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1. Symmetric invariants. Let V be a finite-dimensional vector
space over R. Each XE V gives rise (by parallel translation) to a
vector field on V which we consider as a differential operator d(X) on
V. The mapping X-->(X) extends to an isomorphism of the complex
symmetric algebra S(V) over V onto the algebra of all differential
operators on V with constant complex coefficients. Let G be a sub-
group of the general linear group GL(V). Let I(V) denote the set
of G-invariants in S(V) and let I+(V) denote the set of G-invariants
without constant term. The group G acts on the dual space V* of V by
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and we can consider S(V*), I(V*), I+(V*). An element p S(V*) (a
polynomial function on V) is called G-harmonic if (J)p=0 for each
JC-I+(V). Let H(V*) denote the set of G-harmonic polynomial func-
tions.

Let VC denote the complexification of V. Suppose B is a nonde-
generate symmetric bilinear form on VX V. If XC VC let X* de-
note the linear form Y--B(X, Y) on V. The mapping X--X* extends
to an isomorphism P--P* of S(V) onto S(V*). If G leaves B invari-
ant then I( V)* = I(V*).

We shall use the following notation: If E and F are linear sub-
spaces of the associative algebra A then EF denotes the set of all
sums i eif,, (eiGE, fi F).

THEOREM 1. Let B be a nondegenerate symmetric bilinear form on
VX V and let G be a Lie subgroup of GL( V) leaving B invariant. Sup-
pose that either (1) G is compact and B positive definite or (2) G is
connected and semisimple. Then

S(V*) = I(V*)H(V*).

The case of a compact G was noted independently by B. Kostant.
It is a simple consequence of the fact that under the standard strictly
positive definite inner product on S(V*) (invariant under G), the
space H(V*) is the orthogonal complement to the ideal in S(V*)
generated by I+( V*). For the noncompact case, let g denote the com-
plexification of the Lie algebra of G. It is not difficult to prove that
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group U(n) becomes a subgroup G of the orthogonal group 0(2n).
Let Zk = Xk +i Yk (1 _ k _ n) be an orthonormal basis of E and let
xl, y1, · · · , xn, yn be the basis of V* dual to the basis X1, Y1, · · ,
X,, Yn of V. It is easy to show that the element

n

u = E xk A yk

and its powers form a basis of J+(V*). In view of Theorem 3 each
vGA(V*) can therefore be written

v = E uk A Pk,
k

where each Pk satisfies (u)k=0, (compare Weil [10, Theoreme 3,
p. 26]).

.3. Invariants of Weyl groups. Let u be an arbitrary semisimple Lie
algebra over R whose adjoint group U is compact. Let 0 be an arbi-
trary involutive automorphism of u and let u = f +p be the decomposi-
tion of u into eigenspaces of 0 for the eigenvalue +1 and -1 respec-
tively. Let K denote the analytic subgroup of U corresponding to .
Let bp be a maximal abelian subspace of and extend fp to a maximal
abelian subalgebra of ut. The Weyl group of is defined as the
group of linear transformations of induced by the set of elements
in U which leave invariant; the Weyl group of fp is defined as the
group of linear transformations of fp induced by the set of elements
in K which leave bp invariant. Let these groups be denoted by
W(b)) and W(bp) and let I(b*) and I(tb*) denote the corresponding
sets of invariant polynomial functions. It is known that W(bp) can
be described as the group of linear transformations of bp induced by
those members of W(b) which leave b% invariant. Consequently, if
the restriction to bp of a function f on is denoted by , the mapping
f--f maps I(1*) into I(p).

'THEOREM 4. (i) Suppose u is a classical compact simple Lie algebra
and 0 any involutive automorphism of u. Then the restriction mapping
f-f maps 1(*) onto I(*).

(ii) Part (i) does not hold in general for the exceptional simple Lie
algebras u = e, e7, e.

(iii) Let Q(b*) and Q(b*), respectively, denote the set of invariant
rational functions on and bp. Under the restriction mapping f--f,
Q(b*) is mapped onto Q(*p).

IREMARKS. As u and 0 are arbitrary, +ip is the most general semi-
simple Lie algebra over R. Parts (i) and (ii) above therefore express

r
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for q= 1 because 0(1, 1) is not semisimple and the theorem fails to
hold for (p, q)=(1, 1) as the example f(xi, x2) =cosh-'(lxjl) shows.
The case (p, q)= (1, 2) was settled by Loewner [8] using special fea-
tures of the Lobatchefsky plane.

3. By a method of descent the remaining cases can be reduced to
the case x +x2-A3 = 1 (which differs radically from the case x --x
-x 3= 1 by the noncompactness of the isotropy group). Here one can
make use of the special property of the identity component of the
group 0(2, 1), namely that every representation of it extends to a
representation of the corresponding complex subgroup of GL(3, C),
(see Harish-Chandra [5]).

4. From Theorem 1 it is clear that the polynomial P can be taken
to be an 0(p, q)-harmonic polynomial, that is a polynomial satisfy-
ing the equation

/ r2 d2 02 2 \
1...-[ . . P=0.

Ox1 042 Ox 2+1 X

It follows that the function f is necessarily a sum of eigenfunctions
of the Laplace-Beltrami operator on C,,q (formed by means of the
indefinite Riemannian metric on C.,,,, [7]).
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