to its dual using the skewform w = s! A s%:
St — (ST)*
s+ w(-, 8).

Thus

S1 — —82
S9 — 81.

As mentioned before, in doing so we identify ¥ with the map

P=(w®l)o(1lx¥): STV W
O = —52U + s'0,.
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The adjoints are

T . STQW -V
U* = s'05 + 5203,

and
W - STV

P* = —50 @ V] + 51 ® V5.
Thus

UV=—(w®l)o(1®d").
‘We have

TV -V,
U = Uiy 4 W50y, (1.21)

and

O*P: STQW - STeW

is given by so ® 82 @ WiW; + 51 ® s' @ U3Usy — 51 ® s2 @ UsW; — 59 @ s' ® U Ws. In matrix
form, this expression becomes

Pl _\1'5\1'11 (1.22)

¢ = [—\Ir{% e

Theorem 1.2-4. The ADHM data (Vg, Wg, a, V) obtained from the SU (n)-instanton connection
(E, A) satisfies the ADHM and nondegeneracy conditions (IL3)) and (LA).

Proof: Let’s first consider the action of [a,a] = 2F, on ST ® V. On that space, only the self-dual
part matters. Recall from Lemma [L2-3 that for ¢ € Vg, we have

[a,a]"(¢) = 2F, = Z\II p(€;)¥

Let’s break it down using the identification of Equation (ILT9) and the matrices of Equation (LZ0).

‘We have

Tp(e)¥ = U] W3] [o _Z.] [\Pj = 2(TW; — V5Dy),

and similarly

\I’*p(El)\I’ = 2(\113\111 — \I/T\Ifg),
\I’*p(El)\I’ = —2i(\I/§\I/1 + \I/T\Ifg)

For the map p([a,a]): ST ® V — S~ ® V, only the self-dual part matters and in term of the
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identification of Equation (LI9)), it is given by

p([a,a]):i<2 [é O]xy*p(el)qfwl? ‘01] W p(en) W + 2

—1

i)i _OZ] ‘I’*P(63)‘P>

Uily — U0, 2050,

S0, WUy — U0,

Using Equations (LZI) and (L22)), we see that
—p([a,a]) + 20" =1 @ U*VU (ADHM equation).

Hence the ADHM equation (L3)) is satisfied. O

1.3 From ADHM data to instanton

We now start with some ADHM data (V, W, a, V) satisfying the ADHM and nondegeneracy condi-
tions (.3) and (T4)), and want to construct an instanton connection
S(V.W,a,¥) = (E, A).
Recall from Equation (C2) that we define Q,: ST @V — S~ @V & W as
i1 p(0) @ (ai + m;)
Q:c =
P

Since @, is injective for every x, the map Q%Q,: ST ® V — ST @ V is an isomorphism at for
every x. Let

Gq, = (Q3Q.)™" (1.23)
be its inverse.
Let E be the bundle with fiber ker(Q%) at . The bundle £ sits in the trivial bundle with fiber

T

ST ® V & W. To simplify the notation, we drop the subscript x. The map
R:=1-QGpQ" (1.24)
is the orthogonal projection on E. We equip E with the induced connection
A= Rd.

Theorem 1.3-1. The pair (E, A) is an instanton connection on R*,

Proof: To compute the curvature, we first need a better grip on G . We have
Q" =[-Thip(@) @ (ai+;) @],
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thus

QQ=— Y p@)p(d;)® (a; + zi)(aj + z;) + O*®
1<i,j<4
1 1
=1® > (a;+ z;)? — §p([a, al) + ®*®
=1
1 1
=10 (Y (i +2:)* + 5\11*\11). (1.25)
i=1

Thus, Q*() commutes with the quaternions and so does its inverse G . We can then write
Gg=1®gq
with gg the inverse of the map ¢: V' — V given by

4
@ = (a;+;)% — (1/2)T* 0.

i=1

(0,)
[%mzrom

Notice that

The curvature acts on ¢ € E as

RdRd$ = Y RO;RO;¢dz’ A da’,

1<i,j<4

and
R@iRﬁjqb = R@Z@jqﬁ — R@iQGQQ*ﬁjqﬁ

= R0:0;¢ — ROQGQ0;Q" 6+ RAQF [p(d;) 0] ¢

= R0:0;6+ 0+ RQO,Gq [p(9;) 0|6 —R l

= RO,0;6 — R
59 0 0

Gop(9;)p(9;) 01

Thus, we find

and the connection has ASD curvature.

Since g7 = r2 + O(r) as r tends to 0o, we have that

go =12 +0(r ) asr — .
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Then

R=1-QGoQ"
=1 P e 06 [t 0wy o)
_ —p(@)*r 2+ 0" O™
=1- o) 0(r™)

ot oY
‘[owl) 1+o<r-2>]

thus the curvature of the connection Rd on E satisfies

Go 0| |O(r™3) 0
Rlo 01—{ 0 0 asr — oo,

and is consequently in L2

The proof is now complete. O

In fact, we can prove even a better asymptotic formula for gq.

Lemma 1.3-2. In fact, we even have

1
o =77 =2 ey~ = (S} = g0 )y 4wy + 060 (120
J,k

Proof: The proof is mechanical. We build up the asymptotics of gg from the asymptotics of g,
term by term. O

1.4 Uniqueness

We now wish to prove that starting from some ADHM data, creating the associated instanton and
looking at the ADHM data this instanton produce, we come back to where we started. In other
words, we prove in this section that the composition

ADHM data sect[3 instanton sect[Z] ADHM data
(V,W,a,¥) 5 (E,A) m (VW d, V)

gives (V! . W' d', W) = (V, W, a, V).
We are thus searching for a proof that V' is isomorphic, in a somewhat canonical way, to ker(D™*)
in sections of S~ ® E. As E is a subbundle of S~ ® V @& W, we would be happy to find a map

P: V-5 ((STVaew),

or equivalently 3
P: STV S VaeWw,
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such that

Im(¢)) C E,
D*y =0,

1) is injective.

Using the identification ST = S, define the map

b: STV =S~ @VaeWw (1.27)
x — (z,0).
Our candidate is .
J = RbGo. (1.28)

Obviously, I m(zﬁ) C FE as R projects on E. To prove that D*i) = 0, we observe that

4
= Z(p(ﬁj)vj
j=1
4
>
j=1
4
>
j=1
Hence
4
D = =" R(9;4)p(9))
j=1
4
= — > RI;(RbGq)p(9))
=1
]4 ,
==Y R(3;R)bGqp(9; Z b(9;Gq)p(9;)
j=1 j=1
4
=Y R9;(QGQ")bGap(d; sz (9,Go)p(9))
Jj=1 j=1
4 4
=Y R(9;Q)GqRQ*bGop(9;) + ZRQ& (GoQ*)bGop(d; Z b(0;G0)p(d;).
j=1 j=1 j=1

On that last line, the second sum is obviously null as RQ) = 0. As for the first sum, observe that

0;Q = bp(9;), while
GoQ*bGg = Zp N0:Gg. (1.29)
i=1
Indeed, from Equation (L23), we derive that 9,Gg = —2G(a; + x;)G. Equation (LZ9) follows
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immediately once we recognize that Q*b = — >4, p(9;)(a; + ;).

Going back to where we left, we have

4
Z Rbp(9;)p(0:)(2:GQ)p Z b(9;Gq)p(0))
l<2 J<4 j=1
4
= Y (23 00)0(000(0,) ~ £(00) 0.6
i=1 j=

= 0.

Now that we know that ¢ maps V' to sections of S~ ® E satisfying the Dirac equation, we would
like to see that v is actually an isomorphism V' — V. To prove this result, we use the following
analytic lemma. But first let 92 denote the Laplacian Y, 92

Lemma 1.4-1. For v defined by Equation (L28), we have

v = —28%@. (1.30)
Proof: Let tro denote the trace along the spinor factor. Notice that

WY = tra(7).
Indeed, as we have

Y=51 QU1+ 820, P =s @Y+ 23,
P =s' @ + 52 @ e, P* = 51 @Y} + 52 @ Y3,

then

tro(P*eh) = 51 ® s'iahy + 51 ® s7YTehe + 52 @ sMPEir + s2 @ s2PEedy
= PP 4+ Yyhe = ™.

On one hand, multiplying ¥*v) by GQ_l yields
g

Gob* RbGy
= GQ(b*bGQ — b*QGoQ*bGQ)

=Gy - —ZGQb*Qp( 1)0:Go.

=1

On the other hand, for each k, we have

02 (Go™'Gg) = 9i(2(a; + 2))Gg) + 0i(Gg 1 0:Gg)
= QGQ + 4(ai + l'i)@'GQ + GQ‘lafGQ.

31



As &2 = ?:1 82-2, those equalities sum up to

4
0’Gq = —8Gq” — 4 Gola; + 7;)0;Gq. (1.31)
i=1

‘We hence have
U = tra(9*1))

1 i}
=tr2(Go® — 3 > Gob*Qp(9:)0:Gg)
=1

)
=2g0° — 7( > Golaj+ ;)p(9;)p(8,)0:Gq)
1<i,j<4
4 tro
=290+ > gq(ai + z:)0igg — T(GQ > (aj + 25)p(8;)p(8:)0:Gq).-
i=1 i#j
The try part of this last line cancels as for j # k we have p(9;)p(0;) = —p(0;)p(0;) while
tra(p(0;)p(0;)) = tra(p(9i)p(0;)). Equation (L30) then follows from this computation and Equa-
tion (L31)). The proof of the lemma is now complete. 0

Using that lemma, we show that ¢/ is an isomorphism. Recall from Lemma that we have
the asymptotic behavior gg = r=2 4+ O(r=3) as r — oo, and more to the point, it is so that
Orgg = —2r=3 + O(r=*) as r — oo. We then have

* _ 1 2
v w——Z/Rﬁm

1
= — lim - B
2% T Jsagy 799

1
= §VOZ(S3)ZdV
= 772z7dv.
Thus an orthonormal basis v1, ..., vx of V gives an orthonormal basis 7~ *4(v1), ..., m 19 (vg)

of V'. Indeed, as ¢ = }~; zb(vj)pj, we have ¢* = 37;v; ® (1(v;), ) hence pointwise we have
Y =37 (¥(vg), ¥ (vi))v; ® o', or once we integrate,

R4 Q'Z)*T’Z) - Z <¢(Uj)aw(vi)>[,2 v ® Ve

1<i,j<4

Remembering that the 7/(v;) do not have norm 1, we compute the endomorphism aL of V':
/ 1 7 1 *
=5 D W) e v @vt = —— | )"y

4
1<i,j<4 R

Using from Lemma [[L3-2] the asymptotic knowledge that

4
orgg = —2r 346 Z zja;r" 4+ O0(r9),
j=1
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we find that

* g 1 2
/R4 TPt = T4 g 2,079q

1 .

- Z TILIEO $3(r) ar(xu)gQ - xuargQ
1 T 1

N TH(—2 4 —4

_4r1£§o 53 r(r 2Z$Jajr +0(™)

(T) 7j=1

4
+ 22,773 — 6 Z zyxia;r "+ O(r=?)
j=1

1 4
= — lim 3r/ T;—8 a-/ z x4+ O(r 1
4r—>oo( 53(1) J ; J S3(1) wa ( ))

— 2
= —2ay /53 x;
= —2a,Vol(S?)/4

_ 2
= TI'CLM.

Hence we obtain back the same maps, a;L = ay.

1.5 Completeness

We now close this chapter by proving that every instanton arise from some ADHM data. In other
words, we prove in this section that the composition

instanton sect[Z] ADHM data  se«t[3 instanton
(B.A4) —w (VW) s (LA
gives an instanton (E’, A’) gauge equivalent to (E, A).
This last fact establishes the validity of Theorem [LI=11
Since (E', A") = F(V,W,a, V), then E. sitsin S~ @ V @& W as ker(Q%). Elements of S~ ® V,

once contracted using the skewform w, give sections of F. Hence the map
az: STV W — E,

Y
¢

| = w6avte) + ot

is well defined. Its adjoint o gives the map we want between E and E’. To prove that fact, we
need to show that Q% = 0, or equivalently a,Q, = 0. Forany s ® ¢ € ST ® V, we have

4
az;Q(s @) = Z w(p(0;)s @ Gala; + xj))(x) + %(I)(s ® V) (z)
j=1
4
= (5,3 (0,)Gala; + ) 0)@) + 3V (),

7j=1

33



hence it suffices to prove that for every ¢ € V,
. 1
> p05)Ga(a; + @) () + S ¥ (W) () = 0. (1.32)
j=1

Since V sits in L2—3+5 for all small e, it must be that p(0;)G aa;1) € L2_1+6. Equation (L9) guaran-
tees that

Gayp = % +0(r™?)
= 2Dy w) + 06

hence p(z)Gav + (1/2)¥(¢) € L%, as well. Hence the left-hand-side of Equation (L32) is all
in L2, and thus must be 0 if harmonic.

Applying A kills the ¥ (/) term, and for the rest we obtain

A(i p(0;)Gala; + ;)0 (x))

4

ZP aj + p(05)ms — 2p(0;)V QGAT,Z)

j=1

<
Il
—_

<.

= ( p DAGADAm]¢) - 2D2GA7;Z)

7=1
:(Zp (3 p(0)7%)p(@ >GA¢)—2DAGAw,
j=1 k:l
which is 0 since .
) p(0)) = 2p(0))

The validity of Equation (L32) is now established, and so is the fact that o* maps E to E’. Proving
that (a*)* A’ is gauge equivalent to A is an exercise in rewriting [[KN90, Section 6a]. It is left to the
author and the reader for further study.
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Chapter 2

The Nahm transform heuristic

Heuristically, the Nahm transform places instantons on R*/A in reciprocity with certain data on the
dual R*" /A*. This short chapter describes in more details this heuristic.

Let A be a closed subgroup of R%. We associate two R-vector spaces to A:

AR := maximal R-linear subspace of A,
Az := orthogonal complement of Ar in A,

£(A) := R-vector subspace of R? generated by A.

Obviously, A is isomorphic to some R” x Z* with » + s < 4, and then dim Ag := r, dim Az := s,
and dim £(A) :=r + s.
The dual A* is defined to be

A= {z e R* | 2(A) C Z}.
Obviously, dim Ay =4 —r — s,dim A}, = s, and dim £(A*) =4 — .
We start with a SU(n)-bundle E over R* and a SU(n)-connection A on E, both invariant under
the action of A. We require the curvature of A, denoted F4, to be anti-self-dual (ASD) and to have
finite L?-norm on the quotient R*/A. Equivalently, we start with a vector bundle £ on R*/A, and
a connection A and endomorphisms ay, ..., a, of E, such that (4, aq,...,a,) satisfies the (4 — r)-

dimensional reduction of the ASD equation, as given in Appendix [AL and such that its L?-energy,
to be defined appropriately, is finite.

It might happen that the finite L2-norm condition is too strong to get any interesting solutions, in
which case we need to search for a better condition. This need arises for example on R? x S, and
Cherkis—Kapustin give in [[CK98]] an appropriate logarithmic decay condition for the endomorphism
ai. Anyhow, we are exploring a heuristic for studying instantons or their various dimensional
reductions, not a precise recipe, and adjustments need to be made in many cases.

Suppose now z is an element of R*”, the space of R-valued linear functions on R*. We define the
bundle L, over R* to be a trivial C-bundle with connection

4
w, = 2miz = 2mi Z zjda? .
=1

Notice that L, is invariant under the action of A, and that it is flat. Furthermore, whenever z’ € A*,
the bundles with connections L, and L., ./ are isomorphic over R*/A, or equivalently we can
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parameterize flat connections over R*/A by elements of R**/A*.
Indeed, for z € R*", define the function g,: R* — U(1) by

gs (x) _ e—27riz(a:) ’

and notice that g, is invariant under the action of A for each z € A*. But more importantly, we have
Gz "Wyt = Wyl
We write A, for the connection A® 1+ 1®w, on EQ L, = E. For z € R*", consider the operator
Dy :T(R,S " ®@E®L,) - IR, ST @ E®L,).

A section of the bundle S~ ® E ® L, is said to be in L3 if it is invariant under the action of A and
if its L2-norm over R*/A is finite.

We set
V, := L3 Nker(D% ).

By putting some restrictions on A, for example that (E, A) has no flat factor, we ensure via the use
of the Weitzenbock formula that L3 Nker(Dy4,) = {0}. At this point, we need to prove that D%
is Fredholm to prove that V' is a bundle, and compute the index of D’ _ to find its rank.

It turns out in many cases that D7 _ is not Fredholm for every z, which is a good thing. Without
going into details, suppose for example that D7 was Fredholm everywhere when A = Z3. As we
explore in this present thesis, the object created by the Nahm transform would be a monopole over
T3. But as one can show (see [Pau98| Prop. 1]), monopoles over compact 3-manifolds are not very
interesting.

Notice that for any section ¢ of S~ ® F, we have

D (9:0) = g2 (Dh¢ + 2micl(2)¢) + cl(gud g.)d
= gszl(b

Then for all 2’ € A*, we have an isomorphism
gz Ve = Vo, (2.1)

hence V is a bundle over R*"/A*.

It is important to keep two points of view in parallel, the full R*" view and the quotient R*" /A*
view. In the first view, we perform a curvature computation and observe how far the curvature of the
connection B we introduce on V' is from being anti-self-dual. In the second view, we can sometime
reduce dimension, as in the R*-ADHM case.

Let’s stick to the R*" point of view for now. We define a connection B on V. Each fiber V, is in
fact contained in L3 (S~ ® E). We can then consider the trivial connection d* in the trivial bundle
of fiber L% (S~ ® E), and its projection Pd* to V.

The operator D’_D 4, should be invertible, and we use the Green’s operator G 4, = (D% _Da, )t
to define the projection P by the formula

P=1- DAZGAZDZZ.
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To help ease the notation, set €2 := 27i Z?Zl cl(dx?)dz .

Let’s now compute the curvature of B. Notice that
4 .
[d*,Da,] = [d*, D + 2mi Z zjcl(da?)] = Q,
j=1

and similarly for D7 .
The Leibnitz’s rule tells us that

d*(Pd*¢, ) = (d"Pd*¢,¢) — (Pd*¢,d"¢),
but as (Pd*¢, ) = (d*¢,1), we also have
d*(Pd*¢, ) = d*(d”,1))

= (A7, ¥) — (d*, d*1))
= - <dz¢7 dZT/J>,

hence the curvature F'z can be computed as follows:

((Pd*)?¢, ) = (d*Pd*¢, )
= (Pd*¢,d*¢) — (d*¢, d*1))
= —(Da.Ga,Da.d*¢,d¢)
(Da.G4.Q0,d*).

Let v be the normal vector field to S”~!(R) x T*°. The integration by parts necessary to bring D on
the right-hand-side of the scalar product introduces a boundary term

limp := lim (cl(v)GQ, d*1). (2.2)
R—oo Jgr=1(R)xT*

Performing the said integration by parts, we obtain

(Fpod, ) = (Ga.Q¢, Da.d*) +limy
= —(G4.Q0, Q) + limy
= (Ga, 0, QA Q) + limy.

The first term is ASD since

QAQ = —4r? Z cl(dz® A da?)dz' A d2?
1<i,j<4

3
= —41* Y (cl(e;)e; + cl(&)E;).
j=1

and A\~ acts on S~ ® E. (Remember from page B3l that the ¢; and €; are the usual basis of AT and
/™ respectively.)

The key to the ADHMN construction of instantons on R* as portrayed in Chapter [is to get a good
grip of the boundary term limg, which is precisely the role of ® and the ADHM condition (L3).
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Let’s now see how the heuristic described so far can lead to the ADHMN construction for R4,
and explore what happen in the second point of view, where we look at everything on the quotient
R4 /A*.

Of course, our first task is now to interpret the connection B in that new setting. It passes really
well to the quotient by A7, the difficulty lies in quotienting by the remaining Aj.

Suppose we have coordinates (z1,...,24) on R* and associated coordinates (z1,...,z;) on R**
such that

Ag={z1="=2,45=0}
Let’s introduce new coordinates (u1,. .., Upts,V1,---,04—p—s) = (21,-..,24). Using the gauge

transformation of Equation (2.1)), we regard the space V,, as Viu,0)- We go back to the other point of
view using the isomorphism
Gv: Vi = Vi)

Suppose ¢, is a section of V on R** /A*. Then

gv_lB(gv(bu) = gv_lp((du + dv)gv¢u)
4

=Pd"¢, —2mi > Pmyg,(¢u).
j=r+s+1

Hence the connection matrices Bj for 7 + s + 1 < j < 4 get replaced by —2miPm;. Of course,
my; is multiplication by z;, as in Equation (IL6).
The heuristic presented in this chapter therefore allows us to say that, to any connection A on a

bundle E over R*/A satisfying the appropriate dimensional reduction (see Appendix [A]) of the
ASD equation, we can associate the following objects:

1. afamily V of vector spaces over R**/A* defined by the kernel V, = ker(D? ) of the Dirac
operator lifted to R*, family which forms a bundle over the open set on which D7 is Fred-
holm;

2. a connection B on V defined by the projection Pd? of the trivial connection d* on R**/A*;

3. a family of endomorphisms a,, as many as dim(£(A)1) = dim A%, of V, defined by the
projection —27iPm,. of the multiplication m,,_ by the coordinate x,, on R*.

When the boundary term of Equation (22)) is 0, the (B, {a,}) satisfies the appropriate dimensional
reduction of the ASD equation on R** /A*. When it is not, further ad hoc analysis is required.

The various dimensional reductions of the ASD equations are presented in Appendix [Al
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Chapter 3

Dirac Spectrum of Product Manifolds

In this chapter, we compute the spectrum of the Dirac operator of manifolds which are products,
using the spectrum of the Dirac operator on each factor.

The spectrum of the Dirac operator has been computed in many cases: spheres in [[I[Tta93l], three-
dimensional Berger spheres in [Hit74], odd-dimensional Berger spheres in [Bar96]], flat manifolds
in [[Pfa00], tori in [[Fri84], simply connected Lie groups in [[Feg87], fibrations over .S Lin [Kra0OT]],
etc. To learn more about the current state of affairs related to spectra and eigenvalue estimates for
Dirac operator, see the survey paper [[BarQ0]].

The explicit formula of Theorem B2-T] for the spectrum of the Dirac operator on a general product
manifold seems to be missing in the literature.

As a special case, we compute in theorem B.3-1] the spectrum of the Dirac operator on the n-
dimensional torus. Our computation confirms the result in [[Er184]].

In Section Bl we construct the spinor bundles on M x N from the spinor bundles on the factor. This
section is somewhat inspired by [KIi]. In Section we compute the Dirac spectrum of product
manifolds M x N. In Section B3] we use the acquired knowledge to compute the Dirac spectrum
for a torus. In Section B4 we consider the special case where N = S' and we twist the spinor
bundle by a flat line bundle on S*. We extend the result to the torus.

For the reader interested in a shortcut to the main result of this thesis, most of this chapter can be
skipped, only Theorem B.4=T] and the remarks that follow it are necessary.

3.1 Complex Spinor Bundles of M x N

Let M and N be two manifolds equipped with spinor bundles S; and Sy respectively. Let p1, po
be the projections on the first and second factor of M x N. In this section, we construct a spinor
bundle S for M x N using Sj; and Sy.

For a vector v tangent to M, let p, and ¢, denote the Clifford multiplication on Sj; and S respec-
tively. For a vector w tangent to N, we similarly use p,, and c,,.

Suppose at least one of the manifolds, say M, is even-dimensional. Thus S, splits as S7; & Sy
In that case, we set
S = piSu @ p3Sn,

and set Sy := pi Sy, @ p5Sy.
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Suppose on the contrary that both manifolds are odd-dimensional. In that case, we set
S = (p1Sm ® p3Sn) @ (p1Sm ® P2 SN).

Let S, denote the first factor, and S_ the second.

In both cases, with respect to the decomposition S = S & S_, set

1
Cy 1= , and ¢, = © Pu )

po @1 —1® pw

pv@l]

Proposition 3.1-1. The map c is a Clifford multiplication. The bundle S is a spinor bundle.
Proof: First, for the Clifford multiplication. We have

CwCy = = —CyCuy,

—Pv ® pu
Pv @ P

hence ¢, ¢, + cycy = 0, as wanted.

Let d,,, be the dimension of a complex irreducible representation of Cl,,,. From [[LM89, Thm 5.8,
p- 33], we have
dop1 = doy, = 2",

Since S has the required dimension and is a Clifford bundle, it must be a spin bundle. |

Positive and Negative Spinors

At this point, a warning is necessary: the splitting S = S+ ® S_ on M"™ x N when both m and
n are odd is not the same as the splitting S = St & S~ in terms of positive and negative spinors.
The second splitting appears through the isomorphism

StTeS -8, o8

(a,b) — (ia, ) + (b, i), G-b

and its inverse
S,oS_ —Staes

32
(a,b)H%(b—ai,a—bz’). G2

Let’s verify the accuracy of this last statement. The orientation class in Cl,, is

{z’“vol form = 2n
w =

i"tlyol  form = 2n + 1.

It satisfies w? = 1. We define S* = (1 & ¢(w))S; see [LMS9, Prop 5.15, p. 36], where his wc is
our w. Note that c(w) acts as +-1 on S*.

Since m is odd, we know from [[LM89, Prop 5.9, p. 34] that p(wps) can be either +1 and that
the corresponding representations are inequivalent. However, the definition of the complex spin
representation is independent of which irreducible representation of Cl,, is used; see [LM89, Prop
5.15]. For simplicity, let’s fix a sign and always choose the spinor bundle for which the orientation
class acts with that sign.
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The orientation class is w = —iwpwp, and

c(w) =

l p(wM)®pr] l 1
—ip(wm) ® p(wn)
{

The decomposition S = S+ & S~ given by ST = {(ia,a)} and S~ = {(b,ib)} is thus accurate.

When m and n are both even, the orientation class is w = wywpy, and

c(w) _ [p(wM) ® p(wN)

plwnr) @ p(ww)] '

The splitting Sy = S;{, @® Sy induces splittings for S, and S_. Using the very evident notation
coming from those splittings, we have

S+ = S++ ® S__, and
ST =8, ®S5_..

3.2 Dirac Spectrum Formula

To describe the spectrum of the Dirac operator on M x NN, we need to work with multisets, as most
eigenvalues appear with high multiplicity. For the multiset A, let A% be the union of a copies of
A. Of course, the kernel is always a very special set and we need some notation for the multiplicity
of 0 in the spectrum when m is even. For that purpose, set

ki, = dimker D3

Theorem 3.2-1. The spectrum of the Dirac operator on M™ x N™ on the spinor bundle constructed
in Section Bl from chosen spinor bundles on M and N is given as a multiset in terms of the
respective spectrum Y.y and Y. by the formula

+|Zp x B, if m and n are odd;
EMxN = >0 #hT #ky e
1|87 X En| U (EN)™ " U (=2N)7 ", if mis even.

Proof: For the decomposition S = S & S_, the Dirac operator on the spinor bundle of M x N is

Dy D
p=|_N “M
Dy -Dy

Suppose first that m and n are both odd.

Let {9, },ex,, be a basis of eigenvectors of Djs on L?(Syy), with Dby = pap,. There might
be more than one function called 1), but this abuse of notation should not cause any problems.
Similarly, let {¢, },ex, be abasis of eigenvectors of Dy for L?(Sy).

We have L%(S) = C2 @ L?*(Sy) ® L*(Sy), and on C2 ® ¢, ® ¢,,, we have

Voo
po—v|
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This matrix has two eigenvectors, of respective eigenvalue ++/p? + v2. The corresponding eigen-
vectors are respectively [v & \/u2 + 12 p]” when p # 0 while for 1 = 0, the vector [1 0]7 and
[0 1]T correspond respectively to the eigenvalues v and —v.

We just proved the theorem for m and n both odd.
Suppose now that mn is even. As before, let {1/, } and {¢, } be eigenbasis for Dy, and Dy. Recall
that the positive and negative eigenspaces of any Dirac operator D ,; (not just the spin one) are
isomorphic via

Yu = + U, == —
For 11 = 0, we have the positive spinors 9§ € L?(S};), and the negative spinors ¢, € L%(Sy;).

We thus have a unique decomposition

f:fa—¢3—+f6¢6+Z(fu+f—u)¢:+2(fu_f—u)¢;-

u>0 u>0

Note that

D(g ® ¢) = v @ ¢, and
Dy @ ¢y) = —viby @ by

Then ker D, contributes
(S0 U (=)o

Suppose now that y # 0. Then
D(wu ® ¢1/) = ,Uwu ® ¢y + Vzﬁ—ﬂ ® oy

Thus, for 1 > 0, the Dirac operator acts on the span of ¢, ® ¢, and ¥_, ® ¢, as

[T
v o—u|
This matrix has two eigenvectors, of respective eigenvalue ++/p? + /2.
We just proved the theorem for m even. The proof is now complete. O
Corollary 3.2-2. When both m and n are odd, we have
ker(D™) is isomorphic to ker(D ™).
When both m and n are even, we have

k;(/[xN = k;(/[k‘;\r, + kyky, and

kyrsen = kirky + kykl-

Proof: When m and n are both odd, a basis of ker(D) is given by all the
[ﬂ ® o ® ¢p (sections of ST), and E] ® Yo ® ¢g (sections of S7).
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When m and n are both even, a basis of ker(D) is given by all the

Ve ® og, vy @ ¢y (sections of ST),
Ve ® ¢,y @ By (sections of S7).

The proof is now complete. O

Corollary 3.2-3. The index of D on an even-dimensional product M™ x N™ is given by

0, if m and n are both odd;

ind(M x N) =« ) i
ind(M) -ind(N), if m and n are both even.

3.3 Dirac Spectrum of 7"

The work we have done so far allows us to compute the spectrum of the Dirac operator on the
n-torus 7" = R™/A.

Recall first that there are two possibilities for the spinor bundle S, the trivial, denoted Sy, and the
nontrivial, denoted S;. In either case, we have py = 1.

Let S, ..., denote the spin structure constructed inductively using the procedure given in Section
BTl Let by, ..., b be abasis for the lattice

A ={\" e R* | \*(A) C Z}
dual to the lattice A defining 7.

Theorem 3.3-1. The Dirac Spectrum for the spin structure S, ...., on the torus T™ = R"™ /A is the
multiset of all the
£2mb* + > e;b7/2],

for b* € A* given with multiplicity 2\7/21 -1,
Proof: Note that we can rewrite this theorem as saying that the spectrum is

:|:|Esl X e X 251|#2\_"/2J*1'

When n = 1 and S* has length ¢, we have
Y= 2n/0)(e/2+ 7).

The factor 1/2 counterbalances the & as —X g1 = Xg1.

;2k'

Suppose now that n = 2k + 1. Then 7" = T?# x S'. From Theorem B2-1] we know the spectrum
is

In fact, we will use the more general fact that —>7~» = 7=, and that k;zk =k

+
£[D79 X Sg1| U (Sg1) 120 U (— D) ran,

which is
#1
:|:|ET2k X251| 2,
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By induction, this multiset is
#12]671 #2]’671
:]:‘:l:‘251><"‘><231’><251| 2 :i‘231X"'X251X231‘ s

as wanted.

Suppose now that n = 2k. Then 7" = T%~1 x S, and using Theorem B2-1] we find that this
spectrum is

i’2T2k71 X 251‘ = i‘i‘zsl X oo X 25’1’ « ES1’ H2k—2
= j:‘251 X oo X Esl X Zsl‘ #2k71,

as wanted.

The proof is now complete. O

3.4 Tensoring by L.

Suppose now we change the Clifford bundle, tensoring it by the flat bundle L. on S', which is
trivial with connection 27iz df. Since it is constant in the M direction, it doesn’t affect X ;.

Whether m is odd or even, the new Dirac operator is

_ |Dg1 — 27z Dy

b Dy —(Dgr —272)|

hence we just need to shift the eigenvalues of Dg1 by —27z.

For m odd and even, the new spectrum is respectively

X ¥ (231 — 27rz)]7 and
:I:‘E?V[O X (Zg1 —2m2)| U (Zg1 — 27TZ)#k1tI U(—Xg + 2#2)#k;4,

Suppose now we tensor the spinor bundle on 7' by the flat bundle L, with connection
n .
271 Z zj dx?
j=1

with z € A*. A modification of the proof used in Section B3 works to prove by induction that the
spectrum of the Dirac operator D, on T™ for n > 2 is

n
{£2r|b* — 2z + Zﬁib?/2! 10" € A*}#2L7L/2J71'
i=1

This result implies that 0 is in the spectrum if and only if z € 77" ; ;b7 /2 + A*.

As we need it later on, let’s summarize the situation for the three-dimensional torus 7°3.

Theorem 3.4-1. Choose the trivial spin structure S on T3 = R3/A. Pick z € R3*. The spectrum
of the Dirac operator on S ® L, is given by the multiset

+27|A* — z|.
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The eigenspaces coming from 0 € A* are found as follows. Notice first that S = C? and that S+
and S~ on T2 are found using Maps (1) and @&2)) by the projections

11 11 —i
P+_§[—i 11’3“‘”3‘_5[2‘ 1]'

Then

D = Drp2 , —2m23P + 2mz3 P

_or ) —(z1 + 231)
—(21 — Zgi) zZ9

When (z1, z3) = (0, 0), the eigenspaces are the
1 .
C [01 of eigenvalue — 27z,

C [ﬂ of eigenvalue 2725,

while when (z1, z3) # (0, 0), they are the

—(21 + Zgi)

S

of eigenvalue + 27z9.

We can consider the bundle V5 created from the eigenspace of D, of eigenvalue 27e on the sphere
|z| = €. A non-zero section is obviously given by [—(z1 + 231) 22 + |2|]7. This section vanishes
only at (0, €,0) and its multiplicity is obviously 1, hence ¢1(Var.) = €(Var) = %1, depending on
the choice of orientation class.
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Chapter 4

Dirac Spectrum of 5"

Because of the splitting relation

0
+ _
D]RXS3 — :l:a —|— Ds?),

and because of the conformal equivalence R x S = R*\ {0}, the eigenvalues of the Dirac operator
D on S3 and the kernel of the Dirac operator on R* are intimately related. So we first proceed
to study the eigenvalues of D on S3. We then exploit these results in Section [Z3 to prove the
asymptotic behavior of Equation (7).

In Section BTl we compute the Spectrum of Dgs in a way quite similar to Hitchin’s [Hit74]. In
Section 2], we confirm the results of Section Bl using a construction of Trautman for the spectrum
of the Dirac operators of spheres. The drawback of Trautman’s method is that it does not give easily
the multiplicities, which is why we need the computations.

4.1 S3: Spherical harmonics and representations

Let’s start by writing down an explicit formula for D g3 and Dg;;. Consider the left-invariant or-
thonormal frame on S3 given by

ei(z) ==z -1,
es(x) : =z - j, and
es(z) =z k.
As derivations, the e; satisfy the commuting relations obtained by cyclicly permuting {1, 2,3} in

the expression
[61, 62] = 263.

The Levi-Civita connection matrix in that orthonormal frame is

0 —e3 2
wi]=| e 0 —el
—e?2 el 0

The spinor bundle S(S%) of S? is a trivial H-bundle. The vectors e, ez and e3 act by Clifford
multiplication on S(S3) simply by left-multiplication by i, j and —k respectively, so that the volume
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element acts as +1. Thus the spin connection endomorphism is

1
0= 5 Z wy @ cl(ep)cl(eq)
1<a<b<3

1
:§(el®i+62®j+e3®k),

and the spin connection is d + €2. The Dirac operator hence, obeys the rule

3
D:i€1+j€2—k€3+§.

Then, we have the formula

. . 9
D? = —eje] — egeg — e3€3 +iep + jeg — kes + T

In this formula, the part which looks second order is actually the standard Laplacian on S3:
A= —€1€1 — €2€69 — €3€3.

The eigenvalues of D are distributed symmetrically with respect to 0, as we now establish.

Theorem 4.1-1. Let n = 3 mod 4 and M be a riemannian manifold of dimension n. Let ¢ be an
orientation-reversing isometry. Then the spectrum 3. of the Dirac operator D on the spinor bundle
of M is symmetric: ¥ = —X..

Proof: In this case, the square of the Clifford volume element w is w? = 1. Thus C1,, splits as
Cln = V+ D V_.

It turns out that the Vi are invariant for the action of C'l,,.

The algebra map «: Cl,, — Cl,,, generated by a(v) = —v for v € R", exchange V. and V_. It is
an isomorphism of Spin(n)-representations since Spin(n) C CI9.

Note now that there is a canonical isomorphism Pso (M) = ¢* Pso(M): on the fibers over a given
point, it is given by (e1,...,e,) — (do(eyn),...,dp(e1)).

This isomorphism induces an isomorphism Pgpin (M) = ¢* Popin (M).

Let ¢: Spin(n) — Vi be left-multiplication and set

Sj: = Pspm(M) Xy Vj:.

Both are “the” spinor bundle on M. They are isomorphic via a. Let’s choose S to work with.
Set Clgpin(M) = Pspin(M) x¢ Cl,,. Then, as Clifford-modules, we have the isomorphism
¢*Clgpin(M) = Clgpin(M). This isomorphism exchange S+ and S=.
Suppose now that s € I'(S;) and consider a(¢*s) € I'(Sy). At the point z, we have that
a(¢*s)(z) = als(¢(x))) € (S-)gp(x) = (S4)e-
The connection on Clgyin (M), being 1/4 - 371 <, < WhaCats, is preserved by the canonical iso-
morphism. Thus

D(a(¢%s)) = —a(D(¢"s)) = —a(¢"(Ds)).

Hence, if Ds = \s, then D(a(¢*s)) = —X - a(¢*s). The proof is now complete. O
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Recall that L2(S%) has a decomposition in eigenspaces of D and A; in fact, they are linked since
the Laplacian commutes with our canonical basis as it is parallel:

[A,eq] =0fora=1,2,3.
Indeed, we have, for example, that

[A,e1] = —ejere; — egege; — eseseq + ejere; + ejeqen + ereses
= —egez, e1] — ezeren — esles, e1] — ezeres
+ [61, 62]62 + egejeg + [61, 63]63 + eszeqes
= 2e9e3 — 2e3e9 + 2e3e9 — 2e0e3
= 0.

Thus the eigenspaces are invariant under the action of sp(1).

Let’s review now some classical theory. Let f be a function on S3 and F' an extension of f to R%.
Then

A(f) = Aga(F) + 37— + —. (4.1)

This decomposition is fantastically simple and allows for a complete description of the eigenvalues
of A. Let H,,(R*) denote the set of harmonic homogeneous polynomials of degree m and denote by
H,,,(S3) its restriction to S3. Tt follows from Equation () that H,,(S®) consists of eigenvectors
for the Laplacian A on function on S3. The corresponding eigenvalues are m(m + 2). In fact, these
are all the eigenvalues.

In fact, the eigenvectors of the Laplacian on S™ are always the corresponding H.,,(S™) and the
eigenvalues are correspondingly the m(m + n — 1); see [[GHL90, Cor 4.49].
Since they correspond to different eigenvalues, the spaces H,,(S?) are invariant under the action of

sp(1). So we reduce our study of eigenvalues of D to the study of its eigenvalues on eigenspaces of
A. For those we have the beautiful decomposition theorem that follows.

Theorem 4.1-2. We have the following isomorphism of complex representation of the Lie algebra
sp(1):
Hyn(5%C) 2 (m + 1)Sym™C>.

Proof: The left-invariant vector fields e, eo, e3 satisfy the same commuting relation as ¢, j, and k.
Thus, we can view them in su(2) as
. 0
€1 )
—1

fo —i]
€3 = . .

To study the representation theory of su(2), it is convenient to use the standard basis H, X, and YV’
of sly since su(2) and sl have the same irreducible representations. In terms of the e, we have
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H = —i€1,

1

X = 5(—62 + ies), and
1 .

Y = 5(62 + Z€3).

We set 21 = x1 + ix9, and zo = x3 + ix4. In these coordinates, we have

H = —% + 2(21i + Z2i)

0 071 0%
_ 0 0
X = 226—21 - zla—zg’

0
Y = —29— + 21— d
29 92 +z 822’ an

0o 0 0o 0
)

B Gy =

Consider now the m + 1 homogeneous polynomials

They are obviously killed by Ag» and thus are in H,,(S%, C).

Equally obvious is the fact that they are killed by X. Hence, each p, generates an irreducible
submodule of H,,(S?). Since

H(p,) = —mpq + 2(apa + (m — a)p,)
= MPaq,

this module is isomorphic to Sym™C? as a representation of su(2).

We have so far establish the presence of (m + 1)Sym™C? inside H,,(S3;C). Since both spaces
have dimension (m + 1)? (see [ABROI] p. 78, Prop. 5.8]) they must be equal. O

Now consider the isomorphism between H and C? given by the natural decomposition z; + jzs.
This isomorphism induces an isomorphism between Sp(1) and SU(2) as follows:

Sp(l) = SU(2)

S i
0 —i|’
‘H'o —1
i~ ol
_0 —1
S 0]



Basically, the operator D restricts to a set of operators, one for every m:

Hpn (8% C)? — Hin (8% C)?

Fy . 1e1 —eg +1eg| | F1 +§ Fy
F es + ies —1eq Fy 2 |Fy|
Following Hitchin, we let () denote the operator
—-H 2X
o= lo %

The operator D is thus the sum @ + 3/2 on the invariant subspace (Sym™C?)2. Let’s find the
eigenvalues of () on this subspace.

Let z,y be the standard basis of C2. Then Sym™C? is the set of homogeneous polynomials of
degree m in x and y. As such, there is an obvious basis h, := 2%~ for Sym™C? and we have

H(hg) = (2a — m)hy,
X(ha) = (m —a)hgt1, and
Y (he) = aha_1.

5] |

are eigenvectors of (), of eigenvalues m. Each of them appear with multiplicity m + 1 in the space
H,,(S3;C)2. Consider now the vectors

(1+m—a)ha] ond l_ha ]

The vectors

aha_l ha—l

These 2m vectors, along with the two others, span (Sym™(C?)2. Furthermore, they are eigenvectors
of @, of respective eigenvalues m and —m — 2. The m + 1 diagonal (Sym™C?)? factors in
H,,(S3; C)? span the whole space. Hence these eigenvalues appear with multiplicities m (m + 1).

We just proved the following theorem.

Theorem 4.1-3. The eigenvalues of the Dirac operator on the spinor bundle of S® are the
+(k+3/2), fork € N,
each =(k + 3/2) appearing with multiplicity (k + 1)(k + 2).

This result is confirmed by a similar computation in [[Hit74), Prop 3.2] and by a different method of
Andrzej Trautman in [[Tra93]] which apply to all spheres, and which we describe in Section

4.2 Trautman’s construction

We now confirm the results of the previous two sections by a method of Trautman which apply to
all spheres. This method appeared as a first paper [[Ira93]] in a projected series of paper of Trautman
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with E. Winkowska on the spectrum of the Dirac operator on hypersurface. The promised sequel
Spinors and the Dirac operator on hypersurfaces. IlI. The spheres as an example was apparently
never completed and does not appear in the literature.

Let S be the spinor bundle on R™ 1. Leti: S"(r) — R™! be the inclusion. Then i*(S) is a
Clifford bundle on S™(r). On this bundle, we have a spin connection, which gives us a Dirac
operator D,.. Let D be the Dirac operator on .S. We now look at the relationship between D and
D,.

Let ey, ..., e, be an orthonormal frame on a patch of S™(1). We can extend this frame by radial
parallel transport to a cone of R"*1\ {0}. Let ey = v be the radial vector field. Let I, be the
second fundamental form of S(r). Then

D = p(eo)veo + Z p(ei)vei

0<i<n

:p(y)%—l— Z p(ei)ei+%p(€i) Z wi(ei)P(ekBj)
0

<i<n 0<j<k<n

0 1
= P(V)E + 3 Z Z wi(ei)pleier)p(v) + D,
0<i<n 0<k<n

= p) o St (I)ov) + D

A simple computation shows that ¢ () = —n/r. Thus

P
D =D, +p(v)5 + % p(v). 4.2)

Let p: R™*1 — S be a spinor-valued homogeneous harmonic polynomial of degree [ + 1. The
polynomial Dp has degree [ and is killed by D. Consider then
1
= UEA)

We have Dsy = 0. Since Dp is homogeneous of degree I, we have ds4. /0r = (I/r)s+. Thus

B 0s+ n
Drss = —p(v)—7 = = 5 p(v)sx
(l+n/2)

= TP(—V)Si

l 2
_ U2
T
For n = 3, we see the spectrum described by Theorem EE1-3]

Now, i*(.S) splits as a direct sum of irreducible spinor bundles. Because of dimensional reason and
because n-spheres (n > 1) have only one spin structure, for n = 3, the bundle i*(.S) splits as two
copies of the spinor bundle of S3, and for n = 2, the bundle i*(.S) is the spinor bundle of S2.

As i*(5) splits, the eigenspaces of D, split too. So we are building genuine eigenspaces for the
Dirac operator on the spinor bundle of S™.
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Chapter 5

Decay of instantons

On a cylindrical manifold R x Y with any warped product metric, the ASD equation for a connection
in temporal gauge is
A =—x3 F (5.1)

On R x T with coordinates (¢, ), we can expand any connection according to its Fourier modes:

AB,t) = Y A”(t)e.

veZ3

While the ASD equation mixes terms from different Fourier modes, the zero-mode behaves partic-
ularly nicely. Set
H:={A| A” =0forv # 0}.

For the product metric, Equation (5.]J) is autonomous, and it turns out that GH is then a center mani-
fold for the flow of that equation. Hence, every flow line with finite energy approaches exponentially
a flow line in GH.

Since finite energy correspond here to

2
/[l,oo)XT3 ‘FA‘ =0

it remains to study the flow lines in the finite dimensional space H and in order to understand the
decay of instantons.

This material is well known to [MMRY94]], where it is proved that every instanton converges to a flat
connection, and the decay to that instanton is exponential if the flat limit is irreducible.

For the warped metric on [1,00) x T coming from T2 x R? by polar coordinate on the R? factor,
the Flow Equation (&) is not autonomous and consequently we cannot use the traditional center
manifold theorem. It is worthwhile however to study the behavior of flow lines on GH as well.

Any element of H can be expressed as
A = a1df* + axdf? + azdb?,

with a; € su(n).
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The Flow Equation (&), once written with the a;, gives rise to the equations

ay = [az, as]
ah = lag, a1] for the product metric R x T, (5.2)
ag = [a1, ag]

and
aby =t~ as, a1] for the warped metric 72 x R2. (5.3)

These equations are quite symmetrical, and we can reduce the study of those systems to the study
of their invariants.

51 OnRxT?

Let’s restrict our attention to su(2), and let’s first deal with System (5.2). Define the following real
valued functions:

fo=1al? + |ay* + |ag |,
g = la1]® + |ag]? + |as|?, (5.4)
d:= <a17 [a27 CL3]>-

Lemma 5.1-1. For ay,as, ag flowing according to System (32), and for f, g, d defined by Equations
4, we have

f' = 16dg,
g =6d,
d=f

Proof: We equip SU(2) with its bi-invariant metric that gives it the riemannian structure of S3.
For elements X, Y, Z, W of the Lie algebra, the covariant derivative and Riemann tensor have the
simple expressions

VxY = -[X,Y], and

1
2
RX,Y,Z,W) = i([x, Y1, (2, W)):

see for example [[GHL90, 3.17].

Since the sectional curvature is 1 everywhere, we have
R(X,)Y, Z, W) =(X,Z)(Y,W) = (Y, Z)(X,W).
Notice, then, that for any permutation 45k of 123, we have
{a;,al) = +(a;, la;, a;]) = £2(a;, Va,a5) = F2(Va,ai,a5) = F([as, ail, aj) =0,

while d = (a1, a}) = (a2, d)) = (as, a%). It is then quite obvious that ¢’ = 6d.
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‘We have
(|(1/1|2)/ = 2<[a27 (13], [al27 (13]> + 2<[a27a3]7 [(12, (1/3]>
= 8R(az, a3, ay, a3) + 8R(ag, ag, az, aj)
= 8(ag, ab)|as|® + 8laz|* (a3, ay)
= 8d(|as|* + |az|?).

This equation together with similar equations for (|a}|?)’ and (|a}|?)’ yield f' = 16dg.

As for d, we have
d' = (ay, [az, as]) + (a1, [a3, as]) + (a1, [az, a3])
= |(l/1|2 - <[a1>a3]7al2> - <[a2,a1],(lé>
= [ay|® + [a5]* + |a5]* = f.
The proof is now complete. O

We are now ready to prove decay properties of instantons.
Theorem 5.1-2 (Decay of instantons). Let A be an instanton on R x T3. Then
|[Fal = o(t™)

ast — oo.

Proof: As we mentioned in the introduction to this chapter, we only have to study the flow lines in
H as any other is exponentially decaying to a flow line in GH.

Notice first the ||Fa||> = [ f = [ d hence lim d exist as t — oc. Suppose limd = 2] > 0. For
some T and ¢t > T, we have d > [. Hence ¢’ > [, or once we integrate, g(t) > It + C. Thus
f' = 16dg > 161°t + C and lim f’ = co. But then surely lim f = co and f cannot be integrable,
which clearly contradicts the finite energy condition. Hence we proved

limd < 0.

In fact, as d’ = f > 0, we have
d < 0 always.

Consequently, f* = 16dg < 0. Thus f must have a finite limit since f > 0. Since [ f converges,
we have
lim f = 0.

As g > 0and ¢ = 6d < 0, we have
lim g exists.

Then we judiciously apply 1’Hospital’s rule, denoted HR below. Since

/42
(lim g) = lim ?—;i B Jim W = (limg) — 6lim¢d
we have
d=o(t™).
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But then,

0 = lim td = lim & R iy 7

— : 2

Since f = |Fa 2 the conclusion follows. O

We can actually pull out more decay from those equations, even exponential decay in [[MMR94]].
Here we prove polynomial decay to infinite order for non-zero limits.

Theorem 5.1-3 (Extra decay for non-zero limits). Let A be an instanton on R x T 3. Suppose that
the flat connection to which A converges at infinity is not gauge equivalent to 0 € H. Then for all
k,

|Fal = o(t™)

ast — oo.

Proof: We work in H. We already proved in Theorem and its proof that f = o(t~2) and
d=o(t™1).
Once we suppose d = o(t™*), we find 0 = limd/t =% = —klim f/t~*~! using I"'Hospital’s rule.
Hence

d = o(t™%) implies f = o(t~F71), (5.5)

Suppose now lim g # 0, and f = o(t~*). Then

. f 1. dg ur 1, ) d
Hence
f = o(t™") implies d = o(t~F71), (5.6)

under the condition lim g # 0.

The conclusion follows by pumping up Equations (&3] and (G.6)). O

52 OnT? x R?

We keep our attention on su(2), and deal now with System (5.3)). Define the following real valued
functions:

1
fi= o + layf” + zlasl,

1
U= t—angP

R 2 2
g1 := la1|” + |as] (5.7)
gs ‘= |a3|27

Lemma 5.2-1. For a1, as, as flowing according to System (3), and for f,u, g1, ge,d defined by
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Equations [.2), we have

Proof: We proceed as in the proof of Lemma B.T-11
Using the Leibnitz rule, we find

d = <a/1’ [(12, a3]> + <(11, [al27 a3]> + <a17 [(lQ,CLéD

= t]a}|* — ([ar, as], ab) — ([az, 1], ap)
1
= tlay]* +tlag|* + Slasl,

hence proving d’' = tf.
While g5 = 2(as, ay) = 2td, we have

gi = 2<a17a/1> + 2<a27al2>

= %((Gb [az,as]) + (aq, [as, a1]>)

4
= —d,
t
thus proving the differential equations for g; and go.
We have
o' = (|a, a2 )
= 2<[a17 a2]7 [allv CL2]> + 2<[a17 a2]7 [a17 CL,2]>
8
= ; (R(a17 az, [a27 CL3]7 CLQ) + R(G’l? az,ai, [CL3, al]))
8
= —((a1, [a27a3]>’a2’2 — (a2, [az, a3]) (a1, az) + \a1’2<a2, a3, a1]) — (a2, a1)(a1.[as, a1]))
t
8
= —gid.
tgl
The proof is now complete. O

Theorem 5.2-2. In the gauge group translates of the zero Fourier mode on T? x R, finite energy
instantons have quadratically decaying curvature.

Proof: We of course aim to prove that f = o(t~%).
Notice first the ||Fa||? = [tf = [ d’ hence lim d exist as t — oo.

Suppose limd = 2] > 0. For some T and t > T, we have d > . Hence g} = 4t~'d > 4t71l, or
once we integrate, g1(t) — g1(1") > 4llog(t/T'), or g1 (t) > 4llog(~t) for some v > 0.
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Then v’ = 8t~1g1d > 321*t~!log(~t). Since (logz(’yt))/ =t~ !log(vt), we have

> 3202 /Tt (log?(~1))’
= 3212 (log?(~t) — log?(vT)),

or for some constant ¢, we get u(t) > 32I%log?(yt) + e. Hence limu = oo, and then surely
lim f = oo and f cannot be integrable, which clearly contradicts the finite energy condition. Hence

we proved
limd <0.

In fact, as d’ = tf > 0, we have
d < 0 always.

Since g/, = 2td < 0 and g2 > 0, the quantity lim g exist and is finite.
Then we judiciously apply I’Hospital’s rule. Since

t —go/t2 + g/t
g2/ HR . g2/t + g5/

(lim g2) = lim = (lim g) — 2lim t3d

1/t —1/t2
we have
d=o(t™?).
But then,
0 = lim#3d = lim 1% T Jim %;tg = —% lim t4f.
Since f = |Fa 2 the conclusion follows.

a

Theorem B.2-2] is perhaps a first step in a dynamical system approach to proving a conjecture of
Jardim that every doubly-periodic instanton connection of finite action || 4|, < oo has quadratic
curvature decay. This conjecture appeared in [JarO2al p. 433] and is supported in part by Nahm

transform considerations in [BJO1]].

5.3 Notes on different quotients

We proved in Section BIlthat given an instanton A on R x T3, its curvature F4 decays like o(r~!).
It was first observed by Mrowka that there are instantons who decay like » ~!. For example, let i, j, k

be the usual basis of su(2), and consider

idx + jdy + kdz
2r )

A=

The curvature of that connection is

—idr ANdzx — jdr AN dy —kdr A dz + kdx A dy + jdz N\ dz +idy N dz

Fi =
A 22

which is quite stronger than o(r~1).
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On R? x T2, Jardim gave the example of the connection

A |7t 0] N 1 0 e~ (dx — idy)
T |0 di|logr ' rlogr |—e?(dx +idy) 0

with

1
Fs=0
A ( r2logr ) ’
which again is a bit stronger than the conjectured O(r ~2) of Section

For the classical R?* case, it was proved originally by Uhlenbeck in [[URIS2, Cor. 4.2] that the
condition ||F4,, < oo implies that [Fa| = O(r~%); see also the appendix of the seminal work of
Donaldson [IDon83]]. This decay is achieved by the connection

1 ) .
A= m(ell + 02§ + 63k),

with
0y = z1dz? — xodx' — l‘3dl‘4 + xqda

0y = x1dx® — xgdr' — xydr® + zodz?

03 = r1dz* — zadzt — xodx® + $3d$2.

While this connection in this particular gauge is O(r ~1), its curvature

1 . .
FA = m(d@ll + d02.] + d@gk)

is exactly of order 1/7%.

As for S' x R3, by taking a monopole (A, ®) on R3, we get an example of an instanton ®dr + A
whose curvature (V 4®) A dr + F is exactly of order 1/r2.
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Chapter 6

Fredholm theoryon R x Y

Let Y be a three-dimensional compact orientable manifold. Let (E, A) be a SU(2)-instanton over
R x Y. We suppose for this section that A is in temporal gauge, that is it has no dt term. This
assumption allows us to consider the restriction A(t) to a cross-section {¢} x Y. The Dirac operator
on {t} x Y is denoted D 4. We consider the Dirac operator

Da =01+ Dy

on sections of ST ® E.

Our aim in this chapter is to find spaces on which ¥4 is a Fredholm operator, and on those spaces
compute its index. It is quite natural for such problems to consider Sobolev spaces, as in the compact
case. While it is quite natural, it is perhaps too restrictive and what is happening on cylindrical
manifolds in terms of Fredholmness is better understood in the realm of weighted Sobolev spaces.

It was observed long ago that for the usual Laplacian on R", the classical Sobolev spaces are the
wrong spaces for domains: the Laplacian is not Fredholm for those domains. The same is true for
other elliptic partial differential operators on R™.

As an attempt to remedy the situation, Homer Walker in [[Wal71l [Wal72| [Wal73|] proves that for
certain domains, first order elliptic partial differential operators obtained from constant coefficients
operators by adding a perturbation on a compact set are practically Fredholm, in the sense that
the dimension of the kernel is finite and that the range can be described by a finite number of
orthogonality condition.

In [NW73]], the results are extended to a broader class of elliptic operators, perturbed in a less
restrictive way, and LP-type domains replace the L?-type domains presents in the papers just de-
scribed. We are presented with a sort of Garding inequality decorated with weights, the treatment
of which is not fully systematized at this point, and finite dimensionality of the kernel is proved.

The use of weights to describe which type of behavior is allowed at infinity was systematized in
[Can75]] with the introduction of weighted Sobolev spaces. Around the same time, Atiyah, Patodi
and Singer in J[APS75]] made the crucial observation that the condition for an operator to be Fred-
holm in L? on a cylindrical manifold is that the restriction to the slice at infinity must have an empty
kernel.

In [Loc81l], and independently in [McO79], we are given specific APS-like conditions on the
weights for an elliptic partial differential operator of any order with a certain type of asymptotic
behavior to be Fredholm on the given weighted Sobolev spaces. The result and proof of that pa-
per are extensions of [NW73]], and partial results along these lines can be found in [I[Can75]], where
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isomorphism properties of the Laplacian were derived.

Choquet-Bruhat and Christodoulou in [CBC81l] remove restriction on p from another work of Cantor
[Can7/9] and prove semi-Fredholmness, finite dimensionality of kernel and isomorphism theorems
for operators on non-compact manifolds while giving improvements on imbedding and multiplica-
tion results for weighted Sobolev spaces. Those two papers constitute partial results along the lines
of the more advanced and complete joint work [[LM&3l [LM&4] of Lockhart and McOwen. Their
work extends the results of [[Loc81l] and [McQ79] for systems of partial differential operators which
are elliptic in the sense of Douglis—Nirenberg, and similar conditions on the weights are described
to ensure Fredholmness.

Very similarly to what we do in this chapter, [LM&85]] study a much larger class of elliptic oper-
ator C*°(E) — C°°(f) for bundles £ and F' over a manifold with cylindrical ends. Conditions
on weights to obtain Fredholmness and wall crossing formulas are derived. The paper also treats
boundary valued problems with Lopatinski—Shapiro boundary conditions; see [[APS75]] along those
lines.

As a prelude to proving that the mass of an asymptotically flat manifold is a geometric invariant,
[Bar86] reviews the theory of weighted Sobolev spaces with an emphasis on two basic ideas which
underlie the subject: the use of scaling arguments to pass from local estimates to global estimates
and the derivation of sharp estimate from explicit formulas for Greens functions. Bartnik’s paper add
a number of technical improvements and some new observations to the theory. A simple example
is that the indexing chosen for the weights is different from the one used by his predecessors, but
it clearly reflects the growth at infinity allowed. An expanded version of his presentation, with
complete proofs, can be found in Appendix [E

These results can be put in a geometric form following Melrose; see [[Mel93]]. Melrose’s technique
involves adding a boundary at infinity to the underlying non-compact complete riemannian mani-
fold. Later work of Mazzeo—Melrose [MMOYS]] was used by Singer—Nye in [NSO0] for computing
the index of the Dirac operator twisted by a caloron on S x R3.

6.1 Fredholmness

Suppose first that A is independent of .

The space W*P(X, I) is the space of L? sections of the vector bundle I over X, whose derivatives
up to order k for a given reference connection are also in LP on X. Because P, is obviously
defined on sections of ST ® E and 27.52 is obviously defined on sections of S~ ® E, we lighten up
the notation by omiting the F’, and most of time we omit the X as well, in which case it is assumed
tobe R x Y, or R x T when appropriate.

Lemma 6.1-1. Suppose the connection A does not depend of t. Then
Dy: W2 — L?
is Fredholm if and only if 0 & Spee(D 4).

We actually prove a stronger version of the lemma, as this more powerful version is useful later on.

Lemma 6.1-2. Let T be a formally self-adjoint elliptic 1st order operator on a compact manifold
Y. The operator T := 0y + T seen as

T: wh? - 2
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is Fredholm if and only if 0 € Spec(T'). Furthermore, it is an isomorphism when Fredholm.

Proof: Suppose 0 ¢ Spc(T'). Then we have the estimate ||T¢||L2(Y) > C||¢”W1»2(Y)' Suppose ¢
is compactly supported. Then

1Tl = 100l + [ To|* +2 /[R {6, T 12y

2 2
> (14 ) (1001 + 16l 722
> (1+C?) 6]z, (6.1)

thus 7" has closed range and no kernel.

If ¢ € L? is orthogonal to the image of T, then it is a weak solution to Tgb = 0. Elliptic theory, for
example in [LM89, Thm II1.5.2(i), p. 193], implies that ¢ is C'*°. But the only C'°° solution to be
L?is 0. Thus 7" is an isomorphism.

Suppose now 0 € Spee(T'), and let ¢ be in ker(T"). We show that 7' does not have closed range. It
suffices to do so to prove that 9;: W12(R) — L?(R) does not have closed image. Set

) = {1/w, for |z| > 1;

x, for |z| < 1;

Fla) 1/2 —log|z|, for|z| > 1;
x) =
222, for x| < 1.

The function f clearly belongs to L2. In fact, 1 fll ;2 =2v/2/3. We have O F = f,butc+ F ¢ L?
for all ¢ € R. Hence f is not in the image of 0;.

Choose xr: R — [0, 00) with xr(z) = xr(—x), and

0, when |z| > 2R;
1, when |z| < R.

Xr(z) = {

Set fr := xrf. Itis obvious that fp — f in L?, and fgr(z) = —fr(—x). This last property

ensures that the function
[Zsp fr,  fora <0;
Fr =

—f;’RfR, forxz > 0,

is well-defined at x = 0. The function F'p satisfies 0;Fr = fgr, and thus, since F'r is compactly
supported, fr is in the image of 0;. The image is therefore not closed. The proof is now complete.
g

We now add a number of weighted Sobolev spaces to our arsenal. The weight function we use
here, denoted o5, depends only on ¢, and its definition depends on whether § € R or § € R2. For
§=(6_,0,) € R?, we want o5 > 0 with

e~ 0=t fort < —1;
o5 =
e 0+t fort > 1.
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To achieve such a weight function, choose ¢ smooth and positive with

1, fort< —1;
c(t):{’ ort < —1;

0, fort>1.
Then set
o5 = e—(c5,+(1—c)6+)t'
For ) € R, set
o§ = e 0,

The weighted Sobolev spaces are defined by the equation
k
W5 = {f [ llosfllyn, < 00} = o_sWh.

As usual, LY = W(? ?. For 0 € R, notice that 05 = 05 5) hence Wf P = W(]}’g).

Theorem 6.1-3. Suppose A is translation invariant (it does not depend on t). Then
Da: Wi — L2

is Fredholm if and only if 6 & Spec(D 4). Moreover, it is an isomorphism if Fredholm.

Proof: The following diagram is commutative:

w2

«| |=

W1’2 L2
0150’1

Because the columns are isomorphisms, the top row is Fredholm if and only if the bottom row is.
But

o5Dacs ' =0 + (Da + 9).
Using Lemma we see it is Fredholm if and only if 0 ¢ Spee(D4 + &), or equivalently when
—6 & Spee(Da). Since Spee(Da) = —Spec(Da), the conclusion follows. O

Our ultimate goal is to find Fredholmness conditions for 3 4, with the only hypothesis that A is an
instanton. As we know, being an instanton forces A to have flat limits at o0, say I'_ and I';.. As
a notational convenience, we define the grid

G4 = (pee(T-) x R) U (R x Spee(T')). (6.2)

Theorem 6.1-4. Let I and I'_ be two flat connections on'Y . Suppose A is a connection on R XY’
such that
e ', on(—o00,—R)xY;
'y, on(R,00) xY.
Then for a weight § € R?,
Da: W;° — L3
is Fredholm if and only if § & & 4.
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Proof: Consider the three following manifolds:

X, =RxY,
Xy = ([-R = 2, R+ 2]/ (Rt2)~(~Rr—2)) X Y,
X3 =R xY.

Using a path from I'_ to I';, we can find A on X5 such that A = A on [-R—1,R+1] xY,and
we can also find a function ¢ defined on X5 which restrict to o5 on that same subspace.

Choose a square root of a partition of unity
Ot + 63 + 05 = 1
subordinate to the covering
(o0, —R) xY,(-R—1,R+1) xY,(R,00) X Y).
Consider the operators

-1
Dy := 065 %70-57 )
Dy = 6’@145_1, and
— -1
D3 := 0'5+1)1"+O'5+

defined on the spaces X7, X2, and X3 respectively.

When § € &4, all the D; are Fredholm. In fact, D and Dj3 are even isomorphisms. Hence there
exist

P L*(X;) — WY (X;), i=1,2,3, and
Ky: L}(X5) — L}(Xy)

with K compact such that

D1P1 :17 D3P3:13
DoPy =1+ K>.

Set
P = ¢1Prp1 + ¢2Pag2 + 3 P33.
Notice that P is a well defined operator L?(R x Y) — W12(R x Y). Then

Ué%AO’(S (Pf)= ZD2¢2P¢zf
}:@DP¢J) Q] 0> i) Pidif)
Z& ¢mwﬁ+2 D, ¢ilPidi f)

Y

with K compact.
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Similarly, we can find left-parametrices for the D; and construct a left parametrix for o %Aaé_l
using them. Hence 6 ¢ & 4 implies P : VV(;1 2, L% is Fredholm.

The converse is a corollary of Theorem It should be noted that we do not use this part of the
result to establish Theorem |

This last theorem now allows us to prove at last what we are really after.

Theorem 6.1-5. Let (E, A) be a SU(2)-instanton on R x Y. Suppose that A is in temporal gauge
and that it converges to flat connections ' ;. at +00 and I'_ at —oo. Then the operator

Da: W;° — L3
is Fredholm if and only if § & & 4.

Proof: Let
(X Xo X )

be a partition of unity subordinate to the covering
((R,00) x ¥, (=00, ~R) x Y, (R = 1,R+1) x ).

Suppose '+ = d 4 v+ and A = d + a. Then a tends to 4 and «v_ when ¢ tends to +o00 and —oco
respectively. Set

ar = XEr+ + Xpr— + xha (6.3)

For simplicity, we bring the discussion back to the classical Sobolev spaces W -2 and L? as we did
in the proof of Theorem Set

E, = 0525%06_1, and
E =o05 @Aaé_l.
All the E and E,, are operators from W12 to L2. Our aim is to show that F is Fredholm if and only

if 6 € & 4. By virtue of Theorem it is precisely out of that grid that £ is Fredholm. We now
prove that £ — F; is compact, whence the result.

Define the operator K, := 15% — @al. Then

K, =cl(a, —a1)
= () = XD (v) + O = X)) (=) + (o — x3)el(a).

As it is a zeroth order operator, K, is continuous W2 — W12, Observe that the coefficients in
K,, have compact support:

X;)=[-n—-1,-1xY
X7)

IL,n+1 xY

supp(Xx, —
supp(x;, —
supp(xm — X1) = supp(x, — x1) Usupp(x;t — x7)-

= |
= |

Hence K, factorizes through the compact inclusion

Wh([-n—1,n+1xY) C L*([-n—1,n+1] x Y).
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Thus K, is compact.

Suppose without loss of generality that n < m. Since

Ky — Ko = (06) = X)) + (6, = xm)el(7=) + (xi — xo)cl(a),

o~ el = ([ ([

n —m—1

we have

The first integral involves only 4 and a. On that domain, X? + X;r = 1 for any j. Hence on
[n,m + 1],
(Kn — K)o = (xn — Xm)el(a — 74)¢.

Since a = 4 + O(1/t), we have

1
(o — K)ol < O8]

for any Sobolev norm. Hence the sequence of compact operator K, is Cauchy and its limit K is
compact. Now obviously Dy — @al = K hence P, is Fredholm if and only if @al is Fredholm.
The proof is now complete. O

6.2 Elliptic estimates

As for the compact case, we do have elliptic estimates but those are not sufficient to prove the
Fredholmness of @, which is why we need the more involved proofs of the previous section. We
do however need those inequalities for finding the asymptotic behavior of harmonic spinors in the
Chapter [l Let’s derive them.

Theorem 6.2-1 (Gérding Inequality). Let A be an instanton on R x Y. If s € L? and Dys € L?,
then s € W2 and

Isllyrz < CUIDasll 2 + lIsll2)- (6.4)
Proof: Let s. denote the scalar curvature of Y. We start with the Weitzenbock formula:

D Das = Vi Vas + (cl(Fa) + %)s.

Suppose s has compact support. Then HC‘ZL;SHiQ = ||VAS||i2 + ((cl(Fa) + sc/4)s, s) 2, thus

2 2 2
IVasll 2 < [1Dasll» +sup(|Fa + se/4]) sl .
2
< max(sup(|Fa + se/4]), 1) (|Das|l o + lIs]l2)"

While this inequality is good, we must not forget that the T -2-norm is defined using the trivial
connection V. Fortunately, for C being, say, 2 + sup(/|Fa + s./4|) + sup(|4]), we have

Vsl < IVasllz + 1 4s]
< |IVasll, +sup([A] sl .
< C([Dasl o + lIsll 12)-
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Since A is in radial gauge, the ASD and L? conditions on the curvature imply that C' is finite. Thus
Equation (6.4)) is proved for s with compact support.

Suppose now that s does not have compact support. We use now a trick used also in [I[LM89, p. 117]
to show that ker () = ker(®?) on a complete manifold.

Choose x € C*°(R) such that

0<x<1,
x(t) = Lfor [t <1,
x(t) = 0 for [t| > 2, and |X'| < 2.
We set xn(x,t) := x(t/n) on R x Y, and set s,, :== xps. The sequence s,, has compact support

and
sn — sin L2, (6.5)

‘We know that
Dasn = cl(gad Xn)s + xnDas.

Obviously x,, Das converges to Pas in L2, and ||cl(gud Xn)$ll 2 < (2/n)][s]| .. hence

Dusy, — Dasin L. (6.6)

Consequently, because of (6.3) and (6.6), and because Equation (@.4) is true for the s,,, we see that
s, is a Cauchy sequence in W12, Hence s,, converges to, say, § in W12, whence it converges to 3
in L2. Thus 5 = s, and s € W2 as wanted, with norm bounded as in Equation (@&3)). The proof is
now complete. O

We push things up the scale a tiny bit with the next result.

Corollary 6.2-2 (Elliptic Estimate). Let A be an instanton on RxY If s € W2 and D s € W2,
then s € WF+12 and

H5||Wk+1,2 < C(||$AS||Wk,2 + ||S||Wk2) 6.7)

Proof: We prove it by induction, the first step being the result of Theorem Suppose the result
is true for k — 1, and suppose s € W2 and Pss € W2, Then Vs € W+~ and

DaVs =VDas + [Da, V]s.

The first term of the right hand side is in Wk=12 while the second,
[Das,V]s = — Z cl(0;)V(A(95))s,
J
isin W12 if A € Wk~1° which is the case for a good choice of gauge as A is an instanton.
We hence have, by induction, that Vs € Wk—1.2 \which means that s € W*?2 and

”SHWk,2 = ”SHLz + ”VSHWICA,Q
< sl > + CUDaVslyparo + 1Vsllyni2)
< C(lIsll > + IV Daslyyr—ss + 1Pa; VIsllyrro + 1Vsllypiiz)
< C'(I1Dasllyyrs + lsllyns)-
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The proof is now complete. O

Remark 6.2-3. Note that in Estimates (6.4) and (&7), we can choose a uniform C' for any family
of connections A, parameterized by z in a compact set, independently of whether or not 4. is
Fredholm everywhere.

We can even prove a better estimate, which also hints to Fredholmness properties for § ¢ & 4.

Theorem 6.2-4 (Garding plus). Suppose § € & 4. Then there exist a compact subcylinder K large
enough so that for any s € W12, we have

with K and C' depending only on A and §.

Proof: Firstset K := (—o0o, R] x T3, and suppose supp(s) N K = . Then
Dy — Dp)s < (sup|A—-T|)|s
I Jsll 2 < (sup 14 =) sl

hence as R — o0, the operator norm of the restriction of D4 — Dr on elements with support out of
Kpg, denoted || D4 — %pHOp - decreases to 0.

Let x i be a cut off function, with xyr(t) = 0 fort > R+ 1, and xg(t) = 1 for t < R. Write
5 = 50 + 800, With 59 = Yrs and s, = (1 — xg)s. Since Pr is an isomorphism, we have
I800llyy12 < ClDrscoll 2
< C(IIPascoll 2 + 1(Pa — Dr)seoll =)
< O(|Basocl o + 184 = Prl,, llscll2)
< O(|Basocl o + 184 = Prl,, llsoollys.):

But now,
1D ascoll 2 < |Dasll 2 + [[Dasoll -
< ||Dasll,, + lIxrDasll . + llcl(gui xr)s| .
< C(I1Basl o + Il 2, )
Hence

Iscollyre < CUBasl o + sl oy + 194 = Brl,, allscellyra)-

For R big enough, we can rearrange to obtain
Isoollyra < COBASH 2 + 118l 2y, )-

We can now play the same game at —oo, splitting sg as s_o, + 509 and we obtain a similar estimate.
Once we patch all those estimates together, we find that there is a R big enough so that for the
compact subcylinder K := [~ R, R] x T3, we have the desired Inequality (&.8). O

Note that the assumption s € W12 is important. This Theorem does not prove that P4¢ € L? and
bl € L? implies ¢ € W12, If that implication were true, then in the language of Chapter B it
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would rule out the possibility that H NV # {0}, hence would imply that V and V/ are always
equal.

6.3 Invariance of the kernels

We define the spaces
ker(d) := ker(Pa: VV51’2 — L),

(6.9)
ker* () := ker(D: VV(;L2 — L),

and the integers
ind(6) := ind(Da: W, > — L2)
N(9) := dimker(0), and (6.10)
N*(6) := dimker*(9).

Since (L})* = L? 4, Theorem 62T tells us that dim coker($4) = N*(—6), hence
ind(§) = N(8) — N*(—9).

That the formal adjoint 3% on Wiéz is really the adjoint of @4 on VV(S1 2 s guaranteed by the
following lemma.

Lemma 6.3-1. The subspace ker*(—6) of L? s = (L2)" kills Tm(6) in the L? natural pairing.

Proof: Suppose ¢ is a smooth function with compact support. Then for all ¢ € ker*(—¢), we have
(¥, Do) = (D*9, @) = 0. Since C° is dense in W51’2, the lemma holds. a

Let’s say our instanton A has limit 'y as ¢ tends to +co. Recall from Equation (&2)) the definition
of the grid
G4 = (Spe(l-) x R) U (R x Spee(T'4))

in R?. As we have shown in Theorem the operator P4 : W(;’Q — L2 is Fredholm if and only
if 0 € & 4. In fact, we have more, as in shown by the next theorem.

Theorem 6.3-2. In each open square of R? delimited by the grid & 4, the quantities
ind(9), N(9), and N*(9)
are constant. In fact, for §,m in a same square,
ker(d) = ker(n), and ker*(d) = ker*(n).
Proof: We use the family Djs: W2 — L2 of operators defined as
Dy .= 05$A0’5_1.
The family is linear in J as
Ds = Pa + oscl(gui oy ')

= Da+ (c6_ 4+ (1 =)0y +1d (0 —dy)).
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Hence the family depends continuously in the operator topology on the parameter § € R?. Since
ind(0) = ind(Dy),

we see that indeed ind(J) is constant on each open square.

Let’s define a partial ordering on R? as follows
0<n <= d_>n_,and o4 <.
This ordering is designed so that
§<n = WP Ccwhe.
Suppose for the moment that d, 7 in the same open square are such that § < 7. We then have

ker(d) C ker(n), hence
N(6) < N(n). (6.11)

Similarly, as —d > —n, we have

ker*(—0) D ker*(—n), hence
N*(=6) = N*(—n). (6.12)

But then, ind(d) = ind(n) implies
N(6) = N(n) = N*(=0) = N*(=n).

Inequality (&IT)) shows that the left-hand-side is nonpositive, while Inequality (6.12)) shows that the
right-hand-side is nonnegative. Hence both sides must be zero, and moreover

ker(d) = ker(n),
ker*(—0) = ker(—n).

The proof is not complete yet, as § and 7 could be incomparable. In that case, we can find  in the
same open square smaller than both. We then have

ker(d) = ker(vy) = ker(n),

and similarly for ker®, N and N*. The proof is now complete. O

6.4 Wall crossing

The following theorem tells us how the index changes as we cross a wall to change square. This
theorem is quite useful for our main purpose on R x T3 especially once we know the index of P4
on weighted Sobolev spaces for weights contained in the open square around 0, which we compute
in Section

Theorem 6.4-1 (Wall Crossing). For an ASD connection A on R X Y converging to the flat con-
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nections I'+ on'Y at 00, the index of D4 and 152 changes as follows:

ind(d) = ind(n) + dim{Dr, ¢ = —A¢}, and
ind*(d) = ind*(n) + dim{Dr, ¢ = ¢}

when 64 < 14, and ¢ and 1 are in adjacent open squares separated by the wall R x {\} C & 4;

ind(9) = ind(n) + dim{Dr_¢ = —A\¢}, and
ind*(0) = ind*(n) + dim{Dr_¢ = Ao}

when 6_ > n_, and ¢ and 1) are in adjacent open squares separated by the wall {\} x R C & 4.

Proof: We start by considering that A is constant in ¢; say A = I'. For simplicity, set

W)\ = {Df‘gb = )\(Zﬁ}, and

dy = dim W
We have
ker(Dr) = @e‘MWA,
A
ker (9f) = @eMW)\.
A
Hence

ker(Dr) N W(;l’z = @ e MW,
5. <A<y

ker(D) N I/V(Sl’2 = @ MWy
5_<A<O

Now for § ¢ &r, we know Dr is Fredholm hence

ind(8) = N(6) — N*(=0)

= Z dy — Z dy

d_<—A<o4+ —0_<A<—04
D S S
(57<—>\<(5+ (5+<—>\<(5,

Suppose § and 7 are in adjacent open squares delimited by R? \ &r, say d is in the square to the left
of the square containing 7, and both squares are separated by {a} x R C &p.

Since the index is constant in each open square, we can pick d and 7 such that

0= (a—¢b)
n=(a+e¢€b)

witha +e < borb < a—e.
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Suppose a + € < b. Then N*(—0) = N*(—n) = 0 and

NO) = > dy=do+ Y, 6 dy=d_a+N(n).

a—e<—A<b a+e<—A<b
Suppose on the contrary that b < a — €. Then N () = N(n) = 0 and

N*(=0)= > dox=—do+ Y  d,=—ds+N*(—n).
b<—A\<a—e b<—A<a+te

Hence in both cases, we find
ind(6) = d—, + ind(n).

This formula also holds when § is in the square above the one containing 7.

Now suppose A has limiting connections ' and I'_ at +00 and —oo. We bring all the different
operators we want to deal with on W2 and L?, and set

Dy := 0sDac; ",
Dy = 0'7715,40';1,
D3 := 05151“#76_17
Dy = anﬁma,;l.

Recall that Dy = D4 + (c6— + (1 — ¢)d4 + td(6— — 64)), and similarly for the others.

Suppose that 6 = n_. Notice that Dy — Dy = D3 — D4. We can make up a compact operator K
so that D1 — Dy = K for t < 1. Notice also that D1 = D3 fort > 1, and Dy = D4 fort > 1. Set

[)2 =Dy + K,
[)4 =Dy + K.

Then we have

Dg, fort <1
D, =
D3, fort>1;

~ D3, fort <1,
Dy, fort > 1.

The excision principles for indices (see Theorem [B=1)) tells us that
1nd(D1) - lnd(f)g) = 1nd(D3) - 1nd(l~)4)

Since ind(Ds) = ind(D5) and ind(Dy) = ind(Dy), we see that the index changes the same way
for ASD connections and time-independent connections. The proof is now complete. O

Remark 6.4-2. Notice that we proved something better for time-independent I'. Indeed the analysis
of ker(¢) is such that we know its dimension N (0) is lower semicontinuous: for

0= (0_,A\—e+t) or 0 :=(d_+e—tN),
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and for small € and ¢, and some @ and b, we have that

N(0;) =afort <0,
N(6:) =bfort > 0.

On R x T3, the same is actually true for connections A when A decays exponentially to its limits.
Suppose

A € Spee(Dr_ ) x Spee(Dr, ),
0 is in the upper left open square adjacent to A,

7 is in the lower right open square adjacent to \.

We have ker(\) = ker(n).

Indeed, suppose now ¢ € ker_()\). Then ¢ € ker(9) hence by Theorem [Z2-1] we expand ¢ for t > 0
as ¢ = e—>\+t¢A+ + ¢, with ¢ € Wnlf([(), o0) x T3). Since ¢ and ¢ are both in W;f, so is the term
e_)‘+t¢>\+. This fact implies that 1)y, = 0. Using a similar proof at —oco, we find ¢ € an.
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Chapter 7

Asymptotic behavior of harmonic
Spinors

In this chapter, we study how LZ2-harmonic spinors on various spaces decay with time. For a 3-
manifold Y of scalar curvature s., the Weitzenbock formula (see [[Roe98l, Prop 3.18, p. 48]) says

DDa=ViVa+dF])+ %

For an ASD connection A, we hence see that should s, > 0, every positive harmonic spinor is
parallel for the connection A, hence has constant norm. This conclusion certainly prevents it from
being L? on the manifold R x Y of infinite volume.

In view of theorem any negative L? harmonic spinor can be seen in I/V(;1 2 for any 0 in the open
square delimited by the grid & 4 (see Equation (6.2]) and containing (0, 0). The elliptic bootstrapping
of Corollary and the associated Sobolev embedding of W 3?2 in bounded C° functions (see
[Heb99l, Thm 3.4, p. 68]) tells us that if

e W, (R xY), and Py =0,

then
p < Coe®

for all « shy of the first negative eigenvalue of Dr, onY when ¢ — oo and shy of the first positive
eigenvalue of Dr_ on Y whent — —o0.

While this result is nice, we can get a better knowledge of the asymptotic behavior. We first build
up the theory on half-cylinders, which we need, and then apply it to 73 and S® in place of Y.

7.1 Translation invariant operators on half-cylinders

For a more compact notation, we introduce the following shorthands:

Y, :={a} xY
Yot :=[a,00) XY
YT :=[0,00) xY
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We hope to construct the asymptotic expansion of harmonic spinors by comparing the VV(g1 2 kernel
of @ for varying §. To compare then, we need finite dimensionality, or better, finite index. Before
studying what gives us those properties, let’s first eliminate options that won’t.

Given a Dirac operator D on Y, with no zero eigenvalue, we have
|’D¢HL2(y) Z CH¢Hw1,2(y)
On the full cylinder Y x R, this estimate was enough to ensure that
D: WHERXxY) = LA R xY)

is an isomorphism. Working now on the half cylinder [a, 00) x Y, this estimate is not sufficient, as
we now check. Define the v, by the eigenvalue equation

Dy = My

Then all the e*)y, with A < 0 are in W12([a, 00) x Y') Nker(®). So much for Fredholmness.

Another option would be to consider the operator
P: WyZy(la, 00) x ¥) — L2([a,00) x V)

on the space of sections whose restriction to Y, is 0 The elliptic estimate (Z2)) that we prove below
still holds, but as ¢(a) = 0, we have

H(buwlg S ”%HLQ

Hence 9 is injective and has close range. It is therefore semi-Fredholm but it isn’t Fredholm: its
adjoint is the usual §* with no boundary condition and it has infinite dimensional kernel on a half-
space.

The space L?(Y) splits according to the finite dimensional eigenspaces W) for D. Let

Iy : L2(Y) - @ W)
A>6

Iy : L2(Y) - @ W)
AZS

Is: L2(Y) — W;s

be the projections. To simplify notation we omit § when it is 0 and set ¢ := IT*(¢).
For every ¢ € L2(Y), let ¢ be its Wy component. Thus

o= ox

Using this decomposition, we can define the space W32 (Y) using the norm
2 2
Il 5.2 = D1+ ADloal .- (7.1)

Because Y is compact, the space W%Q(Y) defined by two different Dirac operators are equal, with
commensurate norms. The 4 and — part of L2, however, depend highly on D.
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Theorem 7.1-1. The operator
B Wh2(Y,,) — LA(Yey) ® TTW22(Y,)
¢ (D6, 11" ¢(a))

is an isomorphism.

Keep in mind that D has no kernel.

Proof: 1t all starts as in the full cylinder case:

19917 = o117 + 10612 + [~ 06, Do) 1oy
> Cll¢llyra — (6(a), DO@) L2y

Contrary to the full cylinder case, the boundary term here cannot be made to vanish and henceforth
helps control the W !2-norm of ¢. For the decomposition ¢ = 3~ ¢, we have

1612 < CUDEI2 + (6(a), Db(a))2(v)
< C(I1Dol2 + 2 Mor (@)
< C(|Dell;2 + Y- Mlloa(@llzz )

A>0

< C(IDgll?, + o™ ()l

2

wha): (7.2)

We just proved that ||| ;... < C 1#¢||, hence I is semi-Fredholm and injective.
Suppose that (1, 1) is perpendicular to Im(Jp). For all ¢ € W2([a,00) x V'), we have

0= (g, ¥) + (n,¢" (a))
= (¢, DY) — (¢(a),¥(a)) + (0,67 (a))
= (¢, DY) — (¢ (a), ¥ (a)) + (n — ¥ (a), 4" (a)).

Going through all the ¢ with ¢(a) = 0 in a first time, ¢ (a) = 0 then, and finally ¢~ (a) = 0, we
prove

D =0,
n=1v"(a),
P~ (a) =0

Thus we have —9;¢) + Dv) = 0, which means that 1/ is a linear combination of the e*1),. The
condition ¥~ (a) = 0 forces out all the negative ), while the positive ones are forced out by the L?
condition. Hence 1) = 0 and Jp is surjective. The proof is now complete. O

While ®: W'2([a,00) x V) — L?([a,c0) x Y) is not Fredholm, an easy corollary of Theorem
[Z1=Tlis that it is surjective. Hence

D: W2 ([a,00) x V) — L*([a,00) x Y)
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is semi-Fredholm with
ind(P) = oo.
Weighted version

As in the full cylinder case, we can look at weighted version of 3 and J). For computing the asymp-
totic expansion of harmonic spinors, we actually need to consider the dual * and its counterpart

P WR(Yoy) — LA(Yas) @ I WEA(Y)
¢ — (96,11 ¢(a)

Staring at the diagrams

Wy 2, L2 W, b, L@ I, W22(Y)
A — W2 — . [2aI W2(Y)

@ —s.10)

shows that the top row @* and J§" are respectively semi-Fredholm and Fredholm if and only if
0 & Spec(D). Moreover, when § ¢ Spec(D) they are surjective and an isomorphism respectively.

Independence of the norm
For any operator 7: W12(Y) — L?(Y), the operator
T:=08,+T
has a norm independent of the half-cylinder on which that norm is taken. In other words,

T: W2(Yoy) — L*(Yay)
T: W (Yyy) — L*(Yay)

have the same operator norm. This fact is a manifestation of the translation invariance of T. To
prove this claim, consider the following characterization of the norm:

1T = sup{||TfIl - I = 1}.

Shifting a function in ¢ by b — a doesn’t change its L2 or W12 norm and shifts its value under T.
So if fb—a(y7t) = f(y7t +b— a), then

171ly,0 = S0P U 2y, 2 1 hagr, ) = 1)
= Sup{H(Tf)b—aHLg(YH) : HfHWLz(YH) =1}
= sup{ |7 (fo-a)l oy ) ¢ 1 o,y = 1)

=171,
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7.2 The commutative diagram

In this section, we derive the asymptotic behavior of harmonic spinors in the case where the con-
nection A decays exponentially to its limit I, with decay rate 3,

|A—T| < Ce P,

This feat is be achieved by some diagram chase. We first introduce maps to compose our diagram.
Suppose 1 < ¢ and Spee(D) N [n, §] = {A}. Then the map

[T, W22(Y,) @ Wy — T W22(Y,,)
(6,9) = ¢+ e
is obviously an isomorphism.
Similarly, the map
J: W2 (Yay) @ Wy — Wy (Yas)
(6,9) = ¢+

is obviously an injection.

Consider now the map

K: W2 (Yer) @ Wy — L2(Yay) @ T W22(Y,) @ Wy
(6,9) = (Dale + ), L, ¢, + e My¢(a)).

Let’s verify that this map is well-defined. As @% (eMy) = Di(e*eh) + cl(A — I')e*), we have
| D (eMap)| < CeP=Pt|p|. Hence, if
A—pB<n, (7.3)

then T, (eMq)) € L%(YCLJF), and K is well-defined.
We put all these maps in a diagram

*

W(Sl’z(ya-i-) L Lg(Ya-i-) ©® H(S_W%Q(Ya)
J] L@z (74)

Wi (Yar) & Wa —— Li(Yay) @11 W22(Y,) ® W

which is commutative as

P I(6,0) = (D (6 + M), TI; 6(a) + e* )
(D0 + M), 1L, ¢(a) + Ia(a) + e 1))
(D26 + M), I 6(a) + e (4 + e ad(a)) )

(L © K (), 9).

Now that we know that the diagram is commutative, we want to exploit the fact that its rows are
isomorphisms. While Theorem [ZI-1] assures us that J)" is an isomorphism, we still have to prove
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that K is one as well. Using the identification

* _ 1
D WA (Yay) = L (Yoy) ® I W22(Y,),

o

for the splitting WULQ(YH) @ W) of the domain and codomain. Hence K — 1 is a compact operator,
and K is thus Fredholm of index 0. If K(x) = K(y), then Ip"J(z) = IP"J(y) as the diagram
is commutative, hence * = y and K is injective. Being of index 0, it henceforth must be an
isomorphism.

we see that K has the form

Let’s now exploit this fantastic diagram. Suppose
¢ € ker(Dy) N W, (R x Y).

Then for a big enough, the diagram (Z4)) has rows which are isomorphism for § close to the first
negative eigenvalue of D, and 7 past it, and satisfying condition (Z3). Theorem guarantees

us that ¢ € W(sl (Y4 ) for that particular .

We now chase around the diagram. Since I is an isomorphism, we know there exist (x,v) €
H;W%’Q(Ya) @ W) such that

(
But as K is an isomorphism, there is (¢, ) € WULQ(Y[H_) @ W) such that

By commutativity of the diagram, we have
D J(,4) =1 ()

but J)" is an isomorphism hence ¢ = e ) + ¢ for t > a.

Of course, at this point the choice of a is artificial and we can choose a = 0. We hence proved the
following result.

Theorem 7.2-1. Suppose ¢ € ker(D%) N W;’z(R X Y). Suppose A — 3 < n < § and that \ is
the only eigenvalue of D between 1 and 6: Spe(D) N [n,8] = {\}. Then there exist 1) € W) and
¢ € WrA(Y') such that

¢ = eNip+ ¢ fort > 0. (7.5)

Furthermore, ¢ = O(e") as t — oo.

7.3 Asymptotic on R*

In the spirit of this chapter, we want to study R* as a cylindrical manifold. Let’s then use the
conformal equivalence

R x % — R*\ {0}

(t,z) — e'z.
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The respective metrics of those spaces are related by the formula

gr4\{0} = (€2t)9Rx33 or  gr4\{o} = |$|29Rxs3-

It then follows that dvolga (o = |z|*dvolg g3, hence

H¢||L2(R4\{O}) = |||$|2¢||L2(R><83)'

The spinor bundles of R x S3 and R* \ {0} are isomorphic. Once we fix a spinor bundle to work
with, we can compare the Dirac operators given for the two metrics. The correct relation, as seen in
Appendix D} is

Dga\(oy = |2 7%/2 Dy g3 |z[*/2.

Thus
Dgavioy¢ =0 iff Dy, ga(|z*/?¢) = 0. (7.6)

Let p be the projection R x S — S3. Let S(S?) be the spinor bundle of S3. Set ST and S~ to be
p*(S(S3)). The spinor bundle on R x S3is ST @ S~.

The Clifford multiplication exchanges S+ and S~. For vectors tangent to S2, the Clifford multipli-
cation is already defined. The vector 9/t acts as id: ST — S~ and —id: S~ — ST.

In this decomposition, the Dirac operator splits nicely:

0
Dz g = o+ Dss. (1.7)

We use now the knowledge of the eigenvalues of the Dgs on S® obtained in Theorem EEI=3 to
understand the asymptotic expansion of solutions ¢ to the equation

Dpiyjoy¢ =0
under the constraint of being L?.
We have here a basis of the kernel of D]@\ (0} Indeed, if
Dgsthy = Aiby

then, as suggested by Equation ((Z7l), we have
IJJIQXS3 (BMT,Z)A) =0
and thus, because of the conformal relation [Z.8] we have

Dy oy (|21 25) = 0.

Let’s now use the notation of Chapter [l Hence A is an instanton connection on a bundle F over R*
and Vg = L*(R*, S~ ® E) Nker(D). Theorem L2l then tells us any ¢ € Vg has an asymptotic
behavior

¢ = || 30 + O(|z| ™).

Theorem E.T-3 tells us the space of possible 1/_3 /5 has dimension 2 dim(F). We build this space
using parallel sections of St ® F for the trivial connection on . Let a € I'(ST ® E) be parallel.
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Consider the section ¢, := p(v)a/r3 of S~ ® E. In coordinates, we have

4
T
ba = Z _p(az)a
i=1"
and we compute
T
Dgi\(oyfa = Y P(aj)aj(ﬁ)f’(ai)a
1<i,j<4
it — dxyzjr?
= > (F——T)n9)p()a
1<i,j<4
= —(4r* —4rHa
0.
But then, formula EE2]implies that
0pq 3
DT((z)a) —,0( ) or - 5 (V)¢a
3.3
AT g
= —ga/r4
— o(=v)(~24/r)
2

Recall now that S* and S~ are actually pullbacks of the spinor bundle of S3. In this setting,
p(v): S~ — ST is —id, as explained in the beginning of this section. So restricting to r = 1, we
really find

3
Dgsop = —§q§.
So far we proved that for any ¢ € Vg, we have
¢ = |z*p(x)a + O(lz|7*)

for a parallel section a of ST ® F, parallel that is for the trivial connection on E. This result is not
exactly Equation (L7, but leads to it. Indeed, the same analysis we did works for the Laplacian.
Hence parallel sections of ST ® E for A or for the trivial connection are the same to leading order,
hence we have

¢ = |2*p(z)¢ + O(|z|~*)
for some ¢ € W, and we proved Equation (7).
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Chapter 8

Nahm Transform: Instantons to singular
monopoles

“It doesn’t matter what you write

as long as you write the truth.

Then we can figure out what it means.”
TOMASZ S. MROWKA

Following the heuristic of Chapter Pl we show in this chapter that the Nahm transform
N(E,A) = (V, B, ®)

of a SU(2)-instanton (E, A) on R x T is a singular monopole (V, B, ®) over over T3,

As we found out in Chapter [l once in a temporal gauge, the connection A has limiting flat connec-
tions over the cross-section 7" at +oo and —oo, say

lim A=T4.

t—too

The flat connection ' gives a splitting L,,, @ L_,, of the restriction of E to T3 at the infinities,
for some w4 € T3. Let W denote the set

W= {w+7 —W4,W—, _w—}‘
As before, we denote A, the connection on ¥ ® L. We consider the Dirac operator
By L* — L2

Outside of W, Theorem guarantees that @ is Fredholm. Since ker(P4,) = 0 as Fj, is
ASD, we have a bundle V over T3 \ W whose fiber at z is

V, = ker(% ) N L2
By a gauge transformation, we can make the connection Pd? independent of the R factor. We can
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thus see it as

a connection B on 7% \ W,

a Higgs field ® € (T3 \ W, EndV).

The main result of this present thesis is the following theorem.

Theorem 8.0-1. Outside of a set W consisting of at most four points, the family of vector spaces V'
described above defines a vector bundle of rank

1
w2 [ 124,

and the couple (B, ®) satisfies the Bogomolny equation

Ve® = *xFpg.

For w € W and z close enough to w, unless we are in the Scenario 2l of page there are maps
&+ and O such that

b=—" D4 P
2|z —w
and ®* is the L2—0rth0g0nal projection on the orthogonal complement of a naturally defined sub-
bundle V] of V.

The last part of the theorem is made clearer by the introduction of some notation in Section The
assumption that we are not in the Scenario Pl of page [@1] can most probably be dropped.

Proof: The rank of V' is computed in Section
The limit term limy of Equation @Z.2)) is

limp = (VQG @, d*Y)7s

[e.9]

For z ¢ W, both G¢ and d?v decay exponentially by Equation (Z3) hence
limg = 0,

and the connection Pd? on R x (T3 \ W) is ASD. Thus, as explained in Chapter P the pair (B, ®)
satisfies outside of W the appropriate dimensional reduction of the ASD equation, which is in this

case the Bogomolny Equation (AJ):
Ve® = *xFpg.

The last part of the theorem is the content of Section B3] and rest on the splitting of Section O

8.1 An L’-index theorem for R x 7%

The following theorem is reminiscent of the similar result for R%.

Theorem 8.1-1. For a SU(2)-instanton (E, A) on R x T3, the index of the Dirac operator

Da: WHAHR x T3) — L3R x T3)
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when A has nonzero limits at £00 is given by the formula
ind(Da) = ~ % 2/|FA|2

Proof: As seen earlier, the fact that A has nonzero limits guarantees that the operator 3 4 is Fred-
holm on W12, Moreover, A decays exponentially to its limits.

Recall now that ind(P4) = ind(Ds,,) for all R > 0. We now compute ind(%,,,) using the relative
index theorem. It could be that I'_ # Iy, but this case is easily converted to a situation where
I'_ =T, as we now see.

Choose a path T, in the space of flat connections on 7' starting at ' and ending at I'_, and
avoiding the trivial connection. Hence 0 ¢ Spec(Dr, ) for all s. To define the family of connections
af, replace I'y by I'y in the definition of ar given by Equation @J3).

The family @a% of Fredholm operator depends continuously on s. Hence
ind(D4) = ind(Day,) = ind(@a%) = ind(@a}?).

Note now that the connection @}z equals I'_ outside [~ R — 1, R+ 1] x T'. Hence the relative index
theorem tells us

ind(D,1 ) — ind(Pr_) = ind(D,1 ) — ind(Pr_), (8.1)
where the tilded operators are extensions to some compact manifold of the restriction of the opera-
tors @a}? and Pr_to [-R— 1, R+ 1] x T3.

Lemma and Theorem B:Z=T] tell us that ind(Pr_) = 0. Hence the left-hand-side of Equation
@D is equal to ind(Da).
To compute the right-hand-side, we embed [~R — 1, R + 1] x T? in some flat T*. The spinor

bundles ST and S~ on [-R — 1, R + 1] x T2 agree very nicely with those of T*. We extend both
a}% and I'_ by the trivial bundle with connection I"_.

The Atiyah-Singer index theorem (see [[Roe98, Thm 12.27, p.164] or [LM89, Thm II1.12.10, p.
256]) tells us that

Since al, is in SU(2), we have ¢; = 0, while

1
[T = 3.2 /T4 |[Far |2

Note that on the complement of [~ R—1, R+1]x T in T, the connection a}, equals I'_ hence is flat
there. Furthermore, on [—R, R x T3, we have al, = A. On [R, R+1]x T3 and [-R—1, —R] x T3,
the curvature F), L involves cut off functions, their derivatives and (A — I'_) terms. Since A tends
tol'_ exponentlally fast, we therefore have constant C' and (3 such that
ind(®a) + i/ [Faf?| < 0P,
872 JI-R,R)xT3
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As R — o0, we have the wanted result. O

Now suppose (E, A) is a SU(2)-instanton on R x 7. As mentioned before,

lim =T4.

t—+oo
The flat connection I' 1. gives a splitting L,,, & L_,,, , for some wy € A*, of the bundle £ at +00
respectively.

We twist the connection A by the flat connection parameterized by z € T'3. Hence

Spee(T'y @ L) = £27|A" — 2z + wi | U £27|A" — 2 — w |,
Spee(I'- @ L) = £27|A* — z +w_| U £27|A" — 2z —w_|.

Thus Py, is Fredholm as long as z & w, & A* and z = w_ & A*. Moreover, when it is Fredholm,
the elements of its L2-kernel decay exponentially.

8.2 A Geometric Splitting and Exact Sequences

In this section, we analyse a splitting of V' in a neighborhood of a point w € W where the solution
(B, ¢) to Bogomolny equation is singular. This point w is associated to the limit I' = " of A at,
say, 400, in the sense that I" splits £ as L, & L_,, on T°.

Suppose the connection A decays at most with rate 3, as in |[A — T'y| < Ce " for t > 0 and
|A—T_| < Celfort < 0. Set

1 . . *
€= mln(ﬁ,dlst(w,A + W\ {w})),
and define the six weights

e := (—¢,¢) €:= (0,¢) é:= (e,€)

€:=(—¢€,—€) €:=(0,—¢) €, = (e, —¢€)

displayed here in a way which is reminiscent of their position in R?.

Consider the ball B3(w) of radius 2¢ around w. As z varies in B3(w), and depending on whether
I't = I'_ or not, there are two or one walls to cross to pass from 0 to € and from ¢, to 0. In a
picture, we have

—2m|z| 2m|z|
e e

27|z| 27|z |

—27|z| —2m|z]

€ €

F+:F_ F+7EF_

As z varies in B3(w), those walls move around without ever touching ¢, and 'e. Hence for Lz and
L2, the operators Pa,, P and @ P4, are Fredholm for all z € B3(w).
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Hence for 2z € B3(w), the six vector spaces

er(Pi)NLE, K,:=ker(Da)NLZ,  H,:=ker(V} Va,)NLZ,
er(@*Az) N L2 (. :=ker(Pa.) N LZ, K, :=ker(D4.) N L?

are kernels of Fredholm operators. By contrast, the space V., already defined as ker(@zz) NL2%is
not the kernel of a Fredholm operator at w.

Notice that none of those vector space form a priori a bundle over B3(w) as the dimensions could
jump at random. However, for L% and Lz, the operators @Az, mz, and V*Az V 4, are Fredholm
operators for all z € B3(w). The various indices are therefore constant and we have that, for
example,

dim ¥, — dim K, is constant on B?(w).

We have the following obvious results:

VcvcV, KcKCK,
PHCV, K C H,
K=K = {0}.

It was remarked on page [73 that /, = V,,. The following few lemmas describe in more detail the
relationship between the various spaces.

We saw in Section B.4] that the smallest eigenvalues of D, are +27|z — w|. For simplicity, we set
A= 27|z —w|,

and define
Wy := X eigenspace of Dr_ on T3.

The family W) defines a bundle over the sphere |z — w| = A/27 around w. Its rank is given by
1, if A # 0and 2w & A¥;

tkWy =<2 ifA#0and 2w € A*, or A = 0 and 2w & A*; (8.2)
4, if A=0and 2w € A*.

As suggested by Theorem [Z2-1] this W), plays an important role in understanding the relations
between the various spaces just introduced.

For any instanton connection A’ on R x T3, set

and let [6] denote the open square in R? \ & 4/ containing §.

Lemma 8.2-1 (one wall). Suppose 5,1 € R%\ & o/ are weights for which [8] and [n)] are adjacent
and separated by the wall {u} x R or R x {u}. Then the sequence

lim(e~Ht.) (lim(e“t~))*

0— V() — V(n) 2y, 20 g(-8)" — K(—n)* —0, &
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where the limits are both evaluated at +o00 when [n)] is above [0] and at —oo when [n)] is to the left
of [0], is exact.

Proof: Theorem [Z2-T] ensures that the limits give functions « and 3* which are well defined, and
that

0—V(@©$) —V(Hn —W, and 0— K(-1n) — K(-90) — W,
are exact.

It only remains to prove that Sequence (83) is exact at W,,. Suppose ¢ € V() and ¢ € K(—n).
Then

0= (Do, ¥) — (b, Darh)
= lim <¢7 VT/)> — lim (d% V¢>
t—00 t——o00
= lim (e "¢, vely) — lim (e "¢, velta).
t—o0 t——o0
One of those limits is 3*a(¢)(1)) while the other one vanishes as we now see. Suppose [1] is above
[6], and suppose {1’} x R is the wall to their right. Then ¢ = O(e*'t) as t — —oo by Theorem [Z2-11

But for some i/ < 4/, the wall {—p”"} x R is exactly to the right of [—7] hence 1) = O(e™#"") as
t — —oo. But then

B a(¢)(y) = lim_ O(elH' =1ty — g,

hence Im(a) ker(3*). A similar argument establish the same fact when [7] is to the left of [J].

The sequence is then exact if dim Im(«) = dimker(5*). We have two short exact sequences:

0— V() —V(n) — Im(e) — 0, and
0 — W/ ker(8") — K(—8)" — K(—n)" — 0.

Using those short exact sequences and notation from Equations (&.J0), we have

dimIm(a) — dimker(3*) = N*(n) — N*(6) —dim W), + N(=0) — N(—n)
= ind*(n) — ind*(6) — dim W),.

The Wall Crossing Theorem [6.4-Tl forces the last line to be 0. The proof is thus complete. O

Lemma 8.2-2. Suppose I'y # T'_. Then the sequences

0—V, —V, — W, —0, for X\ # 0, (8.4)
00—V, —V, —W_y, —K, —0, for A # 0, (8.5)
0—V,—V, —W,— K, —0, (8.6)

are exact.
Proof: Apply LemmaB2-Tlto the choice of weights {'¢,0} and {0, ¢,} for the connection A’ = A.,
and remember that il = K = {0}. O

Building up on that knowledge, we work out in Appendix [(Ja technology used to deal with the two
walls involved in passing from V to 'V in the case I'y = I'_. The result of the beautiful abstract

non-sense taking place there is summarized in the following lemma, which should be compared to
Lemma[g.2-2
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Lemma 8.2-3. Suppose I' . = I'_. Then the sequences

0—V,—V, —WyeW_, —0, for A\ # 0, (8.7)
00—V, —V, —WroW_y, —K, —0, for X #£ 0, (8.8)
0—Vy —Vy —WodWy — K, — 0, (8.9)
are exact.
Proof: See Appendix [0 O

An analysis for V7V 4, parallel to the one of Chapter @ for .. brings a very similar wall crossing
formula

2 dim W, forT r_:
ind(VZZVAZ,'—E) — ind(VZZVAZ,EJ) _ { m Wy, or'y # :

4dim Wy, forI'f =T_.

However, since V7V 4, is self-adjoint, ind(V?_Va_,%€) = —ind(V?_Va,,¢), whence

dim Wy, forT'y AT,
rkH =
2dim Wy, forI'y =T"_.

Using Equation (82)), we can even say

2, for'y #T'_ and 2w & A%
tkH =44, forI'y #T_and2w € A*, orI'y =T'_ and 2w & A*;
8, forI'y =T_ and 2w € A*.

For z # w, an analysis parallel to the one of Chapter [ gives injective maps

00— H, —WyaW_y—0, for z # wand when 'y # T'_, (8.10)
0— Hy — Wy — 0, when 'y #£T'_| (8.11)

0—H, — WyeW_,)> —0, forz+wandwhenT, =T_, (8.12)
0— Hy — Wy Wy — 0, when 'y =1"_| (8.13)

which are surjective for dimensional reasons.

Bringing all of those sequences together allows us to conclude the following.

Theorem 8.2-4. On B3(w), we have
V=Ve PH.

Proof: Denote W' the space

Wy = WheW_,, ifl'y=TI_
T\ W, ifT, #AT_.

Letp: W'\ @& W' _y — W', denote the map p(a,b) = 2\b.
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For A # 0, we use the Snake Lemma on the diagram

0 H WhheoW' _y —— 0
[l |
0 1% vV W'y —s 0

coming from Sequences ([§4), @), §I0), and @I2), to produce an exact sequence

ker(0)— ker (D) — ker(p) —coker (0) —coker($)— coker(p)
0 — K, — W _y— V., —coker(P)— 0 (8.14)

Note that the map V' — coker (%) being surjective forces 'V to be spanned by V' and ®H.
Sequences (83 and @S] imply

dimV, =dimV, + dim W', — dim'K,
while sequences (8.4) and §77) imply
dim'V, = dimV, + dim W’}.

Thus
dimV, =dimV, + 2dim W’y — dim K, = dim V/, + dim DH.

Since Lemma [6.3-1] guarantees that (9H, V) = {0}, we have V N PH perpendicular to V/ for the
L? inner product. Hence ®H NV = {0}, and V, = V, & DH.

It remains to prove the theorem for z = w. We already know V,,, = V;, and ®H,, C V,,. We also
know from Sequences ([8.6) @.9) that

dim 'V, = dim V,, + dim W’y — dim K,
= dim V, + dim DH,,.

We therefore only have to prove that the intersection Vi, N ®a,, Hoy is {0} to complete the proof.
The asymptotic behavior of ¢ € H,, is

= tgbar—l—gbf+o(1), ast — o0;
toy + ¢ +o(l), ast— —oo;

for some gba—L, gb{c € Wy. If I'y. # I'_, we must have ¢, = ¢; = 0, as w is associated to I' ..

The asymptotic behavior of P4, ¢ is

. (ﬁg- +0(1), ast — oo;
Pa,0 = {gbg +o(1), ast— —oc.

Suppose P4, ¢ € L2 Then
1B, 172 = (B, Pan$,9) + lim (Pa, 6, v0) + lim (Da,6,v6)

= (¢, 1) + lim tlof|* — (¢5 . ¢1) — lim_teg [
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For || Da,, || 12 to be finite, we must get rid of the limits, thus forcing (ﬁ(jf = 0 and consequently we
have P4, ¢ = 0. The proof is now complete. |

For a continuous family of Fredholm operators, like 4, on L2 parameterized on B?(w), the
dimension of the kernel can only drop in a small neighborhood of a given point, it cannot increase.
However, not any random behavior is acceptable.

Lemma 8.2-5 (also found in [Kat93l p. 241]). Let T: X — Y be Fredholm and S: X — Y a
bounded operator. Then the operator T +tS is Fredholm and dim ker (T +t5) is constant for small
|t| > 0.

Before spelling out the proof of this lemma, which we obviously use with T = %4, X =
Wé’z,Y = L2, and S = cl(e) for some direction e € R3, let’s note that three scenarios are
possible.

1. dim K, is constant on a neighborhood around w, say B3(w);
2. dim'K, is constant for z € B3(w) \ {w}, but is smaller than dim K ,;

3. dim K 4 ze # dim K, yrer for small A\, \ > 0 and some e # ¢’.

We close this section with the proof of Lemma [8.2-3]

Proof: The proof is a simplified proof of the one provided by Kato in [[Kat95, p. 241] for more
general 7" and S.

Define the sequences M,, C X and R,, C Y by

My = X, Ry :=Y,
M, :=S7'R,, Rpi1:=TM,.

All the M,, and R,, are imbricated as

MyD>DM DMyD--- and Ry DR DRyD---.

That the M, are closed is a trivial fact once it is established that the R,, are closed. But define
X := X/ ker(T) and M, to be the set of corresponding ker(7")-cosets. Then for the map 7" defined
as T(x + ker(T')) = T(z), we have TM,, = TM,. Since T is injective and Fredholm, and since
Mn is closed in X, then R,4+1 = TMn is closed as well.

Define now
X':=(M, and Y’ :=()\Rn,

and let 7", S’ be the restriction to X".

If x € X', then x € M, for all n hence T’z = Tx € TM, = R, for all n, and by definition
Sz € R,. Soboth T" and S’ are bounded operators X’ — Y.

We now prove Im(7”") = Y’. Suppose y € Y/, then y € R, = TM,_; for all n, hence
T~y N M,_1 # @. Since T is Fredholm, 7'y is closed and finite dimensional. We hence
have a descending sequence 7'~y N M,, D T~y N M, 1 D --- of finite dimensional nonempty
affine spaces, which must then be stationary after a finite number of steps. The limit, which is then
nonempty, must be 7'y N X’, hence y € Im(7"), and T" is surjective.

91



Notice that trivially, ker(7” + ¢S”) C ker(T" + tS). But more interestingly, those kernels are equal
for t # 0. Indeed, take = € ker(T + tS). We know = € X = My, and prove by induction that
x € M, for all n, hence proving that z € ker(T” + ¢S’). The induction step is proved by staring at
the definitions: being in the kernel forces S(—tx) = Tx € R, 41 if x € M,,; but then —tz € M, 11
and for ¢ # 0, we then have © € M,, 1. We thus established that

ker(T" +tS") = ker(T +tS) for t # 0.
Obviously, for ¢ small enough, 7" + ¢S’ is Fredholm and surjective, hence for small enough |t| > 0,
dimker(T + tS) = dimker(T” + tS’) = ind(T" + t5’)

is constant. d

8.3 Asymptotic of the Higgs field

We know study the behavior of the Higgs field ® as z approaches of a point in w € W.

We know w is associated to the limit I" of A at oo or —oo, in the sense that I' splits £ as L, & L_,.
Without loss of generality, we suppose
F+ — P

We can break up the analysis depending on which scenario happens; see page 011
When I'y # T'_, and for 27|z — w| < ¢, notice that

V.= L2 Nker(P.) = L2 Nker(D.) = L% Nker(D.), and
V, = L% Nker(9,) = Lg Nker(Pa:) = L2 Nker(Piy,).

When I', = T'_, those spaces are a priori all different.

Theorem 8.3-1. Suppose dim K , is constant in a neighborhood of w. On a closed ball B3(w)
around w, there exists families of operators ®* and ®-, bounded independently of z , such that

d=—— ' ot (8.15)
2|z — w

Furthermore, ®* is the L*-orthogonal projection on @Az H,NV,.

Proof: When dim K, is constant on B3(w), so is dim V/,. Hence Vis a bundle on B3(w), say of
rank [. Obviously, V/ supports many different norms, and amongst those are the L? and Lg norms,
which must be equivalent since V/is finite rank on a compact space.

Hence, for ¢ € V,, observe that
[tpll . < Celloll, < Clloll .-
Denote P- the L?-orthogonal projection of V on V. We just proved that
® o P~ is bounded independently of z € B>(w).

It is part of the map ¢~ announced in the statement of the theorem.
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As suggested above, let ®* denote the L2-orthogonal projection on ®4_H. N V. Then
¢ = —21iPmy = &P~ — 27i (P~ + &4 )m &+
= ®P + 2mi P my®" — 2mi® m P+,

As it turns out, P*m;®* is also bounded independently of z € B3(w). Indeed, suppose we have an
L?-orthonormal frame ¢1, . .., ¢; of Vin some open subset of B3(w), then

L2

l
1Pm@ (@), = [ty 19 (6))
=1

L2

ﬂiwmwww
j=1

l
<> Clejl2. 194 ()],

i=1

<Ol ;2

It remains only to analyze ®+m;d+.
Pick a vector e € R3 of length 1. Let

A 3
Ray = {w + %e} C B°(w)

be a ray inside B3(w) emerging from w. As the notation suggests, we parameterize this ray by
A = 27|z — w|. Pick a family ¢, € Pa.H. for 2 € Ray, with

¢, € V, for A > 0,
a2 = 1. (8.16)

But then,
HQSZHL2 — ooas A — 0.

To prove this claim, suppose it is not true. Then there is a subsequence ¢,; — QNSw weakly in L2.
Hence (¢.,, f) — (¢, f) for all f € L2, in particular for all f € L? = (L2)", whence ¢, — bw
weakly in L2 . Since ¢, — ¢,, in L2, we have QNSU, = ¢y, Which is impossible as gz;w is in L? while
¢ 1S NOL.

Theorem 6.1=3] guarantees that the operator ;. is an isomorphism W1? — L2, and wh? - L2,
hence there exist a constant C' such that

ull iz < CI D ull o, forue W2, (8.17)
[ullyyre < C’||Z5j*«wu||L2 , forue Wk (8.13)

Because ¢, € V. for A > 0, Theorem [Z2=Ttells us that for ¢ > 0, we can write ¢, = e _y + g,
for some eigenvector 1/_ of eigenvalue —\ of Dr_ and some g, € WE’EQ([O, o) x T3).

When I'_ = I', we also have interest in understanding the asymptotic behavior at —oo. Theorem
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2Tl tells us that for ¢ < 0, we can write ¢, = e 1)y + j. for some eigenvector 15 of eigenvalue
A of Dr, and some j, € W1?2((—o0,0] x T3).

While g, and j, appear to be defined only for ¢ > 0 and ¢ < O respectively, let’s define them globally
onR x T?by g, = ¢ — e Myp_y and j. = ¢, — e M)y,
Notice that

Pr.g9: = Bp. 0= = (Dh, — Dh )= = (' — A)g, (8.19)
and similarly

Dr .. = B b= = (P, — Da.)d- = (L — A)g, (8.20)

Remember that we decided that w is associated to I' = I';. Hence for ¢ > 0, we know that
|A—T| < Ce P Fort < 0, we have

|JA-—T|<|A-T_|+ |- —T]
< Celt .

Hence overall, there is a constant such that [c/(A—T")| < Co (g g), and this estimate can be improved
to [cl(A—T)| < Co(_g whenT'_ = T';. Hence cl(A —I') gives a bounded map LZ — L2 in
all cases and L2 — LZ% when I'_ = T';.. Thus Equation (8I9) yields

190.9:0 2 < Cllé:ll 2 » (8.21)
and for the special case I'_ = I' |, Equation yields

198,z 0 2 < Cligzl 2 (8.22)
From Equations (817), and (821]), we derive

lg:llyy1.2 < ClIDE, 92 2
= CH:ijl*“zgz + )‘d(e)gz”LzE

< COll¢ell,2 +CAllg:

’ 2 H 29
|L"e LLE

hence for A small enough, we can rearrange and obtain

g2 HW1,2 is bounded independently of small z, (8.23)

while from Equations (818) and (822)), we similarly obtain

42112 is bounded independently of small 2. (8.24)

This last fact is also true for I'_ # I',, for in that case j, = ¢, and its L2 -norm is equivalent to the
LZ%-norm, as both as defined on 'V over B3(w).

While it is agreeable to work with a smooth splitting, nothing prevents us from considering the
function

hy = eMapy, fort < 0,
e My_y, fort >0,

94



and the associate splitting
¢ =hx+rs,

for which, obviously,
., fort <0,
T, =
g., fort>0.

From the bounds of Equations (823]) and (824)), we have that

[rzl ;> is bounded independently of small z.

Consider the families
Q_Sz = ¢z/||¢zHL2y
hy = hy/l|dz]l 2,

Ty = TZ/HﬁbZHLz-

The bound ([828), and the fact that ||¢. || ,, — oo imply that

72

[72ll,. — 0as A — 0.
€

A fortiori, ||7;]| . — 0.

The triangle inequality guarantees

1Al 2 = 170 o | < el 2 < Al o + 171

Since ||¢.],, = 1, and |72/l — 0, we must have

I

HE)\HLZ —lasA— 0.

Let’s now come back to our main worry. We study

(tdo, d.) = (thy, hy) + 2(hy, tF.) + (t7,,T.).

The last two terms are bounded by a multiple of ||¢7. ||, .. But
[t72]l 2 < ClIF=ll 2 = ClIF=ll e /Al e

hence it is going to 0.

As for the first term, we have

- 1 <, ot 2, [0, oy, 2
(thasin) = —= ([ "t o+ [ e f)

2
[[@All7.

1 1 0 0
— o ([P [ np)
[@all72 /0 o0

1 .- 2
= IRl
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hence 1
(tor, r) = 2 +o(1) as A — 0.

Suppose now ¢! and ¢? are two such families, but so that

<¢_5i7 ¢§§>L2 =0.

Then
(tor, @2) = (thy, B3) + (hy, t72) + (t72, B3) + (t7,72)
1 - -
= L ELER) + (1),
and of course (h}, h3) — 0, hence the result. O

One of the crucial feature of this proof is our ability to find a uniform bound for m, on V. Such
a bound exist in the case where dim K, is constant precisely because this constant rank condi-
tion implies that Vis a bundle over B3(w), allowing us to say that the L?-norm and Lz -norm are
equivalent.

We can take the trace of (B, ®) to obtain an abelian monopole (a, ¢) on B3(w) \ {w}. The Bogo-
molny equation reduces to
dy = xda,

and thus Ay = 0. Since ¢ is harmonic, not every possible behavior as z — w is acceptable. For
one thing, there is a unique set of homogeneous harmonic polynomials p,, and g, of degree m
which give a decomposition of ¢ on B3(w) \ {w} as a Laurent series

> gm(z —w)

o
Y= mZZOpM(Z —w) + Pt |2 — w’2m+1;

see [ABROI}, Thm 10.1, p. 209].

Whether or not the rank is constant, we can find for any sequence of points approaching w a subse-
quence of points z; — w for which the decomposition of Equation i8.13]is valid. We then have

. a1 . . 7
]ILIEO 2|z; — w|p,; = idim @Azj H.; = i(tkH — dim K ,).

By the Laurent series decomposition given above, this number must be the same in any way we

approach w, hence dim K, must be constant on B3(w) \ {w}, thus eliminating Scenario B of

page BTl

Scenario Pl remains to be dealt with.

8.4 Preliminary work: Green’s operator on S* ® L.

This section consists of preliminary work on the study of the behavior of the connection B at the
singular points. Because of the formula B = Pd* = (1 — D4.G 4, Ziﬁz)dz , getting an explicit
formula for G 4, would greatly help in understanding the asymptotic behavior of B at singular
points. As a first step into achieving that goal, we compute the Green’s operator for the Laplacian
on ST ®L,onR x T3,
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Define the operator
Ty: L*(R) — L?(R)

1 [o¢]
g X/ e M=slg(s)ds

Let ¢,, be a basis of the eigenspaces of the Laplacian on the spinor bundle of 7. Then every section
¢ decomposes as

o= g(t)oy. (8.27)

veZ3

Here multiplicities are hidden but keep them in mind.

Lemma 8.4-1. Forall z € T3, we have
1
GLZ(¢) = 5 Z T27r|l/—z|(gv)¢l/'
veZ3
Proof: First notice that
R Y LS VY %% M _—As
Thg = e MeMg(s)ds + eMe Mg(s)ds),

AN o t

hence 9;(Thg) = 9(T)/A = (J1.0) + (J7°) — g(t)/A, and

7 (09) = 90+ 2 [ ) 43([") - gt
= 29+ A\’Thyg.

Remember now that on ST @ L, on R x T3, the Laplacian splits as
ALZ == —@2 + AT37LZ'

Recall also that for v € Z?, we have Ags¢, = (27|v|)%¢, and Ags ¢, = (27|v — z[)?¢,. Hence
for the proposed GG, we have

1
Ar.Gr.¢ = 5 Z (_63T27r|u—z|(gl/)¢1/ + (27T|V - Z|)2gu¢u)

veZ3

= 3 (00— 2l — 2P0 + 2nlv — 2))%0)0,

veZ3

= ¢.
The proof is now complete. O

It appears very important then to understand 7y carefully. Let m ) : R — R be the multiplication by
A. We have the following identities.

Lemma 8.4-2. For different values of \,n > 0, we have

2
Ty = %mA Tt (8.28)
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and in particular

Ty = —m\Tim)_1.

A2
Proof: We just compute
L[ _\i—sf
o) =5 [ e lg(s)ds

t— As /\S/ d()\s/ )
:A/ () S

= )\2 (g © mn/)\) O Mx/n»

whence the conclusion. The proof is now complete. O

Lemma 8.4-3. Viewed as operators L*>(R) — L%(R), the operators m’, and Ty have norm

1
3 = = ) V )
[m3 £l \/XHfH f
1
I Tx|| = pHTlH-

Furthermore for z close to 0, the Green’s operator has norm

7 ||

G| =

as an operator L?> — L2

Proof: First notice
N 1
s g2 = [ 102t = [ 1(s)Pds/A = S 1111
Then we compare. On one hand

1 * *
ITagll = zllmaTi(mi-1g)ll

1 *
= QTHTl(mxlg)H

11
< A2\FllTlll [Im3-19]l

= 5Tl gl

hence 1
[[Tx[] < pIITlll- (8.29)

On the other hand, we find in a similar fashion that
IT0]] < M| Tal- (8.30)

From Inequalities (829) and @30), we obtain the desired result for T'y.
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To find the norm of G,_, we use the decomposition given by Equation (827). We have

1G L. (9] = ZHTMV 21(9)IP?

1 1
<iv e )
< 42(277)4@_44” 17 g

|| Ty 1 ,
<
=4 Sup((zw)4\,,_2,4)!\¢!| ,

hence for z close to 0,
|| ]|
Gy,
IGLII < gt

To prove equality, note that for ¢ = go¢o, with go € L2, and ||gg|| = 1, we have

GL.(6) = 5 Torp (40)60.

But then
IG:[| = sup [|G.(9)]|
[l¢l]=1
> sup |[|G.(godo)l|
llg0[|=1
1
=5 sup |[Taqz(90)l|
2 ||goli=1
B 1
) 2|Z|2|| 1||
The proof is now complete. O
Lemma 8.4-4. We have e
GLZ T2 +m27
2|

with the L? — L? operator norms of £, and M, bounded independently of z for dist(z, Z3) < 1/2.

Proof: Let pg be the projection ¢ — gg¢g and p1 = 1 — pg. Set

£:(9) = |2*Gapo(9),
M. (¢) = G.p1(9).

Obviously, Gz, = £./|z|? + 9M.. It remains to show that £, and 91, are uniformly bounded for 2
close to A*. For M, and dist(z, Z3) < 1/2, we have

||Gsz1 Z ||T27r|1/ 2| gI/ |
1/750

|72
4

4
< |1y
< WQH Pl

IN

2
SUP ol = |)4H¢H

99



proving the claim for 91,.

Obviously,
1 * *
GL.po(9) = Wm%rMTl(m(27r|z|)7190)¢07
hence the claims for £, follows from Lemma[§8.4-3] The proof is now complete. O

While || £, Hop is constant and not 0, the family of operators £, in a very weak sense converges to 0.
Lemma 8.4-5. Let g € CZ°. we have that
£.(g9) — 0in L* normas A — 0.

Proof: Suppose the support of g is [m, M]. Then

2.1 = 2mlz)? [

—00

& 2
’/ 6_2”"2"“_8'9(5)(15‘ dt
< (2m|2|)? /_OO(M — m)? max(g)2e4rlzldist(t.supp(9))

= 27]2| (M — m) max(g))*.

The result follows. O
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Appendix A

Reduction of ASD equation to lower
dimension

The curvature of the connection A = A dx! + - - - Aydz? is given by

F=dA+ANA
=Y 0jAda! Nda' +) " AjAjdat A da?
Y] 1]
= Z Fijdaci A da?
1<j

with Fij = 8ZA] — 8]'141' + [AZ',A]'].
To convert to the standard self-dual €1, €2, €3, and anti-self-dual &, &, 3 basis of A%, we collect
terms. For example

F F Fio — F-
Fiodz'? 4+ Faudz* = (712 —; 34)d:t712 + (712 5 34)dx12
F F Fsy — F;
+( 12;— 34)dx34+( 342 12)dm34
Fio + F34 Fi9 — F3y

BT R S B

We keep collecting terms, and get

Fi9 + F Fio — F: Fiq3 — F
P 12 ! 34)€1+( 12 . 34)€1 y 13 . 24)62
Fis+ Fyy Fiy+ Fos Fiy — Fy3

H—g et et (—F )&

So the ASD equations are

Fia + F34 =0,
Fi3 — Fy =0, (A.1)
Fiy+ Fo3 = 0.

We now peel off dimensions one at a time.
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Dimension 3: the Bogomolny equation

Let the A; be independent of z1, and set ® := A;. Then the Equations (AJ) reduce to

—0p® + [®, Ao] + F34 =0,
—03® + [®, A3] — Fpq = 0, (A2)
—04® + [(I),A4] + Fo3 = 0.

Set B := Asdx? + Azdx® + Asdx?. Itis a connection on the (x2, 3, 24)-space. On that space, the
Hodge star works as follows:

xdx? = da® A da?,

wdz® = —da® A da?,

wdz* = dz? A dz?, and

2 =1on AL
Furthermore, the connection B extends to endomorphisms by the formula
Vp® =d® + [B, P].
Hence the Equations (A.2) can be written as a single equation as
Vp® = «Fg, (A.3)

the Bogomolny equation.

Dimension 2: the Hitchin equations

Let the A; be independent of x3 and x4, and set ¢1 := Az, ¢o := A4. The the Equations (AJ)
reduce to

Fio + [¢1,¢2] =0,
0191 + [A1, ¢1] — 0202 — [A2, 2] = 0,
012 + [A1, 2] + Doy + [Ag, 1] = 0.

In other words, set B := A;dx! + Asdx?, and we have

Fia = —[¢1, ¢2],
Vior = Vi, (A.4)
Vo1 = —Vioo.

Since all orientable 2-manifolds are complex, let dz = dx1 + idx2, and
1 .
P = 5((]51 + Z(Z)Q)dz.
Should the connection A be on a bundle E, then & is a section of A"* End(E) and is called a Higgs
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field. On 1-forms, we consider the graded commutator
(D, D] = PO* + D™D
1 . . _ 1 . ) _
= 5 (01 +162)(¢1 — ig2)dz NdZ + 5 (¢1 — id2) (01 + ig2)dZ N dz

—%[¢1,¢2]d2 Adz
= —[¢1,¢2]d1‘1 A dz?.

Hence
Fp = [@,8%].

Consider the operator 95 = (V] + iV%)dz, and we have
53(1) = (53@251 + i(53¢2))d2 Adz
1 . . _
= (Vo1 +iVher +iV s — Vie)dz A dz

=0.

Hence the Equations (A.4) can be written as two equations

FB_: %[@7q)*]7

9p® — 0, (AS5)

which we call the Hichin equations.

Dimension 1: The Nahm Equations
Let the A; be independent of x5, x3, 24, and set

t:= 1,
B = Aqdt,
T1 = AQ, T2 = Ag, T3 = A4.

Then the Equations (AZJ)) reduce to

ViToa) + [To2), Toz)) =0, (A.6)

for all even permutation o.

We call those equations the Nahm equations. These equations first appeared in [[Nah&3l].
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Appendix B

Excision principle for the index of
Fredholm operators

Let

Di: L*(X)) — L*(X))
Dy: L*(X;5) — L*(X5)

be unbounded Fredholm operators, defined locally.
Let X1 = A; U By, and X5 = Ay U B, with compact intersections

AN By = Ay N By,

and suppose D1 = D5 on that intersection.
We construct X; = A; U By and Xo = A U By. Let

[)11 LZ(Xl) — LZ(Xl)
Dy: L*(X;y) — L*(X))

be unbounded Fredholm operators, defined locally, such that

Dlz Dl, onAl;
Dg, OnBQ;
D2: DQ, OHAQ;
Dl, onBl.

Theorem B-1. Under the hypothesis just described, we have
1nd(D1) + 1nd(D2) = 1nd(D1) + 1nd(l~32)
Proof: Choose square roots of partitions of unity

Gl+yi=1 di+yi=1
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subordinate to (A;, B;) and (Az, B2). Choose them so that

¢1 = ¢9 and Y1 = )9 On A1 NBy =AyN By, (B.1)

We define maps
O LA(X)) @ LX) — LA(X)) @ L*(Xy)
U: LX) @ L3(Xe) — L*(X1) @ L*(Xo)

which in matrix form are written as

| 1 e |1~
®= [—7111 ¢2] and = [% ®2

Notice that outside of A; N B;, we clearly have ¥1¢1 = 12¢2. Equation (B shows that this
equality is also true in the intersection. Hence

PV — o7 + 93 —1o1 + 22| _ |1
—1¢1 + 2 Y3 + ¢3 1]’

and ® and ¥ are inverse of each other. They are in fact isometries. Indeed, we have
2 22l = [ loufi+ vl + [ 162fa = in il
X1 X2
= [ AL+ [ IR [ owalh )
X1 X1 X1
+ /X2 o3| f2I” + /X2 il - 2/5(2 P21 (f2, f1)
= [ AP [ 18R =l
X1 Xo

Consider now D = D1 & D5 and D= Dl &Y Dg. Then
ind(D) = ind(D;) +ind(D3) and ind(D) = ind(D;) + ind(Dy).

We pull back D to L?(X) @ L?(X5) and compare it to D. Should the difference ¥ D® — D be
compact, the theorem would be proved. We proceed:
i D@ — (Zsl _,l/}l

Di || o1 ¥

V2 2 Dy| | =91 ¢2
_ -¢11?1¢1 + 1/111?21/11 ¢11?1¢2 - ¢11:72¢2
Yo D1¢1 — P2 Dothy oDy + p2 D202

_ ($1D161 + 1 Doty 1 D1t — 1 Doy
(Vo D1¢1 — ¢2Datpr Yo Dithy + ¢2Dagho

=D+K.

Since each entry of K is supported on the product (A N By) x (A N Bs), which is compact, the
operator K is compact and the proof is now complete. O
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Appendix C

An abstract non-sense lemma

Suppose we are given four exact sequences «, (3, y, d interlaced in the braided diagram

NA 2/‘“\' NS
AN AYANAN

and such that all triangles and squares commute.

(C.1)

Lemma C-1. The sequence
0—ALBZVieh-35C0-45D—0
coming out of Diagram (IC)), with the obvious choice of maps

1)
€1 = bar = om € = [ﬁj €3 = [043 —73} €4 = Bactg = 0474,

is exact.

Before proving this lemma, let’s observe how it is used in the main text of this thesis on page
Lemma B2 tells us that for the weights d, 7 situated in adjacent open squares of R? \ & 4/, and
separated by the wall {u} x R or R x {\}, we have an exact sequence

0— V() — V() — W, — K(=§)" — K(—n)* — 0. (C2)

Suppose now we have the following choice of weights:

5| &
I

T )

—p
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Denote ¢ any inclusion map, and Lf the maps

L (¢) = lim "¢, and L, = lim e,

H t—o0 t——o00

Then sequences akin to Sequence (C2) fit in a diagram

0 V) L, .0

N A

SON A N S \

0 V() e W e K8 0
similar to Diagram (CIJ).

Suppose ¢V (0), and ¢ € K(—¢). Then

0= (Dad,¥) — (¢, Dart))
= (¢, v)| %
= lm (e Mg, vettep) —  lim (e' g, ve )

*

= (LI"LY (¢) — L7, L, () (¥),

hence the middle square commutes. It is quite obvious that all the other squares and triangles
commute. The application of Lemma gives an exact sequence

0— V(@) —V(®) —W,eW_, — K(=§)" — K(-9)" — 0.

In particular, the sets of weights

- A
e € i | -
A A e é
13 0 0 €l A
—-A - € €
€ €
at z # w at z # w atz = w
rp=r_ rp=r_ rp=r_

yield for A’ = A, the exact sequences

00—V, —V, —WyaW_, —K,*— K, —0, for A\ # 0,
0—>L/z—>vz—’W)\@W—>\—’?(z*—>Kz*—>0, for A # 0,
0—Vy —V, —>WedaW, — K, — K," — 0.

We can now proceed to the postponed proof of Lemma
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Proof: There is nothing deep in this proof: it is only a diagram chase. It is included here for
completeness.

The sequence is obviously exact at A and D since any composition of injective maps is surjective,
and any composition of injective maps is surjective.

The compositions

_ 65 %20 |
@a = _521 ‘= [525101] =0,

r 1)
€36 = |Q3 —’)’3} lﬁj = a3b2 — 73032 =0, and

€463 = :64043 —6473} = {54044043 —547473} =0

ensure that Im(e;) ker(e;). We now prove the other inclusions.

To simplify notation, every element denoted by a small letter belongs to the space denoted by the
corresponding capital letter. For example, b € B,x1 € X1,¢; € C.

Suppose b € ker(ez). Then d2(b) = (B2(b) = 0 hence f1(z1) = b = d1(y1). But then as(x1) =
d251(z1) = 0 hence 1 = a1 (a), and thus b = 11 (a) and ker(ea) C Im(e;) and the sequence is
exact at B.

Suppose (v1, v2) ker(es), or equivalently ag(vy) — v3(v2) = 0. Then

—3(v2),
—53(’[)1).

0 = ay(az(v1) — y3(v2))
0 =y (az(v1) — v3(v2))

But then, because the 3 and ¢ sequences are exact, we have vy = (2(b2) and v1 = Ja(b1). As
v302(b1) = agda(b1) = az(v1) = 0, we have [2(b1) € ker(ys) = Im(72) hence 52(b1) = Y2(y1)-
Similarly, d2(b2) = aa(z1). But then

_ | 02(b1) — 0201 (y1) + 02(b2) — S251 (1)
e2(br — 81(y1) + b2 — Bi(m1)) = Ba(b1) — Bad1(y1) + Ba(be) — B2 (331)]

_ 01 — 0+ az(1) — 8231 (1)
| 72(y1) = B261(y1) +v2 =0

U1
(%) ’

Hence ker(e3) C Im(e2) and the sequence is exact at Vi & V5.

Suppose e4(c) = 0. Then d474(c) = 0 but ker(d4) = Im(d3) hence y4(c) = I3(v1) = yaas(vy)
and thus az(vi) — ¢ € ker(y4) = Im(y3). Hence aiz(v1) — ¢ = ~y3(v2) and then ¢ = e3(v1,v2).
Hence ker(es) C Im(ez) and the sequence is exact at D.

The proof is now complete. O
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Appendix D

Dirac operators and conformal change
of metric

Consider a spin manifold M of dimension n. The Dirac operators D and D’ associated to the
conformally related metrics g and ¢’ = e2fg on M are, once a spinor bundle is chosen, linked by
the formula

D =e " ToDoe" . (D.1)
In 1986, Bourguignon in [[Bou86 p. 339, Prop. 10] had the above formula and claimed that Hitchin
in [Hit74]] had it wrong in 1974. Then, Lawson and Michelsohn, in their wonderful book [I[LM&9Y, p.
134], had a n — 1 on the left hand side instead of a n + 1. Finally, in 1990, in their inspiring book,
Donaldson and Kronheimer, in the case n = 4, had a factor of —1/2 on the left hand side instead
of a —5/2; see [[DK90, p. 102]. The formula was however only used in [[IDK90] and [LM89] to see
how the kernels of D and D’ are related, so no harm was done.

A proof of the Formula

We now prove the formula [D.Jl Let’s denote the spinor bundles for g and ¢’ by S and S’. Let
w: Spin(n) — Aut(A) be the spin representation. Then

S = Pspin(M,g) x, A, and
S" = Pspin(M, g") X A
We assume that they are the “same” spin structure. Hence S and S’ are isomorphic as vector bundles

but not as Clifford bundles.

The bundles S and S’ come equipped with extra structure. The Clifford multiplication for g is
amap p: TM — Aut(S) satisfying p(v)? = —g(v,v). Define a new Clifford multiplication
o'+ TM — Aut(S) for ¢’ by the formula p’ = e/ p. It is still skew-adjoint.

Let e; be an orthonormal frame for g over an open set U and w;; be the Levi-Civita connection
matrix for that frame. Over U, the spin connection (see [[LM89, p. 110]) is d + 2 with

V) = 1 3w (Voles)pler)
2¥)
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Set e/, = e~ e;. The e’; form an orthonormal frame for g’. Note that p(e’;) = p(e;).
As shown in [[LM&9, p. 133-134], we have

VY =VxY + (XY + (Y )X — g(X,Y )gud (f), and (D.2)
(V) =wii(V) +(e;))g(V.er) — (ei f)a(V. ;).

w,

Duplicating the definition of €2, we set

1

Q)= 1 Z(Wij(v)p<ej)p(ei) + (e;f)g(V,ei)plej)p(ei) — (eif)g(Viej)p(ej)ples)).
1,]

This expression simplifies to

(V) = V) + oot (F)o(V) — 10V}l (1)
= (V) — 5p(V)plowt (£) ~ 59(Vsom (1) ®23)

Let’s now check that the connection V'’ induced by ' is compatible with the Levi-Civita connection
of (M, g").
Notice first that

Vx (' (Y)s) = Vx (e p(Y)s)
— (XP)(V)s+ eI Vx (p()s).

Since S is a Clifford bundle for (M, g), we have
Vx (' (Y)s) =p' (XF)Y)s+p'(VxY)s+p'(Y)Vxs. (D.4)
Notice now that

p(X)p(gud ()0 (Y)s = —p(X)p' (V) p(gui (f)) — 26/ p(X) (Y f)s
= (P (Y)p(X) + 26/ g(X,Y)) plara (f))s — 20" (Y ) X)s,

so that
— 5P (X)plt (£ (V) = =2 (V)p(X ol (£))s -+ o/ ((V )X = 9(X, ¥ g (). (D)

Vi (0 0)s) BV (5 (V)s) — So(X0plomt (£))s — 5 (X0 (V)5
B2/ (Ty + (XN)¥)s + (V) xs = 2p(X)plomst (1)s — 3 (XD (V)
DI (91 v)s + 0/ (0) (Vs — 5p(X)plona (f))s — 5(X1)s)
B (9 v)s 4+ /() Vs
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We also need to check that the connection V' is compatible with the hermitian metric on S. Notice
first that

(p(V)p(aud (f))s1,52) + (s1,p(V)p(aud (f))s2)
= (s1, p(gud (f))p(V)s2) + (s1, p(V)p(gmd (f))s2) = —2(V f)(s1, s2).

Thus, we have

(Virs1,82) + (s1, Virsa) = (Vysi, s2) + (s1, Visa)

((p(V)p(gut (f))s1, 82) + (s1, p(V)plara (f))s2))

(((V f)s1,52) + (s1,(V f)s2))

= (Vys1,82) + (s1, Vysa) + (Vf)(s1,82) — (V f)(s1, $2)
=V (s1, 52),

N~ N~

since V is compatible with { , ).

We are now finished proving that S with the connection V' and the Clifford multiplication p’ is
really a Clifford bundle for (M, g').

Let V := Homc(S',S). We have that as Clifford bundles for (M, g’), the bundle S and S’ @ V
are isomorphic.

By Schur’s lemma, the bundle V is a smooth complex line bundle. Since S and S’ are isomorphic
as smooth complex vector bundles, V' is trivial. But more than that, the connection on V is trivial
as we now show.

Let o’ also denote the Clifford multiplication on S’ and €’ denote the spin connection on S’. Such
an abuse of notation is harmless if we are careful. We have again

(V) = 1 Sl (VI ()0 ()

Let f be a section of V and s a section of S’. Then since f commutes with Clifford multiplication,
we have

(V)(s) =V (f(s) = f(Vs)
=d(f(s)) + Q- f(s) = f(ds) = f(Q - 5)
= df (s),

and thus our claim is proved.
So we can really work with the bundle S when studying the relationship between D and D’. Let’s
do that.

‘We have
n—1

2

D'¢ = eI (Do + "= plout (£))9).
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Indeed,
D'¢=3 0 (c)Veuo
=e 1> ple)Vi.¢
= e_f(D¢ - % > olei)p(e)plgut ()¢ — % > plei)g(ei, g (f))¢)
= eI (D6 + Solom (1))6 — 3ol (1))0)

= /(Do + nT_lp(grrd (£)9).

But then,

n—1

D(e" 7 9) = "5 (Do + == p(aut (1))0)
= e%fefD'¢,

whence D' = e~ "2/ D(e"= / ¢), as wanted.

A confirmation

The proof just presented should at least convince us that there exists such a formula. To confirm that
the factors are correct, suppose that D and D’ are linked by formula [D.1] and that D is self-adjoint
for the L? inner product on (M, g). We want to prove now that D' is self-adjoint on (M, g’). Recall
that dvol’ = "/ dvol. Thus,

(D¢, 1) = / (D' ¢, ) dvol’
_ / (e~ (HDI/2 De(n=1F/2 4 T quol
= (DI 12¢ e(=1f/24)
_ (DI Deln=1f/2,p)
= (¢, D'y)".
That is it.

In fact, this computation and the triviality of V' show that any formula which has one of the factors
must also have the other up to a constant.
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Appendix E

Weighted Sobolev spaces on R",
Bartnik’s presentation

In this appendix, we visit and work through a part of Robert Bartnik’s paper “The Mass of an
Asymptotically Flat Manifold,” [[Bar86|]. The part we are concerned with deals with weighted
Sobolev spaces on R™ for n > 3, and Fredholmness of certain 2nd order elliptic partial differ-
ential operators. This appendix is an companion to Bartnik’s writing, merely adding proofs that
were lacking.

Weighted Sobolev Spaces

Set
o(x) = (1+|z|*)/2

p

The space L% is the space of measurable functions in L .

which are finite in the || ||p s-horm:

1
(fRn o= () |u(x)|P dw) /p, 1>p<oo;
”quﬁ =

ess suprno°|ul, p = oo.
When p < oo, the usual L? space arise as L” n/p In fact, we have an even stronger proposition.
Proposition E-1. The following map is an isometry:
P — [}

f O.(S-i—n/pf.

The space Wf ' is then defined as the space of functions in L§ with weak derivatives in the appro-
priate weighted LP space. The norm is

_ l
ol s = S 1Dl 51

These spaces are nicely set-up for the interesting theorems to be in some sense independent of n, as
will become apparent later with the various inequalities and embeddings.
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For one thing, we have that

||lo =esssupo®’ =

“l
00,0

5 1, if a < ;
oo, otherwise.

Similarly, we have, for 1 < p < oo,

aP (a—8)p—n
o5 = [ o

= wn/ J(r)(“_5)p_"r”_1 dr.
0

The integral on the last line is finite if and only if its [1, co) part is finite. It is the case if and only if
a < 9. In fact, we have the following stronger proposition.

Proposition E-2. We have
sl e WP® = a<s,

and for 1 < p < oo, we have
ol eW;P = a<d

Proof: We already proved the case k¥ = 0. Notice now that
9 a—2

s (0%) = ac"

and similarly, these exist homogeneous polynomials p,, of degree |a| such that

a;za(a“) = g0 2elp, .
Thus B0
H%Hp,mw < Ol o
This inequality imply that ¢ € Lg implies 0% € Wf P O

Many different choices for weight function o could have been considered. Apparently some work
has been done with exponential weights instead of the “polynomial” weight that we use here.

We define similarly the norm || ||}, , 5 and the spaces LY and ng’p of functions on R™ \ {0} by
changing the weight function to (z) := |z|.

In these modified Sobolev spaces, scaling becomes homogeneous. Indeed, set
up(z) = u(R);

then

)
HuR”;c,p =R ”uH;f,p,&

Of course any norm without a weight refers to a usual Sobolev norm.

Set A = Bop \ Br and Er = R™\ Br. We use an obvious notation for restriction over subset

of R™. Then the norm u — |lu|| . , is equivalent to the norm u — R~%||lug|| , , and Bartnik
pvéxAR p7A1

writes

-5
[l ~ R™°|jug]

p,0;AR p;AL’
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with constants not depending on R but depending on §. This equivalence allows us to rescale and
apply local estimates to prove part of the following theorem.

Theorem E-3. We have the following inequalities:

If p < qand §y < &1 then ||u|\p’51 < c||u|]q,52. (E.1)
If1/p=1/q+1/rand § = 61 + Oz then ||uv||p75 < ||u||q751 ||v||r’52. (E.2)
For any € > 0, there exists C(€) s.t. ||uH1p5 < eHuH2p5 + C’(e)HuHopd. (E.3)

Proof: To prove Inequality (E2)), we write, using Proposition [E-T]
lul, 5 = llo=="upl] = lo=="/ug=5=n/ro|

Using the usual Holder inequality, we obtain the result.

In the conditions under which we wish Inequality (EJJ) to be true, there exists r such that 1/p =
1/q + 1/r. Thus, we can again use Proposition [EzIland the usual Holder inequality to get

_ —61—n/p
Jull 5, = o~

o G (a0

< Jlo®2 %

p
rollell, s,

Since d2 < 01, we know by Proposition that 09279 € L} hence Inequality (EI) is true.

We now rescale and apply local estimates to prove Inequality (EJ)). We know that there exists
constants C'1, C'y not depending on R such that

< ClR_‘SHuRH nd

ully 554 154, &

=
R ”uRH?,p;m = C2”uH2,p,5;AR'
Set €/ = ¢/C1C5. We know from the local interpolation inequality that for some C'(€’),

[urlly o, < €llunlly ,a, + Cllunlly,a,-
Thus

=
”qu,p,&AR <GiR ”uRHl,p;A1

) =4
<CiR 6/”ul'%H2,p;A1—i_R C”uRHO,p;Al

< effuf + Cllull

27p75;AR 07p75;AR‘
Now, we need to patch all these interpolations together. Recall first that for all p > 0, we have
(a+Db)P < 207 (aP + bP).

Set Dy := Bj and, for i > 0, set D; = Agi-1. The D; are disjoint and cover R". Set u; = u|p

i
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The fact that

lull,, 5 < ellully, 5 +C@lully,

follows from the computation

lully 5 = D Muilly, 5.,

P
<3~ (elluilly g, + Clluilly  5.p,)

< 27 P|fully 5+ Cllullg, 5

The proof for p = oo goes along the same lines.

The inequalities are great and useful, and, apart from the first one, are generalizations of what we

have for usual Sobolev spaces.

Before studying the generalization of other classical powerful estimates, the Sobolev embedding
theorems, we must generalize yet another type of space, the Holder spaces. Define first, for z € R",
the punctured ball B(x) to be the set of all y such that 0 < 4|z — y| < o(x). For 0 < a < 1, the

weighted Holder norm is defined by the equation

Hu”cg'“ = :(:Seuﬂgl(a_&(l")m(lfﬂ) + sup (0_5+O‘(:L") sup M)

rER? yeB(z) |5L' - y|a
Note that if |Jul| 0. is finite, then v is continuous. Indeed, close to zg, we have
s
[u(zo) = u(y)| < Co(xo)~** [ag — y|*.

We may now proceed.

Theorem E-4. Suppose u € Wf P, We have the following inequalities:

Ifn—kp>0andp < q<np/(n—kp)then ||anp/(n_kp)75 <
Ifn — kp < 0O then ||u||oo75 < C||u||k,p’(S
and |u(z)| = o(r®) as r — oc.
Ifn—kp<0and 0 < o < min(1,k — n/p) then ||u\|cg,a < C||u||k,p’(S

and ||ul| ;0.0 =0(1) as R — oc.
5

(AR)
Proof: Suppose first that n — kp > 0. Then set p* := np/(n — kp) < co. We have

lull,. 0 < CRugl,,
< CR7||ugl kg4, (BY the usual Sobolev inequality)

< Cllully g4,
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Writing v = Y u; as in the proof of Theorem [EZ3 we obtain

HU’HP*’& = (Z Huz
* 1 *
<X lwilly, )"

1
<O llwillf )"

= CHquﬂyg'

p* \1/p*
p*ﬁ)

Inequality (E4) is now proved.

Maybe it is worthwhile noting down the proof of the last inequality of this proof. In fact, it is
sufficient to prove that (1 + 2" )"/P" < (1 4 29)/4 for z > 0. The function

(1+aP")

f(iﬂ)zm

has derivative

e’ T prq(1 4+ 2P )1 (1 + 2P — prqatT (1 + 2P )I(1 4 2P
(1 + z9)2r” '

Once we remove the common factors, which are anyway strictly positive, we have
14t — 2t AP ) =P =2 >0

since ¢ < p*. Thus f always increases. But obviously, it takes the value 1 at infinity.

The same scaling argument and application of the usual Sobolev inequality apply to prove Inequality
(ED). Of course, u € Wf P imply then that

r(@)u(@)] < Cllull, ., < Cllull,,,

00,0;A ¢ 0A ¢

which converges to 0. Thus the asymptotic behavior of Equation ([EX)) is now proved.

To prove Inequality (E7), we would like use the decomposition v = > wu;. That cannot work
however. Yet something of the sort works.

As before, we have that

~ P—0
HUHCE’Q(AR) ~ R HuRHC?’“(Al)

with constants not depending on . But the usual theorem can be used and we have

< CR_JH“RHC(?»G(AH

Hu”cg’a(AR)
-8
< OR ugll, .,

< Cllelly p,oa,
Since || ||kp-31 is equivalent to || Hkp 5.5, We have

lellgon oy < Clulley g,
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with the constant C' not depending on s.

Now the condition y € B(z) in the inner supremum becomes really essential. Indeed, we can see

that if z € D; then B(z) is contained in D;_1 U D; U D; 1. Because of that, we can actually bound
0, . ..

the Cy""-norm of a function by norms of restrictions.

Let’s write a(z, ) for o(x) 0% |u(z) — u(y)|/|z — y|*. Thus,

lull o = llull 5+ sup sup a(z,y).
Cs 00,0 ¢ yeB(z)

Let x € D;. We split the “ball” B(x) in three parts.

Suppose first that y € D;_1 N B(x). There is a point z € [z,y] N D;—1 N D;. As for any point in
D;, we have the relationship 4 10(2) < o(x) < 40(z). Thus

a(z,y) < a(z,z) + 417 la(z,y)

< sup a(z,z)+ 470t sup  a(z,y).
ZEB(x)ﬂDi yEB(x)ﬂDi,l

But B(z) N D;—1 C B(z) N D;—;. Thus
< o =0 o(p -
a(m,y) = ||UHC«§» (D) +4 HUHC((;» (Di_1)
Similarly, we have for y € D; 1 N B(x) that
< |—0+«|
a(gj’y) = Hu”Cg’a(Di) +4 HUHC;)’&(DHl),
dfory € D; N B(z) that a(z,y) < RAPSS
and for y € D; 0 B(r) that a(,y) < [l
Hence, for x € D;,

sup a(z,y) < max(1,4‘_6+°“)(|

yeB(z) |u”C§’O‘(DH) * HUHCS’“(Di) * HUHCQ’O‘(Dm))

<Y fullgno .

whence Hu||cga <CX Hu”cg»Q(Di)'

But then,
Jullgpe < €Y o,
<O Ml sp,
< Cllull, 5
proving Equation (E7).
Estimate (E8)) is a consequence of Inequality (E7) for the domain Ag, and of the finiteness of p,
which implies that [[ul|, .54, tends to 0. 0
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Fredholm theory for second order operators asymptotic to A

Of course, we introduce this big machinery in order to do some Fredholm theory for certain par-
tial differential operators on R™. We consider in Bartnik’s paper second order operator which are
“asymptotic” to the Laplacian in the following sense.

Definition: The operator w — Pu defined by

Pu:Zaij( u—l—Zb’ )Oiu + c(x)u

is asymptotic to A at rate 7 > 0 if there exist n < ¢ < oo and constants C'1, A such that
AP <D a8 < ATHEP, and
ihj
la® — &4 + [lo*]]

‘|‘||C|| < Cl.

17q7_T 0,(],—1—’7’ 0,(],—2—’7’ -

Let’s note that Bartnik uses the norm Lq/ ~-norm for c instead of the L(iz_T—norrn like we do.

We should first check what are natural domain and codomain for such operators.

Theorem E-5. If P is asymprotic to A, then
P: W;’p — ng;
is bounded for 1 < p < q and every § € R.
Proof: We show that each piece is bounded. In the first place, we have
laa2ully, 5 o < @ —8:)%ull, 5 5 + 16050l ,

< (la¥ = 8ijl o o + DIZul

0’p}5_2
< C(la" = il _, + Dlully,, ,
< C(lla” =6l , _, + Dllully,, 5
S CHqu,p,(S
When p = ¢, we have
HbiaiuHO,p,é—z < ||bi‘|p,—1||8iu“°°v5—1
< Clp’|

< Cllul

Suppose now that p < ¢ and let 1/p = 1/r + 1/q. Note that r — p = rp/q thus the inequality
n < q¢ = rp/(r — p) implies nr/(n + r) < p. Of course, we have p < r. Thus the Sobolev
embedding theorem says

el

< Clldull, 5y < |05l , 5, < Cllull,,, 5, and

< Cllull,; < Cllull,, 5 < Clull,,

r,0—1+4+1

|’uHr75+7-
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Note that these inequalities are true even for 7 = 0. We can now complete the proof by seeing that

1Wosuly s < 6, 9]

]

ro—147
< CHUHQ,WV
and leully, 5 o < llellg g o -l 5pr = Cllully, 5 -

Since P is asymptotic to A and is continuous, it is natural to hope and daringly expect that even
though we are not on a compact set, some elliptic estimate is anyhow available for P.

Proposition E-6 ([Bar86l Prop 1.6]). Suppose P is asymptotic to A, and 1 < p < q, and € R.
There is a constant C = C(n,p, q,0,C1, \) such that if u € LY and Pu € LY , then u € Wg’p
and

lully, s < CIPully, 5o + lully, 5) (E9)
Proof: Let’s define N
Pr = a}0;; + RbR0; + R%cp,
and note that Ppur = R%(Pu)g.

Here we need to use th~e usual LP estimates for A;. We have, see [GT83, p. 235, Thm 9.11], that
for a fattened domain A, we have

lurlly 0, < Cllurll, 5, + I1Pruzll, z,)-

Going through the proof of [[GT83, p. 235, Thm 9.11], we see that the constant in this inequality
depends in particular on

la = 8isll oz, < Clla” =G5l o < Clla¥ = 85l o < C(C).

oo;fh 00,0 —

It turns out that this dependance is independent of R.
It also depends on ' ‘ '
|Rbgll.5, < CI6IL., < CI¥lly,

looid, <
which is bounded independently of R as well.

The constant also depends on c¢, but this term is harder to bound. Reading the proof, we reach a
point where we want to reduce the number of derivative on u to use some interpolation estimate.
We have

|D%ur], < Cllaidyl, < O Prurll, + | Rbpduuzl, + | Rerull ).

and the last term must be bounded somehow. We already did the needed work while proving the

continuity of P: our proof that multiplication by c is bounded W 2P — LP actually works for

WP — LP. Thus the constant in the LP estimate depends on
IRl 5 < Cllell,_,<Clel,_, .

which is bounded independently of R.
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But then, we have

)
el g0, < CR gl 5

< CR_6(|’uRHp;A1 + ”PRURHP;Al)
= R (Jugl, 4, + B|(Pu)z, 5,)

< C(Jfull

27p75;AR

+ [ Pull

p75;A~R p75_2;A~R)‘

The trick we have done so often now with the domains D; completes the proof. O
We are interested in the “Fredholmness” of P. But the estimate given to us in the previous proposi-
tion is not sufficient: we need some compactness of the right-hand-side term.

To understand the Fredholmness of P, we first deal with the Laplacian. The orders of growth of
harmonic functions in R" \ By are Z \ {—1,...,3 — n} and are called exceptional values.

For nonexceptional weighing parameter 9, we have a very strong Fredholmness result given by the
next theorem. Before reaching it, we extract a lemma from a paper of Nirenberg and Walker.

Lemma E-7 (INW73|, lemma 2.1]). Fixp € (1,00), and set p' = p/(p — 1). Let a,b € R be such
that a + b > 0. Set

K'(z,y) = |a| ™"z — y|" 7"y~ forz # y
and for u € LP define
K'u(@) = [ K'(z,puy)dy.

Then there is a constant ¢ = c¢(n, p, a,b) such that
&l < ellul,

ifand only ifa < n/pandb < n/p'.
Proof: See [NW73, p. 273] for the proof that the conditions on a and b are necessary.

We can assume that a and b are nonnegative. Indeed, at least one of then is, say b. Suppose a < 0.
Then the inequality
|z ly|

<1+
|z — | |z —yl

implies that

WI)ﬂ
|z —yl
< Clz—y/""y| ™" + Clz — y|* 0" |y|~*".

K'(z,y) < |z —y|" "y~ (1 +

For nonnegative a and b satisfying a < n/p and b < n/p’, the inequality |z|" > [T |z;| yields
n
K'(zy) <]] s | ™ g — | (T gy O
i=1
The problem is thus reduced to one dimensional.

Now for the one-dimensional result, [NW73]] cite a lemma whose origin is really unclear.

Suppose that K (z, y) is nonnegative and homogeneous of degree —1 for > 0 and y > 0, and that
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the (necessarily identical) quantities
o ; o0
/ K(z,)z" " dz and / K(1,y)z"YPdy
0 0
are equal to some number C' < co. Then the integral operator
o
Ku(@) = [~ K. p)u(w)dy

is bounded on Ly ((0, 00)) with norm not greater than C.

Before proving this result, let’s see that K’ satisfies the hypotheses. It is obviously positive and of
the correct homogeneity. Now let Is(a, 8) := [ r*(1—7)"dr. Seta = —1/p'—a and 3 = a+b—1.
We then have

/ K'(z, )z~ " dx :/ rr —1/Pdr
0 0

1 [e'¢)
:/ ro‘(l—r)ﬁdr—l—/ r(r — 1)%dr
0 1
:Il(avﬂ) +I1(67a)
= Ija(a, B) + L1 j2(B, @) + Ly jo(—a = B, B) + 11 2(8, —a = B),
as f11/2 re(1 —7r)Pdr = fol/z(l — 5)%sPds.

But on [0,1/2], we have 1/2 < 1 —r < 1 hence Iy/5(«,3) is comparable to f01/2 r*dr which
converges if and only if @ > —1. Thus [3° K'(z, 1)z~ /7 dx converges iff a, 3 > —1and a + <
1. Certainly, b < 1/p’ and a < 1/p imply all these requirements.

To prove the general result for K, we use the homogeneity of K to turn the problem into a con-
volution problem. Let M be the multiplicative group Rq. Let Lf,( denote the LP-space for the
Haar measure dx/x on M. Note that multiplication by z1/P is an isometry LP — Lﬁ/t. Further-
more, since the L} -norm of K (z, 1)x/? is finite, convolution with that function is continuous
L — LY. Thus,

1wcully, = [ ([ K puty) da

N /(/K(f’“/yv 1)U(y)d—yy)pdx
:/(w_l/p/K(x/yv 1)(a/y)'/? yl/pu(y)d_;)pdx
= Hac—l/p(K(.7 1)(.)1/1)) ” (yl/pu)) ”ip

= [|K(-,1)(-)"/P) « (yl/pu)”ifw

< Clly"Pully,

= CP|full7,,

and the claim is proved. O

We define
k™ (6) = max{k exceptional, k < 0}
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and then move on to the theorem.
Theorem E-8 ([Bar86, Thm 1.7]). Suppose 0 is nonexceptional, 1 < p < oo and s € N. Then
AN Wés+2’p — ngg
is an isomorphism and there is a constant C = C(n,p, d, s) such that
HUHs+2,p6 < CHAUH/S,p,5—2~

Proof: Setk = k= (9). Let u = (x - y)/|x||y| and P)‘ denote the ultraspherical function arising in
the Taylor expansion of |z — y|?~" with respect to |y| /|z| when |y| < |z|:

|z —y|™ = |z|” ”ZPA (Ilyl/|=]). (E.10)

Set A = (n— 2)/2.
We first show that the inverse of A: W/2’p Wﬁg has kernel K (z,vy):

|z —y*™, if2—-n<d<0;
K (,y) = { o=y — [P SE P (el /), itk >0,
o =y = P ST P () /|2l if k<2 -

We will refer to these three cases and the three corresponding definitions of K (z,y) as K1, K2
and K3. We now go through a series of step that lead to the proof that K (x,y) defines a bounded
operator from W5 0P 1o W’O’p )

Note first that in the cases K2 and K3, we have kK < § < k£ + 1, and that in the case K1, we have
k=2—n.

We have the estimates

(el/lyh)** it fe] < Jyl/2;

, E.11)
(lz|/ly))"T*=2, if x| > |y|/2.

K (2, y)| < e(n, k)l -y~ {

We need here n > 3. Then the estimates for K1 are trivial. Indeed, £ + 1 < 0 thus |z| < |y|/2
imply 1 < 25 (Jo|/y )1 and n -+ — 2 = 0 thus [z] > [y|/2 imply 1 < 27+2(||/Jy[)"+-2.

Let’s first prove Estimate (EII) for K2 in the case |z|/|y| < 1/2. We have in that case that
|z — y| < 3|y|/2, hence |z — y|> —n > c(n)|y|> ™. Since we are exactly in the case where the
expansion of Equation (E-J0) converges (swapping y and z), we have

Kl = [l S PGl 191

k+1

v »
< [y[*7"(|z1/ly]) +1Zman |Pkgr (m)))27
>0

c(n, k)|z — y =" (el /),

as wanted.

We prove the case |x| > |y|/2 for K2 term by term. As n + k — 2 > 1, it must be that
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(lzl/ly))TF=2 = 227+ thus o — y[*" < e(n, K)o — y|>~" (x| /|y))"TFF2. For j < k, we
have

(e ol < (max max P20 0 and

i<k p€B) |y|itn—2
of oy al*
‘y’j+n—2 - ‘y’j+l+n—2 - ‘y’n+k—2'

These inequalities, along with the fact that |z — y| < 3|z|/2 implies
1< e(n)|z —y[*"|z"72,

can be used to prove the second estimate for K2.

Now let K be the operator kernel |z — y|?>~"(|z|/|y|)®. Seta =6 +n/p—aand b= —b—n/p+
2 4 o Then a + b = 2 and Lemma [EZ7] shows that

Ki(z,y) = |27 Ky (2, y)lyl 2P

defines a bounded operator L? — LP when a < n/p and b < n/p/, that is when § < « and
d>2—-n+a.

Since the composition

|yl = F2mn/p K3 |z|*Fn/P

/
L Ly

/
Ly, Lp

is precisely K, then K is continuous when o +2 —n < § < a.

We use simultaneously o = k + 1 and a = n + k — 2 along with Estimate (EIT) to see that K is
bounded when k£ < § < k + 1, which correspond to the cases K2 and K3. The case K1 is dealt with
in a slightly different fashion, without the use of Estimate (EIT)): we just use o = 0.

Now that we know that K is bounded Lgp_Q — Lgp, we use K to show the surjectivity of A. First
recall that
Agle =y = Ayle —y[*" = d(z — y).

Furthermore, the right-hand-side terms in K2 and K3 are harmonic in R™ \ {0}. Thus
AK =AyK = 6(z —y) in D'(R™\ {0}).
Hence K (Au) = uforallu € C2°(R™\{0}). Since C°(R™\{0}) is dense in W(gk’p, the continuity
of K implies
lullp,s < CllAull 5-o-

Using Estimate (E.9), we find

[ullps < C1AUILG -2 + lullys)
< CllAulls_s,

as wanted for the case s = 0. This A is injective and has closed range. Since it is surjective on
C°(R™\ {0}), it must be surjective by density. 0

With this result in our pocket, we are close to seeing the Fredholmness of P. The more powerful
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elliptic estimate presented in the next theorem is the tool we need.

Theorem E-9 ([Bar86, Thm 1.10]). Suppose P is asymptotic to A and 6 € R is nonexceptional.
For1 < p < q, the map P: W62 P Wf;pz has finite-dimensional kernel and closed range and, for

U € W52 P we have constants C and R depending only on P,§,n,p, q such that
lully, 5 < CUPully 5y + lull )

Proof: Let|| || denote the operator norm for bounded linear functions W ¥ — W%, and || ||
op 4 6-2 op,R

denote the same norm but restricted to functions with support in EFr = R™ \ Bp.

Suppose supp(u) C Eg, then
(P = A)ully 5, < (Efﬁ {la¥ (@) = 81} + Cl8llg,y 1.5, + Cllellg g o, ) 1l 5

Since P is asymptotic to A, we thus have

IIP — Al o(1) as R — oo.

op,R =

Let x € C2°(B2) be such that o < x < 1 with x = 1in B;. Set xg(z) = x(x/R). Given u, write
ug = xru and us = (1 — xr)u. Thus u = ug + Ueo.
We have

”u00”27p75 S CHAUOO”()JM;_Q

< C(I1Pusolly 50+ 1P = All,, gllusclly , 5)
and we estimate

1Pusolly 55 < 1Pullg 5o + [1Pu0llg 5
< |IPully,, s, + [IxrPull
< CHPUHQpﬁ—Q T C’

+ I[P, xrlul|

07p75_2 07p75_2

By throwing in a factor of R in C, this last norm can be considered with weight §. Since ||P —
AHOP » = o(1), for R sufficiently large we have

”u00”27p75 S C(”PU’HOJM;_Q + HUHLP@AR).

We have the exact same estimate for .
But then

el 5 < ol , 5+ el 5

< C(IPullg, 5y + Nl 5.,

Using the Interpolation Inequality (EJ)), we get the wanted estimate.
Now suppose {uy} € ker P satisfy [Jug|l,, b5 = L By Rellich we may assume that {uy} converges
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in LP(BRr). Thus
l|lu; — uk||27p75 — 0 as min(j, k) — oo
and {uy, } is Cauchy hence convergent in W; P Hence ker P is finite dimensional.

Since dim ker P < oo, there is a closed subspace Z such that W(x)-2 P = Z + ker P and

”uH27p’6 < C!!Pu!]07p75_2 forall u € Z.

Indeed, should there be no such bound, we could find a sequence {u;} € Z with ||u;]| aps = 1 but
Pu; — 0. But then using the estimate proved earlier and the Rellich lemma on Bp, there would
be a subsequence of the u; which is Cauchy. By closedness, the limit v = lim u; is in Z. But then
Py = 0and Hu”2,p,5 = 1: contradiction!

The fact that P has closed range follows directly. O

We are interested in the dimension of the kernel of P.

Theorem E-10. The number dim ker(P: T/V(;2 L W(;O;pz) is independent of p for 1 < p < q.

Proof: We split the range 1 < p < ¢ into three zones:

zone 1: n <p<q,
zone 2: n/2 < p < n, and
zone 3: 1 <p<n/2

Suppose that Pu = 0 and u € W;.
Suppose first that p is in zone 1. Asn/p < 1, we have 0 < 1 — n/p < 1. Take any a with
0 < a<1-n/p. Thenu € W implies [ull jo.o < C’||u|]1p6 hence w is continuous.

6 b ol

Also, since n — p < 0, we have |u(z)| = o(r?) as r — oo. In conjunction with the continuity
of u, this asymptotic behavior indicates that u € L} for every s. Hence u € W52 * for every s by
Proposition [E=6

Suppose now that p is in zone 2. Then n — 2p < 0 and 2 — n/p < 1. Thus, again,
”uHCgva < CHU’H27P75
and wu is continuous, and
lu(x)| = o(r°) as r — co.

Again, we have u € W(Sz’s for every s.

Suppose now that p is in zone 3. Then n — p > n/2. Thus p < 2p < np/(n — p) and

[l

np/(n—p),d < CHUHl,p,é'

Since Pu = 0, we have by Proposition [E=f that v € W; np/(n=p), Iterating this reasoning a finite

number of time, we push p out of zone 3 and once in zone 1 or 2, we know that u € W52 * for every
S. g

Note that the role of ¢ is absolutely artificial here. The only reason we need it is to be able to use
Proposition [E=@
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Because of this last theorem, it is natural to define
N(P,0) := dimker(P: WP — WP).

While there is more in Bartnik’s paper that could be done, we end by studying a Theorem quite
similar to Theorem [Z.2-T] of this thesis.

Theorem E-11 ([Bar86l, Thm 1.17]). Suppose P ~ A at rate 7 > 0. Suppose § is nonexceptional
and that v € I/V52 4 satisfies Pu = 0 in Er. Then there is an exceptional value k < k= () and
hi € C°°(R™) such that hy, is harmonic and homogeneous of degree k in E'r and

w—hy, =o(r* ") asr — oco.

Proof: Set F' := Awu. Since Pu = 0 in Eg, we have that F' := (J;; — aij)(‘)izju — b'0;u — cu in
|| > R; thus F € Wd, .
We can take € < 7/2 small enough so that 6 — 7 + € and § — 7 + 2¢ are nonexceptional. Then
F € W% _implies that F € W% . . But A: W, — W% . is Fredholm. So
let 31,. .., 0, be a basis of ker(A*) C (Wg;q2_T+e)*. An element f is in Im(A) if and only if
Bi(f) == PBu(f) =0.

!
Notice that (Wg;qQ_T =L, ) =LY% ,, ., by integration against each other. So

the 3; are functions.
We want to modify F' in B so that it becomes an element of Im(A). We are thus looking for f
with f = 0 in Er such that

Bi(f) = Bi(F), fori=1,...,n.

Restrict 3; to Bg. Since L‘{HQ_H_E_”(BR) = L§_2_T+E(BR)*, there are f; € L§_2_T+€(BR)
with

Bi(f5) = bij-
Extend f; to R" by 0 on Er. Then f; € Lg_Q_T +¢- The function
F—pB1(F)fi — - = Bu(F)fan

is killed by all the 3; thus it is in the image of A.

Thus, there exists a v in W(?;qT te such that
A(u—v) =0, for [z| > R.
The classical expansion for harmonic functions now shows that
u—v=hy+O0@rF1)

for some k < k™ (d) and hy harmonic and of degree k in E'r. The decay estimate for v is improved

by iteration: u — hy, € ngﬂ_e implies F' € W(?’_q2_27+6 O
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