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ABSTRACT

This paper extends Hakimi's one-median problem by embedding it in a general
queueing context. Demands for service that arise solely on the nodes of a network
G occur in time as a Poisson process. A single mobile server resides at a facility
located on G. The server, when available, is dispatched immediately to any demand
that occurs. When a demand finds the server busy with a previous demand, it is
either rejected (model 1) or entered into a queue that is depleted in a first-
come, first-served manner (model 2). It is desired to locate the facility on G
so as to minimize average cost of response, which is either a weighted sum of
mean travel time and cost of rejection (model 1) or the sum of mean queueing delay
and mean travel time. For model 1, one finds that the optimal location reduces
to Hakimi's familiar nodal result. For model 2, nonlinearities in the objective
function can yield an optimal solution that is either at a node or on a link.
Properties of the objective function for model 2 are utilized to develop efficient

finite-step procedures for finding the optimal location.



Ever since Hakimi's work in 1964[1] and 1965,[2] there has been considerable
interest in the problem of optimally locating one or more facilities on a network.
Consider an undirected network G(N,L), where N is the set éf:nddes (INl=n) and L-is the

set of links, having,é“fréctibn hi of all-service demands originate at node ieN. (No

demand originates on the links). If d(x,i) is the distance between the facility at xeG

and node 1eN, then the average travel distance associated with a random service

demand 1is

_ n
J(x) =L h
i=1

i d(x,1i).

Hakimi's "1-median" problem is to locate a facility at a point x*aG such that for
all xeG,'E(x*):{3(x). Hakimi showed that an optimal location existed in the node
set N, thus reducing a continuous search to a simple finite one. An analogous result
regarding nodal locations was given for the multi-median problem.

While the median problem exhibits certain mathematically appealing properties,
its implied operational assumptions can be somewhat limiting in practice. In parti-
cular, the median problem incorporates only one of two types of probabilistic
behaviors often seen in applications: it does include the probabilistic spatial
nature of service demands, using hi as the probability that a random service
demand originates at node i; it does not include the probabilistic temporal nature
of service demands, which in certain operating systems can result in service demands
either being rejected ("lost") or placed in gueue due to unavailability of the
server associated with the facility. The probability of being rejected or placed
in queue is often far from insignificant: if the server is busy servicing demands
50 percent of the time, and if service demands arrive in time in a Poisson manner,
then 50 percent of the arriving service demands find the server busy and are either
rejected or placed in queue. With the queueing option, the mean in-queue waiting
time is often much larger than the mean travel time, the quantity emphasized in

the median problem. Thus one is motivated to formulate and analyze location



problems in which temporal as well as spatial uncertainties are incorporated.

In this paper we consider two formulations that add temporal uncertainty to the
Hakimi model in a general and, we think, natural way. We consider the location on
a network of a single facility that garages a mobile server. Service demands occur
at nodes in a random (homogeneous Poisson) manner, and in response to each demand,
the server (if available) travels to the demand to provide on-scene and perhaps
off-scene service. If the server is unavailable at the time of a service demand,
the demand is either lost or entered into a queue that is depleted in a first-in,
first-out (FIFO) manner. From a queueing point of view, the system is an M/G/1
system (meaning Poisson input, general [independent] service times, and a single
server)3operating in ste;dy state, with either zero queue capacity (when demands can
become lost) or infinite queue capacity.

For the infinite queue capacity case, the objective is to locate the facility
so that the sum of the mean in-queue delay and mean travel time is minimized. For
the zero queue capacity case, the objective is to minimize an appropriately weighted
sum of mean travel time (for those demands that are serviced) and cost of rejection
(for those that are lost). For both extremes of queue capacity, we find the optimal
location of the facility. For the case of zero queue capacity, we find that the
optimal facility location reduces to Hakimi's familiar nodal result. For the case
of infinite queue capacity, nonlinearities in the objective function can yield an
optimal solution that is either at a node or on a link. Exact finite-step procedures

for finding the optimal location are developed.

1. Problem Definition

Let G(N,L) be an undirected network with node set N (INl=n) and link set L.
Service demands occur exclusively at the nodes, with each node i generating an

n
independent Poisson stream with rate khi (Z hi = 1). Travel distance from point
i=1



\

is the time to stabiliie the patient and placé him

XeG to node ieN is d(x,i). Travel distance on link (i,j) is d The distance

ij’

required to travel a fraction 6 of link (i,j) is assumed to be 84 In all cases

i3y
travel time is equal to. travel distance divided by travel speed v.

e e

A single mobile server is stationed at a facility located at xe£G. The

server is free or available whenever it is located at x and immediately ready to

service a demand. Given a service demand from node ieN, and given that the server
is free, the server is immediately dispatched to node i, incurring a travel time or

travel cost d(x,i)/v. At node i there is an on-scene service time Ri’ having mean

Ri and second moment Ri2 <®, Following the on-scene service time, there is an

additional travel time (B-1) d(x,i)/v, where B > 2, followed by an additional off-

scene service time wi’ having mean Wi

time associated with a serviced demand from node i is

and second moment Wiz <®, The total service

Si= d(x,i)/v + Ri + (B-1) d(x,i)/v + Wi =B d(x,i)/v+ R, + Wi (1)

i

The server is busy during any of the four phases of service (see Figure 1). When-

ever a demand is generated and the server is busy servicing a previous demand, the

new demand is either lost (which usually implies service by a back-up service system),

incurring a travel cost Y > 0, or it is entered into a queue that is depleted in a
FIFO manner.
As an example, if B=2 the model could represent an ambulance garaged at a

hospital located at xeG; d(x,i)/v is the travel time to a patient at node i; Ri

-

(Her) in tﬁe amBulahce;
d(i,x)/v = d(x,1)/v is the travel time back to the hospital; and Wi is the
time to deliver the patient to physicians and to prepare the ambulance for the
next service demand. If the system has zero queue capacity, here Y might

represent the travel time required for a back-up server (perhaps in an adjacent



Total service time = S

i
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travel time on-scene follow-up off-scene
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Figure 1: Time Sequence for a Demand for Service

community) to reach any patient who demanded service while the primary ambulance
was busy. Values of B greater than 2 could result if speed back to the hospital
were necessarily slower than the rapid speed of initial response and/or if the
return route followed other than a minimum distance path, but a path proportional
in length to d(x,1).

To simplify notation, we define o and O§+W as the mean and variance,

respectively, of the nontravel-related service time. Clearly,

n — —
a =l§ hi (Ri + Wi) (2)
i=1
2 o ) o - .2 o = .2
0; =% h, R, +W,)-(Z h, R (X h,W)". 3
ML T T T L Y ®

Ed

[4]

In the following we utilize Little's queueing formula ,» which when applied

to a single server, states that ﬁ; = A'S, where

Nc = average number of customers (i.e., service demands) being served

by the server at a random time



S = average service time
A'S time-average rate at which potential customers are accepted

into service (A" excludes rejected customers).

Since only 0 or 1 customer can be with the server at any time,‘ﬁe = p = fraction

of time that the server is busy = system utilization factor < 1. Hence,
p =AY, (4)

II. The Case of Lost Demands (Model 1)

We consider first the relatively easy situation im which no queueing is

allowed. Define

p(x) = average fraction of time that the server is busy, given that

it is located at xeG when free.

Since demands are Polsson, a fraction (1-p(x)) of demands find the server free
and ére thus serviced by the server, and a fraction p(x) find it busy and are-
thus lost, incurring a cost Y > 0. The expected cost of travel for a random

demand is

- n
J(x) = (I-p(x)) L hi d(x,i)/v + p(x) Y (5)
i=1

% - % - *
We wish to find x €G such that for all x€G, J(x ) <J(x). The location x could

be called a stochastic loss median. The term "loss" is appropriate since the
'éefviééléyétéﬁ'ié an'ﬁlclillosé'queﬁé;‘iLé.,'cusgbméfs who arfive when the
server is busy are lost and handled by a back-up system.

Theorem 1 There exists at least one node of G which is a stochastic loss median,

and that node corresponds to the Hakimi median.

Proof Applying Little's formula to the server located at xeG, p(x) = A'(x) S(x),



where A'(x) = average rate at which the server accepts service demands and S(x) =

expected total service time of a random serviced demand. Due to Poisson arrivals,

A'(x) = A(1-p(x)). Hence, p(x) = AS(x)/[1+AS(x)]. Now, S(x) = B t(x) + o, where
n

Tx) =% I b
i=1 _

is given in (2). Simple substitution into (5) yields'F(x) = [Aya + t(x) (1 + AYB)]/

d(x,i) = average travel time to a random service demand and o > 0

[1+ ay +‘E(x)BA]. It is easily verified that 33(x)/3(€(x)) > 0 for all E(x)zp and
thusljfx) increases strictly monotonically with.E(x). Hence J(x) is minimized by
minimizing.g(x). But by Hakimi's proof [1], t(x) is minimized at a node and that

node is the Hakimi median. =N

I1I. The Case of Queued Demands (Model 2)

We now consider the more difficult case in which demands that occur when
the server is busy are entered into a queue that is depleted in a FIFO manner.
We use the same notation as in Sections I and II with the additional convention
that the facility is assumed to be located on a link connecting nodes a and b

at a distance x from node a (Figure 2).

location of the service facility

l
@ : | ®

Figure 2: - Possible Link Location of the Facility

Let & be the length of link (a,b) and let d(i,j) be the shortest distance

between nodes i,j €eN. The mean and the variance of the service time are readily

computed,

— 8 n
E[S(x)] = S(x) = & +-; [Z h

j min {x+d(a,j); (&-x) + d(b,i)}]1  6(a)
j=1



g2
VAR[S(x)] = & == {1
v

nhe~p

. NN 2
g.(x) h, min {Gekd(a,3)) %5 ((8-x) + d(b,iN3 6)

j=1

n
- il by min ferd(a,3); () + d(b,3) 1%} + -

where O§+W is given in (3) and where we have assumed that the travel time and
the two nontravel time components 0f service time are statistically independent.
In Equation (6) we have taken into account the fact that, given a service demand
from node j, there are two alternatives for the service unit to travel to node j:
(i) travel first to node é_and then proceed fo node j; (ii) travel first to

node b and then proceed to node j.

Given facility location x, the expected response time Eg(x) associated

with a random service demand is the sum of the mean in-queue delay Wﬁ(x) and
the expected travel time t(x). Since the stochastic system is a single server
queue having Poisson input and general independent service times (i.e., an

M/G/1 queue), it is well known that

— 2 2 —
i R T R for A5(x) <1

J2(1 - AS(x)) 2(1 - AS(x)) ¢))

'ﬁq (x)

+ o for AS(x) > 1

Hence, for AS(x) <1,
TR(X) = Wq(x) + tT(x)

2 n .
5G). + 1 [ I homin fekd(a,3); (00 + d(b,1)}] (8)
2(1 - A3(x)) v.oo3=l

,Xg(x)z +0

- 3 - 3 *
The objective is to find x ¢ [a,b], [a,b] €L, such that

T(x) <TG ¥ xe (a',b!), (a',b")eL 9)

-
L.

Here location x could be called a stochastic queue median.




3.1. The Expected Response Time.ER(x)

We start by simplifying the expression for Eﬁ(x) in (8). Let us partition

the node set N into two disjoint sets A and B:
A= {j; xtd(a,j) < (&-x) + d(b,j)}; B = N-A,

where x is again the distance of the facility from node a on link (a,b). Using

these sets we can rewrite §fx) in (2) as

T =0 +2 [T b (xH(a,i)) +I h, ((B=x) + d(b,iN].
jeA jeB

2 = .
In a similar manner we can rewrite OS(X) and TR(X)- After some algebraic

manipulations,‘Tk(x), when finite, can be rewritten as

2
_ 8 312 + BA 2 . 214202
'I'R(x)=>\[a+v(clx+c2)] +VZ [(c3x +04x+C5 (Clx+cz) ]+>\OR+W
20-X o+ 3 (c1x+02)]}
+L @ x+c) (10)
v 1 2
“where
Cl = Z h, - I h,
jea 1 4eB
C, = T h,d(aj)+ I h, (4+d(b,]))
jeA 3 . jeB 3
C,= Z h,+ I h, =1
3 . j .
jeA jeB
C, = 2{ I h,d(a,j) - T h, (W+d(b,i)}
jea 3 jep
_ \\2 \\2
¢, = I hj (d(a,inN" + hj (&+d(b,3))

jea jeB



Further simplification of (10) yields

2
- a.x + a,x + a
TR(X) ) 1a x + i 2
4 5 (11)
where
. 2y AB
al = (B -2 Cl ) 2 .
v
2
ol e 2XaBC
az - *2C, @ A . B C4,k . 4 B Cl,CZ’X . 2 Cl + B 1
v 2 2 v v
v v
a. =2 e -2¢?) Nt} [1-Aa + AaB]. + X[62 + 02, ]
3 v2 5 2 v S o TR
al} =.28}\C1
v
282 c2
a_, =2-2Xx -
5 v

Let us observe again the expression for Ti(x) in (11). When changing x along

l’ Cz! C4!
C5 and consequently the parameters ays 8y, a4, 3, and ag may change. As an

example we can refer to the simple network in Figure 3. The numbers near the

the link (a,b) the sets A and B may change and hence the parameters C

links are the lengths of the corresponding links. It is easy to verify by inspection

Figure 3: An Example For Showing Changes In The Sets A And B
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that as long as x <2, A = f{a,c} and B = {b}, but when x > 2, A = {a} and B = {b,cl.

Let us designate as break points all the points on G(N,L) at which the sets

A and B change (e.g. x = 2 in Figure 3). We now can state some properties of '_fR(x).

Property I. The parameters Cz and C5 are non-negative, with C5 > ¢ 2 since

2
(05’022) is the variance of the travel time from node a to a random

service demand.

Property 2. a; 2 0; sgn (cl) = -sgn(a4); Cl = 0 implies a, = 0.

Property 3. If AS(x) = p(x)<1, a, x + ag > 0, since a, x + ag = 2(1-p(x)).

Property 4. a; x2 + a, x + a3>0, since x is real and for p(x)<1, a; x2 + a,x

ta, = 2(1-p()) TG + A s2(x) > o.

Property 3. az > 0, since for B> 2 (B 05_2(;22) > 0 [Prop. 1] and the other
_terms in ag af:e' non-negative. |

Property 6. As long as p(x) <1, —'fR(x) is a continuous piece-wise differentiable
function of x. The only points of nondifferentiability are at the
breakpoints (which are finite in number), at which the left and

right derivatives exist (and are not equal).

The above properties lead to

Lema_ 1. » Eog '!an'yltfnf:er.v,al on link (a, _b) on which TI‘-R(x) is finite and
differentiable with respect to x (but not including the two
points that bound the interval), -fR(x) is convex.

— 2
Proof. If a, = 0, TR(x) =a; x + a, x + ay, and since a; > 0 [Prop. 2],

TfR(x) is clearly convex. I1f a, # 0, .‘fR(x) can be written as
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2
a1 a2 a4 - al a5 a3 a4 - a2 a4 a5 + al a5 .
2 =t 2 + 2
4 3, 3, (g, x+ag)
a a a
2 2 2 2 U 2: 5 0
But a3 a, -3y 8, a5 % a) a5 = ay (@, -3, ag) +(a3 L ag ]
3
2 2
since [Prop. 5] aj > 0 and since Cil - 22 )= 48) 333, 50
a 2 2
3_4a 4a

3 3

because [Prop. 4] ay

sum of convex functions and is therefore convex. B

‘xz + 32 x + a3 has no real roots. Hence Tﬁ(x) is a

The conclusion of lemma 1 is that given any interval [xl,le where xl and

x, are adjacent breakpoints ffk(x) is finite and differentiable on (xl,xz)], if

1 is negative and the left derivative at

x =X, is positive thenifi(x) has a local minimum over (xl, xz); otherwise the

the right derivative of'fé(x) at x = x

minimum of Tk(x) over [xl,le is either at x, or at X,. One minor complication

involves the possibility that Tk(x) = + o for some or all xe[xl,xz], where Xy
and x, are adjacent breakpoints. Recall that'fk(x) = + = only if Xg(x)_z 1.
Concavity of S(x) along a link implies that the set’fxe[xl,lez AS(x)> 1} is

compact and contains either Xy or x, or both. These are all key facts for the

algorithm given on Section 3.4.

3.2. Finding a Local Optimum

When‘ii(x) has a local minimum over an interval (xl,xz),that minimum can

be calculated analytically. There are two cases:

Case 1: Cl # 0. Then

2
x = b2+\l b, = 4b; by
7b

1 (12) (a)
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where
bl =23, g,
bz = Zal ag
b3 =a, a; -a;a,
Case 2: C1 = 0. Then
*nin = 7 22123 (12) (b)

3.3 Finding the Breakpoints

The algorithm to be presented in Section 3.4 requires identification of all
the breakpoints for each link (a, b) €L. If we consider again the mobile
server located a distance x from node a on link (a, b) and a service demand

at node jeN, obviously the server will travel to node j via node a as long as

x < d(bsj) i czl(a)j) + 2 (13)

A breakpoint occurs at that value of x for which (13) becomes an equality.
We now describe a method to identify all the breakpoints for some link
(a, b) L.

Step 1. For each jeN calculate

c(j) = d(b,3) - d(a,j) + 2
R 2

Stég 2.- S;rt.iﬁ’éééendiﬁé §rdé; fhe §éct;¥ c=(c(1), §(2),...;c(n))-‘ Call
the sorted vector cc.

Step 3. The set of all breakpoints, denoted BP (ordered by their distance
from node a),is the set composed of all the distinct components of

the vector cc. [If the triangle inequality holds, BP will always

include 0 and 2].
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As an example we can use the method above for link (2,3) in Figure 4 (the
numbers near the links are the link lengths). Here (a,b) = (2,3) and 2 = 3.
Following Step 1 we obtain ¢ = (2,3,0,2,0), so cc = (0,0,2,2,3),

1 (T 2
// \ L
e -
2] &)

3

&

Figure 4: An Example for Finding Breakpoints

and the set of all breakpoints is BP = {0,2,3 }.

3.4. An Algorithm for Finding the Optimal Location

Building on the local convexity of Eﬁ(x) and the method for finding break-
points, we are now ready to specify a finite-step algorithm for finding the
*
optimal location x . For any differentiable function f(x) define the right

derivative of f(x) as

: _ g, £(x) - £(x +{6x])
f (x) = 1lim
+ le[
Ax + 0
and the left derjvative of £(x) as )
p - .. f(x - |A _
f (x) = 1lim (x {Azg) f(x) |
->
Ax »>'Q .

— %
In the following algorithm, TR is a running value for minimum mean response

* %
time, and (a,b) and x denote the link and location on the link that yield that

value. The algorithm is as follows:
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— %
Step 1. Set T, =M% (M-very large)

Step 2. Take any link (a,b) €L and calculate the set of all breakpoints. Say
that the power of this set BP is mﬁis so that there are m intervals in

which‘Tk(x) is differentiable.

Step 3. Set I = 1.

Step 4. Set y = Ith entry in BP
Set z =1+ 1St entry in BP

Calculate ER(Y) > TR(Z), TR 4_(Y) > TR")'(Z) .

If Ek(y) = + co-and'—'l-"R(z) =+ oo, I+« I+ 1 and return to the beginning
of Step 4.

If Tﬁ(y) = 4 ® and Eﬁﬁ(z) > 0, Go to Step 5.
If §§'+(y).< 0 and Eﬁ(z) = + o, g0 to Step 5.
If'§k1+(y) <0 and'Tk.+(z) > 0, go to Step 5.

. _ _ . _ , _
Otherwise compare TR(y) and TR(z) to TR . If either TR(y) or TR(Z)

-— —-— % *
is less than T, , update T, with new minimum and set x =y or z

R R
— *
(whichever yields the lower TR) and (a,b) = (a,b).

Step 5. Calculate the local minimum X in of‘Tﬁoner (y,2) using Equation (12).

_ - o — o * *
If TR (xmin) <'TR update TR and record new incumbent x = Xoin? (a,b)

(a,b).

Séeg 6. IfI me;vi +T'+1 and go to Step 4. Otherwise remove (a,b) from L;
if there are links remaining in L go to Step 2. Otherwise FINISH.

* *
The optimal location is x on link (a,b) , yielding a minimum mean

— %
travel time TR(X ).
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Trajectory of the Optimal Location as a function of A

*

In this section we examine Low x varies as we vary the total demand rate

XA continuously from O to a maximum possible value. The properties of this

trajectory of optimal locations can be used to make the algorithm for finding

*
x much more efficient.

Lemma 2.

Proof

(a)

%
when A = O+ x is the Hakimi median of G(N,L).

(b) when A - kmax’ x -+ the Hakimi median of G(N,L), where Xmax

(a)

(b)

is such that for some x£ G(N,L), Xg(x) = p =1, and for all x'e
G(N,LY, AS (x') > 1. (i.e., Amax'is the smallest value of A for

which the queue explodes for all possible server locations)

when A = O+,$J—q = 0, so that.Ek is the expected travel time to a

random service demand, given by the weighted sum in (8), which is

%
the objective function to the Hakimi median problem. Thus x ’X - O+
= median of G(N,L).

Amax is the largest A such that Sxe G(N,L) such that for this x, call

it x°, Kmax S(x°) = 1. Regardless of server location, any higher

values of A would yield p > 1. By definition of Amax’ for any

: * — % - %
A= -€ (e>0),3x e G(N,L) with AS(x ) < 1 and thus 'r,{(x ) <,

" *
It is -sufficient to show that for € small, x = Hakimi median of
G(N,L). But minimization of T_(x) for values of A near A (A< A )
R max max

corresponds to maximization of the (positiwve) denominator of (11)
(which equalsra4 X + ag = 2[1 - ngx)]), or equivalently to the

minimization of g(x). But

— 1 m -
S =a+ BT I by B (ex) + 40,0,
xe(a,b)

% S
which is minimized at x = Hakimi median of G(N,L). ﬁﬂ
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This lemma says that the trajectory of the optimal location x*(l) starts at
the median when A = 0 and eventually returns to the median as A approaches Xmax'
Examining again the expression for'Tk(x) in (8), we have seen that mean ‘travel
time t(x) dominates the solution for low values of A and the denominator of (7)
dominates for high values of A.

Both intuition and computational experience have verified that for inter-

= - 2
mediate values of A the numerator of Wé(x), which equals )\S(x)2 + XUS(X) = XSZ(X),
* ,
can play a dominant role in determining x . In other words, the second moment of
the service time becomes an important factor for intermediate A values, whereas

the mean service time is much more important for extreme A values.

While we will formally investigate properties of Sz(x) in the next section,
*
it is instructive here to illustrate typical trajectories of x . Example a
utilizes the network presented earlier in Figure 4 with h

1 2
2 2
hy = 0.1, h, = 0.35, hy = 0.1, a =v =1, Op = 0, = 0.. For each possible nodal

= 0.1, h, = 0.35,

location of the facility, the associated expected travel time and second moment

of the service time is shown in Table 1.

Node i
(Location of 1 2 3 4 5
facility)
t 3.25 2.85 3.75 3.15 4.15
E[(s?] 81.7 71 87 79 | 112.6
Table 1. 'EX§écted Travel Times and Second Moments for Example a

The computed trajectory of optimal facility locations is shown in Table 2. In

R * -
this example, x (A) .starts at the median for small A and then moves continuously

toward node 4 omn link (2,4) [Sz,becomes smaller as one moves away from node 2 in
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(2.4), although at some intermediate point it begins increasing again]. The
* : *
maximum value for x (A) in (2.4) is approximately x (0.07) = 1.63, and for
*
A values greater than 0.07 X (X), moves continuously back toward to the median

along the same path.

A Optimal Location, x* A) Tﬁ

0 | Node 2 2.85
0.01 | Node 2 3.23
0.02 x = 0.8871 on (a,b) = .(2,4) 3.63
0.03 x = 1.286 on (a,b)== (2,4) 4.05
0.04 x = 1.471 on (a,b) = (2,4) 4.555
0.05 x = 1.568 on (a,b) = (2,4) 5.153
0.06 x = 1,614 on (a,b) = (2,4) 5.893
0.07 x = 1.627 on (a,b) = (2,4) 6.838
0.08 | x = 1.609 on (a,b) = (2,4) - 8.086
0.09 x = 1.557 on (a,b) = (2,4) 9.809
0.10 x = 1.457 on (a,b) ='(2,4) 12.332
0.11 x = 1.278 on (a,b) = (2,4) 16.344
0.12 x = 0.934 on (a,b) = (2,4) 23.525
0.13 x = 0.172 on (a,b) = (2,4) 38.551
0.14, Node 2 83.011

“?Jfgbledélf i.Tréjecéﬁéycgf Op;iﬁéi-éééiliﬁy.Loeaéioné.fﬁr:Example‘g

Example b utilizes the same network as Example a with only the hj's changed:

h, = 0.35, h, = 0.1, h, = 0.3, h, = 0.125 and h. = 0.125. Table 3 contains the

1 2 3 4 5
expected travel times and second moments of service times for the five possible

*
nodal facility locations. The computed optimal trajectory x (\) is shown in

Table 4.
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Node 1
(Location of .
Facility) 1 2 3 4 5
T 2.2 2.75 2.25 4.65 4.25
E[s?] 51 61.2 45.2 125.2 109.2
Table 3. Expected Travel Times and Second Moments for Example b
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%
Optimal Location, X

A TR
0.01 Node 1 2.464
0.015 Node 1 2.616
0.02 Node 3 2.757
0.05 Node 3 3.808
0.06 Node 3 4.273
0.08 Node 3 5.478
0.11 Node 3 8.543
0.13 Node 3 12.558
0.15 Node 3 21.621
0.158 Node 3 29.508
0.160 Node 1 32.2
Table 4 Trajectory of Optimal Facility Locations for Example b

As indicated in Table 4,d?#(k) _starts at the median (node 1), then jumps to
node 3 for intermediate values of A then jumps back to node 1 for A near kmax’
Examples a and b are typical of our computational experience: either

continuous movement of x* along a link or discontinuous jumps from node to
node. We have also generated examples having both features: a discontinuous
jump to another node, followed by continuous movement away from that node
along an adjoining link; in'such a case, x* reaches a ma#imum value along
;:‘;hé.li§k5;£ﬂéé ﬁé?éé‘CGn;i;ﬁééélffﬁé;k'iéithé n6&e;'fhen ﬁiscontinuously back - -
along the earlier node—~to-node path, eventually returning to thé median for
A near Améx' Computationally we have observed that (1) the trajectory of
the optimal solution is unique in the sense that the optimal solution moves

to a certain point and returns in exactly the same way; (2) the trajectory
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away from the median always goes through nodes with decreasing second mo-
ments of the service time. In the next section we use these observations

to develop an efficient heuristic to solve the problem.

5. A Heuristic for Finding the Optimal Location

The heuristic we outline here has one major advantage over the exact
algorithm presented in Section 3.4: with the heuristic we do not have to
consider all the links of the network but only those links that lie on an
"assumed feasible trajectory" of the optimal solution. We note that in
all the numerical examples we have examined so far, the solution obtained
by the heuristic and the optimal solution obtained by the exact algorithm
are identical.

Before presenting the heuristic, it is useful to note some relationships

pertaining to the computation of S(x)z. We can simplify the expression for

S(x)2 given in the numerator of (10) as follows:

2 2

2 B7C;  2faC B7C 280
) 4 5 2 2 2
8(x)" =5 x" 4 [+ V]x+[ 5t + a +ch+w] (14)
v v v
For x = 0, or equivalently, for the facility at node a &N,
5 Bzcs 28eC, .
= a
S(0) [v2 + +a” + Op,] . (15)
Also-for x = 0, we have
m
C, = I h, d(a,j) (a)
2 jop
m 2
Cs z hj d(a,j) (b) (16)

j=1
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Hence, for x = 0, CZ and C5 are respectively the expectation and second moment

of the travel time from node a. When it exists, the derivative of S(x)2 with

respect to X is readily computed,

— 2 “c 28aC
asx)- 28% + % + ' (17)
dx - 2 2 v °

The heuristic is as follows:

Step 1 Start at the Hakimi median of G(N,L). Using (15) calculate the second
moment of the service time at the median, denoting it o and labelling
the median.

Step 2. For all unlabelled nodes i connected directly by a link to a labelled

node, compute S(i)2 (i.e., the second moment of the service time evalu-

* *
ated at node i). If S(i)2 >0 ¥ 1 go to Step 3. If Ji with S(i )2

* *
<@-label node 1 , set ¢ = S(i )2 and repeat Step 2.

_ * '
Step 3. Call the last labelled node 1 . Examine the set NL of all the unlabelled

nodes i connected directly by a link to node i*. Apply the exact algo-
rithm of Section 3.4 to the sub-network that includes: all links in
" the path to i* that goes through labelled nodes; all the nodes in the
set NL and all the links that connect directly the nodes of NL with
the last labelled node.
As an example of the heuristic let us consider again Example b. Inspection
of Table 3_ipglies that. the sub-network for the heuristiciis that shown in Figure
-525.Héﬁeéf?tﬁé eiédfzgiéaéifhm'ﬁéeé Be.égpiiéd 5hi;fto'éﬁiéfﬁ—linﬁ,ﬂ3;node sub- |

network.
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Figure 5. The Sub-Network for Example b
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6. An Efficient Exact Algorithm for a Tree Network

In this section we show that when the network is a tree, a modified version
of the heuristic of the previous section is in fact an exact algorithm.

We start with very simple
Lemma 3. When G(N,L) is a tree, for each link (a,b) there are only two break-

points which are a and b (or, equivalently, x = 0 and x = ). |

The proof is tri&ial, but the implication is that breakpoints do not have to
be calculated and the parameters Cl’ CZ? CA and C5 remain constant for all
xe (a,b). .

The basis for the efficient tree algorithm is given by

Theorem 2. Suppose i and ] are two nodes connected directly by a link, and

suppose S(i)2 < S(j)z. Then ¥ x € (j,k), k#i, where x is a point

on link (j,k) a distance x from node j, S(j)2 < S(x)z.

Proof .. Letting dij be the length of link (i,3) and using (14), (15) and

- e »

Lemma 3, S()Z <5(j)% implies

' 2., '

gfcy  2sacy , , g2, [P e ¥
2 tomgT KA Opy < 2 dyy 2t v Ty
Bzcé 28aCé + 2 + 02 ]
>+ — & RHW

which implies .that a test quantity be positive:

¥

L

1
BC4 2a.C

d,.

E__i.1+___+ 1 >0,
2 2 v

v v

where C, and C] are the relevant parameters c, and c, for (i,j). Let x be a

point on (j,k), X#j and suppose by contradiction S(j)2‘3 S(x)z. But then in
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the same manner as above

c" - 2aC"
s ., P& 2
v2 + VZ + v >0,

1 ]
where c4 and Cl

a(d,) +d

are the relevant parameters Cl and C4 for (j,k). Let A(i,j) =

fren <d(3,%)7} and let B(i,j) = N - A(i,j). Given G(N,L) is a

13
tree, it is easy to verify that for a facility at node j,A(1,j) and B(i,j) are

the sets A and B defined in Section 3.1. For link (j,k) with length djk we
define for a facility at node k,A(j,k) = {2eN: d(j,%) + djk <d(k,2} and
B(j,k) = N - A(j,k). Recalling (10) we can write

c" o= . 2 3 hy d(3,2) - 2 I h, [d(k,8) + djk].

2eA(j,k) 2€B(j,k)
But for a tree A(j,k)-{j} = A(4,j) and B(j,k) U {j} = B(1,j), and for 2eB(j,k),

‘ leA(1,3)

-2[ I hy d(3,4%) ~hy d(j,j)]1. Also for ReA(i,j), d(j,%)
2eB(1,3)

dij + d(1,2) so

we can write CY = ¢! + 2 z h, d,, + 2 z h.d.. =C*+24...
- b4 T geaq,y * U feB(i,y) * W h 13
Also, C! = z h -z h, = z h, + h,. -( I h, - h.)
L e, % 2eBGLR) Y feA(,i) ¥ 3 eeB(d,j) ¢ 3
= 1
Cl + Zhj.

Therefore the test quantity can be written

R 2N

‘ BC" ; 2&(;}".A ST .'~-'.','- . . ~ . o .v‘
B o, S CT g, B2 200 +2n)
V2 VZ v VZ VZ v
1
8x Bdi 4&hj Bdij BC4 ZQCi
= o+ + ) + ¢ + + )
2 2 v 2 2 v 7°
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which must be positive since the first expression in parameters contains only

positive quantities and the second is a test quantity already proved positive.

But this is a contradiction to S(j)2 Z.S(x)z. Il
This theorem provides us with valuable information about the trajectory

of optimal facility locations on a tree. For any two nodes 1i,j of link (i,3)

such that S(i)2 < S(j)z, any trajectory that enters j with increasing A must
exiF j along link (i,j) toward node i.

Thus the heuristic presented in the previous section is an exact algorithm
for the tree. In other words, a sub-tree containing the exact trajectory of
optimal facility locations is obtained. Step 3 of the heuristic (now the
algorithm) can be modified: |

| Call the last labelled node i*. Examine the set NL of all the unlabelled

*
nodes i connected directly by a link to node 1 . Compute the test quantity

6%,  28ac;
¢ 3 + -0, which is the right derivative of S(x) evaluated at node 1
v

(or x = 0) [Eq. (17)]. 1If the test quantity is positive remove node i from

the set NL. If the quantity is negative label node i and apply the algorithm

of Section 3.4 to the path that starts at the median and goes through all the

labelled nodes,
Let us apply this new algorithm to the single tree shown in Figure 6, where

the numbers near the nodes are the weights (h,) and the numbers near the links

3

~ are lengths. The expected travel times and second moments of the service times

R 1, GR+W g).

II

for each poSsible nodal location are shown in Table 5. (T



0.398
0.026 ) 0.135
ﬁg ——
3
0.006

Figure 6. A Tree Example
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Node 1
(Location of
Facility) 1 2 3 4 5 6 7 8 9 10
tT 6.30 ] 6.17 ] 6.37 6.67 7.80f 9.77 | 15.13] 9.05| 10.19| 9.36
E[Sz] 67.50 | 84.86 | 96.81 | 56.62| 75.10/112.18 {256.45|125.92}163.84]105.108

Table 5. Expected Travel Times and Second Moments for Tree Example

k1
The algorithm operates as follows:

Step 1. The median is node 2. S(2)2 = 84.86 = o, Node 2 is labelled.

Step 2.  S(3)% = 96.81; s(1)% = 67.50. Node 1 is labelled and G = 67.50.

Step 2. S(4)% = 56.62. Node 4 is labelled and O = 56.62.

Step 2.  S(10)% = 105.108. $(5)% = 75.10.

Step 3. For link {4,5) ¢, = 0.277, c, = 3.192 so that

2
g%,  2Bac

&+
BRI

.

1

) > 0. For link (4,10) C, = 0.888, C

st
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Therefore we need to apply the algorithm of Section 3.4 only to the path
*
2-1-4., When A = 0.01, for example, the optimal location is x = 0.584 on

link (1,4) and ?R = 7.869.

. s N PR . . . .
P DU PR T L i ) e v L - T .k .
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