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Abstract ] Jobs arriving over time must be non-
preemptively processed on one of m parallel machines,
each of which running at its own speed, so as to minimize
a weighted sum of the job completion times. In this on-line
environment, the processing requirement and weight of a job
are not known before the job arrives. The Weighted Shortest
Processing Requirement (WSPR) on-line heuristic is a simple
extension of the well known WSPT heuristic, which is optimal
for the single machine problem without release dates. We
prove that the WSPR heuristic is asymptotically optimal for
all instances with bounded job processing requirements and
weights. This implies that the WSPR algorithm generates a
solution whose relative error approaches zero as the number
of jobs increases. Our proof does not require any probabilistic
assumption on the job parameters and relies extensively on
properties of optimal solutions to a single machine relaxation
of the problem.

I. Introduction

In the uniform parallel machine minsum scheduling
problem with release dates, jobs arrive over time and must
be allocated for processing to one of m given parallel

and can process at most one job at a time. Let n
denote the total number of jobs to be processed and let
N = f1;2;:::;ng. Job j 2 N has processing requirement
pj . O, weight w; > 0, and release date rj _ 0. The
processing of job j cannot start before its release date r;
and cannot be interrupted once started on a machine. If
job j starts processing at time S; on machine M;, then it
is completed p;=s; time units later; that is, its completion
time is Cj = Sj + pj=si. In the single machine casg, i.e.,
when m = 1, we may assume that s; = 1 and in this case
the processing requirement of a job is also referred to as
the job processing time.

We seek a feasible schedule gf all n jobs, which min-
imizes the minsum objective = [, w;Cj, the weighted
sum of completion times. In standard schedul-jpg notation,
see, e.g., [5], this problem is denoted Qjrjj w;C;. Our
main result concerns the case where the set of m parallel
machinqg,is held ~xed, which is usually denoted as problem
Qmjrjj Wj Cj.

In practice, the precise processing requirement, weight
and release date (or arrival time) of a job may not be
known before the job actually arrives for processing. We
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consider an on-line environment where these data p;, w;
and r; are not known before time rj. Thus scheduling
decisions have to be made over time, using at any time
only information about the jobs already released by that
time; see, e.g., [10] for a survey of on-line scheduling.

In a competitive analysis, we compare the objective
value, Z”(1); of the schedule obtained by applying a given
(deterministic) on-line algorithm A to an instance | to the
optimum (o®-line) objective value Z° (1) of this instance.
The competitive ratio of algorithm A, relative to a class

I of instances (such that Z°(1)>0 forall 1 2 1), is
5

) L,

ze(1)

ci(A)=sup

One of the best known results [11] in minsum schedul-
ing is thﬁ_t, the single machine problem without release
dates, 1jj  w;C;j; is solved to optimality by the following
Weighted Shortest Processing Time (WSPT) algorithm:
process the jobs in nonincreasing order of their weight-to-
processing time ratio w;=p;j. Thus the competitive ratio
¢y (WSPT) = 1 for the cl I of all instances of the
single machine problem 1jj w;Cj. Unfortunately, this
result does not extend to problems with release dates
or with parallel machines; in fact the single maighine
problem with release dates and equal weights, ljr-Fj, Cj,
and the identical parallel machine problem, Pjj  w;C;
are already NP-hard [8]. Consequently, a great deal of
work has been devoted to the development and analysis of
heuristics, in particular, Linear Programming (LP) based
heuristics, with attractive competitive ratios.

A departure from this line of research was presented
in [6]. To present their results, de ne the asymptotic
performance ratio RiL (A) of an algorithm A, relative to
instance class I, as

n A( ) (0}
inf r _1j9ngs.t. Z5(1) -r8l21 withn _ ng :

Thus, the asymptotic performance ratio characterizes
the maximum relative deviation from optimality for all
\su=ciently large" instances in I. When A is an on-line
algorithm, and Z°(l) still denotes the o®-line optimum
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objective value, we call R,l(A) the asymptotic competitive
ratio of A relative to instance class I.

[6] focused on the single machine total compltf:t,ion time
problem with release dates, i.e., problem 1jr;j C; and
analyzed the e®ectiveness of a simple on-line dispatch
rule, referred to as the Shortest Processing Time among
Available jobs (SPTA) heuristic. In this algorithm, at
the completion time of any job, one considers all the
jobs which have been released by that date but not yet
processed, and select the job with the smallest processing
time to be processed next. If no job is available the
machine is idle until at least one job arrives. Results in [6]
imply that the asymptotic competitive ratio of the SPTA
heuristic is equal to one for all classes of instances with
bounded processing times, i.e., instance classes 1 for which
there exist constants B _ p . 0 such that p - p; - @ for
all jobs j in every instance | 2 1.

It is natural to try and extend the WSPT and
SPTA heuristics to problems with release dates and/or
parallﬁl, machines. A simple extension to the problem
Qjrjj  wjC;j considered herein, with both uniform paral-
lel machines and release dates, is the following WSPR algo-
rithm: whenever a machine becomes idle, start processing
on it an available job, if any, with largest wj=p; ratio;
otherwise, wait until the next job release date. This is
a very simple on-line algorithm which is fairly myopic
and clearly suboptimal, for at least two reasons. First,
it is \non-idling", that is, it keeps the machines busy so
long as there is work available for processing; this may
be suboptimal if a job k with large weight wy (or short
processing requirement py) is released shortly thereafter
and is forced to wait because all machines are then busy.
Second, for machines with di®erent speeds, the WSPR
algorithm arbitrarily assigns jobs to the idle machines,
irrespective of their speeds; thus an important job may
be assigned to a slow machine while a faster machine
is currently idle or may become idle soon thereafter.
Thus it is easy to construct instance classes I, for
example with two jobs on a single machine, for which
the WSPR heuristic performs very poorly; this implies
that its competitive ratio ¢, (WSPR) is unbounded.

In contrast, the main result of this paper is that the
asymptotic competitive ratio Rt (W SPR) of the WSPR
heuristic is equal to one for all classes I of instances with
a ~xed set of machines and with bounded job weights and
processing requirements.

Formally, our main result is presented in the following
theorem.

Theorem 1: Consider any class I of inlgances of the
uniform parallel machines problem Qmijr;j w;C; with a
“xed set of m machines, and with bounded weights and
processing times, that is, for which there exist constants
W _ w>0andp _ p>Osuchthatw - w; - & and p -
pj - B for all jobs j in every instance I 2 I: Then the
asymptotic competitive ratio of the WSPR heuristic is
Rt (WSPR) =1 for instance class 1I.

To put our results in perspective, it is appropriate at
this point to refer to the work of Uma and Wein [12]
who perform extensive computational studies with various
heuristics including WSPR as well as linear programming
based approxilggation algorithms for the single machine
problem 1jrjj  w;Cj. While Uma and Wein note that it
is trivial to see that the worst-case performance of the
WSPR heuristic is unbounded, they “nd that, on most
data sets they used, this heuristic is superior to all the
LP relaxation based approaches. The results in the present
paper provide a nice explanation of this striking behavior
reported by Uma and Wein. Indeed, our results show
that if the job parameters, i.e., weights and processing
times, are bounded, then the WSPR algorithm generates
a solution whose relative error decreases to zero as the
number of jobs increases. Put di®erently, WSPR has an
unbounded worst-case performance only when the job
parameters are unbounded.

I1. A Mean Busy Date Relaxation for Uniform Parallel
Machines

Let N = f1;:::;ng be a set of jobs to be processed,

requirements. Given any (preemptive) schedule we asso-
ciate with each job j 2 N its processing speed function
%;j, de ned as follows: for every date t we let %; (t) denote
the speed at which job j is being processed at date t.
For example, for uniform parallel machines, %;(t) = Si(.1)
is the speed of the machine M;.;, processing job j at
date t, and %;(t) = 0 if job j is idle at that date. Thus,
for a single machine with unit speed, %;(t) = 1 if the
machine is processing job j at date t, and 0 otherwise.
We consider schedules that are complete in the following
sense. First we assume that 0 - %;(t) - & for all j and t,
where & is a given upper bound on the maximum speed at
which a job may be processed. Next, we assume that all
processing occurs during a nite time interval [0; T], where
T isagiven upper bound on the latest job completion time
in a schedule under consideration. For the single machine
problem we may use & = 1 andpfor both the WSPR
and LP schedules, T = max; rj + ; pj. For the uniform
parallel maching problem, we may use & = max;s; and
T =max; rj + ;pj=minjs;. The assumption
YA T
%j(¢)de = pj

then express the requirement that, in a complete schedule,
each job is entirely processed during this time interval
[0; T]. The preceding assumptions imply that all integrals
below are well de ned.

The mean busy date Mj of job j in a complete schedule
is the average date at which job j is being processed, that

is, z .

1
M; = —
Pi o

%j )¢ di :



We let M = (My;:::; M) denote the mean busy date
vector, or MBD vector, of the schedule. When the speed
function %; is piecewise constant, we may express the mean
busy date M; as the weighted average of the midpoints
of the time intervals during which job j is processed at
constant speed, using as weights the fraction of its work
requirement p; processed in these intervals. Namely, if
%j(H) = sjk for ax t<bg, Wwith0- a;<b <:::<
ak <bk - Tand | sjx(bk iak)=pj then

M = X Sjik(bi T ak) ax + by | 1
k=1 Pi
Thus, if job j is processed without preemption at

speed s;;1, then its completion time is Cj = Mj + 2p;=sj.1.
In any complete schedule, the completion time of every
job j satises Cj . Mj + %pjzé, with equality if and
only if job j is processed without preemption at maximum
speed &.

Let w = (wy;:::;wp) denote the vector of given job
Yy;elghts We use scalar Ig.roduct notation, and let w™p =

jWwjpj and wC = ; w;Cj, the latter denoting the
mlnsum objective of instance | of the gheduling problem
under consideration. We call w”M = ; w;Mj the mean
busy date objective, or MBD objective, and the problem
ZPiMBD () = minfw™M : M is the MBD vector of a fea-
sible preemptive schedule for instance Ig the preemptive
MBD problem. Letting Z°(1) denote the optimum minsum
objective value w=C of a feasible nonpreemptive schedule,
it follows from w _ 0 and the preceding observations
that Z°(1) _ ZPiMBD(1) + (1=2%)w>p. Accordingly, we
shall also refer to the preemptive MBD problem as the
preemptive MBD relaxation of the original nonpreemptive
minsum scheduling problem.

The preemptive MBD problem is well solved, see [3]
and [4], for the case of a single machine with constant
speed s > 0 and job release dates:

Theorem 2 ((Goemans)): The LP schedule de nes an

optimal sql_-gtion to the preemptive MBD problem
ljrj;pmtnj  w; M;.
Let CL° and MLP denote the completion time vector,
resp., the MBD vector, of the LP schedule, and let
ZMBD (1) = ZP iMBD(])+(1=2%)w>p. Theorem 2 implies
that Z°(1) _ ZMBD(1) = w>M"LP + (1=23)w>p.

We will bound the maximum delay that certain amounts
of \work™ can incur in the WSPR schedule, relative to the
LP schedule. For this, we now present a decomposition
of the MBD objective w™M using certain \nested" job
subsets. Some of the results below were introduced in [3]
in the context of single machine scheduling. We consider a
general scheduling environment and a complete schedule,
as de ned towards the beginning of this Section. Assume,
without loss of generality, that the jobs are indexed in a
nonincreasing order of their ratios of weight to processing
requirement:

W1=pp . Wo=p2 . 111 . Wn=Pn . Wn+17Pn+1 =00 (2)

Accordingly, job k has lower WSPR priority than job j
if and only if k > j. In case of ties in (2), we consider
WSPR priorities and an LP schedule which are consistent
with the WSPR schedule. For h = 1;:::;n, let ¢, =
Wh=Ph i Wh+1=Ph+1, and let [h] = f1;2;:::; hg denote the
set of the h jobs with highest pnonty |J_;or any feasible
ggreer‘gptlve) schedule we have: WM =

F:l k=j Tk Pj Mj = h=1©®n j2[h] pjl\qb For
any subset S . N = fl;:::;ng, let p(S) = pj>sPi
denote its total processing tlme and let %s = ;55 %;
denote its processing spegd function. De ne its mean
busy date Mg = g—p(S)) o %s(e) ¢ di. Nge that, in a
easible schedule, 3/45(6) d; =p(S) and ;55 PiM

OT Y1s(¢) ¢ d¢ = p(S)MS. Therefore, we obtain the MBD
objective decomposition

Wj
i= 1pJpJ

w™M = ¢ p(fh]) My : €))

h=1
This decomposition allows us to concentrate on the mean

busy dates My of the job subsets E’]] (h=1;:::;n).
For any date t - T, let Rs(t) = , ¥s(¢) d(, =p(S) i
Ot%s (¢) d¢ denote the unprocessed work from set S at
date t. (Note that this unprocessed work may include the
processing time of jobs not yet released at date t.) Since
the unprocessed work function Rg(t) is nonincreasing with
time t, we may de ne its (functional) inverse Rg as follows:
for0 - q - p(S) let Rs(q) = infft _ 0: Rs(t) - qg. Thus
the processing date Rs(q) is the earliest date at which
p(S) i g units of work from set S have been processed. For
any feasible schedule with a ~nite number of preemptions
we have Z+ Z

Rs(t) dt =
0
The mean busy date Ms can be expressed using the
processing date function Rs:

Z; Z.Z

P(S)Ms = us(t) tdt=

= Y% (t)dtdg =
0 ¢
Combining this with equation (3) allows us to express the
MBD objective using the processing date function:
_ o Zeam
w™M = ¢h F%[h](Q) dqg : 4)
h=1 0

S)
Rs(q) dq :

t

%s (1) d¢, dt
0

Zt Z p(s)

Rs(¢)d¢ = Rs(q) dg:

We now present a mean busy date relaxation for uniform
parallel machines and then use the above expression (4)
to bound the di®erence between the minsum objectives of
the WSPR and LP schedules.

where machine M; has speed s; > 0. Job j has processing
requirement p; > 0; if it is processed on machine M;
then its actual processing time is p;jj = pj=s;. We assume



that the set of machines and their speeds are ~xed
and, without loss of generality, that the machines are
indexed in nonincreasing order of their speeds, that is,
S1 . S2 . . Sm > 0. We have job release dates
rj . 0and weights w; _ 0, and we seek a nonpreemptive
feasible schedule in which no job j is processed before its
[gJease date, and which minimizes the minsum objective

; WjCj. Since the set of m parallel maghines is ~xed,
this problem is usually denoted as Qmijrjj  w;C;. First,
we present a fairly natural single machine preﬁ;nptive
relaxation, using a machine with speed sim = = 1 s;.
We then compare the processing date functions for the
high WSPR priority sets [h] between the WSPR schedule
on the parallel machines and LP schedule on the speed-
sI™ machine. We show an O(n) additive error bound for
the WSPR heuristic, for every instance class with a ~ xed
set of machines and bounded job processing times and
weights. This implies the asymptotic optimality of the
WSPR heuristic for such classes of instances.

Consider any feasible preemptive schedule on the paral-
lel machines, with completion time vector C. Recall that
%;(t) denotes the speed at which job j is being processed
at date t in the schedule, gpd that the mean busy date
Mj of job j is M; = (1=p;) OT %j(¢) ¢ d¢ (where T is an
upper bound on the maximum job completion time in any
schedule being considered).

To every instance 1 of the uniform parallel machines
problem we associate an instance 1™l of the single
machine preemptive problem with the same job set N
and in which each job j 2 N now has processing time
pj[m] = pj=sIml. The job weights w; and release dates r;j
are unchanged. Thus we have replaced the m machines
with s
siml = :":1 sij. Consider any feasible preemptive schedule
for this single machine problem and let CI™I denote its
completion time wvector. Let Ij[m](t) denote the speed
(either sI™ or 0) at which job j is being processed at
date t. Thus the mean busy date Mj[m] f job j for this
single machine problem is Mj[m] = (1=p;) OT |j[m]((',) ¢ de.

In the following Lemma, the resulting inequality Cj[m] -
C; on all job completion times extends earlier results of [1]
for the case of identical parallel machines (whereby all s; =
1), and of [9] for a broad class of shop scheduling problems
(with precedence delays but without parallel machines).
To our knowledge, the mean busy date result, Mj[m] = M;,
which we use later on, is new.

Lemma 1: To every feasible (preemptive or nonpreemp-
tive) schedule with a ~nite number of preemptions® and
with mean busy date vector M and completion time vector
C on the uniform parallel machines, we can associate a
feasible preemptive schedule with mean busy date vector
MM and completion time vector CI™! on the speed-s™

1The Tniteness restriction may be removed by appropriate appli-
cation of results from open shop theory, as indicated in [7], but this
is beyond the scope of this paper.

machine, such that M{™ = M; and C[™ - C; for all jobs
J2N.

Proof: Let S; denote the start date of job j in the
given parallel machines schedule. Partition the time inter-

such that exactly the same jobs are being processed by
exactly the same machines throughout each interval. Thus
fat .
completion times, and all dates at which some job is pre-
empted. Partition each job j into ¢ pieces (j;t) with work
amount g+ = Sigj;n(ac i ag;1) if job j is being processed
during interval [at;1;a] on a machine M;g., and zero
otherwise. Since each job j is performed in the given
schedule, its processing requirement is pj =  {—; Qjt-
Since each machine procegses at most one job during
interval [a¢;1; @], we have 5 Gjt - siml(ae § a;1) for
all t, with equality i® no machine is idle during interval
[at;1;a¢]. Therefore the speed-s[mllj;nachine has enough
capacity to process all the work j2n it during this
interval. Construct a preemptive schedule on the speed-

arbitrary sequence (Ji;t);:::; (incr;t) of the n(t) pieces
(4,1 with gj¢ > 0. Starting at date a¢;1 process half of
each such piece (j;t) (i.e, for Zgj¢=si™ time units) in
the given sequence. This processing is complete no later
than date 1, = %(ati 1+ a¢), the midpoint of the interval
[at;1;ac). Then \mirror™ this partial schedule about this
midpoint 1; by processing the other half of each piece in
reverse sequence so as to complete this mirrored partial
schedule precisely at date a;. Since no job starts before
its release date, all the processing requirement of every
job is processed, and the speed-si™ machine processes at
most one job at a time, the resulting preemptive schedule
is indeed feasible. Furthermore each job j completes at
the latest at date maxfa; : gjr > 0g = Cj, so Cj[m] - G;.
Finally, the \mirroring™ applied in each interval [a;;1; a¢]
ensures that, for all jobs j 2 N

Z 4 Z g5

WM )edg = I gim e =Bt g =

jt S\ A
g[m si %j (C )Cdé

atjl atjl

where s; is the speed of the machine M; on which job j
is processed during interval [a;;1;a¢] in the given paral-
lel machines schedule. Adding over all intervals implies
Mj[m] = Mj for all jobs j 2 N. The proof is complete. ®
Lemma 1 implies that the preemptive single machine
problem, with a speed-s[™ machine, is a relaxation of
the original uniform parallel machines problem, for any
objective function (including the minsum objective with
all w;j _ 0) which is nondecreasing irbthe job comple-
tion times. For the minsum objective = ; w;Cj, we may
combine this result with Theorem 2 and obtain:
Corollary 1. Let Z°(1) denote the optimum objective
value |-_fpr instance | of the parallel machines problem
Qjrji w;C;j. Let M“PIM denote the mean busy date
vector of the LP schedule for the corresponding instance



1I™] of the single machine problem. Then

ZMBD[m](I) = W>MLP[m] + Zsl[m] W>p _ ZU(I) : (5)

Proof: Let ZIM™) denote the optimum value of
the minsum objective = ; w;CI™ among all feasible pre-
emptive schedules for instance 1M, From Theorem 2 it

follows that w M'—P M+~ w7p - ZIM(1). From the
inequalities Cj - Cj in Lemma 1 and w _ 0, it follows
that Z[MI(1) - Z®(1). This su=ces to prove the corollary.
|

Remark 1: For the problem Pjj w;C; with identical
parallel machines and all release dates rj = 0, each
sij = 1. Therefore, for any nonpreemptive parallel machines
schedule, the mean busy date M;j and completion time C;
of every job j satisfy MJ = CJ j %pj. On the other hand
slml = m and, since the LP schedule is nonpreemptive
for identical release dates, MLP[m] = C"P ml pj=2m.

Applying the mean busy date relatlonshlps M[m] = M“
of Lemma 1 to the MBD vector M® = C" j p of an
optimal parallel machine schedule, we obtain the slightly
stronger bound: Z°(1) = w”C® = w”M®+ 1 w’p =
w> Mm]d_ w> p. >MLP[m]+%W>p:W>CLP[m]+

z 1 i = w”p : We refer to the above inequality as
Inequallty 1.
Let Z,(I) = w~™p denote the optimum value of

the n-machine versmr& of the problem, and Z;(I) =

= MLPIMl 4+ 2-w>p  the minsum objective value of
the LP schedule for instance 1™l of the single speed-
m machine version of the problem. Recall that, in the
absence of release dates, Z;(1) is the optimum value of
a feasible nonpreemptive schedule on a single machine
operating at m times the speed of each given parallel
machine. Inequality (1) may be written as
1 M 1. T
Z ()i —Zn(l), o 21 5Za()
which is precisely the lower bound obtained in [2] using
algebraic and geometric arguments.

1. Asymptotic Optimality of the WSPR Rule for
Uniform Parallel Machines

We now show the asymptotic optimality of the WSPR
rule for uniform parallel machines. The simple version of
the WSPR heuristic considered herein is de” ned as follows:
whenever a machine becomes idle, start processing the
available job, if any, with highest WSPR priority, i.e., job j
such that j < k according to (2); if no job is available,
wait until the next job release date. Note that we allow the
assignment of jobs to machines to be otherwise arbitrary.
(We suspect that one can design versions of the uniform
parallel machine WSPR heuristic which may be preferable
according to some other performance measure, but this is
not needed for the present asymptotic analysis.) As before,
let C;VSPR (resp., MV SPR) denote the completion time

(resp., mean busy date) of job j in the WSPR schedule.?
Recall that s, is the speed of the slowest machine and,
to simplify, let pmax = Maxjan Pj-

Following [2], it is easy to obtain a job-by-job bound
for the WSPR schedule in the absence of release dates:

Lemma 2 (Job-by-Job Bound Without Releaselgates):
For the uniform parallel machines problem Qjj  w;C;
without release dates, the completion time vectors of the
WSPR and LP schedules satisfy

H 1 |
WSPR LP - H .
G -G+ _Sm g Pmax for all j 2 N: (6)
Proof: Assuming the jobs in WSPR order (2), the

completion time of job j in the LP schedule is C;-” =
p([iD=s"1. In the WSPR schedule, job j starts at the earli-
est completion time of a job in [j § 1], that s, no later than

p(li i 1)=s), and completes at.most pj=sm time units
later. Therefore C}VSPR - CI-P+ '1=sy, j 1=s™ p;. This
implies (6). a

We now turn to the case with release dates rj _ 0. Let
N (i) denote the set of jobs processed on machine M; in
the WSPR schedule. Since MY SPR = CVSPR § Zw;pj=s;
for all j 2 N (i), we have

7 WSPR WM WSPR +1X > w; Pi
L . Si
i=1 j2N(i)
1
_ W>MWSPR+ — W p: (7)
2Sm

Combining inequalities (5) and (7) with the decomposition
(4) of the MBD objective, we only need to compare the
processing date functions of the speed-si™ machine LP
schedule and of the parallel machines WSPR schedule.
The next Lemma shows that, for any instance with a
“xed set of machines, no amount of work from any set [h]
can, in the parallel machines WSPR schedule, be delayed,
relative to the single machine LP schedule, by more than
a constant multiple of pmax time units.
Lemma 3 (Parallel Machines Work Delay Lemma):

Assume the jobs are ranked according to the WSPR
order (2). Consider the WSPR schedule on uniform

parallel machines, and the speed-si™ machine LP
schedule de ned above. Then, for all h - n and for all
0<q - p([h),
K 1
1 mij1 sm
E’r\{]SPR é[h] (@)+ _"' . —5 Pmax (8)
Sm (Sm)
Proof: We "x h2 fl """ ;ng and we de ne
[m]
®=mijl+ S :
Sm

2To properly speak of \the WSPR schedule™ we would need to
de ne a rule for assigning jobs to machines in case several machines
are available when a job starts processing. For example, we may
assign the highest priority available job to a fastest available machine.
In fact, our analysis applies to any nonpreemptive feasible schedule
which is consistent with the stated WSPR priority rule, irrespective
of the details of such machine assignments.



We start by considering the LP schedule on the speed-

the disjoint time intervals during which set [h] is being
processed continuously in the LP schedule. Thus 0 - a;
and b;1 < ax for k = 2;:::; K. The unprocessed work
function Ry starts with Rgy () = p([h]) for 0 - t -
a1; decreases at rate sI™ in the intervals [ay;bk] while
remaining constant outside these intervals; and it ends
with RH]’(t) =0forbg -t-T.LetJI(k)=Tj 2[h]:
ax < CjP - beg denote the set of jobs in [h] that are
processed during time interval [ax;bk] in the LP schedule.
Note that ax = Minjey ) rj and by = ax + p(J (k))=s!™.
Furthermore, Qx = ., p(J (")) is the total work from
set [h] released after date by, where Qx = 0 and Qp =
p([h]). For all k =1;:::; K we have Qx = Qk;1 i P(J(K)).
In the interval [Qk;Qk;1) the processing date function

IQ[Lh']’ decreases at rate 1=s™ from Ii[';g’ (Qk) = bk. Thus

é{‘h? (@) = ax + (Qk;1 i g)=s!™ for all Qx - g < Q1.

Now consider the WSPR schedule on the uniform
parallel machines and ~x an interval [ax;bk). We claim
that, for every k = 1;:::; K and every date ax - t < bk
the unprocessed work

RWSPR(t) - ©)

By contradiction, assume that (9) is violated at date
t 2 [aw;by). Let €= infft: (9) is violatedg. Since the func-
tions RE’IE"]SPR and R;;]']’ (t) are continuous, R}’%’]SPR(‘C‘) .
RE] (£) + ®pmax, and the di®erence RMPR(® i R () s
strictly increasing immediately to the right of £. But since

Rhﬁ is constant outside the intervals [ay; bx] and R}’Q,’]SPR

REB']D (D + ®pmax :

This implies that at least one machine M; is not processing
a job in [h] immediately after date £. If at least one machine
is idle just after date f then let u = £ otherwise, let
g - £ be the latest start date of a job not in [h] and in
process just after date £ Since no job in [h] was available
for processing at date y, then all work released no later
than g must either have been completed, or be started on
a machine M, & M;. Note that at least p([h]) i Rfj (1)
units of work have been released by date |1. On the other
hand, a total of at most (m j 1)pmax units of work can be
started on machines M, & M; just after date f. Therefore

p(thD i Rip () - phD) i RpyST R (W) + (M i 1)Pmax

If p < £ then the job j & [h] started at date p has
processing requirement p; - pmax and is processed at
least at the slowest machine speed sy,. Since this job is
still in process at date £, we must have £ < + pmax=Sm.
The unprocessed work function Ry? decreases by at most
si™(f i W) between dates p and f whereas R)YSPR is
nonincreasing. Therefore

R ® . Ry W is™Eip
> Rpj (i s[m]—p:ax

m

. RESPRMW i (M Dpmax i S[m]p;n_ax
m

. RISPRO i ®pmax

. Rm®;

a contradiction. Thus claim (9) is proved.
Claim (9) implies that whenever Q + ® prax < q <
Qk; 1, the processing date functions satisfy

® Pmax
s[m]

ﬁ}/r\]/]sp R@) - F%[h](q)"' : (10)
Let § = minfQx + ®pmax ; Qk;19 and consider the last
¢ units of work released from set J (k). If § < Qy; 1 then
claim (9) implies that ﬁE’rY]SPR(q‘) - by, that is, the “rst
p([h]) i@ units of work are completed by date bi. If some of
the remaining ¢ units of work is being processed at a date
t > by then, since all work from J(k) has been released
by date by, there will be no date ; at which no work
from J(K) is in process until all this work from J (k) is
completed, that is, until date Ii‘[’g’]s" R(Qk). Furthermore,
this work is processed at least at the minimum speed
Sm > 0, so RIWSPR(QL) - t+@=sy. Note also that,
unless Ii}’,‘{]sp R(Qx) = bk, a machine becomes available
for processing these ¢ units of work between dates b, and
bk + Pmax=S1, Where s; is the fastest speed of a machine.

Thus, for Qk - q - Qk + ¢ we have
Riny (@ = bk i (9 i Qi)=s™ (11)
and @ i

S1 Sm

Inequalities (10), (11) and (12) imply (8) and the proof is

complete. |
Integrating inequality (8) from 0 to p([h]) implies
z p(hD ° WSPR LP ’
TR @) i Ry (@) da
V1 11
1 mij1 s
- S paacp(l): (13)
st Sm (sm)

The next theorem combines inequality (13) with the
cost decomposition (4) and inequalities (5) and (7), to
derive a O(n) bound on the di®erence between the minsum
objective values of the parallel machines WSPR schedule
and the single machine LP schedule, for all instances with
bounded weights and processing requirements.

Theorem 3: Consider anydnstance of the uniform par-
allel machine problem Qjr;j  w;Cj such that 0 - w; - W
and 0 <p - pj - pforall jobs j 2N. Then

ZWSPR(I) _ ZMBD[m](I)'F_an

ah1 mi1 sm T Mg
where =~ == —+ + - — i
p s Sm (sm)?* 2 sm = sim

(14)

T



Proof: Using (4), inequality (13), all ¢, _ 0, and
the given bounds on all w; and p;, we have

ZWSPR(I) i ZMBD[m](I)

. W>MWSPR + 21 W>p
M o T
- >nqLP[m] >
! w™M + 2s[m] wep
X z p([h])3 WSPR LP i
= (o (@) i é[h] (@ dq
1 0
1 p 7 -
+ Pl | p
25y 2slml
x My s T .
- ¢, — =
- T e ()2 Pmax p([hD)
P S S W
2 Sy ! siml q
W1 “i mil_ M n
p]ll S1 Sﬂ (Sm)2
171 1
+ - — i nw#p
2 S|.T slm] q a0
B He om il sm 1M 1
- nwp - —+ + - — =
P St Sm  (sm)? 2 sm = sm
This proves Theorem 3. [ |

Now we are ready to prove Theorem 1.

Proof: [of Theorem 1] For every instance | 2 I,
let Z°(1) (resp., ZMBP(1); resp., ZWSPR(1)) denote the
minsum objective of an optimal non-preemptive schedule
(resp., the LP schedule; resp., a WSPR schedule). Theo-
rem 2 and Theorem 3 imply

ZMBPIMI(1y . Z°(1) - ZWSPR(1) - ZMBPIM(1)+ wpn;

where ~ is as de ned in (14).
Note that ZMBD[m](|) w n(n+1)

p. Therefore

slm] 2
ZWSPR(I) ZS[m] EE
z=() n+1wp’

Thus, for every r > 1, there exists ng such that for all
instances 1 2 I with n _ ng we have ZWSPR(1)=z°(1) -
r. The proof is complete. |

Zero processing time jobs: Assume now that we have a
set Z, disjoint from N, of zero jobs j with p; = 0. The
total number of jobs is now n’ = n + jZj. Note that, for
all j 2z, C;P =rj since every job j 2 Z is immediately
inserted into the LP schedule at date rj. On the other
hand, CJWSP R < rj +Pmax=S1, Where pmax = maXjzn pj -
B denotes the longest processing requirement, and s; is
the fastest machine speed; indeed, in the WSPR schedule
every job j 2 Z is processed either at date rj or else at
the earliest completion of a job in N in process at date rj.
Therefore, with = as de ned in Theorem 1 and assuming

w; - W for all j 2 Z, we have

wCYSRG T ek - Twpnew2) L - we
j2N[Z j2N[Z S1

. 1=s1. So the O(n) bound in Theorem 1 extends
to the case of zero processing time jobs if one de nes
p = minfp; : p; > 0g.

For Theorem 3 to extend to this case as well, it suzces
that the number n of nonzero jobs grow faster than the
square root n of the total number of jobs. Indeed in
such a case a lower bound on the MBD objective value
ZMEBD(1), which is quadratic in n, grows faster than
linearly in n’. In this respect, one may recall the class of
\bad instances" presented in [4] for the single machine
problem, which we rescale here by dividing processing
times by n’ and multiplying weights by n’, so p = W =
1. For these instances the objective value ZWSPR(1)
approaches e ¥ 2:718 whereas the MBD lower bound
ZMBD(]) approaches e j 1. Thus one cannot use this
MBD lower bound to establish the asymptotic optimality
of the WSPR schedule in this case. This is due to the fact
that, for these instances, the number of nonzero jobs is in
fact constant (equal to one), and the optimum objective
value does not grow at a faster rate than the additive error
bound.

since —
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