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ABSTRACT

Discretionary service facilities are providers of products andfor services that are
purchased by customers who are traveling on otherwise pre-planned trips such as
the daily commute. Optimum location of such facilities requires them to be at or
near points in the transportation network having sizable flows of different potential
customers. In [1] a first version of this problem was formulated, assuming that
customers would make no deviations, no matter how small, from the pre-planned
route to visit a discretionary service facility. Here the model is generalized in a
number of directions, all sharing the property that the customer may deviate from
the pre-planned route to visit a discretionary service facility. Three different
generalizations are offered, two of which can be solved approximately by greedy
heuristics and the third by any approximate or exact method used to solve the p-
median problem. 1t is shown for those formulations yielding to a greedy heuristic
approximate solution, including the formulation in [1], that the problems are
examples of optimizing submodular functions for which the Nemhauser et. al. [5]
bound on the performance of a greedy algorithm holds. In particular, the greedy
solution is always within 37% of optimal, and for one of the formulations it is

proved that the bound is tight.



In [1] Berman, Larson and Fouska introduced a new problem formulation in
location theory which was called "optimal location of discretionary service
facilities." The motivation was a perceived behavioral change on the part of
customers. Instead of undertaking a one-stop tour from home or workplace to a
facility to purchase a service or product, it was argued that many customers now
carry out such purchases as part of routine pre-planned trips, say on the daily
commute to and from home and workplace. Examples include stopping at gasoline
service stations, automatic teller machines and "convenience stores." Traditional
"Hakimi type" location models focus on minimizing some measure of travel
distance or travel time from home (or workplace) to the facility. The optimal
location of discretionary service facilities, on the other hand, requires convenience

with regard to the customer's pre-planned trip.

The focus in [1] was on locating the m discretionary service facilities so as to
maximize the flow of potential customers who passed at least one discretionary
service facility along her preselected travel path from origin to destination. A path
containing a facility was "covered;” a path not containing a facility, even if there
existed a facility § travel units from the path (§ > 0), was not covered. In [1] it was
proved that an optimal set of facility locations exists on the nodes of the network,

and both exact and heuristic algorithms were developed to solve the problem.

In this paper we relax the assumption that, to be useful to a potential customer,
a facility must be located at some point precisely on her pre-planned travel path.

Facilities located "near" the pre-planned path may also be utilized by the customer.



In the first generalization, which we call "delta coverage" or problem (P1), we
assume that, as in [1], the customer passes through each of the nodes of her pre-
planned trip path. If there are no facilities on the path, she is willing to detour a
maximum distance A from any one of the path nodes to travel to a discretionary
service facility. After purchasing the service or product at the facility, she returns to
the same path node, implying that a total detour travel distance of up to 24 is
incurred. This model depicts a situation in which a detour of up to 24 travel units,
starting and ending at one of the pre-planned path nodes, is associated with a zero
disutility on the part of the customer. Any detour requiring more than 24 travel
units has in effect infinite disutility, so the detour will not be executed and the
associated service (product) will not be purchased. We show that this problem can

be reduced to the problem solved in [1].

In the second generalization, which we call "maximize market size" or (P3), we
assume that customers are increasingly likely to balk at traveling to a service facility
as the deviation distance to it increases. More precisely, we assume that the
probability that a customer is willing to travel an extra d units of distance to a
facility that is located off the pre-planned path, assuming that this facility is the least
inconvenient to the original path, is a convex decreasing function of 4. The
objective is to locate the m facilities so as to maximize the expected number of
potential customers who become actual customers at the facilities. We develop both

exact and approximate algorithms to solve this problem.

In the third generalization, which we call "minimize expected inconvenience"
or (P3), we assume that all potential customers traveling on the network must
purchase the service at a service facility, regardless of the extra distance that must be
traveled to get to the facility. In this sense the facilities are no longer discretionary.

For some (lucky) customers, there will be a facility on their pre-planned travel paths,
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and no inconvenience is incurred. For others, the customers must deviate from the
pre-planned trip to travel to the service facility causing least digression from the
originally selected path. We assume that customers select their deviation paths to
be the shortest ones possible. The objective of this problem is to locate the service
facilities so as to minimize the total deviation distance traveled per unit of time, or
equivalently, to minimize the expected deviation distance traveled by a random
customer. We show that this problem is essentially an m median problem, and any

m median algorithm can be used to locate the m facilities.

We present a generic worst case analysis of all the (greedy) heuristics
developed both in this paper and in [1]. We show that each of our models, with the
exception of the median model [problem (P3)], belongs to a family of problems in
which there is a "e1" worst case bound associated with the greedy heuristic and the
bound is tight. This result improves upon the worst case bound published in [1] for

the original form of the discretionary services location problem.

The paper concludes with specific algorithms, a greedy heuristic and a branch

and bound algorithm, to solve problem (P,). Numerical results are included.



1. Back nd and Notation

Let G(N, A) be a bidirectional urban transportation network where N is the set
of nodes with cardinality n and A is the set of arcs. We denote by P the set of non-
zero flow paths through the network nodes and let f, indicate the number of units
of travel flow along any path p € P, per unit of time. Let m be the number of
facilities to be located on the network. All facilities are assumed to provide identical

service and thus no customer needs on any given trip to stop at more than one of

them.
1.1, The Case of No Allowed Deviation

In [1] Berman, Larson and Fouska examined the problem [called problem (BLF)]
of finding a set of m facilities on the network so as to maximize the total flow of
different customers intercepted by the facilities under a very specific assumption
regarding the behavior of customers. It was assumed that a customer may receive
service only from facilities located on his (her) pre-planned trip path. In other
words customers cannot deviate from their pre-planned paths. The problem can be

formulated as

(BLF) max Y fpl(x,p)
xe G peP

where I(x,p) is an indicator variable,

_ 1 atleastone x € Xisonpathp
Iz, p)= { 0 Otherwise

and x is a vector of m points in G. In [1], it was shown that G can be replaced with N

in problem (BLF) since it is proved that an optimal set locations exists in N.
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1.2 viation

In this paper we relax the assumption that customers do not deviate from their
pre-planned trips when service is required. We define the deviation distance as the
extra distance incurred when a customer deviates from his (her) pre-planned trip path.

We denote by d(a, b) the shortest distance (travel time) between a and b,4, b € G.

To calculate the deviation distance for a customer who travels on path
p € P, defined by a node visitation sequence p = {n1, n2, .. . ., nj} (where nj is the
path p origin node and nj is its destination node), we distinguish between two cases:
Case i: p € P is a shortest path; Case ii: p € P is not a shortest path. When pisa
shortest path, the deviation distance from the path p to the "nearest" of the m

facilities, D(p, x), is given by

D(p, x)= min D(p, x)= min (dn; x)+d(x, n;)-dng, ny)).
xex xX€ X ,

When p is not a shortest path, we assume that the "path p" customer when
traveling between origin n7 and destination n; must visit in proper sequence all the

nodes contained in path p. Therefore, D (p, X) is now given by

D(p,x)= min [ min {d(n]-x)+d(x,n]-+1)-d(nj,nj+1)}].
an,j¢l Xe X

As an example for the calculations of D(p, x) we refer to Figure 1 that depicts a
simple network with 7 nodes. Suppose for Case i, that p = (2, 1, 4, 5) and a single

facility is located at node 3, then

D(p,x)=2+9-9=2



INSERT FIGURE 1 HERE.

For Case ii, let us assume that p = (1,2, 3,6) and x = 7, then D(p, x) =min (6 +5-3,5
+3-2,3+5-3}=5.



2. The Problems

2.1. (Py: Delta Coverage

"Delta coverage" depicts a situation in which a detour of up to 24 travel units,
starting and ending at the same pre-planned path node, is allowed in order for the
customer to visit a facility "nearest" to her pre-planned route. It is assumed that the
detour route is restricted to a tour comprising a minimum distance path from the
detour-originating path node to a nearest facility and, due to network

bidirectionality, a repeat of that path in reverse direction.

The formulation of problem (BLF) can be easily extended to include problem
(P7). In (P7) a customer is said to be intercepted by a facility if at least one facility is

at a distance of at most A from a node on the customer's trip path p, i.e,,

Py max prl (x, p)
xe G Peb '
where we define
' - 1 3 jep suchthatd(j, x) <A
I(x,p) =
x.p) {0 otherwise,

where d(j, x) = shortest distance between j € N and a nearest facility located at x € x.

Let us define N as the union of the node set N and the set of all points NA in G that

are exactly A units of distance away from a node, i.e., N’ = N U NA where

NA={ye Gld(j,y)=A,je N}. [Note that problem (P;) reduces to problem (BLF)
when A=0.]

Theorem 1. An optimal set of locations for problem (P7) exists in N”.




Proof. Straightforward and omitted.

The algorithms of [1], both exact and heuristic, can be applied directly to solve

problem (P7), with the set of possible facility locations now extended to N".

2.2. (P2): Maximize Market Size

The objective of problem (P)) is to locate the m facilities so as to maximize the
expected number of potential customers who become actual customers at the
facilities. Here we allow customers to deviate from their pre-planned route in the
general manner described in Sec. 1.2; in particular, detours are not restricted to be
tours. We assume that as the deviation distance grows larger, customers become
less and less likely to select the detour to visit a nearest facility. Thus we again have

a flow intercept maximization problem.

We assume that the flow of "path p" customers to the "nearest" of m facilities in
the location set x is a convex decreasing function of the deviation distance D( P, x),
denoted by f, g(D(p, x)), where g(0)=1. Here g(D(p, x)) can be interpreted to be the
fraction of "path p" customers who would deviate to use a facility in x closest to path
p, or equivalently, the probability that a random path p customer will deviate to use

that facility. Therefore problem (Py) is

(P5) max X fpg(D(p,;)).

xeG pek

Theorem 2. An optimal set of locations to (P7) exists in N.
Proof. Case a (all customer paths are minimum distance paths):

Path/facility assignment fixed: For any x e x , let Py be the set of all paths in P that

route all or a fraction of its customers to the facility at x. If x lies on path p € Py, there
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is no deviation distance and the corresponding component of the objective function
is fp. Consider a path p e Py not containing x, where as usual 77 is the origin node
and n; is the destination node of p. Suppose x € x is an interior point on link (a, b),
having length d(a,b). Assume that the distance from node a to x is Q d(a, b) where 0 <
Q <1. Then the deviation distance from p to x, defined as D(p, x), is found by

computing the minimum of four possible detour routes to and from x:
D(p, x) = d(n1, x) + d(x, n}) —d(n1, np) =

min{d(n1, a) + 2Qd(a, b) + d(a, nj) —d(n1, np); d(n1, a) + d(a, b) +
d(b, n)) —d(ny, np); d(n1, b) + d(a, b) + d(a, n}) — d(n1, ny);
d(n1, b) + 2(1 - Q)d(a, b) + d(b, n) — d(ny, np}.

Since D(p, x) is the lower envelope of linear functions of Q, it is a piecewise linear
concave function of Q. Since g(y) is a decreasing convex function of y and D(p, x) is a
piecewise linear concave function of Q, g(D(p, x)) is a convex function of Q. Since a

sum of convex functions is convex, we know that the partial sum

Z fp&(D(p,x))
PeE,

is convex. Since Q is defined on the closed interval 0 £ Q <1, a maximum of the

partial sum must exist at an endpoint corresponding to Q =0 or Q =1.

Path/facility reassignment: Any change in location of the examined facility from an
interior point on (a, b) to one of the arc's nodes may in turn cause a reassignment of
customers on one or more paths in Py to other facilities and/or may cause
reassignment of customers on paths not in Py to the examined facility. But such

path/facility reassignment cannot decrease the objective function.
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Case b (not all customer paths are minimum distance paths): Proved in a similar

fashion. Q.E.D.

2.3. (P3): Minimize Expected Inconvenience

In problem (P3) all customers must travel to a service facility "closest" to their
pre-planned paths to purchase or consume the service provided there. "Closeness"
of a facility to a path is measured in terms of the minimum deviation distance (Sec.
1.2). The objective of problem (P3) is to locate the service facilities so as to minimize
the total deviation distance traveled per unit time, or equivalently, to minimize the

expected deviation distance traveled by a random customer, i.e.,

(P3) min prD(p,Ec_)
x e G pel

The objective function of problem (P3) is identical in form to that of the well
known "m-median" type problem [2]. For the m-median problem, Hakimi proved
that an optimal set of facility location exists on the nodes of the network [3]. Thus in
(P3) the search for optimal locations in G in the objective function can be replaced
with a search limited to the node set N. Any of the algorithms, heuristic or exact,
developed and used to solve the (NP-hard) m-median problem can be used for

problem (P3).

3. Worst Case Analysis of Greedy Algorithms

In this section we analyze a generic greedy algorithm for problems (P1) and (P2).
We show that the greedy algorithm is always within 37% of the optimal solution

and this bound is tight. In Section 4 we develop a specific greedy algorithm for
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problem (P,), as well as a branch and bound algorithm, and we give numerical

results.

Problems (P7) and (P2) can generically be formulated as follows: Let
fir 2N — R+ (i = 1, 2) be set functions defined on subsets of the set N. Then, problem

(Pj), (i =1, 2) can be formulated
(Pi).' Zi = Max f,(S)
SQNi, |S ISm
where the functions fi(S) are defined in Section 2 and N;=N"=Nu N,4,N, =N.

Problem (P3), the median problem, can be formulated as
(P3): Min  f{S).
ScN,|S|sm

Our focus in on problems (P7), (P2). A generic greedy algorithm for problems

(P1), (P2) is:
Greedy Algorithm: [Input: fi(S), m, N; ]

[Output: Qc, Z;]

1. (Initialization) Qe tel
2. (Main Loop) Fort=1,....m
joe argmax  f(Q U]}
je N o
% -
Qf é_Qf U {]t}
3. (Output) Qg=Q™
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Zg = f(Q™)

Given the function f(S), the number of facilities m and the set of potential locations

N;, the algorithm outputs a set Q of m facilities with value Z.

Nembhauser, Wolsey and Fisher (1978), Fisher, Nemhauser and Wolsey (1978),
and Nemhauser and Wolsey (1981) have studied the problem of

max f(S) , where f(S) is a submodular and nondecreasing function and where we
ScN,|Slsm

have suppressed the subscript on the node set N; and f;. A set function is called

submodular if for all S, Tc N,
f(SAT) + f(SUT) < f(S) + f(T)
and is nondecreasing if for all S, T, ScT, we have f(S) <f(T).

Obtaining the exact solution to the problem of maximizing a submodular set
function is NP-hard. The greedy algorithm, however, approximates the problem
very well, yielding results "close" to the optimum. More precisely, Nemhauser et.

al. (1978) prove that

Theorem 3. (Nemhauser et. al. (1978))

The value Z; returned by the greedy algorithm when applied to the problem:

Z+r= max f(S) (1)
SCN,|S|sN

for f(S) being submodular and nondecreasing satisfies
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Zg

*

21-(1-H" 2112043
m e
In other words the greedy algorithm returns a solution that is optimal for m =1
and within 37% from the optimal solution value for any value of m. Moreover, the

bound is tight, i.e., there are instances in which Zg =(Z+)[1-(1 - %) m].

Furthermore, Nemhauser and Wolsey (1979) have shown that within a large class

of algorithms the greedy algorithm is the best possible for problem (1).

We plan to show in the remaining of this section that problems (P1), (P2) are
instances of problem (1), i.e., the functions fi(s), (i = 1, 2) are submodular and
nondecreasing. We will also show that problem (P3) is an instance of minimizing a

supermodular nonincreasing function.

3.1 Delta Coverage

With the usual bidirectional network G = (N, A), let d(x, i) be the length of the
shortest path from node x to node i (x,i € N) and let N(x, A) ={i e N:d (x, i) <A} be
the set of nodal "delta coverage" points associated with node x. Let P be the given
set of paths, assuming that a path p € P is specified as a set of nodes in N, i.e., p = {ny,

.., ). A customer whose path includes node x could travel from x to a service

facility located in N(x, 4), and back, incurring a detour travel distance not greater

than 24; in that way any facility in N(x, A) "covers" node x. Or, equivalently, a

customer whose travel path includes at least one node n;in N(x, A) could travel

from that node to a service facility located at x and back, incurring a detour travel

distance not exceeding 24; in that way a facility located at x covers any node

n]' € N(x, A).

Let
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v
NG, 4) = xeS N(x, 4)

be the set of nodal "delta coverage" points corresponding to any subset S of

potential facility locations, SC N UN 4 (see Figure 2). A customer whose travel

path includes at least one node in N(S, 4) could travel from that path node to and
from a facility, with a detour travel distance not exceeding 24, if at least one facility

is located in S.
INSERT FIGURE 2 HERE

Using Theorem 1, problem (P7) is formulated as

(P1) Max f9)= Xf,
ScNUNA peP

IS1 <m pN NS, A) =20

Note that for A = 0, N(x, A) = (x}, N(S, A) = S and the problem reduces to the problem
studied in Berman et. al. (1992).

Proposition 1

If fp 20 for all p € P, then for any A 20, f;(S) is submodular and nondecreasing.

Proof;

e IfSc T, then dearly N(S, A) ¢ N(T, A) which implies that f;(S) <f7(T) if fp 20,

i.e., f1(S) is nondecreasing.

e In order to show that a set function is submodular it suffices to show that for all
ScTandke T, f1 (TU({k)) - f1(T) <f(SUk) - f1(S).
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Forany Sand T, Sc T,let Pr={p € P:pNN(T, A) = &}, i.e, Pris the set of all paths
not covered by locating facilities in T. Since S ¢ T, then N(S, 4) ¢ N(T, A) which

implies that Py  Pg. Then,

pel pel
pN N(TUk}, A) QD pn N(T, 4) =D
= p fr = > fr
pelP pe€ LT
pN N(T,A) =0 pN Nk A) =D

pN Nk, A)#QD

IA

Zfy
p € Bs
pN Nk A)+D
= f1(S U{k}) - f1(S),

i.e., f1(S) is submodular.

3.2, imize Market Siz

In Sec. 1.2 path deviation distances were defined for two cases: (1) all customer
paths are minimum distance paths; (2) not all customer paths are minimum

distance paths. For the former case, for each p € P and S ¢ N, we can write the
deviation distance of path p from set S as
D(p,S) = Min [d(i,x)+d (x,j)-d (i, j)}.

i,jep
xeS
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Let g(y) : R* — R* be a nondecreasing function not necessarily convex. From

Theorem 2, Problem (P,) can be formulated as

(P2): Max f,(S) = pr g(D(p, S)).

Sc N peP
S| <m

In the following proof, we assume that all customer paths are minimum distance

paths. A directly analogous proof applies to the other case.
Pr ition

If g(y) is a nonincreasing function, then f,(S) is a submodular, nondecreasing

set function. On the other hand, f3(S) a is supermodular, nonincreasing set

function.

Proof.
If Sc T, then D(p, S) 2 D(p, T) which implies that g(D(p, S)) < g(D(p, T)), since
8(y) is nonincreasing. Therefore, f,(S) <f,(T), i.e., f,(5) is nondecreasing. Similarly,

f3(S) 2f3(T), i.e,, f3(S) is nonincreasing.

We will now show that g(D(p, S)) is submodular. Let Sc T and k¢ T. We first
note that D(p, TU{k})] = min {D(p, T), Min [d(i, k) + d(k, j) - d(i, )]}.
i, jep

In order to check whether g(D(p, S)) is submodular it suffices to show that
g(D(p, TU{kD) - g(D(p, T)) <3(D(p, SUKD) - $(D(p, S),
or equivalently, defining a = Min [d(i, k) + d(k, j) - d(i, j)],
i,jep
g(Min[D(p, T), ai]) - g(D(p, T)) <g(Min [D(p, S), a]) — g(D(p, S)). (2)
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In order to check (2) we distinguish three cases:

1.

a 2D(p, S) 2D(p, T).
Then (2) becomes
¢(D(p, T)) - g(D(p, T)) < g(D(p, S)) - g(D/p, S)),
which is obviously satisfied.
D(p,S) 2a2D(p, T)

Then (2) becomes
0 <g(a) - g(D(p, S)),

which is satisfied since g(y) is nondecreasing.
D(p,S)2d(p, T) 2«
Then (2) becomes

g(a) — g(D(p, T)) < gla) - g(D(p, S)),

which is satisfied since g(D(p, S)) <g(D(p, T). (S < T and D(p, S) 2 D(p, T)).

Therefore the set function g(D(p, S)) is submodular. Then, if fp 20, f»(5) is also

submodular since it is a sum of submodular set functions.

By exactly the same proof we can show that D(p, S) is supermodular, i.e.,

D(p, TU{k}) - D(p, T) 2 D(p, SU[k}) - D(p, S) which implies that f;(S) is

supermodular. Note that the submodularity of f2(S) is independent of any

convexity assumption on g(x).
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3.3 Main Theorem
Combining Theorem 3 and Propositions 1 and 2, we can prove

Theorem 4. For problems (Py), (P,) the generic greedy algorithm produces a value
ZGi (i=1, 2) such that

Zg

i I1,m
21'(1“;) . (3)

*i

In the following theorem we investigate the tightness of the bound.
Theorem 5. For problem (P7) with A = 0, the bound (3) is tight.

Proof: Consider a network with nodes Ay, A,..., A, By, By, ..., B, 5, Cq, ..., C,.
The set of edges is as follows: E = {(Aj, A;), (A;, C); i=1, ..., m} C {(A;, B)i=1,..,m,
j=1, ..., m-2}. (See Figure 3 for m=4.) The set P of paths is as follows: Fori=1,...m

m paths (Ap, A,) each with value = mm‘2
P 0r 43 f0

m paths (A;, By) each with value f1 =%— m

m-1\) _m-2
m paths (Aj, Bj)  each with value fi =(7n—) m ,j=1...m-=2

m paths (A; C;)  each with value f, ;= (m-1)m]1

INSERT FIGURE 3 HERE

The optimal solution of problem (P1) with A = 0 and up to m facilities is the set

(Aq,...,A,) of the nodes at the first level that covers all the paths. The value of the

optimal solution is
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m-2

Zr= mf0+ m 21f1+ mfm_1= m
]=

m

The greedy algorithm selects node A first, then node By, then node B, .. ., node

B,,., and finally one of A;, ..., A,

The cost of the greedy algorithm is

m-2
Zg=mfg+m X, fi+fma=m - (m-D".
=

The reason is that the value of A is at least as large as any other's node, B is at least

Z
C_1-1-4

m
yA" m '

Q.E.D.

as high as any from the remaining nodes, etc. Thus,

Problem (P3) is a minimization of a supermodular nonincreasing function
subject to a cardinality constraint. Although approximating a maximization of a
submodular function within a constant factor is possiblelas we have seen,
approximating a minimization of a supermodular function within a constant is NP-
hard. Although the supermodular function f;(S) appearing in problem (P3) has
special structure, we strongly suspect that the problem does not have a constant
guaranteed heuristic. Indeed the greedy algorithm which was very successful for

problems (P1) and (P2) delivers a solution with cost arbitrarily far from the optimal

cost.

4. Solving Problem P2

In this section we focus on solution methods for problem (P7). Building on our
standard notation, let D(p, i) be the deviation distance for a path p customer to
detour through nodei. This notation applies whether or not strictly minimum

distance paths are used. Define the potential expected path p flow through node i as
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Cpi=fp8g(D(p.)) Efpg(r]{zei;z D(j,9).

Since g(.) is a convex decreasing function,

2 fp8(D(x,p)) = 3, max Cy,
PGP PeR jex

Therefore problem (P3) could be formulated as

(Py) max 2 max Cp,

xN P iex

We can now identify binary decision variables and assignment variables. Let
1 ifafacilityiis assigned to pathp
0 otherwise
and
1 ifafacility is located at node

0 otherwise

Now problem (P3) can be stated as a mathematical programming problem:

(Py) max ), Zcp,
peP =1

s.t.
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n
Zij=1 forallpe P
=1

The first constraint guarantees that m facilities are located. In the second set of
constraints we have made sure that path p cannot be assigned to a node that does

not house a facility, whereas the last set of constraints ensures that each path is

assigned to exactly one facility.

To solve problem (P3), we developed a greedy heuristic (having the properties
of the generic greedy heuristic of Sec. 3) and an exact algorithm. The greedy

heuristic is a modification of the greedy heuristic to solve problem (BLF) (See [1].).

The Greedy Heuristi lve P2

Step 1. I=1

Step 2 Compute b;=X, pf,8(d(i,p), i=1,...n.

Step 3. Find b;,, . = maxieN {bj; locate facility I at node i, and delete i,y
from N.

Step 4. Set Vpe P, Vje N,

8(D(i, p)) = [g D(i, p)) — §(D (imax p)I*

Delete from P the set P; ~ (which is the set of all paths p for which

g(D(imax, p)) =0.
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Step 5. If I=morif P =0, STOP. Otherwise set! =1+ 1 and go to Step 2.

As an example, let us refer again to the network in Figure 1 and let us solve

problem (P3) with an exponential customer damping factor, i.e., g(D(p, X)) =

ePD(pX). The paths and all extra distances are given in Table 1. Suppose b = .05
and fp= 1 Vpe P. We start the heuristic with I = 1.

Since b1 = 9.413; b2 = 8.781; b3 = 8.993; b4 = 9.065; b5 = 8.171; b = 9.4999; b7 =
8.722; bjmax = bg, we locate facility 1 at node 6 and we delete node 6 from N. We
find new e_bD(p'j) V' p,j#6 and delete from P paths 4,5, 6, 7, 8, 9. Since l1=1,P=0,
we let] =2. Now b1 =.0975; b2 = 0.2300; b3 = .1812, b4 = .0975; b5 = .3187, b7 = .4024,
bjmax = b7 and we locate the second facility at node 7, and we delete node 7 from N.
We find new ePD(P, j) and delete from P paths 2 and 10. Sincel =2, P= @ weset! =
3, find b7 = 0.0975; b2 = .0487, b3 = 0; bg = .0975; b5 = .0975, jmax = 1 (or 4 or 5). Since |

=3, we are done. Total flow intercepted 9.4999 + 0.4024 + 0.0975 = 9.9998.

INSERT TABLE 1 HERE

To solve the problem (P;) exactly we developed a branch and bound code for the
problem. This branch and bound procedure is based on two upper bounds. The first
one which is a minor modification of the one developed in [1] for (P7) is called UBj].
The variables X1, . . ., Xn are the decision variables for the branch and bound tree.
Let us define D < N as a set of all variables that constitute a partial solution in the
branch and bound tree (i.e.,j € D = Xj:O, I)andletU=N-D. LetDjcD ID1l =1,
be the set of all nodes in D that house a facility (j € D1 = Xj=1) and let Dg =D - D1
(j e D= Xj=0). Let
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ri= maxCi]- i=1,...,|PI,

jeD1

i.e, r; is the maximum amount of flow that the facilities in the partial solution

E|
intercept from path i. For each j € U we define 6]=i max{0,Ciry, i.e.,6j is

i=1
maximum amount of flow node j can intercept after deleting all the flow

intercepted by the already-located facilities. Now UB7 can be defined
P
UB 1= r,- + L
i=1

where L is the sum of the (m - I) greatest 5]-'5- The second upper bound called UB?

can be now defined

UBy= ), max Cy
PEP jeDjuU

We note that UB) is useful when there are many variables in a partial solution for
which X]' =0 which is exactly the situation when UB7 is not useful. Therefore UB]
and UB2 complement each other in the branch and bound. Finally, the upper

bound is the minimum of UB7 and UB).

The computer code implementing the branch and bound algorithm for
problem (P3) is written in C and tests were run on DEC 5810. In order to provide test
results we generated randomly network sizes, their path and corresponding flows. In
Table 2, we illustrate a typical sample of our test cases for the problem with an
exponential damping factor. The table provides the CPU time and the ratio of the

solution value provided by the greedy heuristic and the branch and bound for
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networks with number of nodes and number of paths ranging from 20 to 100 and
number of facilities ranging from 2 to 5. We see that for this set of runs the greedy

heuristic performs considerably better than its worst case bound.

INSERT TABLE 2 HERE
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Figures:

Figure 1

A 7-Node Network
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p1=(C,EF, A} foy =
py ={A, B, C} fpz =
p3=(D,C} fp3=
A=1

S ={A, F}

N(A/ 1) = [AI F}/ N(F 1) = {AI F/ B/ E}

Figure 2

Example for Delta Coverage
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Figure 3. Example in the Proof for m = 4.
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TABLES:

Nodes/Path 1 2 3 4 5 6 7
(1) 2145 0 0 2 0 0 1 2
2 237 4 0 0 7 10 4 0
(3) 145 0 6 7 0 0 1 6
4) 167 0 2 1 3 6 0 0
5) 361 0 1 0 3 11 0 5
6) 3645 1 2 0 0 0 0 0
@ 463 1 2 0 0 6 0 5
(8 546 1 2 6 0 0 0 5
9) 612 0 0 1 3 11 0 6
(10) 75 6 8 6 5 0 5 0

Table 1: Paths and Extra Distances for the Example.
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n Pl m CPU of the Val f Gr

B&B Algorithm Value of Branch and Bound

10, 10, 2 0 1

3 0 1

4 0 1

5 0 1
30, 30 2 0 998

3 1 937

4 5 951

5 22 993
50, 50 2 1 983

3 11 935

4 69 968

5 355 .955
100, 100 2 5 1

3 169 936

4 693 934

5 2147 943

Table 2

CPU Times in Seconds (rounded to closest integer) and ratio of objective function of
the greedy heuristic to the objective function of the branch and bound procedure for
several n, | P|, m values.
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