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1. INTRODUCTION

Most research activity in control theory during the last two decades
has been centered around what is usually. termed modern control theory.
However, it is a fact that the overwhelming majority of practical control
systems have been, and continue to be, designed using classical control
theory. The reasons for this much discussed gap between theory and prac-
tice are too many and complex to discuss here, but we would venture to
suggest that one of the reasons for the gap is the inadequate at;enﬁgbn
that has been paid to the development of numerical algorithms to imple-
ment modern control-theoretic design methods.

The objective of this paper is to present a new method for the
solution of the discrete~time algebraic Riccati equation. Solution of
this equation is basic to design of sampled-data control systems using
the solution of the linear-quadratic-Gaussian optimal control problém [1].
Several algorithms have been suggested for direct solution of discrete-
‘time élgebraic Riccati eguations, for example [2], (in addition to the
possibility of iterating the Riccati difference equation to steady-state),
but these all require explicit inversion of the state transition matrix.
If this matrix is ill-conditioned, numerical difficulties arise. Perhaps
even more important is the fact that singular transition matrices cannot
be handled. Such transition matrices arise when a continuous system with
a time delay is sampled. Since time delays inevitably arise in process
control applications due to transpoftation lags (see, for example [3]),

the restriction to nonsingular transition matrices is quite restrictive.




In fact, our original motivation for developing the method proposed in this
paper arose from just such an application by Bialkowski [4] in modeling a
paper machine.

To illustrate how singular transition matrices arise we give a simple
example, taken from Bialkowski's paper [4]. Consider a process whose unit
step response is characterized by a pure delay T, a first order time con-
stant T, and a-steady state gain X, and suppose the process is viewed at
sample intervals D. (See Figure 1) The discrete equations for a time de-

lay of three unit delays are

1-P/¢ 0 o XD/-
xktn) = | 9 0O x(k) + °1 ww)
0 1 0 0
0 0 1l 0
y(k) = (0 0 0 1) x (k)
where
x(k) = vector of currxent states
x(k+1l) = vector of states one step ahead
u(k) = control input
v (k) = output

The state transition matrix of this system is obviously singular.
The method proposed in this paper does not require inversion of the

transition matrix. The key idea is to obtain the solution of the discrete-




w(k)
A
) — :
>k
> k
1_% ’ D Léhd: cte’o.yv.
"“""‘9“%@*’ D *4 1P Xq D X3 D X4 i 7>

Schematic of system equations

Figure 1.
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time algebraic Riccati equation from a basis for the stable eigenspace of

a certain generalized eigenvalue problem. Two versions of the method are
presented, the first related to Potter's method and utilizing generalized
eigenvectors and the second related to Laub's method and utilizing general-
ized Schur vectors. | .

The structure of the paper is as follows. Section 2 contains the de-
velopment of the algorithm using generalized eigenvectors. Section 3 con-
tains the development of the algorithm using gené; 1ized Schur vectors.
Section 4 discusses some numerical considerations associated with the algor-

ithms, and Section 5 contains some simple examples. Section 6 is the sum-

mary and conclusions.

Notation
m*n . . s
Throughout the paper A ¢ F will denote an mxn matrix with coeffi-

cients in a field F¥. The field will usually be the real numbers IR or the

. . T .
complex numbers €., The notations A~ and AH.w1ll denote transpose and con-~

. . . - T -1,
jugate transpose, respectively, while A T will denote (A )l = (A 1)T. For

X
AeFYD its spectrum (set of n eigenvalues) will be denoted G(A). When

2nX2n

a matrix A € TF is partitioned into four nXn blocks as
A
11 A12
A =
By Baa

we shall frequently refer to the individual blocks Aij without further dis-

cussion.




2. SOLUTION OF THE DISCRETE-TIME ALGEBRAIC RICCATI EQUATION BY A

GENERALIZED EIGENVECTOR APPROACH

2.1 Problem FPormulation

In this section we shall be concerned with the discrete-time algebraic

Riccati equation

T T T -1 7T
-X- + XF + H =
F XF-X-F XGl(G2 G1XG1) Gl H 0 (1)
b X T
Here ¥, B, X e R" ", 6 e ™™, 6, e ™", and G, = G, >0, H=H > 0.

Also, m < n. We shall assume that (F, Gl) is a stabilizable pairI, and

that (F, C) is a detectable pairz, where C is a full-rank factorization of

H (i.e., CTC = H and rank (C) = rank (H)). As discussed in Section 1, we
-1.7T

do not need any other assumptions on F. Finally, we define G: G = GlGZ Gl'

Under the above assumptions (1) is known to have a unique non—-negative
definite solution; see [5]. Moreoverv.if(F, C) is completely reconstruc-
'tible3, (1) has a uhique positive definite solution. There are, of course,
many other solutionsvto (1) but we are interested in computing the non-

negative definite one. (Or the positive definite one if it exists.)

. H H
1. The pair (F, Gl) is stabilizabie if wH61 =0 and w F = Aw for some

constant A implies lk{ < 1 or w=0. (See [5] for further characteriza-
tions.)

2. The pair (F, C) is detectable if wHCT = 0 and wHF
stant A implies Il[ < 1 or w=0. (See [51.)

T . XWH for some con-

H

T
HF = Aw

. . HT
3. The pair (F, C) is completely reconstructible ifwC =0andw
for some constant A implies w=0. (See [5].)




The Riccati equation (1) arises in various problems, including the
discrete-time linear-quadratic optimal control problem. The algorithms
we present are motivated by the relationship between the Riccati egquation
and the two-point boundary value problem associated with this optimal
control problem. If we let X denote the state at time tk an&iyk the
Corresponding adjoint vector, the Hamiltonian difference equations arising
from the discrete maximum principle applied to the linear-quadratic prob-

lem are of the form

o (sal [F o) (&

T
0 F Y£+l H I Yk

Note that if F is invertible we can work with the symplectic matrix

I e\t [ & o\ _{[F+ GF Tm - T
7 =
0 Fr -H I -F Ty F T

using a basis for the stable eigenspace of Z to compute the desired solu-
tion to the Riccati eguation. Two examples of such bases are the eigen-
vectors and the Schur vectors corresponding to the stable eigenvalues of
Z; see [2] and [6], respectively.

The key idea of this paper is to consider, instead of the standard

eigenvalue problem for Z, the generalized eigenvalue problem

Mz = ALz




with

We shall show that we can use a basis for the stable generalized eigen-
space of>the problem to construct the solution of (1). We shall discuss
two ways of finding this basis. The first is by computing the generélized
eigenvectors corresponding to the stable generalized eigenvalues. The

second is by using the generalized Schur vectors of the problem.

2.2 The Generalized Eigenvalue Problem

Definition: Consider the generalized eigenvalue problem:
Mz = ALz (2)

The generalized eigenvalues of the problem are the roots of the generalized

characteristic equation det(M - AL) = 0. For each generalized eigenvalue

A, a nonzero vector satisfying (2) will be called a generalized eigenvec-

tor of the problem corresponding to A. If A is a generalized eigenvalue

with multiplicity r > 1, then the set of vectors {zl,...,zg} satisfying:

Mz

1 lel

sz—l k=2,3,...,; L <r

M - )\L)zk
will be called a chain of generalized principal vectors, and the vector

zy will be called a generalized principal vector of grade k.
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From now on we shall drop the adjective "generalized" except where

its absence would cause confusion.

nx . .
Theorem 1: et A, B, U, VeC n with U and V nonsingular. Then the

eigenvalues of the problems Az = ABz and UAVz = AUBVz are the same.

Proof: See [7].
nxn . . .
Theorem 2: (a) Let A, B e ¢ . Then there exist unitary matrices

Q and Z such that QAZ and QBZ are both upper triangular.

{b) Let A, B E‘Rpxn. Then there exist orthogonalnmatrices
Q@ and Z such that QAZ is quasi-upper triangular (real Schur form) and
QBZ is upper triangular.
Proof: See [8].
For the remainder of this paper, we shall consider only the generalizeé

eigenvalue problem defined in Section 2.1.

Theorem 3: None of the eigenvalues of the generalized eigenvalue prob-
lem Mz = ALz lies on the unit circle.
Proof: Suppose that [A[ = 1 is an eigenvalue. Then Mz = ALz for some

z # 0, and this can be written as

(3)
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T
and --Hzl + 2z = AFz (4)

. . * H . . .
Premultiplying (3) by A z2 and postmultiplying the conjugate transpose of

(4) by z, we get
* H 2 H 2 H- (3a)
= +
A z,Fz, 2] 2,2, iy z,Gz,
H * H H
2,2, = A z,Fz, + z HZ, (4a)
Adding (3a) and (4a) and noting that ]A[z =1, we get
H H
22G22 + lezl-— 0
: -1.7T . T
~Now recall that G = Gle Gl with G2 >0and H=CC. Then
H -1 7T HT _ . .
(ZzGl)Gz (Glzz) + (21; )Cz, = 0 implies
T =
Glz2 =0 {5)
and Czl =0 (6)
Combining (5) and (6) with (3) and (4) we get
le = kzl (7)
T 1
F z, = X 2 (8)

zg. By stabiliz-~

>l

Using (5) and (8) we see that ngl = 0 and z?F =

ability this implies z_ = 0, since [%1 > 1. Also from (6) and (7) we have

= 0, since

= omon

T
z?c = 0 and Z,F = Az_. By detectability this implies z

1

0. But this is a contradiction, so none of the

]

1%1 > 1. Therefore z

eigenvalues lies on the unit circle.
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Theorem 4: Consider the generalized eigenvalue problem Mz = )\Lz.
. . 1, . . :
If A # 0 is an eigenvalue, then X’ls also an eigenvalue with the same
multiplicity.
Proof: M and L have the following property
T 7 (0] F ‘ o I
ILJL = MIM = P where J =
-F (o] -I o

It is very easy to show also that det(M - AL) Z 0. To see this, note that
if the determinant were identically 0O, it would, in particular, be 0 for
[A| = 1 which would contradict Theorem 3.

Now consider the following two generalized eigenvalue problems:

= ALz v (a)

= M x (8)

Looking at the corresonding characteristic polynomials

(@)

det(M - AL) =

1]

det (LT - uM7) = det(L - M) = O

we see that if A is an eigenvalue of (A), then %-is an eigenvalue of (B)
with the same multiplicity.

Now let X be an eigenvalue of (A) with multiplicity r. Then ul =-%
is an elgenvalue of (B) with multiplicity r and we shall show that pl is

also an eigenvalue of (A) with multiplicity r.

For problem (B), consider any chain of principal vectors {xl,...,xi},
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The following Theorem completes the description of the symplectic

nature of the eigenvalues of the problem Mz = ALz.

Theoxem 5: Consider the generalized eigenvalue problem Mz = ALz; If
A = 0 is an eigenvalue with multiplicity r, then there are only 2n-r
finite eigenvalues for this problem. We may say that the r missing eigen-
values are "infinite" eigenvalues (or "reciprocals of Of).
Proof: Using Theorems 1l and 2a, we may assume that L and M are both up-
per triangular, with diagonal elements ai and Bi respectively. Then
2n
det(M - AL) = H (o, - AB,)

If Ai = 0 is an eigenvalue with multiplicity r, then without loss of

generality al = .. = ar

in Theorem 4 we can then show that ul = 0 is an eigenvalue, with multi-

0. With an argument identical to the one used

. T
plicity rx.of the problem L x = pMTx. But

2n
det(LT - uMT) = det(L - uM) = l l (Bi - pai)
i=1
Thus B = ,.. =8 = 0. Note that a, = 8. = 0 is not possible because
2n~xr 2n i i
det(M - AL) Z 0. Therefore,
r 2n-r-1 2n
get -AL) =TT (8D TT (o -28) TT a.
i=1 i=r+1  * i=2n-r

If we adopé the convention that the reciprocal of zero is infinity, then
we may say that the missing eigenvalues are "infinite.™
To summarize, we can now use Theorems 3, 4, and 5 to arrange the

eigenvalues of our problem in the following way:
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% < r, corresponding to uy:

1 1

T ©T
Lx = Mx
ul
T LT T
(L- - “i¥ )xk =M xk-l k=2,3,...,4%

Then MJLTx

_ T T

] = W MM, = W LIL k.
T T T

Also (MJL™ - ulMJM )xk = MJIM X1
T LT _ T

or (MJL” - W, DIL) X = LILx -

If we set z, = JLTxk we get

k
le = ulel
M - ulL)zk~= sz—l *

The independence of the z_ for all chains corresponding to My follows easily

k
from det(M - AL) Z 0. So ﬁi is also an eigenvalue of (&) with multiplicity
r.
When F.is nonsingular, all of the eigenvalues of the problem Mz = ALz
are nonzero. This can be proved very easily by contradiction. For if
A = 0 were an eigenvalue we would have Mz = 0, whence
¥ (0] z

=0 - (9)
-H I Z

implies 2, = 0 and z_ = 0.
e 1 2
When F is singular, however, there must be at least one eigenvalue

equal to zero, because equation (9) has a.nontrivial solution.
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1 1

O,eee,0, kr_'_l,-o-r}\nr rr—-olr_: 07 e oo O
-~ L~ "n rrl s~
T
r n-x n-r xr

with 0 < !Ai{ <l,i=1xr+l,...,n

2.3 Main Theorem

For the problem Mz = ALz, let U be the 2nX n matrix of the generalized
eigenvectors and generalized principal vectors corresponding to the n
stable eigenvalues. The matrix U, a basis for the stable eigenspace, can
be partitioned into two nXn submatrices

U
1

Y,

Then MU = LUS (10)

where S is the n*n "Jordan Canonical Form," corresponding to all Ai with

_]Kil < 1l. We can rewrite (10) as

Ul 'Uls
M = I (10a)
5
Y, Uz
oxr
F o Ul I G U.s
= T
- o) S
H I U2 F v,

which implies the following two relations:

= U.S + S 11
FUl Ul »GUZ (11)

o :
- + = : 2
HU, + U, = F'US (12)
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If Ul,is invertible (as we shall prove in the next Theorem), then (1l) can

be written as

-1 -1

F = UISU1 + GUzsUl (13)
ox

T - H -H H H

F =1uU HSHU + U, s UG (13H)

1 1 1 2
and (12) can be written as

=F
UZUl FU ; su + H (14)

Observe that relations (10) through (l14) actually hold for any set of n

v
generalized eigenvectors and generalized principal vectors vl) , and a
2

A

corresponding matrix § in "Jordan Canonical Form", and this cbservation will
be used in the proof of the Lemmas and Theorem that follow,

-1

Lemma l: All solutions of the Riccati equation (1) are of the form X = PQ ,
Q .
where P)is a set of n generalized eigenvectors and generalized principal

vectors of the problem Mz = ALz.

Proof: Suppose that X is a solution of the Riccati equation

T T T -1 T
FXF-X=F xcl(G2 + GlXGl) GlXF +H=0 (1)
Let
: T -1 T
E=F - Gl(G2 + GlXGl) G XF (15)
Then
T T T T -1T
= - + = -
FXE=FXF ~-F XGl(GZ GlXGl) GIXF X -H {16)
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...]_ A A L .
There exists a nonsingular Q such that 9§ EQ = S, where S is in Jordan
. -1 -
Canonical Form. Let P = XQ or X = PQ ~. From (1l6) we have FTPQ lEQ =

XQ - HQ whence
T A
F'PS =P - HQ A (17)

From (15) we have

A -1 T -17T
= - +
QSQ F Gl(G2 G1XG1) GlXF (18)
This implies
T A ~1 T T T -1 7
GlXQSQ = GlXF - GlXG.l(G2 + G1XG1) GlXF .
Notice also that
T -1T _ _ T T T -1T
GZ(GZ + GlXGl) GlXF = GlXF GlXGl(GZ + GlXGl) GlXF
’
so that
- -1T . _ T A -1
Gz(G2 + GlXGl) GlXF = GlXQSQ
or )
T -17 -1 T ~ -1
(G2 + GIXGI) G1XF = G2 GIXQSQ
whence
T -17T A -1
+ 4 =
G, (G, + G XG,) "G XF = GXQSQ
-1.T . .
where G = Gle Gl' Now we use (18) again to obtain

F - 0807t = axo8o~t

or
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FQ = Q§ + GPS (1)

From (17) and (19) we now have

Lemma 2: Consider any set of n generalized eigenvectors and generalized

v
o)
principal vectors (V ) , and a corresponding matrix S in"Jordan Canonical
2 N
Form". Assume further that Vl is an invertible matrix. Then

(a) X = Vzvil solves (1) assuming (G2 + GiXGl) is invertible.

(b) X = X' > 0 if and only if § is stable.

Proof of (a): Suppose (G2 + GTXG ) is invertible. Using the analogssof
. 4

11

equations (13) and (14) we have

T T T -1.T T -1 ~ -1 -1 -1
- - + + = v \¥4 -
FXF X F XGl(G”‘ G1XG1) G].XF H F V2 1 (VlS 1 + GVZSvl ) V2Vl

T -1 T - 1T -1 -1 T, A.-1
V.V + G,V.V V.V + V.V, - FV_SV
F 21G1(G2 GEL2].1(;15‘6'].21F 21 F 2Sl

1T, -1
G1V2Vl F

Uy -1 S Uy _i T ~1 -
v.V AV - V.V + v v
F 21 GVZS 1 F 21 Gl(GZ Gl'z 1 Gl)

1T -~ -1
v _SV. "~ -
G, VSV,

T ~1 -1 7T A -1 T -1 T -1 -
- vV v _SV - v.V + v Vv
F 21 G1G2 Gl 2S 1 F 2'1 Gl (GZ Gl 21 Gl)

T -1 T -1 =17, -1 =17 A-l
FV,V. 76, (G, + GIV,V,76)) TGV, VUGG, TG VLSV, T by (13)

-1

- 1
KW "2 - K(W + ¥)

L, Cxw o+ v tw iz

n

K[w'l - (W + ot owe v tvw iz

I
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K(W + Y)"I((w +w o1 - w iz

1

=0
where K=PF V v 1G
211
W = G2
_ T -1
Y = G1V2Vl Gl
a1l
and Z = lezsvl

So X = V2V-]:l satisfies equation (1).

Proof of (b): From the analogs of equations (13H) and (14) we have

-1 _ ~HpHH -1
ASE A sv1+vlsvc;)v L t.E

~HAH_H -1 -H~H H a -1
=V V. v_SV v v V.o o+
1 S 1 28 1 + 1 S ZGVZS 1 H

This is equivalent to

vv'l-(vsv )vv (vsv )—(vsv )G(VSV L 4+ m.

2°1.
We have
x—v2v;L .
-Let
A—vl’évzl
and
Q=(vsv )G(VSV1)+H
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Note that X eanxn since we may always choose real vectors in (:l) to span
the eigenspace corresponding to complex conjugate pairs of eigenialues.
Note also that Q = QH > 0 and A has the same spectrum as §. Now there
exists a unique symmetric non-negative definite solution of the Lyapunov

equation
H
X-AXA=20

if and only if S is stable. (see. Anderson and Moocre [5], p. 67). So

X = XT > 0 if and only if § is stable.

Theorem 6: With respect to the notation and assumptions above the fol-

lowing results hold:

(a) U1 is invertibie §nd

X= U2U;l is a solution of the Riccati equation (1)

with X = XT >0 X = xT > 0 if (P,C) completely re-
constructible)
(b) 0(S) = "closed-loop" spectrum
T =17
= - +
o(F Gl(G2 GlXGl) GIXF)

O(F - G(X T + ) IF) when X is invertible

o(F - GF-T(X—H)) when F is invertible.

Proof of (a): Assume that Ul is invertible. Then X = XT = UZUII >0
by Lemma 2(b). Also X > O implies G2 + G?.XGl > 0, and thus X = léUzl

solves (1) by Lemma 2(a). So if U1 is invertible we are done. Suppose

then that Ul is not invertible. Now we know that the Riccati equation
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has a unigque non-negative definite solution [5], which by Lemma 1 must be

of the form X = Vzv'l-l > 0, where gl is a set of eigenvectors of the
2 U
problem Mz = ALz, different from the desired set Ul . But this implies

2
~
that the corresponding matrix S in "Jordan Canonical Form" is unstable,

which by Lemma 2(b) implies that X = V V“l

5Vq is not non-negative definite

and this is a contradiction.
If (F,C) is completely reconstructible, then we know that (1) has a unique
positive definite solution [5], and so the unique non-negative definite

solution X must also be positive definite.

Proof of (b): We must show that

o(s) = o(F - G, (G, + GTXG )-1GTXF) = "closed loop" spectrum.
1'72 1771 1
* &
That is, we must show that
T -1 T
U = (F - 6,(G, + G XG,) G XA, .

Recalling (11), the above equality is equivalent to

T -1
FU. - GU.S = -
1 GUzs FUl Gl(Gz + G1XG1) GlXFUl.

Using (13) we see that

T T - -1
XF =
G Glx(UlSUl + GU,SU, ™)
T -1 T -1 7 -1
= S .
GlUZ Ul + GlXG1G2 GlUZSUl

T -1 7T -1
G. + G G S .
( 5 lel) 5 GlUZ U1

It
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This implies that

(G, + Gi‘xcl)"lg'ixf‘ = Gglcfuz SU;l
or
G, (G, + Gixcl)'lgfxg - GlG;leuzsU;l
or
G (G, + GiXGl)-lG§XFU1 = cu,s,
Thus
FU, - GU,S = FU, - G, (G, + GZxcl)'lefxpul
or
UISU;l =F - Gl(Gz + G§XG1)~1G§XF

and SO 0(S) = o(F - Gl(G2 + GiXGl)-lG§XF) = "closed-1loop" spectrum.

The other equalities follow from well-known identities.
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3. SOLUTION OF THE DISCRETE-TIME ALGEBRAIC RICCATI EQUATION BY A SCHUR

VECTOR APPROACH

In this section we consider the real Schur vector approach for the
solution of (1). The advantage of this approach is that it is not neces-

sary to calculate the eigenvectors corresponding to the stable eigenspace

of the problem Mz = ALz. The calculation of the eigenvectors has poten-
tially severe numerical difficulties, especially in the case of multiple
eigenvalues; see, for example, [9], and [10]. By analogy with [6] we
thus instead determine a basis for the stable eigenspace by means of

generalized Schur vectors.

Theorem 7: Let A be a quasi~upper triangular matrix and B an upper
triangular matrix. To each block on the diagonal of A and the respective
entries on the diagonal of B, there corresponds a real generalized eigen~
value or a pair of complex generalized eigenvalues of the generalized
eigenvalue problem Az = ABz. Furthermore, there exist orthogonal matrices
Q and Z, such that QAZ is quasi-upper triangular, QBZ is upper triangular
and the blocks on their diagonals are arranged so that the blocks corres-
ponding to the stable generalized eigenvalues are all in the upper left
quarter of QAZ and QRBZ.

Proof: To prove the above theorem we must prove that we can interchange

‘the order of appearance on the diagonals

(i) of two adjacent 1lx1 entries corresponding to two distinct real

values
(ii) of a 2x2 block corresponding to a pair of complex eigenvalues

and an adjacent 1xl entry corresponding to a real eigenvalue
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(iii) of two adjacent 2x2 blocks corresponding to two distinct

pairs of complex eigenvalues.

by means of orthogonal matrices Q and Z, while retaining the respective
quasi-upper triangular and upper triangular structures.
We will prove only case (i) here, which is the simplest. It becomes

clear that (ii) and (iii) are also possible, but quite complicated. Let

a x A
a = andBo=c Y
b 0 a
‘Note that — # b since ith it I i
" 3’ » without loss of generality, the two elgenvalues

are distinct. We want to find orthogonal Q and 2 such that

a‘ x’ . cl yg
QA Z = and QB Z =
(o]
0 b' o O dl

. a' b b a
with i and = = e
It can be shown by direct computation that
B _ 1
2= [ Nisn W2
1 B
1+B 1+B
Zz = A 1
V€+A 1+A
1 A
V1+A 1+A
. vb - xd XC - ya
ith A = = —_——
w ad - be M B =i Thc

are orthogonal matrices which effect the desired transformations.




Consider now our generalized eigenvalue problem Mz = ALz. By Theorem

2(b) there exist orthogonal matrices Ql and Z_ such that Qlel is quasi-

1

upper triangular and CiLZl is upper triangular. The real generalized
eigenvalues are obtained by dividing the entries of the 1X blocks on the

diagonal of QlMZ by the corresponding entries of Qlel° The complex

1

deneralized eigenvalues are obtained by some more complicated calculations,

and corresponding entries

involving the 2X2,bloéks on the diagonal of Qlel

on the diagonal of QlLZl.

such that

By Theorem 7 there exist orthogonal matrices Q2 and.22

nglelz2 is quasi-upper triangular and QleLZlZ2 is upper triangular and,
moreover,the diagonal blocks corresponding to the stable generalized eigen-
values are in the upper left quarter of the matrices. Note that QZQlelzZ
has no zero entries on the upper half of its diagonal, for such entries :

would correspond to infinite and so unstable eigenvalues.

Let Q = Q2Q1 and 2 = 2.Z_. Then:

192
A A B B

omz = [ 12 12\ g gz M 12 )
o A22 0 822

As noted above, B has nonzero diagonal entries and is therefore inver-

11
tible. Note that A21 is O because of the symplectic nature of the prob-
lem.
Let § = Bll 11° Then:

A B
11 _ 11 -1
[ = BiyA L 17)
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Define ¥:={ "n\ .

Then (17) is equivalent to
omMz¥ - = QLZYS:

And since Q is orthogonal we have

Mz¥ = 1Z¥s

Let 2¥ = U = 1 .
Y,
Then we have
U U.s
M L = 2 T T (18)
u, u,S

Note the similarity of (18) and (10a). Their only difference is that S

is now real quasi-upper triangular, (S = BliAll = (upper triang.) X
(quasi-upper triang.) = quasi-upper triang.) whereas before it was complex

upper triangular (actually in "Jordan Canonical Form").

We now have Theorem 8 which is the analogue of Theorem 6.

‘Theorem 8: With respect to the notation and assumptions of this section,

the following results hold:

(a) Ul is invertible and

X = Uzvzl is a solution of the Riccati equation (1)

with X = XT >0 (X = XT > 0 if (F,C) completely re-

constructible)
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(b) 0©(S) = "closed-loop" spectrum
T -1.7
= - -+
o(F Gl(G2 G1XG1) GlXF)

o(F - G(X"l + G)—lF) when X is invertible

-T
O(F - GF (X - H)) when F is invertible.

Proof: The proof is essentially the same as in Theorem 6. The only
difference lies in the fact that we are now dealing with generalized
Schur vectors and the matrix S is in "Real Schur Form". We omit the.

details.
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4. NUMERICAL CONSIDERATIONS

In this section we describe how the two approaches for the solution
of the discrete-time algebraic Riccati equation can be implemented. We
are also going to compare the two approaches and discuss their advantages

over other methods for solution of the same equation.

4.1 Algorithm Implementations

In both approaches there are two steps. The first is to find a
matrix U, containing the generalized eigenvectors or the generalized

Schur vectors, such that
MU = LUS

where S is a stable nxn matrix in Jordan form and real Schur form,
respectively. The second step is the solution of the nEB-order linear

[

matrix equation

XUl = U2 .

Equivalently, since X is symmetric, we can solve the equation

T T
UlX = 02
. -T.7T -1 . .
to find X = Ul Uz = U2U1 . Any good linear equation solver can be used

for this purpose.

Now we discuss the first step in each of the two methods.

Generalized Eigenvector Approach

One obvious way to find the generalized eigenvectors is to first

find the generalized eigenvalues of the problem Mz = ALz and then to
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compute the eigenvectors and principal vectors corresponding to the

stable eigenvaluesusing the defining relationships

., = ALz

:Mz 1

1

(ﬁ-lL)zk = Lz k=1,..., ny

k-1’

where nk is the multiplicity of the eigenvalue‘k, This method of finding
the eigenvectors ié only generally reliable for hand calculation, how-
ever. A numerical computation of the eigenvectors can be attempted using
the following sequence of subroutines: QZHES, QZIT, QZVAL, and QZVEC.
The above subroutines are available in [11].

The above computation works well, however,only when we do not have
multiple or near multiple eigenvalues. In the case of multiple eigen-
values there is no.reliableCméthgaifortthefma;hfhé.éomputation of the

-

generalized principal vectors. Since this case arises frequently, it

is preferable to use the real Schur vector approach.

Real Schur Vector Approach

The implementation of the real Schur vector approach consists of
the computation of orthogonal matrices which transform: the matrix M
to real Schur form and L to upper triangular form, in such a way that
the diagonal blocks corresponding to the stable eigenvalues are in
the upper left quarters of the matrices.

The following sequence of subroutines:
QZHES, QZIT, and QZVAL

reduces M to real Schur form and L to upper triangular form, but the




-29-

order in which the eigenvalues (i.e., the ratios which determine them)
appear is arbitrary. The matrix Z and the reduced matrices QOMZ and QLZ,
as well as the quantities whose ratios give the generalized eigenvalues,
are included in the output of the above sequence of subroutines. Note
that the matrix Q is not available, but it is not needed.

Our task is now to effect the reordering of the eigenvalues. We
need subroutines to find orthogonal transformations that exchange adjacent
1xl with 1xl, 1x1 with 2x2, and 2x2 with 2x2 blocks. The 1x1 blocks
correspond to real eigenvalues and the 2x2 blocks to complex conjugate
eigenvalues. Each of these subroutines takes, as input, the improperly
ordered matrices QMZ and QLZ from the previous subroutines and also the ac-
cumulated transformations Z. It then effects the appropriate orthogonal
. transformations Q'\§nd Z2' that do the necessary exchange and produces,
as output, the new ﬁatrices Q'OMZZ', Q'QLZZ', and ZZ°.

Once we have these subroutines the reordering can be done in the
following way. Check if the last eigenvalue_in the upper left quarter
is stable. If it is not move it to the last position gn the lower
.right quarter. Check the next eigenvalue in the upper left quarter
and if it is unstable move it to the next position in the lower right
quarter. Continue this process until n eigenvalues have been moved,
or n stable eigenvalues have been found in the upper left quarter.

This process requires at most n2 exchanges.
When the reordering is finished, the desired U matrix with the

real Schur wvectors is the matrix consisting of the first n columns of

Z.
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4.2 Comparisons

From the implementation of the two approaches it becomes apparent
that the generalized eigenvector approach is only of theoretical interest,
and is convenient only for hand calculation, when the order of the
matrices M and L is small.

The real Schur vector approach is numerically very attractive, be-
cause it uses only 5rthogqnal transformations which are numerically
stable. Moreover, it is not affected by the existence of multiple eiéen—
values, which causes difficulties in the generalized eigenvector appioach.

The two approaches considered here for the solution of the discrete-
time algebraic Riccati equation are direct generalizations of the eigen-
vector and the Schur vector appreach when the matrix F is restricted to
be nonsingular. Hence they have the same advantages over other methods
of solution of the discrete-time algebraic Riccati equation [6]. The
additional advantagé-of the methods presented here is that they work
>when F is singular or nearly singular. Even in the case that F is
nonsingular the Schur vector approach presented’ here may be more attractive
numerically then other approaches because it avoids a matrix inversion
and a few matrix multiplications. The necessity to form F—l when F is
nonsingular but badly conditicned with respect te inversion may cause
severe difficulties. - The above remarks are analogous to caveats as-
sociated with attempting to convert the generalized eigenvalue problem

: -1 X .
Ax = ABx into the eigenvalue problem B Ax = Ax even when B is nonsingular;

" see [8].
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5. _EXAMPLES

In this section was give a few examples to illustrate the application

of both the eigenvector and the Schur vector approach. All computing was done

on an IBM 370/168 in double precision arithmetic.

" _Example 1: This is a very simple example to illustrate the generalized

eigenvector approach. We want to solve equation (1) when

40 1 1 —1\\ 0
F = H= G. = G. =1

. r 4 l t 2 - -
0 0 -1 1/ V2

Then G becomes

We solve the equation det(M-AL) = O to find the finite eigenvalues
Al = 0, AZ = %7 A3 = 2. The fourth eigenvalue is an infinite one, in
accordance with the results of section 2.2. The eigenvectors corresponding

to the two stable eigenvalues can be put in a matrix U.

U 1l 4

1
u= 1o 2
U
2 1 2
-1 -1

(1 -1 0 2 -1 3/2
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It can easily be verified that this solution is positive definite and
satisfies equation (1). It can also be checked that the pair (P,Gl) is
stabilizable (controllable, in fact) and the pair (F,C) is completely
reconstructible which explains the positive definiteness of the solution.
This problem can also be solved using the Schur vector approach,
which gives the same solution with an accuracy of 15 significant digits.

(For the details of the implementation see example 2.)

Example 2: This is a more complicated example, which corresponds to a

real world problem; see [4]. We want to solve equation (1) when

1
5 1 0o o0 1 o
o o 1 o o . o0
F = , H=
o o 0o 1 0o o
6 0 ..0 0 o o0
0 o o
0 0 o0
1 -1.7
G, = G,=%, and G: = G.G_ G, =
1 r 14
0 2 4 172 °1 o o
1 o 4

First we solve equation (1) by the eigenvector approach. Solving the

equation det(M-AL) = 0 we find the eight eigenvalues of the problem:

N _ _ _ 21-5/17 _ 21 + 5/17 oy
A1'}‘2"7‘3_0' )‘4" 4 '7‘5 4 "’\6'>‘7"x8"°°‘

The matrix containing the four eigenvectors corresponding to the stable

eigenvalues is:
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2 -2 2 1
-1 -1 1 (19-5/17)/4

0 1 (103 - 25V17) /2
U, 0 0 -1 (536 - 1305)
U= =l 2 -3 7/2 13+5/17)/32
2/ Lo -2 3 (-19+5/17ms
0 0 2 (-103+25/I7y/8
0 0 (-268 + 65/17) /2

Note that the eigenvectors satisfy
M- ilL) w, = 0
(M~ 2L)u2 = Lu
(M- ABL) u; =1Iu
(M-14L)u4 =0 .

We can now find X = U_U 1 by solving the equation XU, = U_, or equivalently,

271 1 2
3 . . T T
since X 1s symmetric, le = U2.

The splution (rounded to 1Q significant figures) is:

1.328913832 0,6578276642 0,3156553284 0,1313106567
1,315655328 0.6313106567 0.2626213135
1,262621313 0.5252426270

symmetric 1.050485254

This solution gives a residual matrix R = (rij) {(when substituted

13

into the Riccati equation) whose elements vary between r ~ 2,60 x 10

11

and Tha » 1,21 x 10_11. Obviously the hand calculation of the eigenvectors
for a higher dimensional problem would be too complicated to attempt.
Now, we present the solution of (1) for this example by the Schur

vector approach. First we use the sequence of subroutines
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QZHES, QZIT, and QZVAL

to reduce M and L to upper triangular forms. (Note that all the eigen-
values are real and so the reduced M is upper triangular.) Also we get
as a by-product the close§ loop eigenvalues. Then we do the reordering
of the eigenvalues. Finally we obtain the matrix U as the first n

columns of Z and solve the system Uf

X = Ug for X. This computéd solution
equals, up to 10 significant digits, the solution obtained by the

generalized eigenvector approach.

Example 3: This is an example which has a very simple closed-form solu-
tion for arbitrary dimension n. Numerical accuracy of our method can
thus easily be checked.

We want to solve (1) when

0 1
(3 .
F = . * ’ H=1,
O 0.....
O 0
0 .
. S N "
Gl . G2 =1, and G: = Gle Gl =
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Solving equation (1) by the eigenvector approach we find that Al = ...=A_ =0,

n

=.,.?42n = ., The matrix of the stable eigenvectors can be explicitly

determined as

kn+l

1 Ce ¢ o ¢ o0

0....:.!1

0 l:n. . ‘00
8] 0 ooooov:l
U = 1 .
U2 1 Oe o ¢ e 0 e
o 2.0000 LR TNy}
. « @ hd
. . .0 *
0

Note that the eigenvectors satisfy:

Mul =0
Mu2 = Lu1
Mun = Lun_l .

We now easily find that

21 .

When n= 10 the Schur vector approach gives a numerical solution determined

accurately to at least 13 correct decimal places.
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6. CONCLUSIONS

We have presented two versions of a new method for the solution of
discrete-time algebraic Riccati equations. The main feature of this new
method is that it does not require inversion of the state transition
matrix of the corresponding LQG problem. Thus it is directly applicable
to problems with singular transition matrices and elminates the numerical
problems that other algorithms may have when the transition matrix is ill-
conditioned with respect to inversion.

The first version of the new method is a generalization of the clas-
sical eigenvector approach and is mainly of theoretical interest because
of the numerical ﬁazards associated with the calculation of the generalized
eigenvectors, and especially the generalized principal vectors in the
case of multiple generalized eigenvalues. The second version is a
generalization of the Schur vector approach and is numerically very
attractive because it uses orthogonal transformations which are numerically
stable.

The implementation of the two approaches was discussed in some detail.
What remains to be done is the implementation of the orthogonal transformations
that do the reordering in the case of complex conjugate pairs of eigen-

values.




~-37~

ACKNOWLEDGMENT

This paper was motivated by discussions with Mr. W.L. Bialkowski

of Domtar, Inc., Canada; see [4].




(11

{21

[3]

(4]

(51

(6]

(71

(8}

=)

[10]

I11]

-38-

REFERENCES

Athans, M., The Role and Use of the Stochastic Linear-Quadratic-Gaussian
Problem in Contrxol System Design, IEEE Trans. Aut. Contr., AC-16(1971),
529-552.

Vaughn, D.R., A Nonrecursive Algebraic Solution for the Discrete Ric-
cati Equation, IEEE Trans. Aut. Contr., AC-15(1970), 597-599.

Gould, L.A., Chemical Process Control: Theory and Applications, Addison-
Wesley, Reading, MA, 1969.

Bialkowski, W.L., Application of Steady State Kalman Filtexs - Theoxry
with Field Results, Proc. JACC, Philadelphia, Oct. 1978.

Anderson, B.D.0O., and J.B. Moore, Optimal Filtering, Prentice-Hall,
Englewood Cliffs, NJ, 1979.

Laub, A.J., A Schur Method for Solving Algebraic Riccati Equations,
LIDS Report No. LIDS-R-859, Lab. for Info. and Decis. Syst., Cambridge,
MA, Oct. 1978.

Stewart, G.W., Introduction to Matrix Computations, Academic Press,
New York, 1973.

Moler, C.B., and G.W. Stewart, An Algorithm for Generalized Matrix
Eigenvalue Problems, SIAM J. Numer. Anal., 10(1973), 241-256.

Golub, G.H., and J.H. Wilkinson, Ill-Conditioned Eigensystems and the
Computation of the Jordan Canonical Form, SIAM Rev., 18(1976), 578-619.

Stewart, G.W., On the Sensitivity of the Eigenvalue Problem Ax = ABx,
SIAM J. Numer. Anal., (1972), 669-686.

Garbow, B.S., et. al., Matrix Eigensystem Routines - EISPACK Guide
Extension, Lect. Notes in Comp. Sci., Vol. 51, Springer-verlag, New

York, 1977.




