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Abstract

The main result of this paper is an O(¥n L ) iteration interior-point algorithm for linear
programming, that does not need to follow the central trajectory to retain the complexity
bound and so can be augmented by a standard line search of the potential function. This
algorithm is structurally similar to Ye's O(Yn L ) iteration algorithm. In the paper, we
present two polynomial-time algorithms for linear programming, that use only primal affine
scaling and a projected gradient of a potential function, and that do not need to follow the
central trajectory, nor do they require the use of projective transformations. The first
algorithm is an O( n L) iteration algorithm that is an extension of Gonzaga's polynomial

affine algorithm, and is based on the potential function

n
qln xTs) - Y In ;)
=1

where x is the vector of primal variables and s is the vector of dual slack variables, and
g=n+Vn. The algorithm takes either a primal step or recomputes dual variables at each
iteration. The second algorithm is an O(¥Yn L ) iteration algorithm that is an extension of

the first algorithm, but uses the potential function
T n n
qIn(x's)- Y iIn (xj)—- 3 In (sj)
F1 j=1

where q=n+vYn. We show that this algorithm is optimal with respect to the choice of q
in the following sense. Suppose that q = n + nt where t > 0. Then the algorithm will
solve the linear program in O( n' L ) iterations, where r =max (t, 1-t}. Thus the value

of t that minimizes the complexity bound is t= 1/2.

Key Words: Linear program, polynomial time bound, affine scaling, interior method.



1. Introduction.

The current interest in interior methods for linear programming and its extensions stems
from the seminal work of Karmarkar [8] , who presented an algorithm for linear
programming that requires at most O( n L) iterations. The work per iteration involves
solving a least-squares problem, which requires O( n3) operations; however, by solving
the least-squares problem inexactly in O( n2) operations by performing rank-1 updates,
Karmarkar gave a clever argument that reduces the overall complexity bound to O( n35L)
iterations. Todd and Burrell [13] suggested that Karmarkar's algorithm could be
implemented with a standard line-search at each iteration, with a substantial potential for
decreasing the actual iteration count, at the cost of an increase in the complexity bound by
Yn to O(n4 L) operations. Anstreicher [2] has shown a safeguarded line-search that
retains the overall complexity bound of O( n3-5 L) iterations , but it is not clear whether
this method is more or less efficient in practice than a standard line-search. Karmarkar's
algorithm and all of its projective transformation variants and extensions (Todd and Burrell
[13], Anstreicher [1], Gay [5], Rinaldi [2], Ye [16], and [4], for example) all retain the O(n L)
iteration count. Gonzaga [7] has presented an O(n L) iteration count algorithm that uses a

potential function but does not perform projective transformations.

In [11], Renegar was the first to develop an interior method for solving a linear program
with an O(Y¥n L) iteration count. The algorithm works by tracing the central trajectory (see
Megiddo [9] and Bayer and Lagarias [3] ) with Newton steps. Other central trajectory path-
following algorithms with the O(Yn L) iteration count have been developed since then, see
Gonzaga [6], Monteiro and Adler [10], Vaidya [15], and Todd and Ye [14], among others. If
the initial feasible solution to the linear program is not near the central trajectory, the
problem is artificially augmented at the start so that the initial solution is near the central
trajectory, and so the algorithm can be initiated. Because the iterates must stay close to the
central trajectory, the use of a line-search does not appear as promising for increasing the
performance, as it does for projective transformation based algorithms. Nevertheless, the
worst-case complexity bound on the iteration count for a central-trajectory path-following

algorithm is a ¥n improvement over the bound for a projective transformation algorithm.

Quite recently, Ye [17, 18] has presented an interior-point algorithm that has the
advantage of the central trajectory methods (an O(Yn L) iteration count) along with the
advantages of the projective transformation methods ( the method can be initiated directly

from any interior solution and the use of a standard line-search appears promising).



In this paper, we present two interior-point algorithms for linear programming, that use
only primal affine scaling and a projected gradient of a potential function. The second
algorithm, which is structurally similar to Ye's algorithm [18], has an O(Yn L) iteration
count, and shares the advantages of starting the algorithm directly from any interior point,

as well as being able to use a line-search at each iteration.

The first algorithm, presented in Section 3, is an extension of Gonzaga's algorithm for
linear programming, but does not make the restrictive assumption of a known optimal
objective function value. Performance of the algorithm is measured with the potential

function

T &
F(x,s)=q In(x's)- Y In(x;)
j=1

where x is the vector of primal variables and s is the vector of dual slack variables, and
q = n +Yn. At each iteration, the algorithm either takes a primal step or recomputes

the dual feasible solution. Primal iterates decrease the potential function by at least .18,
whereas dual iterates decrease the potential function by at least .2Yn . This leads to an

overall iteration bound of O( n L) iterations.

In Section 4, we modify the algorithm of Section 3, and measure its performance with

the primal-dual potential function

T, o n
Gkx,8)=qln(x's) - ¥ In (x]-) -YIn (sj)
=1 =1

where again q = n + Yn. Like the algorithm of Section 3, at each iteration this
algorithm either takes a primal step or recomputes the dual feasible solution. Both primal
and dual iterates decrease the potential function by at least .02, and this leads to an overall
iteration bound of O(Yn L) iterations.

The analysis of Section 4 suggests that the factor of Vn plays a very important role in
the potential function parameter q = n + ¥n. This is examined from a complexity point of
view in Section 5, where it is shown that g = n + ¥n is optimal in the following sense.

Suppose that q=n + nt, where t>0. Then the algorithm will solve the linear program



in O(nf L) iterations, wherer = max (t, 1-t}. Thus the the value of t that
minimizes the complexity bound is t = 1/2, which yields the O(Y¥n L) iterations
algorithm of Section 4.

Section 5 contains concluding remarks.

2. Notation, Assumptions, and Preliminaries.

If x or s isa vector in R, then X or S refers to the n x n diagonal matrix with
diagonal entries corresponding to the components of x or s. Let e be the vector of ones,
e=(1,1,... 1), where typically the dimension of e is n. If xe R" , then llxnp refers to

the p-normof x, where 1 < p < = .

Our concern is with solving a linear program of the form

LP: minimize cIx
s.t. Ax=b
x20 ,

where for convenience, we assume that A is mxn with rank m. We assume (i) that LP
has a strictly positive feasible solution x>0, and (ii) that the set of optimal solutions of

LP is nonempty and bounded. The dual of LP is given by

LD: minimize bln

s.t. ATn+s=c
s 20.

The second assumption above is equivalent, via a theorem of the alternative, to the

assumption that there exists a solution (x,35) to LD withs>0.



Let x be a strictly positive feasible solution to LP, and consider the rescaled primal

and dual pair:

LPX: minimize Xz LDX: maximize bt
— - T —
s.t. AXz=Db s.t. XA rn+t=Xc

220 t20.

Note that x is feasible for LP ifandonlyif 2z = 5(_~1x is feasible for LPX , and
that (m, s) is feasible for LD if and only if (=, t) = (r, Xs) is feasible for LDX .
If x and (m,s) are primal and dual feasible, then the duality gap between

& and 7 is given by X - b = X5 . We will consider two types of potential

functions for LP . The first is a primal potential function, given by

T n
F(x,s)=qIn(x's)- ¥ In (xj) 2.1

=1

wherexe P={xe Rnle=b,x 2 0landseD = (s € Rnl s20 andATn+ s =cforsomeneRm}

and q is a given parameter. Note that the dual slack variables enter F(x,s) through the
duality gap term only. The primal-dual potential function is given by

T n n
G(x,s)=qln(x’s) - ¥ In (x’-) - ¥ In (Sj). (2.2)

= =1

It is elementary to verify that scaling LP to LPX translates the primal potential

function F(x, s) by an additive constant

n -
3 In (xj)'
=1

and that this scaling leaves the primal-dual potential function G(x, s) unchanged.



Suppose L is the bit-size of a given instance of LP , and suppose we have an
algorithm for LP that reduces the primal potential function F(x, s) by an amount greater
than or equal to & at each iteration, where 8 > 0 is a fixed quantity. Then as in
Gonzaga [7] , the algorithm can be used to solve LP in O((q/8) L) iterations, as long as the
initial values (x0,s0) of (x,s) satisfy F(x0,s0) < O((q/3L). This is because in
order to round to an optimal solution to LP , we need (xTs) < 2L , and the bound on the
reduction of In (xTs) through the potential function F(x,s) is proportional to &, and
inversely proportional to q. However, if instead we use the primal-dual function G(x, s)

we have:
Proposition 2.1. (see also Ye [18]): If an algorithm for solving LP reduces the primal-dual
potential function G(x, s) by an amount greater than or equal to & at each iteration,
where 8 > 0 is a fixed quantity, then the algorithm can be used to solve LP in
O[ ((g -n)/d) L] iterations, so long as the initial feasible primal-dual values (x0, s0)
satisfy G(x°,s0) < O[((q-n)/d)L].

The proof of Proposition of 2.1 follows from the inequality in the following remark:
Remark 2.1. If x > 0 and s > 0 are vectorsin RR, then

n n
ninG's)- 3 In(x;)- ¥ Ins;) 2 n In (o). 2.3)
= =

Proof. Let t = Xs. Then

T n n T n
nin(x’s) - ¥ In(x;)- 3 In(s)) = nln(e t)- 3 In(t) .
j=1 j=1 =1

However,

n
I (tj/eTt) < a/n"
i1



because the vector t = e is a maximizer of the product term. Thus,

a T
Yy ln(tj/e t) < -In(n) ,
=1

whereby,

T n T n n
nin() € nin(e’ t) - Y In(t;) = nin(x’s) - pX In(xp) - ¥ Ins). m
1 =1 =1

Proof of Proposition 2.1. After O(L (q-n)/8) iterations of the algorithm, the current
primal-dual iterates (x,s) satisfy
G(x,s) < -(q-n)L,

and so

~-T n - n -
qln(x s) - Z In(xj) - Z In(sj) < ~@-nL.
j=1 =1

However, by combining the above with inequality (2.3), we obtain

-T
(@-nIn(xs) € -(@q-nL - nln(),

~T-
andso In(x s) < -L,

whereby x and s can be rounded to optimal primal and dual solutions. [



3. A Primal Potential Function Algorithm for LP that Converges in O( n L ) Iterations

In this section we consider an algorithm for solving LP by using the primal potential
function F(x, s) of (2.1). Our principal motivation for this algorithm is the work of
Gonzaga [7], who presented an O(n L) iteration algorithm based on a primal potential
function where the optimal objective function value is presumed known. Herein, we remove
this restrictive assumption, and demonstrate a primal-dual property underlying Gonzaga's
methodology that will be used in primal-dual potential function based algorithms in
Sections 4 and 5.

Let us assume that x and (;, s) are primal and dual feasible solutions, and that
x >0. Because scaling does not affect the potential function, we assume now that x = e,

and so the current duality gap is eTs. Let us now compute the projection of VyF(e, s), the

gradient of F(x, s) at (e,s) in the x-coordinates, onto the null space of A . The gradient

of F(x,s) in the x-coordinates at (e, s) is given by:

g = Vy Fle,s) = (%)E -e (3.0)
(-

and its projection onto the null-space of A is given by

[1- aTaab14] [(%)5 - e]

If we replace (eT§ ) in the above expression by the unknown quantity A , we obtain the

direction function

da) =[1-aTaa 4] [(—Zi) E—e] (3.1)

where A is a positive scalar.



From (3.0) and (3.1), the projected gradient is d(eTE ) . Gonzaga's algorithm [7] is
motivated by demonstrating that ||d(eT§ )l 2 1. Herein, we will alter this condition to

analyze the consequences of the condition |ld(eT§ )l2 2.8, where the number .8 was

fairly arbitrarily chosen, and in fact any fixed scalar in the range (0, 1) would do. If

deTs) satisfies lld(e 5)|| 2 2.8, then the potential function F(x, s) can be reduced by

at least a constant amount of .18 by taking a step in the direction - d(eTE ), from the

current point x = e, as the next Proposition shows.
Proposition 3.1. Let d = d(e'5). If |[d]ly 2.8, then

F(e - .38d /||d||2, s) < F(e,s) - .18

Proof. Letusconsider F(e-ad/||d||lo,s), where 0 € o < 1

Then

F(e - ad/||d||2,s) - F(e,s)

T- By L n - T-
=qIn((e"s) ~as d/|id|lp) - ¥ In (l—adj/lldllz) - gln(e”s)
i=
T n
=ql —Tis——q—-—- - ¥ In
(e s)[d]l2 j=1

By the local properties of the logarithm function given in the Appendix in Proposition A.1.,

we have:
d /Idlly , s s -anTE P n (Olaj/llallz)z
F(e —ad /lidll2 ,s) - F(e,s) < — + 3 adj/“dHZ + 3
(e TNl =1 4 20w

T 2
= 2 |- % s+eld + &
[1dll2 (e's) 2(1-a)




- agTa' . o’

ldllz  20-0)

where g is the gradient of F(x, s) at (e, s) in the x-coordinates, see (3.0). However, noting

T . 2
that gTd = d d = [[d]|, , this last expression becomes:

2
T S < oliT (o)
F(e-ad /||dll2,s) - Fle,s) < -alldll; + 200 (3.2)

Upon setting a = .38 and noting that ||d||o = .8, we obtain

F(e - ad /|[d||5, s} - Fle,s) < .18 .

]
In order to analyze the case when u&uz < .8, we proceed as follows.
Noting that
a =i -AT(AATY‘A]((E-)C - e),

we expand and rewrite this expression as

ATaaDh1a (c -%e) + (%) (e +d(a)=c (3.3)
and define

na) = (AAD T A (c— 2 e) (3.4)

and

s(A) =(%)(e +da) . (3.5)



10

Then n(A) and s(A) satisfy ATm(A) + s(A) = ¢ and so are dual feasible if s(A) 20.
Furthermore, from (3.5), s(A) 2 0 if (|[d(A)l2 €1 and A > 0. Thus, if
Ild(eT§ 2 < .8, then se’s) > 0 and n(els) , s(eTg) are dual feasible. Next note from

@3.1) that lim [dA)l2 = + =, unless [1-AT(AAD T Alc=0, in which case cTx is

A- 0

constant on the feasible region of LP and x=e solves LP. Thus, by the continuity of

d(A) in therange A € (0, ), if |id (eT§ Nl < .8, there exists a value Xe 0, eTE) such
that ||d(Z)||2 =8 . Ifweset = = n(A) and s = s(A), we then obtaina .2 Yn

decreasein F(e,s) if q 2 n+vYn, asthe next Lemma demonstrates.

Lemma 3.1. (Change in Dual Variables). Suppose q 2 n+ ¥n. Suppose ||d(eT§ My, < 8,

and that cTx is not constant on the feasible region of LP. Let Ae (0, eTE) satisfy
lld(Z)llz =.8 and letn = n(X) and s = s(Z). Then = ,s are feasible for LD and

F(e,s)-F(e,s)< - .29n.

Proof: Note that eTE = eTs (X) = %—[eTe + er (Z)], from (3.5) .

However, ele = n,and er @) < lld(Z)Hl < ¥n Ild(z)llz = 8 9n, so that

T_
eTg < -‘:—l(n+.8 Yn) < eqs (n + .8 Yn). Therefore (

q

e's

eTg) < (n+.8ﬁ?)

T

T~
Next note that F(e,s) ~F(e,s)=q In (_g_s)
e's

Sqln(-p—i;—?—fll) =qln(1—'2:ﬁ) < -.2%n. .

Summarizing Proposition 3.1 and Lemma 3.1, we have:



Remark 3.1: Assume q = n + Yn. Then

a) if ud(eT§ Jllp 2 .8, we can decrease F(x,s) by .18 by taking a step in the primal

in the direction - d(eTg ).

b) if IId(eT§ M2 < .8, we can decrease F(x,s) by .2Yn by replacing
s by s = s(Z) where A e (0, eTE) , and ud(Z)nZ: 8

This leads to the following algorithm for solving LP . Let (A, b, ¢) be the data for the
LP,let X and (m,s) be initial primal and dual solutions, where x >0 , and let
p > 0 be the optimality tolerance. We have:

Algorithm 1. (A,b,¢, X, 5,7, )

Step 0. Initialize.
St q=n+vYn, y=.8

Step 1. Test for Optimality.

~T-
If xs < p, stop.

Step 2. Rescale.

S

Set A = AX,c=Xc,t =
Step 3. Compute Direction Function.

da)=[1-A (A KT)’I Al [(_2_) t- e]

If lldeet )2 2 vy, go to Step 5. Otherwise go to Step 4.

11



Step 4. Recompute Dual Variables.

Solve for X € (0, eT?) such that A is the smallest value of A for which
Iid@)lp = v,

Set :=(é.)(e+d®>
q
-~ T =
and n =(AA) 1A [c-(—A—)e]
q
~ - =L
Setn = and s = X t , and gp to Step 1.

Step 5. Take Step in Primal Variable Space.

Set d = d(e T). Set z = e~.38 4/ [dllp
Set x = X z, and return to Step 1.

Note that in Algorithm 1, that at Step 2 t is the scaled version of the current dual
slack s ; (m,s)is feasible in LD,and (m,t) is feasible in LDX,and e is feasible in
LPX . At the end of Steps 4 and 5, respectively, the dual and primal variables are then
rescaled to the original problems LD and LP, respectively. Note also that the value of
Y =.8 was chosen somewhat arbitrarily; instead, one could replace .8 by any constant
ve (0, 1) . The step length in Step 5 would have to be adjusted, however.

Next, note that after the algorithm leaves Step 4, the next direction function d(A) will
be the same as the current direction function. Thus, there is no need to re-solve the least
squares problem in Step 3 at the next iteration. Furthermore, at the next iterate, we will

have ||d(eT¥)II2 > 8 in Step 3, so we could just go straight to Step 5 directly.

Note that at Step 5, we could replace z=e-38d/ llallz by Z = e-oad where o is
determined by a line-search that (inexactly) minimizes the potential function F(e- ad, t)
over the range o € (.38/|idllp, =) . Also, the choice of A in step 4 could be chosen by a

line-search of A with the potential function F(e,%[e +d(A)]) where A € (0, eTf)

12



Finally, note that the algorithm need not be started with a dual feasible solution. In
fact, it need only be started by a lower bound B on the primal objective value. One would
then replace the expression for d(A) in Step 3 by

da) =-AAEAHTA [( ;i) - e] ,

as the two expressions are equivalent. Also, one would replace eT? by cT§ - B in Steps 3,
4, and 5. The algorithm must eventually compute feasible dual variables, unless B is the

optimal value of LP.

Finally, note that solving for A in Step 4 is equivalent to solving a quadratic form in

1
the quantity ( Z‘) and so can be done exactly (within roundoff error) by using the quadratic

formula. This is reminiscent of the dual-variable update procedure presented in Anstreicher

[1], that also solves for a vector of appropriate norm in order to update dual variables.

From Remark 3.1, and the invariance of the potential function F(x, s) (modulo an

additive constant) under scaling, we have:

Lemma 3.2. If (x0,s°) are the initial values of x and s in Algorithm 1 and
F(x0,s0) < O(nL), then Algorithm 1 solves LP in O(n L) iterations.

Proof: From Remark 3.1, each iteration reduces the potential function F(x,s) by at least
8 =.18,and q= n+¥Yn < 2n,s0 q = O(n). Thusafter O(nL) iterations,
Algorithm 1 solves LP . W

4. A Primal-Dual Potential Function Algorithm that solves LP in QHFL} Iterations.

In this section, we modify the ideas and the algorithm presented in Section 3, by using
the primal-dual potential function G(x, s) of (22) with q = n+ ¥n. Our principal
motivation for this algorithm is again the work of Gonzaga [7]. The resulting algorithm
convergesin O(Yn L) iterations, and is an algorithm similar to the O(Yn L) iteration
algorithm of Ye [18]. There is a strong connection between the algorithm of this section and
Ye's algorithm, which is discussed at the end of the section.

13



We begin the analysis by returning to the analysis developed at the start of Section 3.
We assume that xand (;t_, s) are our primal and dual feasible solutions, that x>0 and
that the LP has been rescaled so that x=e, so that the current duality gap is els .
We compute the direction function d(A) asin (3.1), and compute d = d(eTg) which is
the projected gradient of G(x, s) in the x-coordinates, at (x, s) = (e,s). Then if
||d(eT§ Jl2 2 .22 , we can achieve a constant decrease in the potential function G(x, s) by
taking a step in the direction - d(eTE) from the current primal feasible point e , as

Proposition 4.1 shows.

Proposition 4.1. Let d= d(eTE). Thenif Idliz2 .22,

Gle - (1/6)d/ Idll2, ) < Gle,s) —.02

Proof: The proof is exactly the same as for Proposition 3.1. At the end of the proof we use
o = 1/6 to obtain the result. B

If ||d(eT§) llp < .22, however, we seek to modify our dual solution.

Note thatat A=e's

s(a) = (%) (e + d())

is "close" to a scaled version of the vector e , because ||d(A)||]2<.22. Thus, s(A) is

nicely centered, as the next two Lemmas demonstrate.
A eT ] eT s
Lemma 4.2. Ifs= (a—) {(e + d)), where lidil2 < .22, then || s~ — /¢ Ila £ .565 -

Proof. Ifs = (%) {te +d)), then

els = %(n +eld) 2 %(n - idip 2 %(n ~ Viidllp)

> Am-22vm) 2 L(78n) .
q q



.78n

K.

Thus,

Next note that

T

- geo 4] Ph - e

Thus,

T Iidily
es A A4A
s - {—;)exlz < [Ild!lz = 53 [Ildllz +|ldllz] <S5

Combining (4.1) and (4.2) yields the desired result. W

Lemma 43. If s= %(e +d), where |idllp< .22, then

T
2 InGsj)2 n ln(e s) - .367.
=1

Proof;:

Letr = (— Then eTr-n and Jjir- ellp = (L—)Ils - (—-—-— llp £ 565,

from Lemma 4.2.

Thus, from Proposition A.1 of the Appendix,

2 2
n (r]-— 1 lIr—ellp ( 565):Z

Zln(r)ZZ(r—l)—-Z-—_—-——-—=— = -
a VoA =1 2(1-.565 87 87

2

-.367

(4.1)

(4.2)

15



Next note that

T T
zln(s) zln(r) +nln (—)2 n In (g-—)- .367. -

: n
j=1 =1

Suppose that lld(eTg) [l <.22. Just as in Section 3 (but with .8 replaced by .22), we
seek avalue of A e (0,e’s) for which [ )lly=.22. Because lim [[d(A)flp=+ oo
A-0
unless ch is constant on the feasible region of LP (andso x=e solves LP ), then such
avalue A mustindeed exist. We thenset 5=s(A) and & =n(A) where s(A) and
n(A) are given by (3.4) and (3.5). sand n are feasible for the dual LD . The next

Lemma demonstrates that replacing §by§ results in a fixed decrease in the potential

function G(x,s) of atleast.02,if q=n+vYn.

Lemma 4.4 (Potential Function Decrease From Change of Dual Variables)

Suppose q=n+VYn, and Ild(eTg) llp <.22., and that ch is not constant on the
feasible region of LP . Let Ae (0, eTE) satisfy Ild(z Nip=.22 and let
s= S(Z) and 7 = n(Z) . Then, (;, s) are feasible for LD, and

Gle,s) - G(e,s) < - .02.

Proof: As in Section 3, it is straightforward to check that AT; +s= ¢, and
[ild(A)llp=.22 implies that $>0,% (m,s) are dual feasible. Now we compute

Gle,s) - Gle,s) = qln(e Ty - 2 ln(s]) - qln(e T + E In (s§)
=1 =1

T~
= gqln ("rﬁ Zln(s) + Zln(s (4.3)
s j=1

However, from Lemma 4.3, we have

16



n - o
> InG) 2nin|=>f - 367 . (4.4)
: n
=1
n o _ n T T— eT—
Also, Y In(sj) < max Y In(s;) | s>0, es=e’s j=n In |—/. (4.5)
i=1 ’=1

Combining (4.3), (4.4) and (4.5) yields

~ - els % els
G(e,s) - G(e,s) € qln{—]| - ninjl—| + .367 + nlnj—
T n n

es
els
:(q— n ln—Tr-— + 367
e's
However,
™ A T, ~ els ~ e’s
es = (%) (n + e d@)) < —-—)(n + Ynjid@A)lp) = —EI—-(n + .22Yn)
T~
Thus, (e 5) ¢Pn+22n _ . gq-n-22vn (4.6)
els q q
Then

T~
Gle,s) - Gle,s) < (q-mlIn (e_,lf) + 367

e s

-(@-n)(g-n-.22Yn + 367
q (4.7)

<

.78n 78n
+ 367 £ -— + 367 £ - .02
n+vYn 2n -

17
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Intuitively, the proof of Lemma 4.4 works for two reasons. First, s is "close” to the

T~ n o _
vector (? . as shown in Lemmas 4.2 and 4.3. Thus, the barrier function Y, ln(Sj) is

=1
well-controlled. Second, by requiring that we adjust A downward from eT§ to a point

where ||d(z)ll2= .22, we guarantee that eT§ is sufficiently less than eT§ .

Summarizing Proposition 4.1 and Lemma 4.4, we have:
Remark 4.1. Suppose q=n+Yn. Then

a) If Ild(eTg)ll 2 2 .22, wecan decrease G(x,s) by .02 by taking a step in the

primal variables in the direction - de’s) .

b) If Ild(eTE)llz < .22 ,wecandecrease G(x,s) by .02 by replacing

s by s = s(Z) where A € o, eTE) satisfies lld(Z)llz = .22 .

This leads to the following algorithm for solving LP. Let (A, b, ¢) be the data for the
LP,let x and (m,s) Dbe initial primal and dual solutions, where x>0 andlet p>0

be the optimality tolerance. We have:

Algorithm 2. (A, b, ¢ X, 5,7, 1)

Step 0. Initialize.

Set q=n+fr_\, Y= .22

Step 1. Test for Optimality

-T
If xs < p, stop.

Step 2. Rescale



Step 3. Compute direction function
T T 1— _
da) = 1-&% AA) 1A H%)t -e}
If fdelt i 2 ¥y, go toStep 5. Otherwise go to Step 4.

Step 4. Recompute Dual Variables

Solve for A e (0, eTf) such that A is the smallest value of A for which

Id@A)lIg = ¥.
~ (A ~ ~ —-T 1— |- N
Set t=(%)(e+d(A)) and ¥ = AA) A [c - (%)e]

- o~ - 1
Set ®=mands=X t,andgotoStep]l.

Step 5. Take step in Primal variable space.

= T- 1
Setd =d(e t). Seta=14+ 9 ———o .
Y1 +22
Setz = e - ad/ |dlly.
Set x = 7;, and return to Step 1.

Note that in Step 5, a =(1/6) because y=.22.

Regarding the complexity of Algorithm 2, we have:

Theorem 4.1 (Complexity of Algorithm 2). If (x©, s®) are the initial values of xands in
Algorithm 2 and G(x0,s%) < O(YnL), then Algorithm 2 solves LP in O(YnL)

iterations.

Proof: The proof is an immediate consequence of Proposition 2.1. From Remark 4.1 and the
invariance of the potential function G(x, s) under scaling, we have that at each iteration
G(x, s) is reduced by at least 8 =.02. Because q=n+¥n, then (q-n)=vYn, andsoby
Proposition 2.1, Algorithm 2 converges in O(Yn L ) iterations. |
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Note Algorithm 2 is almost the same as Algorithm 1, but with a different value of v in
Step 0 and consequently a different step length o in Step 5. The smaller value of ¥ in
Algorithm 2 suggests that it will update dual variables less frequently than in Algorithm 1,
and so will control the influence of the duality gap A = §T§ on the projected gradient
direction d(A) less exactly. Perhaps this is a contributing factor to the improved

complexity bound.

Most of the remarks that follow Algorithm 1 at the end of Section 3 are also valid for
Algorithm 2. If the algorithm recomputes dual variables in Step 4, one can then proceed
directly to Step 5 because d(eTE) 2y at the end of Step 4 and there is no need to
recompute the least-squares solution of Step 3. As in Algorithm 1, one can augment Steps 4
and 5 by a line-search of the potential function G(x, s) . Also, one need not start the
algorithm with a dual feasible solution. In fact, only a lower bound on the optimal objective

value is needed (see Section 3 for details).

The algorithm of Ye [18] was the first (and at this point, the only other) algorithm
with a complexity bound of O(Yn L) iterations that does not explicitly require a
condition that the iterates lie near the central trajectory. His algorithm is similar to
Algorithm 2 in many ways. First, both algorithms use primal scaling only, compute a
direction function based on the projected gradient of the potential function, and take either a
step in the primal space or a step in the dual slack space. However, the control sequence for
when to take a primal versus a dual step is different in the two algorithms. Even if both
algorithms utilize a line-search, they still may perform differently. This is because of the

control logic for when to take a primal or a dual step.

._On the timali fg=n+9Ynin Algorithm 2

In Section 4, we have presented an O(Yn L) iteration algorithm for LP, by choosing
the value gq=n+ Yn in the primal-dual potential function G(x, s) of (2.2). In this
section, we consider modifying Algorithm 2 in two ways: by setting q=n +nt, where
t20, and by setting vy = 220k where k20. We will prove:

20



Theorem 5.1 (Complexity of Algorithm 2 withq =n +nt
If q=n+nt isused in Algorithm 2 and 7y is chosen by:
22 if t=1/2
22nt1/2 if t<1/2,
then the complexity of the algorithm if O(nf L) iterations, where r=max {t, 1-t}.

Remark 5.1. The value of t that minimizes the complexity bound of the number of
iterationsis t=1/2, andso Algorithm2 with q = n + ¥n and y=.22 isoptimal
in this measure. A different discussion of the suggested optimalityof q = n + ¥n (ina
different context) can be found in Todd and Ye [14].

Remark 5.2. Algorithm 2 can be executed with q = n + 1, with a complexity of bound
O(nL) iterations, by setting t=0 and ¥ = .22/Vn. This improves the complexity
bound of Gonzaga [7], whose results imply an O( n2 L) iteration bound if q=n+1fora

primal potential function as in (2.1).

We will first prove Theorem 5.1 for the case t21/2. Thecase t<1/2 is a bit more

involved.
Proof of Theorem 5.1 fort > 1/2:

Suppose Algorithm 2 is implemented with q = n + nt and y=.22. Then if the
algorithm takes a primal step (Step 5), Proposition 4.1 ensures that the potential function

G(x, s) decreases by at least & = .02, as this result is independent of the value of q.

Suppose instead that Algorithm 2 takes a dual step (Step 4). By rescaling if necessary,

we assume that the current primal and dual slack vectors are (x,s)=(e,s) andlet s be
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the recomputed dual slack vector. Retracing the proof of Lemma 4.4, we reach line (4.7)

which states:

(@ - n -.22¢n)

Gle,s) ~ Gle,s) < - (q - n) 3 + .367 (5.1)
nt (nt— 22yn)
= —_— + .367
n+ nt
2t
< T8 367
n+n (5.2)

If t<1, the denominator above is bounded from above by 2n , so

Gle,9) - Gle,5) < - 39n>t1 4 367< -39+ 367<-(02). If t21, the denominator above
is bounded from above by 2nt,so G(e,s)-Gle,s) < - 39nt+ 367<-(02) if t21. In
either case, we obtain a dual improvement of at least 8 = .02. Thus the overall complexity

of the algorithm, from Proposition 2.1,is O(ntL). B
We now proceed to piece together the proof Theorem 5.1 in the case t<1/2. By
rescaling if necessary, we assume that the current primal and dual slack vectors are

(x,s) = (e, s). We first analyze a primal step.

Proposition 5.1 (Primal Step Improvement) Letd = de’s). Suppose

t-1/2 1

Idlls 2 ¥ = 22n . Then by setting a=1- ,
2 y g Vis2y

we obtain
TG~ o = 2t-1
Gle - ad/ldllp, s) < Gl(e, s)-.02n .
Proof. The proof proceeds identically to that of Proposition 3.1, which is of the same form

(with . 8 replaced y = .22nt-1/2) | Tracing the proof of Proposition to line (3.2) we

obtain.

2

G(e - od /|[d]ly, 8) - Gle,s) € —a|d|;, + —>—
(e = ad /||d]l5, ) (e, s) alld||, IOy

22
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t-1/2

However, llallzz ¥ =.2n Substituting this value of y in Proposition A.2 of the

Appendix, we obtain

Ge - od /|d@]l; ,® - Ge,® < -n2t1 g

We now analyze a dual step improvement. We proceed by modifying Lemmas
4.2 and 4.3.

Lemma 5.2. If s = %(e +d), where (dllp < v <1, then

N T

Lemma53. Ifs = %(e+d), where [|ldlls < v < 1/3, then
2

n T
. es) _ _B I
jZ:lln(s]) > nln(—n—) 2 where B = vy n

The proofs of Lemmas 5.2 and 5.3 are identical to the proofs of Lemmas 4.2 and 4.3, with
v substituted for .22 in Lemmas 4.2 and 4.3,and B substituted for .565 in Lemma 4.3.

We now are in a position to prove a result regarding potential function improvement if

we take a dual step.

Lemma 5.4 (Dual Step Improvement). Suppose q=n+nt where 0 <t <1/2.
Suppose lld(eTE)llz <y=2m'" 172 , and that ¢Tx s not constant on the feasible region
of LP. LetA € (O,eTE) satisfy ud(Z)llz = v andlet 7= n(Z) and s = s(Z) .

Then (;c', s) are feasible for LD, and

Gle,s) - Gle,s) € - .OCZnZt_1



Proof: Parallelling the proof of Lemma 4.4, we obtain

. - el n o no_
Gle,s) - Gle,s) = gln|—| - Y, InGsjp) + 3 InGsy) - (5.3)
e’s F1 =1

Combining the above with inequality (4.5) and Lemma 5.3, we obtain

T T 2 T
Gle, s) - Gle,s) < qln(-?—fs-) - nln(e—i) + _B__ . nln(f'-ﬂ-s-)
es

n )" 20-p)

T 2
=(q-n)ln es + __E___ ,
T 2(1 -B)
es (5.4)
2 p 2y
=..__Y_. = =. t-— 1/2
where B Ty However, 208 (=7) (=37 and v 22n < 22,s0
that
2 2
B < 2y 2t-1
3P - B - o (5.5)

Next, notice that exactly as in the proof Lemma 4.4, we have that

es = (%‘) (“ + er(X)) < (S-;E) (&\ + Yrjd@ )I|2) = {Sqig_ (n+ amt-12 + 1/2)

’

T t t t
and hence (e S) < n+.22n = 1 -n -.22n

eTg q q
~ t, t t
whereby (g-n ln(.e_'fé.) < N (n -.22n)
es 9
2t
< .78n - 39n2t—1

2n ' (5.6)
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Combining (5.4), (5.5) and (5.6) yields

1 2t-1

G ) - Ge,s) < -3m2t"1 4 365n L

s oot g

Proof of Theorem 5.1 for t < 1/2: From Proposition 5.1 and Lemma 5.4, we have that we can
achieve a decrease in  G(x, s) of atleast §=.02n2%"1 . Thus, the overall complexity of
the algorithm, from Proposition 2.1, is O( ntnl-2tL) = O(nltL).m

Remark 5.3. The choice of y in Theorem 5.1 obviously influences the complexity bound.
One can easily verify that the potential function improvement in a primal step is O( Y2 ).
Thus, a large value of y is desirable. However, if y > O(nt-1 /2) and t < 1/2, then
a potential function improvement in a dual step cannot be guaranteed. The formula for vy
in Theorem 5.1 is the largest (and best) value of Yy with respect to minimizing the

complexity bound of the algorithm.

6. Concluding Remarks

Algorithm Complexity. The overall complexity of Algorithm 2 is O( n35 L)
operations, because at each of the ¥n L iterations an m x m system of equations must be
solved, which requires O( n3) operations. However, by solving the system inexactly
using, for example, the updating algorithm of Gonzaga [6] as presented in [7], it should be
possible to reduce the overall complexity by a factor of ¥n to O(n3 L) iterations.
However, this modification will probably not be very useful in practice, as it limits the use

of a line-search of the potential function.

Problems in Arbitrary Form. Algorithms 1 and 2 are stated for LP problems in standard
form. For problems in other forms, the implementation of the algorithm is still

straightforward. Suppose that we wish to solve:

minimize ch
s.t. Ax =
Gx-v =h

v20
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This is a quite general form and encompasses problems with upper and lower bounds, etc., by
creating G, h with appropriate submatrices of the identify matrix, etc. The primal-dual

potential function then is

T n n
H(v,s)=In(vs)- ¥ ln(vj) -3 In (sj)
1 j=1

where (m, s) must satisfy dual interior feasibility, namely

ATr + GTs = ¢
s >0.

Scaling is done with the primal slack variables. If (x,v) are primal feasible, the LP is

rescaled to
minimize cTx
s.t. Ax =b
—-1 —-1
Gx-t=V h
t=290

and the projection of the gradient of H(v, s) in the rescaled space is then computed.



Appendix

Proposition A.1. (see Karmarkar [8] and Todd and Ye [14)]).

(i) In(l1+x) < xfor x >-1.
2
.. x
(ii) If Ixl € a <1,then In(I1+x) 2 x - -0
Proof. (i) follows from the concavity of the log function.
x2 x3 x4

For (ii) note that if Ixl < 1,In(1+x) = x- 5 + 'y +.

2 3 4

2 x-..)i... - P_(l_.. .E(.l._ -
2 2
2 2
o x__ X X
2(1-xD 21 - ) ]

Proposition A.2 (See Freund [4], Proposition 4.1) If

az

fla) = - —
(@) Tt o
where y < .22, then
- 1 - 0272
withg = 1 - , fla) € - =4,
V1+2y (22)2

Proof: Direct substitution shows f(a) = -1 - ¥y + ¥1+2y . However, the function

1+y- 2“ +2y is decreasing in 7y. Therefore, if 7y < .22,
Y
f@) _  1+y -V1+2y < _Q2-vTF307) _ .02
2 2 s T3

Y Y (22)2 (22)2 -
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