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Abstract

We investigate the capacity needed to build a restorable satellite network and design
routing schemes to achieve high throughput. Specifically, the first part of this thesis
considers the link capacity requirement for a LEO satellite constellation. We model
the constellation as an N x N mesh-torus topology under a uniform all-to-all traffic
model. Both primary capacity and spare capacity for recovering from a link or node
failure are examined. In both cases, we use a method of “cuts on a graph” to obtain
lower bounds on capacity requirements and subsequently find algorithms for routing
and failure recovery that meet these bounds. Finally, we quantify the benefits of
path based restoration over that of link based restoration; specifically, we find that
the spare capacity requirement for a link based restoration scheme is nearly N times
that for a path based scheme. In the second part of this thesis, we consider a packet
switching satellite network in which each node independently generates packets with
a fixed probability during each time slot. With a limited number of transmitters and
buffer space onboard each satellite, contention for transmission inevitably occurs as
multiple packets arrived at a node. We consider three routing schemes in resolving
these contentions: Shortest Hops Win, Random Packet Win and Oldest Packet Win;
and evaluate their performance in terms of throughput. Under no buffer case, the
throughput of the three schemes are significantly different. However, there is no
appreciable difference in the throughput when buffer is available at each node. Also,
a small buffer size at each node can achieve the same throughput performance as that
of infinite buffer size. Simulations suggests that our theoretical throughput analysis
is very accurate.
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Chapter 1

Introduction

Satellite networks provide global access to information, especially for users located in
remote area where the communication infrastructure is inadequate. Recently, demand
for satellite communication bandwidth for government, business, and individuals in-
creases significantly. In military alone, it is projected that at least 16 gigabits per
second of satellite communication bandwidth (more than three-fold of current band-
width requirement) is required [22]. Satellite networks can also act as a safety valve
for the Next Generation Internet. For example, failures in the fiber infrastructure
or network congestion problems can be recovered easily by routing traffic through a
satellite channel. For these reasons, here we investigate a future generation of satellite
networks that are based on a constellation of low earth orbit (LEO) satellites.

Our work consists of two parts. The first part deals with the capacity provi-
sioning and failure recovery in the LEO satellite network with a connection-oriented
(circuit switching) network structure. Link failures and node (satellite) failures are
not uncommon for satellite networks due to the potentially hazardous space weather
(e.g., coronal mass ejections, solar flares, geomagnetic storm) which they are exposed
to. Because of the diffculty associated with repairing the failed link or node, spare
capacity is embeded in the network for restoration. To minimize the cost of adding
such spare capacity in the network, we explore the minimum amount of spare capac-
ity needed on each satellite link, so as to sustain the original traffic flow during the

time of a link or a node failure. The second part of our work analyzes the network
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throughput under various scheduling schemes in the LEO satellite network with a
datagram (packet switching) network structure. Due to the increased popularity of
the internet, there is an increase emphasis on the use of IP routing technology for both
commercial and military satellites. With limited transmitters and buffer space on-
board each satellite, contention for transmission inevitably occurs as multiple packets
arrived at a node. We investigate several scheduling schemes for resolving contention
and compare their performance in terms of throughput.

The thesis is organized as follows. In Chapter 2, we describe the network topology
used to represent the satellite network, along with necessary definitions and problem
statements. Capacity provisioning for satellite without any failure is also given. Then,
we find the minimum spare capacity needed on each link in case of a single link or
node failure. An algorithm for achieving the minimum spare capacity for a link failure
is also presented. In Chapter3, we investigate the throughput of a packetized satellite
network by using several different scheduling schemes during contention. The effect

of buffer size on the throughput is also invetigated. Chapter 4 concludes the thesis.
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Chapter 2

Capacity Provisioning and Failure
Recovery for Low Earth Orbit

Satellite Constellation

2.1 Introduction

The total capacity required by a satellite network to satisfy the demand and protect
it from failures contributes significantly to its cost. To maximize the utilization of
such a network, we explore the minimum amount of spare capacity needed on each
satellite link, so as to sustain the original traffic flow during the time of a link or a
node failure. In general, for a link failure, restoration schemes can be classified as
link based restoration, or path based restoration. In the former case, affected traffic
(i.e. traffic that is supposed to go through the failed link) is rerouted over a set of
replacement paths through the spare capacity of a network between the two nodes
terminating the failed link. Path restoration reroutes the affected traffic over a set
of replacement paths between their source and destination nodes [1, 2, 3, 5, 6]. The
obvious advantages of using the link restoration strategy are simplicity and ability
to rapidly recover from failure events. However, as we will show later, the amount

of spare capacity needed for the link based scheme is significantly greater than that
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of path based restoration since the latter has the freedom to reroute the complete
source-destination using the most efficient backup path. On the other hand, the path

restoration scheme is less flexible in handling failures [1, 2, 3].

We investigate the optimal spare capacity placement problem based on mesh-torus
topology which is essential for the multisatellite systems. An n x n mesh-torus is a
two-dimensional (2-D) n-ary hypercube and differs from a binary hypercube in that
each node has a constant number of neighbors (4), regardless of n. For the remainder
of this chapter, we will refer to this topology simply as a mesh. In particular, we are
interested in the scenario where every node in the network is sending one unit of traffic
to every other node (also known as complete exchange or all-to-all communication)
[7]. This type of communication model is considered because the exact traffic pattern
is often unknown and an all-to-all model is frequently used as the basis for network
design. Even in the case of a predictable traffic pattern, links of a particular satellite
will experience different traffic demand as the satellite flies over different location on
earth. Thus, each link of that satellite must satisfy the maximum demand. Again,
all-to-all traffic model helps capturing this effect. Hence we also assume that each
satellite link has an equal capacity. Our results, while motivated by satellite networks
[9, 10, 11], are equally applicable to other networks with a mesh topology such as
multi-processor interconnect networks [12, 13, 14] and optical WDM mesh networks
[2, 3]. Furthermore, while our results are discussed in the context of an n x n mesh

for simplicity, they can be trivially extended to a more general n X m topology.

When using the path restoration schemes, the restoration can be performed at
the global level by rerouting all the traffic (both those affected or unaffected by the
link failure) in a network. However, this level of restoration requires recomputing
a new path for each source-destination pair, thus it is impractical if a restoration
time limit is imposed or when disruption of existing calls is unacceptable. We can
also perform path restoration at the local level by rerouting only the traffic which is
affected by the link failure. Obviously, the local level reconfiguration will require at
least as much spare capacity as the global level reconfiguration since the former is a

subset of the latter. Nevertheless, as we show in section 4, the lower bound on the
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No Link based | Path based

restoration | restoration | restoration
Total Capacity (N odd) W N33_ N %
Total Capacity (N even) NTd N?d 2(#4_1)
Spare Capacity (N odd) 0 N:;;N %
Spare Capacity (N even) 0 Jf—; 4(#371)

Table 2.1: Capacity requirements under link based and path based restoration for a
link failure.

spare capacity needed, using global level reconfiguration, can be achieved by using

local level reconfiguration.

To obtain the necessary minimum spare capacity, our approach is to first find the
minimum capacity, say C, that each link must have in order to support the all-to-
all traffic. We then obtain a lower bound, C5, for the capacity needed on each link
to satisfy the all-to-all traffic when one of the links or nodes fails. Consequently,
the minimum spare capacity needed, Cyp,,., should be greater than the difference of
Cy and (. Since we do not restrict the reconfiguration (global level or local level)
used to calculate Cy; Cy — C is a lower bound on Cjp,,, both at global level and
local level. For a single link failure, we will show that this lower bound on Cjpgye is
achievable by using a path based restoration algorithm at a local level. Thus, the
minimum spare capacity needed using path restoration strategy is Cspqre. Table 2.1
summarizes capacity requirements under link based and path based restoration for

link failure.

Communication on a mesh network has been studied in [4, 11, 14]. In [4], the
authors consider processors communicating over a mesh network with the objective
of broadcasting information. The work in [11] presents routing algorithm generating
minimum propagation delay for satellite mesh networks. In [14], the authors propose
new algorithms for all-to-all personalized communication in mesh-connected multi-
processors. These papers mentioned so far did not look into capacity provisioning

and spare capacity requirement of the mesh network.

Path based and link based restoration schemes have been extensively researched
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[1, 2, 3, 5]. In [1], the authors study and compare spare capacity needed by using
link based and path based schemes. The work of [5] provides a method for capacity
optimization of path restorable networks and quantifies the capacity benefits of path
over link restoration. In [2, 3], the authors examine different approaches to restore
mesh-based WDM optical networks from single link failures. In all the aforementioned
papers, the spare capacity problem is formulated as an integer linear programming
problem which is solved by standard methods. Our work addresses the mesh structure
for which we can get a closed form results for the spare capacity.

The structure of this chapter is as follows: Section 2 gives necessary definitions
and statement of the problem. In section 3, a lower bound on C} is given along with
a routing algorithm achieving this lower bound. The lower bound C5 for link failure
is presented also. We then show in section 4 that the lower bound on Cyp4pe, Co — Ch,
can be achieved by a path based restoration algorithm under a single link failure. In
section 5, we derive a lower bound on Cj,,,. for the node failure case and present a

restoration scheme. Section 6 summarizes this paper.

2.2 Preliminaries

We start out with a description of the network topology and traffic model, and follow it
with a sequence of formal definitions and terminology that will be used in subsequent

sections.

Definition 1. The 2-dimensional N-mesh is an undirected graph G = (V, E), with

vertexr set

V=A{d|d=(a1,as) and ay,ay € Zx},

where Zy denotes the integers modulo N, and edge set

-

E = {(a,b) |3 such that a; = (b; £ 1) mod N

and a; = b; fori # j,i,7 € {1,2}}.
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®

Figure 2-1: A 2-dimensional 5-mesh.

The above definition is from [7]. A 2-dimensional N-mesh has a total of N?
nodes. Each node has two neighbors in the vertical and horizontal dimension, for a
total of four neighbors. We associate each satellite with a fixed node, (a1, as), in the
mesh. Undirected edges of the mesh are also referred to as links. Fig. 3-1 shows a
2-dimensional 5-mesh. The notion 2-dimensional co-mesh is used to denote the case

where N is arbitrarily large, and it is the same as an infinity grid.

Definition 2. A cut (S,V —S) in a graph G = (V, E) is partition of the node set V/

into two nonempty subsets, a set S and its complement V — S.

Here the notation Cut-Set(S,V — S) = {(@,b) € E | @ € S,b € V — S} denotes
the set of edges of the cut (i.e. the set of edges with one end node in one side of the

cut and the other on the other side of the cut).

Definition 3. The size of a Cut-Set(S,V —S) is defined as C(S,V —=S) =| Cut-Set(S,V —
S) .

For G = (V, E) and P(V) denote the power set of the set V' (i.e. the set of all
subsets of V). Let P, (V) denote the set of all n-elements subsets of V.

Definition 4. Let G = (V, E) be a 2-dimensional N-mesh, the function ey : Z+ —
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Z* s defined as

en(n) = min C(S,V —5).
vn) = min C(S,V = $)

The function €y (n) returns the minimum number of edges that must be removed
in order to split the 2-dimensional N-mesh into two parts, one with n nodes and the
other with N? —n nodes. Similarly, £, (n) is defined to be the minimum number of
edges that must be removed in order to split the co-mesh into two disjoint parts, one

of which containing n nodes.

To achieve the minimum spare capacity, we consider the shortest path algorithm.
Shortest paths on 2-dimensional N-mesh are associated with the notion of cyclic

distance which we will define next [8].

Definition 5. Given three integers, i, j, N, the cyclic distance between i and j mod-

ulo N s given by

Dy (i,j) = min{(i — j) mod N), (j — i) mod N)}.

2.3 Capacity Requirement without Link or Node

Failures

To obtain the necessary capacity, C4, that each link must have in order to support
the all-to-all traffic without link failure, we first provide a lower bound on C;. An
algorithm achieving the lower bound will also be presented. For the proof of the lower
bound on C}, we are aware of the existance of a simpler proof (using Proposition 1
in [4]) than the one we described below. However, the cut method we used here will
help us find the lower bound, C5, on the minimum capacity needed on each link in the
event of a link failure. Therefore, we decide to use the same cut method consistently

in proving the lower bound on C; and the lower bound C.
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2.3.1 A Lower Bound on the Primary Capacity

Corner Node

Wn Leaf Node

Wn
Wn

Figure 2-2: Representation of corner node and leaf node.

To find a lower bound on C, we state the following lemmas which will prove
to be useful tools in the subsequent sections. First, we give a brief explanation of
the terminology and notation used in the lemmas and their proofs. For G = (V, E)
defined as an infinite mesh, an inner edge (i, j) of a set W C V is (i,j) € E such
that ¢ € W and j € W. A corner node z of the set W is defined to be a node x € W
such that two of its four neighboring nodes are also in the set W while the other two
are in W. And of those two neighboring nodes in W, they form a 90° angle with
respect to node z (as shown in Fig. 2-2). Similarly, a leaf node z of set W is defined
to be a node & € W such that three of its four neighboring nodes are in W, and the
last one is in W . When all nodes in W are connected, we use the term shape of the
set W to refer to the collective shape of nodes in W. For example, we say that the
shape of the set shown in Fig. 2-3(a) is square and the shape of the set in Fig. 2-3(b)
is rectangular. Lastly, we use the term minimum set W, to refer any set such that

C(Wpo, Wy) = £00(n).
Lemma 1. Let G = (V, E) be an infinite mesh. An arbitrary set W,, € V' such that

21



@ (b)

Figure 2-3: An illustration of the square shape and the rectangular shape.

Eso(n) = C(W,,,W,,) must satisfy the following properties:

1. Yo € W,,3y € W, such that (z,y) € E. In other words, nodes in W, should

be connected.

2. Nodes in W,, should be clustered together to form a rectangular shape (including

square) if possible.
3. €0o(n) is an even number for alln € ZT.

4. E0o(n) is a monotonically nondecreasing function of n.

Proof. Property (1) is easy to show. If there exists a node s € W, such that s is
not connected to any other nodes in W,,, simply discarding s and adding a new node
which is connected to nodes of W,, will result in a smaller C'(W/,, Wn), a contradiction
to the definition of e (n).

To show (2), suppose the set W, is not clustered together to form a rectangular
shape, then by grouping nodes into rectangle will decrease C(W,,W,,). Again, we

have a contradiction.
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Property (3) is true because we have C'(W,, W,,) = 4n — 2(number of inner edge
in W,,), for any set of W,,. Therefore, £,,(n) will always be an even number.

To show that £, (n) is a nondecreasing function, suppose there exists £ € Z* such
that m; = ee(k + 1) < e0(k) = my where e5o(k +1) = C(Wyy1, Wii1). The set
W41 must contain a corner node, say a; or a leaf node, say b. If node a or node b is
removed from Wy, the resulting set, say W, will have k nodes remaining. We get
C(W],W]) < m; which contradicts the fact that e, (k) = mg > m;. Thus, property
(4) is true. O

Lemma 2. Let G = (V, E) be an infinite mesh, then
Exo(n?) = 4n

and

. dn+2 for 1<k<n
Exo(n” + k)=
dn+4 for n+1<k<2n+1

for n,k € Z* where Zt denotes the set of positive integer.

The above lemma gives the minimum number of edges that must be removed from
E in order to split a specified number of nodes from the mesh. Intuitively, the set of

n nodes to be removed from the mesh must be clustered together.

Proof. We will show £,,(n?) = 4n, Vn € Z*, and the set of n? nodes must be
arranged in a square shape in order to achieve the minimum size of the cut. From the
properties of the minimum set in the previous lemma, we know the minimum set has
to be clustered in a rectangular shape. Suppose we have a set of n? nodes arranged
in the rectangular form shown in Fig. 2-4. We know that ab = n? for some a,b € 7
and size of the cut is 2(a + b). Minimizing the size of the cut results in a = b = n.
The uniqueness of a square configuration can be shown by inspection. To show that

Eoo(n®+k) =4n+2for 1 < k < n, we prove that eo(n” +k) > 4dn+2for 1 <k < n.
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b

Figure 2-4: An arrangement of n? nodes in rectangular shape.

Then, by construction, . (n® + k) = 4n + 2 for 1 < k < n. From property (4) and
the uniqueness of the square configuration, we see that o, (n? + 1) > £5(n?) = 4n.
From property (3), £00(n? + 1) # 4n + 1. Therefore, eo(n* + 1) > 4n + 2. By the
monotonicity of €4 (+), £x(n? + k) > 4n+ 2 for 1 < k < n. To show achievability, we
first arrange the n2 nodes in square. Then, connecting the extra k nodes around the
square will yield e, (n? + k) =4n+2 for 1 < k < n.

Showing that e, (n*+k) = 4n+4 for n+1 < k < 2n+1 can be done similarly. O

Corollary 1. For e, (n) defined in above lemma, ex(n) > 4y/n  for ne€ ZT.

Proof. The statement is obviously true for n such that n = k? for some & € Z. Now
consider the case where n # k? for Vk € Z*. Let m be the largest integer such that

m? < n. From Lemma 1, we then have

n—m?>m = cy(n)=4m+4

n—m?<m = ex(n)=4m+2

So for n such that (m + 1)? > n > m? + m, we have 4m + 4 = 4\/(m + 1)? > 4/n.
Similarly, for n such that m? + m > n > m?, we have 4m + 2 = 4,/(m + 3)? >

4v/m? +m > 4y/n. Thus, e(n) > 4y/n for ne Z*. O
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Corollary 2. Let G = (V, E) be an infinite mesh with an arbitrary link failure, then
2y _
Exo(n?) =4n—1

and

) dn+1 for 1<k<n
Exo(n”+ k) =
dn+3 for n+1<k<2n+1

for n,k € Z* where ZT denotes the set of positive integer.

Proof. The proof of this corrollary follows similar steps to those used in the proof of
the lemma. By including the failed link in the cut set, the number of edges needed
to be removed for this new topology is one less than that of regular infinite mesh

(without link failure). O

So far the function £, (n) has been the focus of our discussion. Since the satellite
network that we model is a 2-dimensional N-mesh, it is essential to know ey (n). In a
2-dimensional N-mesh, a horizontal row of nodes (a vertical column of nodes) forms
a horizontal (vertical) ring. When n is very small compared to N, splitting a set of n
nodes from the N-mesh is similar to cutting the set of n nodes from co-mesh; more
precisely, eo(n) = ex(n). The ring structure of the 2-dimensional N-mesh does not
affect the minimum size of a cut when n is relatively small. Nevertheless, when n is
large, taking advantage of the ring structure of the 2-dimensional N-mesh will result
in ey(n) < eso(n).

Now, let’s define the following sets:

A1£{1,2,...,NT2},

AZE{:U|:U€{NTQ+1,... ,NTQ}and(xmodN)géO},
A35{$|$€{N72+1,... ,NTQ}and(xmodN):()},
O 5{1,2,...,N24_1},
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N2 -1 N? +1

Oy ={z |z e{ +1,..., 5 }
and (x mod N) # 0}, and

N? -1 N?+1

Os={z |z e{ +1,..., 5 }

and (z mod N) = 0}.

Figure 2-5: Ways of splitting the N-mesh into two disjoint parts.

Lemma 3. Let G = (V, E) be a 2-dimensional N-mesh, for N even,

Exo(n) for nme A
en(n) =19 2N +2 for ne A,
2N for n e A;
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for N odd,

Eo(n) for ne O
en(n) =19 2N +2 for ne O,
2N for n e O;

Proof. From Fig. 2-5, we see that ey(n) < 2N V¥n such that (n mod N) = 0 and
en(n) < 2N + 2 if (nmod N) # 0. For n small, ex(n) = £5(n). When n = NT2 +k
for k > 1, we have 6OO(NT2 + k) > 2N + 2. Therefore, we can use the splitting method
in Fig. 2-5, which will result in a cut size of 2N + 2, to separate the two sets. For N

odd, 6OO(N2471 +1) = oo (5?2 + L +1) = 4(52) + 4 = 2N + 2. Again, we can

use the method in Fig. 2-5 to separate the sets. O

Theorem 1. On a 2-dimensional N-mesh, the minimum capacity, C4, that each link

N3-N
4

must have in order to support all-to-all traffic is at least N{ for N even, and

for N odd.

Proof. Consider a fixed n between 1 and N? — 1. The idea is to use a cut to separate
the network (N-mesh) into two disjoint parts, with one part containing n nodes and
the other containing N? — n nodes. Based on the all-to-all traffic model, we know
the exact amount of traffic, C,.pss = 2n(N? — n), that must go through the cut.
Therefore, from max-flow min-cut theorem [15] we know that simply dividing Cless
by the minimum size of cutset €y (n) will give us a lower bound on C, and let’s call
this bound B,,. It implies that each link in the network must have capacity of at least
B, in order to satisfy the all-to-all traffic demand. This prompts us to find B¢

max

which is the maximum of B, over alln € {1,...,N? — 1}. We say that BSL is the

max

best lower bound for (' in the sense that it is greater or equal to any other lower
bound for C}.

For N even, let

BSL = max { (2.1)

max nefl,...,N2—1}

2(N? — n)n]

SN(TL)
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[2(N? —n)n]
= max{max | ——— |,
neAl | £50(n)

neds | 2N +2 |’

_2(N2—n)n:
_ . 2.2
max | =5y } (2:2)

The case for N odd is the same except that A;, As, and Az in (2) are replaced by

01, Oy, and Os. Solving the maximization problem, we get

N4 N3
max {ae, SENT) i } for N even

max {ao, 2(];7;7;11)7 W} for N odd

B¢

mar ~

where . («,) in the above equation is the result of the first term of equation (2.2)
for N even (odd). Here, explicit evaluation of a, and «, is unnecessary. Instead, by
using Corollary 1, an upper bound on «, and «, will be sufficient for us to solve the

maximization problem. Since £,,(n) > 44/n for n € Z*, the following equation holds:

2(N? —n)n 2(N? —n)n
@ = max | —— | < max | ————
neA Eoo(N) nez+ Eoo(N)
< 2(N? —n)n 3N3 - N3
max = —
= ezt | 4yn 16 4

N2-N
4

Q, < can be shown similarly. Thus, we have

3
) NT for N even
Bmam -

NN for N odd

Corollary 3. On a 2-dimensional N-mesh with an arbitrary link failure, the lower
bound, Cs, on the minimum capacity that each link must have in order to support
all-to-all traffic s 2(#471) for N even, and % for N odd.

Proof. The proof of this corollary is similar to the proof of Theorem 1. We still use

the max-flow min-cut theorem to compute the best lower bound C5. In this case, we

28



have

2 _
B = omax [P (2.3)
nefl,..,N2=1} | en(n) — 1
[2(N? —n)n]
= maxqmax | ————|,
neAr | SOO(TL) -1 ]
[2(N? —n)n]
m S
neds 2N +2—1]°
N2 T
max 2N = njn (2.4)
n€As | 2N —1

Notice the difference between the above equations and equations (1) and (2) in the
proof of theorem 1. Because of the failed link, the denominator of (3) is changed to
en(n) — 1 by Corollary 2.

Solving the maximization problem, we get

N4 N4
max {ae, SENTI)’ 2(2N71)} for N even

4 N2(N2-1
max {ao, Q(JQVN+11), 2(§N—1))} for N odd

B¢

maxr ~

where . («,) in the above equation is the result of the first term of equation (2.4)
for N even (odd). Again, explicit evaluation of «, and «, is unnecessary. Instead, by
using 4,/n—1 > 3.5y/n Vn > 5, an upbound on «, and «, will provide us the essential
information to solve the maximization problem. Since £,(n) > 4y/nforn € Z*, the

following equation holds

2(N? —n)n 2(N? —n)n
a, = max |————| < max |—————
neAr | £5(n) — 1 nezt | 0o(n) —1
2(N? —n)n 2(N? —n)n
< max | max , max
ne{l,— 4} Exo(n) —1 7" n>  3.5\/n
N4
S 3N 1)

N2(N2-1) .
@ < Spyoqy can be shown similarly. Thus, we have

N4
BCQ _ m fOI' N even
max N2(N2-1
Sen—r for N odd
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2.3.2 Algorithm Achieving the Lower Bound on C

In this section, we show that the lower bound on C; can be achieved by using a
simple routing algorithm called the Dimensional Routing Algorithm. As we have
mentioned earlier, the routing algorithm will use the shortest path between source

and destination nodes. Below is a description of the Dimensional Routing Algorithm:

1. From the source node p'= (p;, p2), move horizontally in the direction of shortest
cyclic distance to the destination node ¢ = (g1, g2); if there is more than one way
to route the traffic, pick the one that moves in the (+) direction (mod N), i.e.
(p1,p2) = ((p1+1)modN, p2) = ((p1+2)modN,ps) — - -+ — (q1, p2). Route the
traffic for Dy (p1, ¢1) hops where Dy (p1, ¢1) denotes the shortest cyclic distance

(hops) between p and ¢ in horizontal direction.

2. Move vertically in the direction of shortest cyclic distance to the destination
node; if there is more than one way to route the traffic, pick the one that
moves in the (+) direction (mod N). Route the traffic for Dy(p2,q2) hops
where Dy (p2, ¢2) denotes the shortest cyclic distance (hops) between pand ¢'in

vertical direction.

That is, the routing path will include the following nodes, p'= (p1,p2) — (¢1,p2) —
(¢1,92) = ¢. The above algorithm ensures the existence of a unique shortest path
between every node p and ¢ regardless of whether IV is even or odd, and consequently,

facilitates the analysis of link load.

Theorem 2. Let G = (V, E) be a 2-dimensional N-mesh, by using the Dimensional
Routing Algorithm above, to satisfy the all-to-all traffic, the mazimum load on each

link is NT?’ for N even and NS;N for N odd.

Proof. The Dimensional Routing Algorithm ensures one unique path between a

source and destination pair. Thus, in order to compute the maximum load on a
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Figure 2-6: An illustration of traffic flow into node ¢ by using Dimensional Routing
Algorithm.

link, we need only count the (maximum) number of pairs of nodes that communicate
through a specific link. Without loss of generality, consider the link /;.in Fig. 2-6. We
see that ten units of traffic heading for node ¢ must go through [;.. By the symmetry
of the mesh topology and Dimensional Routing Algorithm, five units of traffic heading
for node d must go through [;_ since five units of traffic heading for node ¢ go through
l;;- Extending this argument, we see from Fig. 2-6 that an additional ten units of
traffic destined for node b and five units of traffic headed to node @ must communicate
through ;.. Again, by symmetry, the total load on any link of the graph (denoted by
T)), in the case of N = 5,is T} = 5+ 10 + 10 + 5 = 30. In general, for N odd, we

have the following formula:

i

-
3
|
=

-
Il
_

For N even, using the same routing algorithm, we get T; = NT?’. O

Clearly, using the Dimensional Routing Algorithm, we see that the lower bound

of link capacity in the Theorem 1 is achieved. Now, with the minimum link capacity
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needed (C)) and the lower bound of link capacity for mesh with a failed link (Cy)
computed, we are able to derive the minimum spare capacity that each link must

have in order to sustain the all-to-all traffic during the time of a link failure.

2.4 Capacity Requirement for Recovering from A

Link Failure

Under the condition of an arbitrary link failure, we investigate the spare capacity
needed to fully restore the original traffic, using the link based restoration method

and path based restoration method.

2.4.1 Link Based Restoration Strategy

Consider that an arbitrary link, lz; (connecting nodes # and ), failed in the 2-
N3-N

1 unit

dimensional N-mesh. We know from the previous section that there are

of traffic on lz3 have to be rerouted for N odd and NT3 for N even. Since the link

N3—N

1 units of traffic in and out of node

based restoration strategy is used here, these
@ have to be rerouted through the remaining three links connecting to node @ (lz7 is

already broken). We then have the following theorem:

Theorem 3. Using link based restoration strateqy in the event of a link failure, the
minimum spare capacity that each link must have in order to support the all-to-all

traffic is N?’IEN for N odd and Jf—; for N even.

Proof. By using link based restoration scheme, a lower bound on spare capacity is

N3-N
12

for N odd and JIV—; for N even from the argument stated in the previous para-

graph. To show achievability, we refer to Fig. 2-7. Since the restoration paths are

disjoint, we can reroute % of the affected traffic through each of the three disjoint

paths. Hence, the lower bound is achieved. O
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Figure 2-7: Restoration paths using link based recovery scheme.

2.4.2 Path Based Restoration Strategy

Lower Bound on the Minimum Spare Capacity

Theorem 4. On a 2-dimensional N-mesh with an arbitrary failed link, the minimum
spare capacity, Cspare, that each link must have in order to support all-to-all traffic is

at least 4(#371) for N even, and % for N odd.

Proof. From Theorem 2, for a regular 2-dimensional N-mesh, we know that the ca-

pacity that each link must have in order to satisfy all-to-all traffic is NT?’ for N even,

N3-N

+— for N odd. In case of an arbitrary link failure, from Corollary 3, at least

and

N4 (NQ(NQ—I)

SN (2N D) ) is needed on each link to sustain the original traffic

a capacity of 57
flow for N even (odd). We need to have an extra capacity of Cspere > Cy — C) on

each link. Thus, we have

N4 N3 N3

Cispare > 2@N-1) ~ 4~ 1(2N-1) for N even
- N2(N271) N3-N __ N3_N
22N-1) 4 4(2N-1) for N odd
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Algorithm Using Minimum Spare Capacity

In this section, we will show that the minimum spare capacity needed on each link is

N3

BN=T) for N even and 4N3’N) for N odd. In other words, the lower bound in Theorem

@N—1
4 is tight. We show the achievability by presenting a primary routing algorithm, and
subsequently, a path-based recovery algorithm which fully restores the original traffic
by using the minimum spare capacity in case of a link failure. We focus on the case of

N odd for simplicity. To show the achievability for N even, a different set of primary

routing algorithm and recovery algorithm is needed (not presented in this paper).

Figure 2-8: Routing path of the Rotational Symmetric routing algorithm. Rotating
the graph by 90° does not change the configuration.

First, we describe the primary routing algorithm that we call Rotational Symmet-
ric Routing Algorithm, or RS Routing Algorithm, used to route the all-to-all traffic.
We use the RS Routing Algorithm instead of the Dimensional Routing Algorithm
as our primary routing algorithm because the former simplifies the construction and
analysis of the restoration algorithm. Specifically, with the Dimensional Routing Al-
gorithm, the traffic routes on horizontal and vertical links are not symmetric; hence
a different restoration algorithm would be required for vertical and horizontal link

failure. In contrast, the RS Routing Algorithm is symmetric and vertical or hori-
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zontal link failure can be treated using the same recovery algorithm. The case of a

horizontal link failure is the same as the vertical link failure if we rotate the topology

by 90° (shown in Fig. 2-8).

RS routing algorithm

Each node @ in a 2-dimensional N-mesh has a pair of integers (a;, as) associated

with it. To route one unit of traffic from the source node p to the destination node

¢, do the following:

1. Change coordinate and compute the relative position of the destination node

with respect to the source node. Specifically, shift the source node to (0,0) by

applying the transformation 7. Here, the transformation Ty : Zy x Zy —

Zn x Zy is defined as T;(q1, ¢2) = (d1, d2), where for i = 1,2

;

q; — Di,
if —8<g—p <

2
(¢; — pi) mod N,

if —(N—-1)<g¢q—p <21
—([~(g; — ps)] mod N),
\ if A < g —p, < N-1

Here, (—n) mod p is defined as p — n mod p if 0 < n mod p < p. Thus, we will

have Tj(p) = (0,0). Fig. 2-9 illustrates this transformation.

2. Divide the nodes of the 2-dimensional N-mesh into four quadrants with the

source node as the origin (shown in Fig. 2-9). Specfically, let

o
0, -
o -
o

{(ab)|abe Zyando<a< XLt ocp<c N1y

{(a,b) |a,be Zyand — —— < a<0,——— < b <0},
{(a,b)|a,bezNand—N_lgago,—N_lgb<o},and
{(a,b)|a,beZNand0<agN2_1,—N2_1gbg@}.
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Destination Node (q)

Source Node (p)

Q3 Destination Node (q) SourceNode (p) Q4

Figure 2-9: Change of coordinate by using transformation 7.

3. Ifd = T5(q) € (Q1 U Qs), route the traffic vertically in the direction of shortest
cyclic distance to the destination node by Dy(p2,¢2) hops. Then, route the
traffic horizontally in the direction of shortest cyclic distance to the destination

node by Dy (p1,q1) hops.

If d = Ty(7) € (Q2UQy), route the traffic horizontally in the direction of shortest
cyclic distance to the destination node by Dy(p1,¢:) hops. Then, route the
traffic vertically in the direction of shortest cyclic distance to the destination

node by Dy (p2, g2) hops.

Now, considering all traffic that has a particular node ¢ as their destination, their

routing paths are rotational symmetric by the above algorithm. That is, rotating
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all of the routing paths by an integer multiple of 90° will result in having the same

original routing configuratiff. This idéa is Kést illustrated by Fig. 2-8. RS routing

algorithm also achieves the lower bound.on. Cy.

‘The proofs straightforward and thus

omitted here.

A3 L4 A4

Primary Routing
Path

Restoration Routing Path

(b)

Figure 2-10: Routing path of the restoration algorithm

Our goal here is to recover the original traffic low by adding an extra amount of
capacity, which is equal to the lower bound calculated in Theorem 4, on each link.
Now, we present an example to illustrate the key ideas of the recovery algorithm.
Without loss of generality, suppose that link /_; failed in the 2-dimensional 7-mesh
shown in Fig. 2-10(a). We need to find all possible source destination pairs (S-D
pairs) that are affected by the failed link first. From the RS routing algorithm, these
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S-D pairs can be determined exactly. Let F' denote the set of all possible such S-D
pairs. Then, we have F' = F} U Fy U F3 U Fy U F5 U Fy where

Fi={(Et)e F|5c Ayand i Ly},

F2:{§,5)6F|§6L23nd56143}7

o

(
(
={(5)eF|§e Ayand t' e L},
={(
(
(

S

§t)cF|§fcLyandtc A},
Fs={(5t) € F|5€ Lyand € L,}, and

Fo={(8t)e F|5€ Lyandt € Ly}.

In the 2-dimensional 7-mesh with a link failure, the sets Ay, Ay, Az, Ay, Ly and Ly
are shown in Fig. 2-10(a). More generally, with a failed vertical link connecting nodes
U = (v1,v2) and @ = (v, (v2 + 1)modN), after taking the transformation Ty, we can

define these sets as the following:

Alz{(a,b)|a,bEZNand1§a§N_l,lébSN_l},

Ay ={(a,b) | a,b € Zy and —N_lgag—l,lgng_l},

Ay = {(a,b) | a,b € Zy and —Nglgag—L—[%—l]gbgo},
A4:{(a,b)|a,bezNand1ga<N2_1,—[N2_1—1]gbg0},
ng{(a,b)|a,bEZNanda:0,1§b§N2_1}, and

N -1
Ly ={(a,b) |a,b€ZNanda:0,—[T—1]§b§0}.

A simple way for recovering a failed traffic is to reverse its routing order. That is,
if the primary routing scheme is to route the traffic horizontally in the direction of
shortest cyclic distance first, the recovery algorithm will route the traffic vertically
first (shown in Fig. 2-10(b)). Thus, traffic that is supposed to go through the failed

link will circumvent the failed link. Consider now the vertical links crossing line «

in Fig. 2-10(a) and the affected traffic in the set F; U F, U F5 U Fy. Rerouting (i.e.
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reversing the routing order) all of the affected traffic in F} U F, U F3 U F; through
the vertical links crossing line o will add an additional 12 units of traffic on each
of these six vertical links. Fig. 2-11(a) illustrates the recovering paths of the traffic
(originating from nodes o', ', and ¢’) in the set Fi, which are being rerouted through
the link /; ;. Recovering paths for the traffic in F3, although not shown here, is just
a flip of Fig. 2-11(a) with respect to the line a. The total amount of rerouted traffic
in F1 U Fy added on link [ ;, which is 12, exceeds the lower bound of spare capacity,
Cy—Ch = (%] = 7. However, utilizing the ring structure of the mesh topology,
we can reroute half of the affected traffic through links crossing line  (illustrated
in Fig. 2-11(b)). This way, we have a total of six units traffic through the link ;5
(three from F; and three from F3). For the traffic in the set F5 U Fy, we can reroute
half of them (six units) through the link {z;. The remaining six units of traffic can be
routed evenly through the six vertical links crossing line a.. Thus, we can restore the

original traffic flow by using only an additional C'; — C'; amount of capacity on each

vertical link.

d e ®a B B
b e ®h
c & ®c
d e ﬁod

@ (b)

Figure 2-11: Restoration path for the 2-dimensional 7-mesh

So far we have only discussed the load on a vertical link. Now, we will address the

question of whether the additional traffic on each horizontal link will exceed Cy — C}.

39



For example, on the link /5 ;in Fig. 2-10(a), one may find that the amount of rerouted
traffic from the set F} U Fy, nine, exceeds Cy — C; = 7 after reversing the routing
order of the affected traffic. However, as we reroute the affected traffic circumventing
the failed link, we not only put an additional nine units of traffic (§ € Aot = (f)
on link /37 but also take nine units of traffic (5 € Ly, ¢ € L3) away from link I3 .
Overall, we have zero additional rerouted traffic from the set F; U F, go through link
ly

ly By rerouting half of the traffic in F5 U F§ (six) through the link [z (without

. Nevertheless, traffic in the set F5 U Fy does add extra units of traffic on the link

&y

using any horizontal link), we can then distribute the rest of the traffic in F5 U Fj
(six) evenly, so as to satisfy the spare capacity constraint.

As we have mentioned earlier, only the traffic in the set U?Zl F; are being rerouted
in our path based recovery algorithm. Traffic which is unaffected by the failed link
remains intact in the recovery algorithm.

Next, we present the full detail of the path based restoration algorithm. We also
show that the lower bound on the spare capacity (Cy — C4) is indeed achievable.

Path based restoration algorithm

Again, we focus on the case of N odd for simplicity. From the source node p’ to
the destination node ¢, we consider the case that its routing path includes the failed
link. Without loss of generality, we assume an arbitrary vertical link failed (the case
of a horizontal link failure is the same because of symmetry provided by the primary
routing algorithm). The two nodes connected by the failed link are referred to as
node @ and ¥ with node @ on the top of 7, i.e. (vo+ 1) mod N = uy. When we route
a unit of traffic vertically along the column of the destination node, there are two
disjoint paths leading to the destination node. One path is in the direction of the
shortest cyclic distance to the destination node which will be called the v, direction.
The opposite of v, direction will be called the v; direction. Below are the steps of the

recovering algorithm:

1. Shift coordinate by applying transformation 7 so that node ¢’ will be moved to

the origin. Let 5= (s1, 52) = T3(p) and £ = (t1,3) = Ts(q).
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2. Reverse the routing order of the primary routing path.

3. When route the traffic vertically, the direction (vs or v;) is determined by the

following criteria:

N-1

N-1
Let g(w) = 27:1 i,y = %Zi:ﬁ i, 0 = EZ'U:N. - L% zi:21 i], and b = EZ'U:N. -

[% S°.2 1] where w is defined below:

()

For §€ Ay and £ € Ly, letw:%— | so].

Case 1: g(w) <, choose v; direction.

Case 2: g(w) > 7, g(w —1) < v, and [to] € {0,---,(a — 1)}, choose v,
direction.

Case 3: g(w) > 7, g(w — 1) < v, and [t3] € {a,---, %5+ — 1}, choose v,

direction.

Case 4: g(w) > v and g(w — 1) > v, choose vy direction.

For §¢€ Lo andf€A3,letw:%—|t2|—1.

Case 1: g(w) <, choose v; direction.

Case 2: g(w) > v, g(w—1) < v, and |so| € {1,---,b}, choose vy direction.

Case 3: g(w) > 7, g(w —1) < v, and |ss] € {b+1,---, 2=}, choose v,
direction.

Case 4: g(w) > v and g(w — 1) > v, choose vy direction.

For §'€ L4 and FE Al, let w= % — |t2|
Case 1: g(w) <+, choose v; direction.

Case 2: g(w) > v, g(w —1) < v, and |so| € {0,---,(a — 1)}, choose v,
direction.

Case 3: g(w) > v, g(w — 1) <=, and s3] € {a,---, 52+ — 1}, choose v,

direction.

Case 4: g(w) > v and g(w — 1) > =, choose v, direction.
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(d) For §€ Ay and T € Ly, let w = 2 — |5, — 1.
Case 1: g(w) <, choose v; direction.
Case 2: g(w) > v, g(w—1) <, and |tz| € {1,---,b}, choose vy direction.
Case 3: g(w) > 7, g(w —1) <=, and |to| € {b+1,--- , =L}, choose v,
direction.

Case 4: g(w) > v and g(w — 1) > v, choose vy direction.

(e) For ¥ € Ly and € Ly, route the traffic in the ring which contains the

souce § and destination ¢.

(f) For € Ly and f € Ly, route the traffic in a way such that the traffic cross

line v and [ are evenly distributed.

With the restoration algorithm presented, we now investigate the additional amount
of traffic added on each vertical link after rerouting the affected traffic. For a partic-
ular vertical link, the newly added traffic comes from rerouting the affected traffic in
the set Fy U Fy U F3 U Fy (traffic such that its source and destination nodes are not
in the same vertical ring) and the affected traffic in the set F5 U Fy (traffic such that
its source and destination nodes are in the same vertical ring). We first consider the
amount of traffic added on an arbitrary vertical link by rerouting the traffic in the
set Fy U Fy U F3 U Fy. To facilitate the calculation of the additional traffic added on

the vertical link, we associate each node in the vertical ring which node o' belongs to

2

with an integer number (shown in Fig. 2-12) and consider N such that (3,2 i) is

)

an integer. In Fig. 2-12, node Z (associated with the number 1) will send one unit

of traffic to nodes in D,. Similarly, node ul (associated with the number %) will

have % units of traffic destined to nodes in D, by the primary routing algorithm.
Also, before the link failure, traffic with source node in Dy and destination node in D,
will go through link /zz. After the link failure, these traffic will be routed in vertical
direction first, and they have to go through either [~ or [z.

Without loss of generality, we consider the increment of the amount of traffic on

an arbitrary vertical link [,;5. The distance (hops) between node 7 and o' is denoted
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Figure 2-12: Numbering of nodes used in path based restoration algorithm

by d; (shown in Fig. 2-12). Since the link /37 is on the right side of the link [z, only
the traffic in the set F7 U F, contributes to the traffic increment on /5. Now, after
rerouting the affected traffic in Fy (traffic goes from Dj to D,), let’s calculate the

exact amount of traffic added on the link /.

First, we dvide the nodes in Dy into three subsets-B; = {§| § € D, and s, €
{1,---,0—1}}, By ={§| §€ Dy and sy € {0}}, and By = {§| §€ Dy and sy €
{o+1,---,52}}, where 0 = L@J and a = £(N? —1). o is the largest integer
such that 377 < 7=(N? —1). The reason that we introduce o here is that we need
to split the traffic in F} into two equal parts, with one part go through link /- and
the other part go through [;z.
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The following equations give us the amount of traffic in F; added on the link /5.
No1
Let oyp = 520 1 — Z;:lli and Ogopn = 0 — Oyp-
1. Traffic added on l; with source node in Bs, denoted as T',, is

N—-1

Sitai— (Bt —o)(di+1)  for 0<d; <

jﬂ'B3 —
0 otherwise

2. Traffic added on [;;7; with source node in By, denoted as Tg,, is

SO i it di+l<o

Tg, =
o—1 - .
> i otherwise

1

3. Traffic added on /57 with source node in B, through the link [z, denoted as

TBQQ; is
0 if dl +1 S O down
Ty, = di+1—040wn if di+1<ocandd; +1> cgun
Oup if di+1>0

4. Traffic added on l57 with source node in B, through the link [+, denoted as

TB%, is Tng = max((), Odown — dl - 1)

Similarly, the following equations give us the amount of traffic in F, (traffic goes

from Dy to D) added on the link /7.

e

Oup if dy= % -0
Odown if dlz%—a—l
Tp, = { d—[Y=1 o]
Oup + D icy (o —1) if d1>%—0
Nol_5)—(d . .
\ Ctoun + 07 T N owi) i di+1< g

Theorem 5. On a 2-dimensional N-mesh, to restore the original all-to-all traffic in

the event of a link failure, we need a spare capacity of % on each link for N odd
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and m for N even by using the restoration algorithm.

Proof. Again, we assume that an arbitrary vertical link connecting nodes # and v
failed. Then, by showing separately that the rerouted traffic added on each horizontal

link and on each vertical link are less or equal to T we prove the minimum spare

AT
capacity needed on each link is ngTN for N odd. The amount of rerouted traffic
added on a horizontal link will be investigated first. Pick an arbitrary horizontal
link in the mesh and call it [ (the two nodes connecting this link are called m
and 7). From the primary routing algorithm, we know exactly what the affected
traffic is and their routing paths. Let n,;7 denotes the number of failed traffic in the
set F} U Fy U F3 U Fy that go through the link ;7. After applying the restoration
algorithm, n,;;; units of failed traffic are removed from link /57 and ngz units of
rerouted traffic are added on link /5. Overall, traffic in the set F} U Fy, U F3U Fy does
not affect the amount of traffic flow through link /35 (i.e. no spare capacity needed

on lz; to restore the affected traffic in the set F} U Fy U F3 U Fyy). However, traffic in

the set Fy U Fg does add extra units of traffic on link /;5. But its amount is small,

N3_—
1(2N— )

Thus, we have shown that a spare capacity of 7]\7) on

and it is less than
each horizontal link is enough to restore the original traffic by using the restoration

algorithm.

Now, we calculate the amount of rerouted traffic added on a vertical link and show

that it is less than . Consider an arbitrary vertical link [z which is d; hops

3
4(2N 1
away from node v'. For the case of N such that d; +1 < 04pun and d; +1 < Tf — 0,
we calculate the amount of traffic in the set F} U F5; added on the link [, which is

called T, p,.

Trr, = T, +Tp,, +Tpy, +Tp, +Tp, (2.5)
N—1
1=c+1

o—1
+ Z ? + (Udown - dl — 1) + Odown
i=o—1—d1
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+ Z (0 +1) (2.6)

1
= O—_N_d1+20—doum+ZN2_0—2

—Nd1 + 20'd1 - g (27)

We then show that T, p, is less than or equal to §(N? — 1). Specifically,

1
g(Nz — ].) — TFl,Fz = —0+ N+ d1(1 + N) - 2Udown
1 9
——N?+ 0% —20d, + = (2.8)
8 8
= (N—-20)(d;+1)+1 (2.9)

From Eq.2.8 to Eq.2.9, the formula 2(3°7" i + 0,,) = $(N? — 1) was used. Since

N-1

o < 8%, Tpy g, is less than or equal to §(N? —1).

For the case of di +1 > 0g4oun, di +1 > % — o, and d; + 1 < o, we calculate

that
TF17F2 = TBI + TB2a + Tsz + TBs + TD4 (2'10)
No1
2 N -1
=y i oy
i—o+1
o—1
+ Z+ (dl + 1—- Udoum)
i=o—1—d;
dl—(%—a)
‘o, + > (o—1i) (2.11)
i=1
= —0—dy+ 0up — Odown + 20d; — d;? (2.12)
and
1 2
g(N - 1) - TFl,FQ = —20 + d1 + QUdown — 20’d1
SN -2 (2.13)
8 '8 ‘
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= (0—dy—1)(0c —dy) (2.14)

Eq.2.14 is positive since d; + 1 < 0. The other cases of d; (i.e. whether d; is
less than or greater than ogey,,) can be shown similarly. Thus, we’ve proved that the
rerouted traffic from the set F1UF,UF3UF; added on any arbitrary vertical link is less
than or equal to 3 (N?—1). Now, for the rerouted traffic from thet set F;UFg (S-D pairs
in the same vertical ring), there are total of $(N? — 1) units of them. Simply routing
half of these traffic within the vertical ring, we have now on each vertical link of the
mesh an additional amount of rerouted traffic no greater than (N? —1). The other
half of the traffic in the set F5 U Fy (5(N? — 1) units of them) can be rerouted evenly
through 2N — 1 vertical links crossing line  and 3. Thus, the total rerouted traffic

on each vertical link is no greater than $(N? — 1) + [§(N? —1)]/(2N — 1) = %.

N3—N
4(2N-1)

Therefore, a spare capacity of on each link is enough for us to restore the

original all-to-all traffic.

2.5 Capacity Requirement for Recovering from A

Node Failure

In this section, we investigate the spare capacity needed to fully restore the original
traffic in the case of an arbitrary node failure. When a node failed in the network,
all of the traffic destined for or generated from that node are terminated. And all of
the traffic that passed through the failed node need to be rerouted. Next, we present
the following theorem which gives us a lower bound on the spare capacity needed to

restore the original traffic.

Theorem 6. On a 2-dimensional N-mesh with an arbitrary node failure, the min-
imum spare capacity, Cspare, that each link must have in order to support all-to-all

traffic is at least % for N even and % for N odd.

The proof of this theorem follows the similar steps in the proofs of theorem 1
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and theorem 4. Specifically, under an arbitrary node failure, the lower bound on the

minimum capacity each link must have in order to support the all-to-all traffic is

1/2(N2—-1)N2-N(N—-1)
2N -1

. Here, the numerator represents the total traffic across the cut,

and the denominator is the size of the cut. The lower bound on the spare capacity

follows from [UQ(NLI)NLN(N_I)] — C) where C; = $(N? — N).

2N—-1

Again, we use RS routing algorithm as the primary routing algorithm.
Restoration algorithm:

For traffic that goes through the failed node, reverse the routing order. Specifically,
if the original traffic goes vertically first in the direction of shortest cyclic distance to
the destination node and then moves horizontally to the destination node, we reroute
the traffic horizontally in the direction of shortest cyclic distance first and then reroute

the traffic vertically.

To calculate the spare capacity required by using the above restoration scheme, we
consider the spare capacity needed on the set of links surrounding the failed node. By
examining the rerouted traffic, we can see that those links are the ones that require

the most spare capacity. First, we calculate the relinquished capacity on each of these

(N-1)*
1

links to be . After rerouting the affected traffic, the newly added traffic on each

link is at most [ N? — 2 + %] Therefore, a total of [§N? — 2] spare capacity is
needed to fully restore the original traffic. A more rigorous proof of these statements
will follow the line of proof shown in the appendix. We can see that the spare capacity

required by our restoration algorithm is asymptotically equal to the lower bound on

spare capacity in Theorem 6.

2.6 Summary

This chapter examines the capacity requirements for mesh networks with all-to-all
traffic. This study is particularly useful for the purpose of design and capacity pro-
visioning in satellite networks. The technique of cuts on a graph is used to obtain

a tight lower bound on the capacity requirements. This cut technique provides an
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efficient and simple way of obtaining lower bounds on spare capacity requirements for
more general failure scenarios such as node failures or multiple link failures.

Another contribution of this work is in the efficient restoration algorithm that
meets the lower bound on capacity requirement. Our restoration algorithm is rel-
atively fast in that only those traffic streams affected by the link failure must be
rerouted. Yet, our algorithm utilizes much less spare capacity than link based restora-
tion (factor of N improvement). Furthermore, in order to achieve high capacity uti-
lization, our algorithm makes use of capacity that is relinquished by traffic that is
rerouted due to the link failure (i.e. stub release [5]).

Interesting extensions include the consideration of multiple link failures, for which
finding an efficient restoration algorithm is challenging. Finally, for the application
to satellite networks, it would also be interesting to examine the impact of different

cross-link architectures.
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Chapter 3

Throughput Analysis in Satellite
Network

3.1 Introduction

Satellite networks provide a global coverage and support a wide range of data commu-
nication needs of businesses, government, and individuals [11]. Tt is foreseeable that
both LEO (Low Earth Orbit) and GEO (Geostationary Orbit) networks will consti-
tute an essential part of the Next-Generation Internet. Thus, future generations of
satellite networks are envisioned to provide integrated services that carry a wide range
of data types. Currently, connection-oriented routing (circuit switching) has been the
focus of LEO satellite networks. Little analysis has been done in the performance
of packet switching satellite network. In this work, we address the throughput of a
packet switching satellite network.

We model the satellite network as a N x N mesh-torus where each satellite has
k transmitters and m receivers. We focus on the case of £ =1 and m = 4 (i.e., the
satellite can transmit to only one of its neighbors and receive from all of its neighbors
simultaneously). This assumption was used in [4] and follows from the use of optical
beams or highly directive antennas for communication. The analysis of the more
general m receivers and k transmitters case can be done by following the similar

steps shown in this chapter. We further assume that each satellite uses its only
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transmitter onboard for both inter-satellite communication and satellite-to-ground
communication. However, as we show later, our results can also be applied to the
case where each satellite has two transmitters: one for inter-satellite communication

and the other for satellite-to-ground communication.

We consider fixed shortest path routing schemes (e.g., Rotational Symmetrical
Routing in Sec. 2.4.2) for node-to-node communication in mesh satellite networks,
and we analyze their performance under a stochastic traffic environment. In partic-
ular, we assume that packets having a single destination are generated at each node
of the mesh according to some probabilistic rule. The destination of the new packet

is uniformly distributed over all mesh nodes (except its source node).

The network operation is similar to one discussed in [18]. That is, the nodes
operate synchronously: the time axis is divided into slots and each node can relay
one packet per time slot. A new packet is generated independently at each node
locally with probability py during each time slot. Thus, the arrival process of new
packets is modeled as a Bernoulli process with rate py packets per time slot. At the
end of a slot there are u continuing packets (received from other neighboring nodes
during this time slot) offered to the node. Since at most one packet can be received
at each receiver, u is less than or equal to four. As more than one packets arrive at a
particular node, contention for transmission in the next time slot will occur. Hence,
we need to develop a transmission scheduling scheme for resolving this conflict. After
a packet arrives at its destination node at the end of a time slot, it is not immediately
removed from the system since it has to be sent to the ground. Instead, this packet
has to compete with other incoming packets for transmission in the next time slot. In
the case of each satellite having two transmitters, a packet is removed from the system
as soon as it arrives its destination node, provided that the dedicated transmitter for
satellite-to-ground communication can send the data fast enough (i.e., no downlink

contention).

Routing schemes for solving packets’ contention in a regular topology have been
investigated by numerous researchers. In [16], Greenberg and Hajek provided an

approximate analysis of the transient and steady state behavior of deflection routing

52



in hypercube network. Stamoulis and Tsitsiklis [17] studied the efficiency of greedy
routing in hypercube network. In [18], the authors propose two different hypercube
routing schemes and evaluate the throughput of both the buffered and the unbuffered
version of these schemes. Their results are also approximate. In all the aforementioned

papers, the topology that they used is hypercube.

In this chapter, we propose several scheduling schemes and compare, for each
scheme, the average throughput of the network when it reaches steady state. Specif-
ically, we study the throughput of Shortest Hop Win (SHW') scheme, Oldest Packet
Win scheme (OPW), and Random Packet Win (RPW) scheme. Both the analytic
and simulated results show that, in the case of no buffer at each node, SHW scheme
attains the best throughput performance, OPW scheme the second, and RPW the
worst. When there is a buffer at each node, the performance of the three schemes
have no appreciable difference. Also, a small buffer size can achieve throughput close
to that of an infinite buffer size. In all of the three schemes mentioned above, we give
the newly generated packet the lowest priority (i.e., new packet can enter the system
only if there is no continuing packet and no buffered packet). Therefore, most of the

packet drops occur because new packets cannot enter the system.

The structure of this chapter is as follows. In section 2, we describe the stability
region of the network under uniform traffic. Section 3.1 and 3.2 provide an approxi-
mate theoretical analysis of the thoughput of Shortest Hop Win scheme for both the
buffer and no buffer cases. Simulation results of the throughput are also presented.
Theoretical analysis of the throughput of Oldest Packet Win scheme is given in sec-
tions 3.3 and 3.4. In section 3.5, we compare the throughput of these three schemes
in case of no buffer at each node. In section 3.6, for the buffer case, we describe a
few additional routing schemes of interest and compare their performance with the
three aforementioned schemes. Section 3.7 investigates the throughput performance

in relation with the buffer size. Section 4 summarizes this chapter.
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Figure 3-1: A 2-dimensional 5-mesh.

3.2 Stability Analysis

We consider now an N x N mesh (shown in Fig. 3-1) with N? nodes, each of which
generates packets independently according to a random process of rate A packets per
second to be sent to a uniformly chosen destination node. The packet takes exactly
one unit of time to be transmitted. Each node can only transmit to one of its neighbors
during a given slot, but can receive packets from all neighbors simultaneously. We

first derive a necessary condition for stability.

Theorem 7. A necessary condition for the system to be stable is
AMEd+1) <1 (3.1)

where E[d] is the expected number of hops from source node to destination node.

Proof. The total number of new packets generated in the network per unit time is Am,
where m = N?. During each time unit, an average total demand of A -m - (E[d] + 1)
packet transmissions are generated in the system, where E[d] 4+ 1 is the expected
number of hops from source node to destination node plus the last hop from satellite
to ground. Since at most m transmissions may take place per unit of time, we have

Am(E[d] + 1) <m, or A(E[d] +1) < 1. O
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Next, we will show that by employing a fixed shortest path routing scheme(i.e.,
every node sends out traffic according to the same set of routing rules via the shortest
path to the destination node, for example, the Rotational Symmetrical Routing Algo-
rithm described in the previous chapter), the network is stable for all A\(E[d]+1) < 1.

We first present several lemmas that will be useful. The following lemma is from [4].

Lemma 4. Consider any start node x and let n,(i) be the number of nodes exactly i

hops away from node x. Then

1 , 1 =20
4i ,0<i< X
ng(i) = 4i—2 ,i=4
AN-i) ,E<i<N
1 , 1 =N
\
Proof. See [4]. O

Next, consider a scenario in which every node of the network sends out one unit of
traffic to every other node (also known as complete exchange or all-to-all communi-
cation) [7] by using a fixed shortest path routing algorithm. Each source-destination
pair uniquely defines a different class of traffic. The load of a particular link is defined
to be the number of different classes of traffic that pass through that link. We are
interested in the average load of a link under all-to-all traffic.

For a 2-dimensional N-mesh, the total number of nodes in the network is N?; the

N(N-1)
2

total number of unordered node pairs is : and the total number of links is 2/V2.

The following lemma gives us the average load of a link under all-to-all traffic.

Lemma 5. For a 2-dimensional N-mesh under all-to-all traffic, the average load of
a link is i(N3 — N) for N odd, and iN3 for N even by using a fized shortest path

routing algorithm.

Proof. We first consider the case where N is odd. From Lemma 4, we see that there

are a total of 3(4i)N? unordered pairs that are ¢ hops away from each other for

95



0 < i< 2= and a total of 2(4(N — ¢))N? unordered pair for £=1 < i < N — 1.

Here, the maximum length between two nodes in the network is N — 1.

Let D denote the average path length between two nodes. We then have

. Sl i2iNY) + 0N RV DN sy
- (N(J\;*I)) C2(N2 1)

The total traffic in this network is N?(N? — 1)% = 2(N® — N?). Thus, since
all links have the same load due to the symmetry of the network and the fixed shortest
path routing, the average load on a link is the total traffic divided by the number of
links %(N5 — N?)/2N? = i(N?’ — N).

The case for N even can be shown similarly. O

Now, assuming there is a separate buffer for each class of traffic that is going to be
served at a node, we define a service policy ug to be the round-robin service discipline.
That is, the transmitter serves each queue with an equal amount of time. In the case
of an empty queue, the transmitter will be idle for a period of time that is allocated

to that queue. Then, we have the following theorem:

Theorem 8. With packet’s arrival rate A and the destination node uniformly chosen,

the 2-dimensional N-mesh network is stable for all A < ﬁ where E[d] = % is the

+17
expected length between two nodes, under a fized shortest path routing scheme and

policy ug.

Proof. Consider a 2-dimensional N-mesh for N odd. There is a total of N?(N? — 1)
classes of traffic in this queueing network, each corresponding to a unique source-
destination pair (i,7). For an arbitrary node k in the network, since the packets are
arriving at a rate of A externally and destinations are uniformly chosen, packets of
class (k, j) arrives at the rate of ﬁ for all nodes j # k. Because of the fixed shortest
path routing scheme, we know exactly how many classes of traffic need to be served
at node k. Specifically, from Lemma 5, for the four links connecting node k, each of
them has 2 - i(N?’ — N) classes of traffic that are required to go to or through node

2

k (the term % is there because we only consider the traffic coming into node k). We
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call these classes of traffic internal arrivals, and the N? — 1 classes of traffic which
are generated locally external arrivals. Since policy uy serves each class in a round
robin fashion, a constant fraction of service is allocated to each class of traffic. Under
policy ug, node k can be viewed as having many dedicated servers (one for each class
of traffic) with identical service rate. Hence, all queues at node k are independent,
and they are stable as long as the service rate is greater than the arrival rate for each
class of traffic. A paticular class of traffic may go though several nodes to reach its
destination. If all nodes on its path to the destination are serving this class of traffic
at a rate greater than the arrival rate, the series of queues are also stable (Theorem

7.4.12,[21]). Then the total internal arrival rate is

1 1 A
4 - g(N?’ — N) - (arrival rate of a single class) = g(N?’ —N)- Nz 1

Therefore, the total arrival rate to node k (the sum of the external and internal

arrival rates) is

- (N® = N) +/\:/\(g+1)

"Nz ]

o | =

Consider a service discipline with service rate of 1. Thus, for the queue to be stable,

we must have

Moreover, for routing schemes that choose a random shortest path between the

source and destination node, it can be shown that the stability region is still A <
E[d+1
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3.3 Analysis and Simulation of Throughput

In this section, we present the main results of this work. Serveral scheduling schemes
for resolving contention for transmission are discussed. Detailed theoretical analysis
and simulation results of throughput are provided. First, we give a general overview of
these transmission schemes which will be analyzed in the later sections. We assume
that, at each node, there is buffer which can hold up to k& packets, in addition to
the packet under transmission. Because only one transmitter is available at each
node, conflicts result from simultaneous arrivals of more than one packet from the
neighboring nodes or a new packet generated in the current node. Even if a packet
has reached its destination node, this packet has to compete with other packets to be
sent to the ground in the next time slot. Contention may be resolved by assigning
different priority to the incoming packets (both the continuing packets and the new
packet). Below we propose several schemes to resolve the contention. In all schemes,

packets follow fixed shortest paths to their destination nodes.

1. Shortest Hop Win (SHW): If more than one continuing packets arrive at a node,
SHW chooses the one with the shortest hop distance to its destination node to
be transmitted in the next time slot. The other packets are stored in the buffer
if there is space available. When the buffer space cannot accommodate all of the
continuing packets that need to be stored in the buffer, SHW randomly picks
packets among these continuing packets to fill up the buffer (the other packets
are dropped). In case of no continuing packet arriving, SHW picks the head of
buffer packet to be transmitted in the next time slot. If the buffer is empty,
SHW sends the newly generated packet (if there is one) in the next time slot.

In case of contention, new packets are discarded.

2. Random Packet Win (RPW): If more than one continuing packets arrive at
a node, RPW randomly chooses the one to be transmitted in the next time
slot. The other packets are stored in the buffer if there is space available.
When the buffer space cannot accommodate all of the continuing packets that

need to be stored in the buffer, RPW randomly selects packets among these
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continuing packets to fill up the buffer (the other packets are dropped). In case
of no continuing packet arriving, RPW picks the head of buffer packet to be
transmitted in the next time slot. If the buffer is empty, RPW sends the newly
generated packet (if there is one) in the next time slot. In case of contention,

new packets are discarded.

3. Oldest Packet Win (OPW): If more than one continuing packets arrive at a
node, OPW chooses the one that has travelled the most hops to be transmitted
in the next time slot. The other packets are stored in the buffer if there is space
available. When the buffer space cannot accommodate all of the continuing
packets that need to be stored in the buffer, OPW randomly selects packets
among these continuing packets to fill up the buffer (the other packets are
dropped). In case of no continuing packet arriving, OPW selects the head of
buffer packet to be transmitted in the next time slot. If the buffer is empty,
OPW transmits the newly generated packet (if there is one) in the next time

slot. In case of contention, new packets are discarded.

4. Shortest Hops Win 2 (SHW2): Among the continuing packets, the head of the
buffer packet, and the new packet (if there is one) at a node, SHW2 chooses
the one with shortest hop distance to its destination to be transmitted in the
next time slot. Packets that did not win the contention are stored in the buffer

if there is space in the buffer.

5. Shortest Hops Win 3 (SHW3): The packet at the head of the buffer (if there is
one) is always transmitted at the beginning of next time slot. The continuing
packets and the new packet (if there is one) are stored in the buffer if there is
enough space available. In case of not enough buffer space, SHW3 drops the

packets with greatest hop distance to their destination.

We will give a detailed analysis on the throughput of Shortest Hop Win scheme
and Oldest Packet Win scheme in the subsequent sections. The analysis of Random
Packet Win scheme is similar to the Shortest Hop Win scheme and, therefore, omitted

for brevity.
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We also introduce the following notation which will be useful in the later sections.
For an arbitrary packet P, let sp denote its source node; tp denote its destination

node; and dy(sp,tp) the shortest hop distance between sp and tp.

3.3.1 Throughput analysis for Shortest Hop Win (SHW) scheme
with buffer

The arrivals of packets on different links to a particular node may not be indepen-
dent. However, under our uniform traffic and random destination assumption, they
should behave in an almost independent way. Hence, we make two approximating
assumptions here.

1. Packet arrivals on each of the different incoming links to a particular node are
independent during a time slot.

2. The arrivals of packets to a node in one slot is independent of the arrivals to
the node during previous slot.

At the beginning of a time slot, the transmitter at an arbitrary node, say node
a, sends a packet P to one of its neighbor, say node k. Before the start of the
transmission at node a , if the packet P is ¢ hops away from its destination node, we
say the packet is of type i; more precisely, dy(a,tp) = i. When the packet P arrives
at node k, it competes with other arriving packets for transmission during the next
time slot. A packet is said to be the winning packet if it will be transmitted in the
next time slot. The SHW scheme selects amongst continuing packets at node k the
one with the shortest hop distance to its destination to be the winning packet. If
there are 7,7 > 1, packets have the same shortest hop distance to their respective
destination nodes, SHW randomly selects one packet to be the winning packet among
these j packets. If P has the shortest hop distance to its destination node among the
continuing packets at node k, it is said to be a winning packet of type (i — 1) at node
k. If no continuing packet arrives at node k during a time slot, the winning packet
is the head of buffer packet if the buffer is nonempty. Similarly, the newly generated

packet is the winning packet if there are no continuing packets and buffered packets
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at node k.

In the steady state, due to the same externally arrival rate py and uniform destina-
tion for each newly generated packet, by symmetry each node has the same statistics
(i.e., the probability that a winning packet is of type i, 0 < i < d, is the same for
all nodes) without the approximation assumption. However, to get the exact value of
these statistics, we have to utilize the two approximations made above. Specifically,
by considering only one node k in the network, let A;, 0 < ¢ < d, denote the event
that node k£ has a winning packet of type ¢. Similarly, let E denote the event that
node k is empty. We can then write the probabilities P(A;)’s and P(E) recursively,
in terms of the same probabilities at neighboring nodes, by using the property that
each node has the same statistics and by considering the interactions between node
k and its neighboring nodes. Throughout this section, we focus on finding P(4;)’s.
The throughput is thus obtained as P(A) in the Shortest Hop Win scheme.

Again, considering an arbitrary node k, we define

e B;, 0 <1 <4, to be the event that node k received packets from ¢ out of the

four neighboring nodes.

e H;, 0<1i<d, tobe the event that the head of the buffer packet is of type .

e U;, 1 <i <d, to be the event that a new packet that is ¢ hops away from the

destination node is generated at node k.

BE to be the event that the buffer at node k is empty.

BE* to be the event that the buffer at node k is nonempty.

With the relevant events defined, we now write the equations for solving P(A4;) in

terms of these events. For 1 <17 < d — 1, we have

V(i) = P(A;) = P(4;|B1)P(B1) + P(4;|B2) P(Bs) + P(4;| B3) P(Bs) (32)
+ P(A;|B4)P(By) + P(H;) P(BE®)P(By) + P(U;) P(BE) P(By).
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Similarly, for ¢ =0

7(0) = P(Ap) = P(Ao|By)P(By) + P(Ao|B2)P(B3) + P(A|Bs)P(Bs) (3.3)
+ P(Ao| B)P(By) + P(Ho)P(BE®) P(By) |

and for 7 =d

7(d) = P(Us) P(BE)P(By).

To derive the above equations, consider the events that take place at node k.
Since we give the first priority to the continuing packets, next priority to the buffered
packet, and the lowest priority to the new packet, event A; occurs if and only if one

of the following events occur:

e A continuing packet of type ¢ arrives at node k£ and wins the contention.
e The head of buffer packet is of type 7, and no continuing packet arrives.

e A new packet of type 7 is generated at node k; no continuing packet arrives;

and the buffer is empty.

Eq.[3.2] enumerates all of the above events. Now, we write the individual terms out.
The probability that a new packet with ¢ hops to its destination is generated is the
following:

. nm(l)
N2 -1

P(Ui) Po

where n,(i) denotes the number of nodes that are i hops away (see Lemma 1) and

N? — 1 is the total number of possible destination node. We also get for 0 < n < 4

i=riz) = (1) [fl Zm] [1 - izvm] (3.9

The term [5 Z?Zl v(7)] denotes the probability that a neighboring node of k sends

~v(i+1)

a packet to node k. Similarly, S 0)
j=1

is the probability that a node is sending
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d .
a packet of type ¢ + 1 given that node is sending a packet; and ZJ%Z;(V;)J) is the
j=1

probability that a node is sending a packet of type m, where 1 +2 < m < d, given

that node is sending a packet.

. d .
Then, letting a; = 20D and ¢; = M, we have for 0 <i<d—1
j=1 'Y(]) j=1 'Y(])
P(Ai|B) = a (3.5)
2
3 3\ o 3 2
P(A;|Bs) = a; + o Jaici+ | aic (3.7)

P(AZ|B4) = aQ

B

4 4 4
4 3¢ 22 3
+ (3) ajc; + (2) a;c; + (1) a;c; (3.8)

To interpret the above equation, consider P(A4;|B;). Recall that packet with
shorter distance to its destination has priority. Given that exactly two packets arrived
from two of the four neighboring nodes of node k, the event that the winning packet
is ¢ hops away from its destination, or type ¢ packet, is the union of the following two

disjoint events:

e at node k&, both of these two arriving packets are type i packets (The first term
in Eq.[ 3.6], a?, for example).

e at node k, one of these two packets is a type ¢ packet and the other one is of

type j, where i+1 < j < d (The second term in Eq.[ 3.6], (f)aici, for example).

Next, we will investigate the probability that a head of buffer packet is of type .
Let G; denote the event that an arbitrary packet, say P, that is 2+ 1 hops away from
its destination node before the start of its transmission to node k, subsequently loses
the contention with other packets at node k. Assuming node a is a neighbor of node

k, we then have

P(H;) = P(a packet in the buffer is of type i) (3.9)

_ P(type i packet gets sent to the buffer) (3.10)
B P(packet gets sent to buffer) '
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(i + 1) P(Giy1)
>0 () P(Gy)

(3.11)

Notice also that a packet of type d (newly generated packet with d hops to its
destination node) will never be stored in the buffer by the priority rule. Packet P,
which just became a type 7 — 1 packet after reaching node k, may lose the contention

if one of the following events occur:

e Event Ey(7): Out of the three remaining neighboring nodes of node k, there is
at least one of them which is sending a packet of type j, where j < 7, to node

k.

e Event E(i): Out of the three remaining neighboring nodes of node k, there is
exactly one of them which is also sending a packet of type i to node k, while
the others are either not sending a packet to node k or sending packets of type

J (j > i) to node k.

e Event E,(i): Out of the three remaining neighbor of node k, there are exactly
two of them which are also sending packets of type i to node k, while the other
neighboring node is either not sending a packet to node k or sending packet of

type j, j > 1, to node k.

e Event Ej5(i): Out of the three remaining neighbor of node %, each one of them

is sending a packet of type ¢ to node k.

From the above description, we get for 2 <1 <d
. 1 . .
P(Ey(i)) = 1-— [1 - 127(])] ,Vi>1, and P(Eo(1) =0)  (3.12)

re@ = (1) 7] [ ) m')r (3.13
sy = (3) 4] [ iiv(j)] (3.14)
P = [29] (515
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Figure 3-2: Markov chain of the number of packets in a buffer of size k.

When event Ejy(i) occurs, packet P will be sent to the buffer with probability one
(although it may be dropped due to buffer overflow). Likewise, when event F(i), or
Es(i), or E3(i) occurs, packet P will be sent to the buffer with probability %, %, %

respectively. Now, P(G;) can be obtained as:

P(GY) = P(Eu(i)) + 5P(Fu(i)) + 3 P(B0) + 3 P(Ex(i)

To get P(BE), we denote by b;, i = 0,1,---,m, the probability that there are i
packets at a node’s buffer at the beginning of slot. Since there are four receivers at
a node, at most three continuing packets may arrive at the buffer during a time slot.
Fig. 3-2 is a finite state markov chain which describes the evolution of the number of
packets in a buffer of size k. The state represents the number of packets in the buffer.

Thus, we have

P(BE) =0by = boB + (bo + b1)po
by = bofa+ b151 + b2
by = byfPs+ bfs+ b2 + b3S
bj = bj_3Bs+bj_oB3+bj_12+b;jB1 + b1
bp = bi(Bi+ Ba+ Bs+ Ba) + bp—1(Bo + B3 + Ba)
+br—2(Bs + Ba) + -3/ (3.20)
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~
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Theoretical | Simulation
Do Throughput | Throughput
0.1 0.0645 0.0649
0.2 0.0952 0.0960
0.3 0.1128 0.1153
0.4 0.1241 0.1228
0.5 0.1318 0.1302
0.6 0.1373 0.1378
0.7 0.1414 0.1392
0.8 0.1446 0.1446
0.9 0.1472 0.1461
0.95 0.1483 0.1477
0.99 0.1491 0.1488

Table 3.1: A comparison of simulation result and theoretical result for 2-dimensional

11-mesh using Shortest Hop Win scheme 1 with buffer.

With the above equations, we can solve for (i) numerically. For our simulation,
a 2-dimensional 11-mesh with a buffer size of four at each node is used. As Table 3.1

shows, our numerical results is very accurate compare with the simulation result.

3.3.2 Throughput analysis for Shortest Hop Win scheme with-

out buffer

In this section, we consider the throughput of the Shortest Hop Win scheme without
buffer at each node. The analysis is similar to the one in the previous section. The
notation, if not specified, will be the same as the one defined previously. Again, we
give priority to the continuing packet over the newly generated packet (i.e. the new
packet can be transmitted only if there is no continuing packet arrives at that node).

Thus, we have for 1 <:<d-—1

(1) = P(Ai) = P(Ai| By) P(By) + P(Ai| By) P(By) + P(Ai| Bs) P(Bs)

+ P(AZ'|B4)P(B4) + P(Uz‘)P(BO)
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Theoretical | Simulation
Do Throughput | Throughput
0.1 0.0450 0.0449
0.2 0.0635 0.0631
0.3 0.0756 0.0780
0.4 0.0845 0.0841
0.5 0.0917 0.0914
0.6 0.0976 0.0984
0.7 0.1027 0.1028
0.8 0.1071 0.1061
0.9 0.1110 0.1102
0.95 0.1129 0.1140
0.99 0.1142 0.1144

Table 3.2: A comparison of simulation result and theoretical result for 2-dimensional
11-mesh using Shortest Hop Win scheme without buffer.

Similarly, we have for ¢ = 0,

7(0) = P(Ao) = P(Ao|B1)P(B1) + P(Ao| B2) P(Bz) + P(Ao| B3) P(Bs3) (3.22)
+ P(4o|BJ)P(By) '

and for ¢ = d,

7(d) = P(Ua) P(Bo) (3.23)

P(A;|By),---,P(A;|B3) and P(U;) can be calculated by using the exact same
formulas given in the previous section.

Again, we calculate the theoretical throughput for a 2-dimensional 11-mesh and
compare with simulation results. Fig. 3-3 is a plot of the throughput of a system with
buffer and a system without buffer under SHW. The throughput increases significantly
when every node has a buffer. This can be explained by noting that packets can be put
in the buffer temporarily if it lost the competition instead of just dropping them in the
case of no buffer. Dropping a packet which has already travelled a certain number of
hops waste the previous transmissions of that packet become wasted, thus decreases

the throughput of system. Intuitively, we would like to minimize the wasted work and
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hope that every transmission is going to contribute to the increase of throughput.

Throughput of system with buffer v.s. without buffer
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Figure 3-3: A comparison of throughput of system with or without buffer using SHW.

3.3.3 Throughput analysis for Oldest Packet Win scheme
with buffer

We continue to use the approximations made in the analysis of the throughput of
Shortest Hop Win scheme. At the beginning of a time slot, the transmitter at an
arbitrary node, say node a, sends a packet P to one of its neighbor, say node k. Before
the start of the transmission at node a , if the packet P has already travelled ¢ hops
from its starting node (dg(a, sp) = i), we say the packet is of type i. Notice that the
definition of the type of a packet here is different from that in the previous section.
In the analysis of the SHW, a packet of type 7 implies that it is ¢ hops away from its
destination node. During the transmission, we say that the packet is travelling on its

(i + 1)th hop from its starting node. When P arrives at node k, it becomes a type
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(1 + 1) packet and has to compete with other arriving packets for the transmission
right of the next time slot. Among all of the continuing packets at node k, a packet
is said to be the winning packet if it travelled the longest hop distance from its origin
node. In case of a tie, the winning packet is selected at random from the packets
that have travelled the longest distance. When no continuing packets arrive at node
k during a time slot, the winning packet is the head of buffer packet if the buffer is
nonempty. Similarly, the newly generated packet is the winning packet if there are

no continuing packets and no buffered packets at node k.

In the steady state, similar to the analysis in the previous section, each node still
has the same statistics without the approximation assumption. Let A; denote the
event that an arbitrary node has a winning packet of type ¢, and F denote the event
that node k is empty. Again, we use the two approximations made previously to get
a set of P(4;)’s and P(E), which solve the equations below and sum to one. The
throughput can thus be obtained from P(A4;),0 < j <d.

Let a(i) = P(A;) and Cpus4(i) = Pr(a packet must travel at least one additional

hop on its way to the destination node | it has already travelled i hops).

Z?:Frl Nz (J)

Cpass 1) = d -
® > i—ina(7)

To get «(i), notice that a node has a winning packet of type i if and only if one of

the following events occur during a time slot:

e Event O;: No continuing packet is transmitted to node k, and the head of buffer

packet at node k is of type i.

e Event Oy: Of the four receivers at node k, there are at least one of them received
a packet of type i, while the others either did not receive any packet or received

packet of type j (j < 1).
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We then have for 1 <7 <d

13
d—1 -
1

0 Cpuss )| | 20l = D)Chuneli ~ 1)

Ol
+(5) |- ,;a(j)cpass(j) FCERIE
OIp>

and

d—1 4
1
04(0) = pUbU [ Z Z al] pass ] (325)
j=
The first term in Eq.[ 3.24] represents the probability of event Oy, and the rest terms
denotes the probability of event Oy. The term [1 — Z] —;_10(J)Chpass(j) | represents
the probability that there is no type j (j > ¢ — 1) packet travelling on a particular
link.

Let the events B; and H; be similarly defined as in the previous section. Then,

we have for 0 < n <4

Similar to the previous analysis on the throughput of Shortest Hop Win scheme,

the probability that a buffered packet is of type 7, 1 < i < d, is

a(i — 1)Cpass(i — 1) P(G})

P(HZ) = p ;
32570 0(5) Crass () P(Gs1)

(3.26)
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Again, G; is the event that an arbitrary packet has already travelled ¢ hops from its
starting node after reaching node k, it subsequently lost the contention with other

packets at node k.

A packet, transmitted from one of node k’s neighbors (say node a), just finished
travelling its ¢th hop may lose the contention at node k if one of the following events

occur:

e Event Ey(i): Out of the three remaining neighboring nodes of node k, there is
at least one of them which is sending a packet of type 7, where j > 7, to node

k.

— Comment: Since j > i, after reaching node k, that packet will be type
j + 1. The packet from node a will definitely lose in the competition since

its hop distance to its source node, i, is strictly shorter.

e Event E;(i): Out of the three remaining neighboring node of node k, there is
exactly one neighboring node, say b, which is also sending a packet of type ¢ — 1
to node k, while the other neighboring nodes are either not sending a packet to

node k or sending packets of type j (j < i — 1) to node k.

— Comment: Packet from node a will compete with packet from node b for
the transmission right of next slot. Since both of packets are of the same

type, each one wins the competition with probability one half.

e Event E,(i): Out of the three remaining neighbor of node k, there are exactly
two of them which are also sending a packet of type ¢ — 1 to node k, while
the other neighboring node is either not sending a packet to node k or sending

packet of type j (j < i —1) to node k.

e Event E3(i): For the three remaining neighbor of node k, each of them is sending

a packet of type i — 1 to node k.
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We have for 1 <4 <d

P(Ey(i)) = 1- [1 - iza(j)Cpass(j) (3.27)

P(E\()) = @ Ea(z 1)Cyass(i — 1) [1—52 a(J)cpass(])] (3.28)
P(E,(i) = @ Ea(z 1)Cyassli — 1) [1—52 a(])cpass(;)] (3.29)
PIES) = |foli= DCuli~ 1) (330

Now, P(G};) is obtained from the following equation:

P(GY) = P(Eo(i)) + 5 P(Ex(0)) + 5 P(B(9) + § P(Es(i)

The probability that there are i packets at a node’s buffer, b;(i = 0,1,---,m), has
exactly the same form as in the previous section (see equations [3.16]-[3.20]). Lastly,
we introduce the event that a packet reached its destination node given it has already

travelled ¢ hops. More precisely,

Cena(i) = Pr(packet P reached its destination node | it has already travelled i hops)
_ P?"(dH(Sp,tp) = 7,) _ nx(z)
PT(dH(Sp,tp) > 7,) Z;i:l nw(])

With all equations available, the throughput of Oldest Packet Win scheme can be

computed as follows

d
Throughput = Z a(7)Cenaly)

J=1

Solving for the values of a(i) and subsequently the throughput numerically for
a 2-dimensional 11-mesh with a buffer size of four at each node, we again obtain

accurate results as compared with simulations, as shown in Table 3.3.
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Theoretical | Simulation
Do Throughput | Throughput
0.1 0.0645 0.0645
0.2 0.0951 0.0951
0.3 0.1126 0.1102
0.4 0.1237 0.1235
0.5 0.1311 0.1310
0.6 0.1364 0.1342
0.7 0.1402 0.1398
0.8 0.1432 0.1427
0.9 0.1454 0.1448
0.95 0.1463 0.1456
0.99 0.1470 0.1462

Table 3.3: A comparison of simulation result and theoretical result for 2-dimensional
11-mesh using Oldest Packet Win scheme.

3.3.4 Throughput analysis for Oldest Packet Win scheme
without buffer
The case of no buffer at each node is very similar to the case with buffer in terms

of throughput analysis. With a few minor modifications on Eq.[3.24], we get the

following equation (1 <i < d):

) =) [1 ! a(j)oy,ass(j)r (i~ D0l = 1)
+(3) 1 _ ijdillauwpasso); 2 00~ DChuli - 1)]2 .
(3 -1 :auwpassm Lo -1t
+Ea(z—1)0pass(l 1)}4
and
0=m1-33 a(j)O,,assmr 332



For a 2-dimensional 11-mesh, we again calculate the theoretical throughput of the
system without buffer and compare it with the simulation results. We also see that
the throughput for a system with buffer is significantly greater than the throughput

of a system without buffer, shown in Fig. 3-4.
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Figure 3-4: A comparison of throughput of system with or without buffer using OPW.

3.3.5 A comparison of different schemes in the no buffer case

Following the analysis of previous two sections, we can also get the throughput for
the Random Packet Win scheme (with buffer or without buffer). For system without
buffer, of the three schemes dicussed so far (SHW, OPW, RPW), we expect that
SHW to perform better than the other two schemes in terms of throughput since
the continuing packets in the system are likely to have a shorter distance to the
destination node. Also, the Oldest Packet Win scheme should perform better than

the Random Packet Win scheme since it tries to minimize the amount of wasted work

74



done for a continuing packet. Fig. 3-5 below substantiates the above statements.

Throughput comparison using different schemes without buffer
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Figure 3-5: A comparison of throughput of system without buffer using different
schemes.

3.3.6 Simulation of other schemes

The theoretical analysis of the Random Packet Win scheme, Shortest Hops Win
scheme 2 and Shortest Hops Win scheme 3 can be carried out by following the analysis
in the previous two sections. Here we provide simulation results of the aforementioned
schemes and compare their performance. First, we want to compare the throughput
of a system with buffer under the Random Packet Win scheme, Oldest Packet Win
scheme, and Shortest Packet Win scheme. For all of the three schemes, the continuing
packet is given the hightest priority. Buffered packet will be transmitted only if there
are no continuing packets. Likewise, the newly generated packet will be transmit-
ted only if there are no continuing packets and no buffered packets. Fig. 3-6 plots
the throughput for the three scheme. We expect that SHW scheme would perform
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Figure 3-6: A comparison of throughput of system with buffer using different schemes.

significantly better than the other two schemes just as it did in the no buffer case.
Surprisely, however, we see that the throughput for three schemes is about the same,
although SHW performs slightly better than the other two schemes in the high p,
region. It seems that the buffer has a neutralizing effects on the system’s throughput
(i.e., the choice of which scheme to use becomes less important). An explanation
to the rather counterintuitive result is the following. After a packet arrived at the
receiving node, the packet which lost the contention is stored in the buffer if there is
any space available. Notice that we do not decide which packet to put in the buffer.
If there is enough space for all of the packets which did not win the contention, all of
them will be stored in the buffer. In the event that there is not enough buffer space
for all losing packets, we randomly pick amongst them to be placed in the remaining
spots of the buffer. The packets in the buffer will eventually be transmitted. Unlike
the system without buffer, these packets are not dropped immediately, although they

did not win the contention. It is in this sense that the contention is not a strict com-

76



petition (since they are still in the system). Therefore, the difference in throughput
using different schemes is not very significant. To increase the throughput, one may
want to develop an additional scheme in choosing which packet to be sent to the
buffer instead of choosing it randomly.

To verify the above explanation, we also investigate the throughput of a rather
“bad” scheme called Furthest Hops Win scheme. This scheme is identical to the
SHW scheme except that during a contention the latter scheme chooses the packet
with shortest hop distance to the destination to win while the former scheme chooses
the packet with longest hop distance to the destination to win. We expect that the
Furthest win scheme would perform much worse than all of the schemes mentioned
so far. However, as Fig.3-7 shows, the throughput of Furthest Hops Win scheme

performs only slightly worse than other schemes.

Throughput comparison using different schemes with buffer
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Figure 3-7: A comparison of throughput of system with buffer using FHS.

For all of the schemes mentioned so far, the highest priority is assigned to the

continuing packets, and the new packets can only enter the system if there are no

7



continuing packets or buffered packets. This prompts us to think that the throughput
can be improved if we allow all of the continuing packets, the head of buffer packet and
the newly generated packet compete for the transmission right in the next slot instead
of just letting the continuing packets to compete. A modified version of SHW scheme
choose the packet with shortest hop distance to its destination node to win. Packets
which loss the contention will be stored into the buffer if there is space available. We
call this scheme Shortest Hops Win scheme 2. Again, an unexpected simulation result
(see Fig. 3-8 below) shows that throughput is lower than the four schemes discussed
so far. A closer look at the distribution of number of hops to the destination node for
the head of buffer packet reveals that, with high probability, the head of buffer packet
has a long hop distance to its destination node. This can be explained by noting that
the head of buffer packet is transmitted only if it has the shortest hop distance to
its destination. Consequently, packets with longer hop distance to their destination
than the head of buffer packet will be placed in the buffer. Eventually, the buffer
will be filled with packets with d hops (the maximum hop distance between a source
and destination pair) to their destination nodes. As a result, we have a system with

effectively no buffer, thus the througput is lower.

Examing the throughput results of OPW, RPW, and SHW schemes closely, we
find that these schemes do not achieve high throughput when py is inside the stability
region. Ideally, we should be able to attain a throughput level which is the same as the
arrival rate py when pq is within the stability region. However, for all three schemes,
the throughput is only about 0.065 when pg is 0.1. We develop next a scheme, called
Shortest Hops Win scheme 3, that achieves high throughput when pq is relatively
small. SHW3 works as follows: The new packet and the arriving packets are sent
to the buffer if there is space available. If there is not enough space available for all
the incoming packets (including the arriving packets and the new packet), we put
packets with shorter hop distance to the destination node in the buffer first. At the
beginning of a time slot, the packet at the head of buffer is going to be transmitted.
Simulation shows that SHW3 achieve a throughput level close to the arrival rate when

po is within the stability region. However, as py increases, the throughput of SHW3
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Figure 3-8: A comparison of throughput of system with buffer using SHW2 and
SHW3.

is lower than that of the RPW, OPW, and SHW schemes.

3.3.7 Throughput and buffersize

To investigate the relationship between the buffer size and the throughput, we eval-
uate the througput for SHW and SHW3 at py = 0.1, po = 0.5, and py = 0.9 by using
vairous buffer size. Fig. 3-9 illustrates that a network with moderate buffer size such
as four or eight can achieve the same level of throughput as a network with signifi-
cantly larger buffer size. In other words, the throughput of system does not increase

with the increase of buffer size.
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3.4 Summary

In this chapter, we analyzed a problem where nodes of the 2-dimensional N-mesh
generate packets independently at the beginning of each time slot with probability
po- Each packet has unit transmission time and is destined for a uniformly selected
node. We showed the stability region of such network. Then, we consider three
routing schemes (Shortest Hop Win, Random Packet Win, and Oldest Packet Win)
and compare their throughput performance. As multiple packets arrive at a particular
node in a time slot, SHW chooses the one with shortest hop distance to its destination
to be transmitted in the next slot; RPW randomly picks one to be transmitted;
and OPW selects the one with longest hop distance to the destination. In all three
schemes, continuing packets have priority over the buffered packets, and the buffered
packets have priority over the new packets. Both the analytic and simulated results
show that SHW scheme attains the best throughput performance, OPW scheme the
second, and RPW the worst in the case of no buffer at each node. In the buffered
case, the three schemes have similar performance. Also, a small buffer size can achieve
throughput close to that of the infinite buffer size. Most of the packet drops occur

because the new packet cannot enter the system.
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Throughput vs buffer size for two different schemes.(p0 = 0.1)

0.11 T T T T T T
0.1f o i
5 +- SHW
£0.09r -©- SHW3 |7
g
o
= 0.08f B
=
0.07r i
o+ + + +
0.06 + | | | | | |
10 20 30 40 50 60 70
Buffer size
Throughput vs buffer size for two different schemes.(p0 = 0.5)
0.15 T T T T T T
0.141+ B
=
2 oTF ¥ 7 ?
go 13-/ 4 E
£ +
0.12 b
+- SHW
+ -6~ SHW3
Oll 1 1 1 1 1 1
0 10 20 30 40 50 60 70
Buffer size
Throughput vs buffer size for two different schemes.(p0 = 0.9)
0.155 T T T T T T
0.15f + o * A
5 0.145F * +- SHW |4
s + -6 SHW3
j=2 | ,
§ 0.14 i
|'E 0.135 lcEEo—6 O ,
0.13 i B
0125 1 1 1 1 1 1
0 10 20 30 40 50 60 70
Buffer size

Figure 3-9: Relation of throughput and size of buffer using SHW and SHW3.
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Chapter 4

Conclusion

This first part of this thesis examines the capacity requirements for mesh networks
with all-to-all traffic. This study is particularly useful for the purpose of design and
capacity provisioning in satellite networks. The technique of cuts on a graph is used to
obtain a tight lower bound on the capacity requirements. This cut technique provides
an efficient and simple way of obtaining lower bounds on spare capacity requirements
for more general failure scenarios such as node failures or multiple link failures.

Another contribution of this work is in the efficient restoration algorithm that
meets the lower bound on capacity requirement. Our restoration algorithm is rel-
atively fast in that only those traffic streams affected by the link failure must be
rerouted. Yet, our algorithm utilizes much less spare capacity than link based restora-
tion (factor of N improvement). Furthermore, in order to achieve high capacity uti-
lization, our algorithm makes use of capacity that is relinquished by traffic that is
rerouted due to the link failure (i.e. stub release [5]).

Interesting extensions include the consideration of multiple link failures, for which
finding an efficient restoration algorithm is challenging. Finally, for the application
to satellite networks, it would also be interesting to examine the impact of different
cross-link architectures.

In the second part of this thesis, we analyzed a problem where nodes of the 2-
dimensional N-mesh gnerate packet independently at the beginning of each time slot

with probability py. Each packet has unit transmission time and is destined for a
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uniformly selected node. We showed the stability region of such network. Then, we
consider three routing schemes (SHW, RPW, and OPW) and compare their through-
put performance. Both the analytic and simulated results show that SHW scheme
attains the best throughput performance, OPW scheme the second, and RPW the
worst in case of no buffer at each node. In the buffered case, the three schemes have
similar performance. Also, a small buffer size can achieve throughput close to that of
the infinite buffer size. Most of the packet drop occur because the new packet cannot
enter the system. Once a new packet is admitted to the system, it has a rather high

probability to reach its desintation node.
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