ISSN: 2229-6956 (ONLINE) ICTACT JOURNAL ON SOFT COMPUTING, JULY 2016, VOLUME: 06, ISSUE: 04
DOI: 10.21917/ijsc.2016.0178

PLANE LANGUAGES AND THEIR PROPERTIES

Huldah Samuel?, Robinson Thamburaj?, D. Gnanaraj Thomas® and V. Rajkumar Dare*
Department of Mathematics, Madras Christian College, India
E-mail: *huldahsamuel@mcc.edu.in, robinson@mcc.edu.in, 3dgthomas@mcc.edu.in, *rajkumardare@yahoo.com

Abstract reversal, complement and Kleene star are defined respectively as
In this paper we study the Generalized Parikh Vector of words over follows. If Ly and L are two languages over X then,
three letter alphabet. For X = {a, b, ¢} the GPVs of words lie in the i Liul,=fweS/weliorwe L
tetrahedron whose vertices are (1, 0, 0), (0, 1, 0), (0, 0, 1) and (0, 0, 0). g_) ! 2={we R e € Lo}
All GPVs of words of equal length lie on the same plane. Plane (i) Link={weZX /weliandw e Ls}.
languages and their language theoretical properties are studied. (i) LicLo={w=wiw,e =" /w; e Lyorw; e Lo}.
Further, the GPVs of words lying on surfaces are discussed. The . R ? .
concepts of surface language, language surface and their properties (iv) L*={w*eX/wel}
are also studied in this paper. (v) Le=x"-L.
: * i =it i =
Keywords: (vi) L= Y L' where L'=LL"* fori>1and Lo = A.
Generalized Parikh Vectors, Plane Languages, Language Planes, A partial word of length n over £ is a partial function

Space Curves, Surface Language u:{1,2,....n} > . For0<i<n ifu(i) is defined we say that i

belongs to the domain of u denoted by i € D(u). Otherwise we
say that i belongs to the set of holes of u denoted by i € H(u). A

. . . hole is denoted by ¢.

The concept of Generalized Parikh Vector (GPV) introduced fyi q * then x2 L ictl q
by Siromoney et al. [4] proves to be a more powerful tool than the If x is a word over X%, then X° 2 152 ftr:Ct y square wor
classical Parikh vector introduced by Parikh [1] as it gives the and x* € =" is a strictly cube word. w =ww,w; € Z* for wi, wa,
positions of the letters in a word w. It has been proved that the w3 € =* is a word with a square and w = w,w2w; e £* is a word
GPVs of the words of the same length lie on a hyper plane [3]. In
the case of a binary alphabet, the GPVs of words of same length ) )
lie on a straight line. The concept of line languages introduced by Let X = {a1, a,..., an}. Then the Parikh vector of a word u is
Sasikala et al. _[2] is the motivation for this stL_de of plane given by z(u) = (|u| ,|u |u| |u
languages. In this paper we extend the concept of line languages i &

1. INTRODUCTION

with a cube, for wy, wo, wz € =,

) where |u|, represents
3, 3

to define plane languages and study some of its language the number of times a; occurs in u [1].

theoretical properties. In particular, we study the closure Let ¥ = {ay, a», as} and x € . The Generalized Parikh Vector
properties of quasi-plane languages and compare the languages in (GPV) of x denoted by p(x) is (p1, Pz ps) e [0, 1]3 where,
the quasi-plane family. We further investigate a new class of 1 ]
languages, namely Surface languages associated with curves on P, = Z—J Ai N (set of natural numbers) and A; contains the
surfaces. ieA

positions of a; (i =1, 2, 3) in the word x.

2. PRELIMINARIES
3. LINE LANGUAGES AND QUASI- LINE

¥, a non-empty finite set of symbols is an alphabet. The LANGUAGES
symbols in X are called letters. Any finite string over X is called a
word over . The length of a word w is the number of symbols We define the GPV for Partial words as follows.
present in the word and it is denoted by |w|. The empty word is Definition 3.1: Let = = {a, az, as} and u be a partial word over
denoted by 4 and the set of all words over X is denoted by =*. If ¥ The Generalized Parikh Vector (GPV) of u denoted by p(u) is

|w| = oo then w is called an infinite word.

1
3 — .
The collection of all infinite words is denoted by ¢ and (P, P2, pa) & [0, 1%, where p; = Z 21" Ai < N (set of natural

ieA;

=T oL ) ) numbers) and A; contains the positions of aj (i=1, 2, 3) in u, where
Letu,v e 2*. Thenuisafactor orasubword of v, if v = wiuw, the positions representing the holes are neglected.

for some w1, W, € . uis a prefix of v if v = uw for some u = The following are a few examples for GPV of words over

and u is a suffix of v if v = wu for some u € £”. The catenation of three letter alphabet.

two wordsu =a; a; ... a, and w = bsb, ... b, denoted by u-w is a;

a...anbiba... b Ifw=aza;... aywitha; € T thenwR = a, ... Example 3.1: LetZ ={a,b, c}.

ay is called the reversal of w. (i) For w = ababc,
The subsets of X are called languages over X. Upon p(w) = 1+ii 1 1) (55 1
languages, the operations like union, intersection, catenation, 2 28727 2479 8'16'32)
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(ii) For v = (cab)®,

1 1
toE gt

(iii)  For u = %adhoc,

111
=[50
Proposition 3.1: A point P(x, y, z) in space represents the GPV
of

(i) A finite word over X = {a, b, c} if and only if

n

2n
(i) An infinite word over 2={a,b,c} ifand only if x+y +z=1.
Definition 3.2: A language L < = is defined as a point language
if L] =1.
Note: Every singleton set is a point language.

Definition 3.3: For X = {a, b}, a language L < =~ is called a line
language if there exists a line | in &2 such that L ={x €X*: p(x)
lieson|}. Then, | is said to be the language line of L.

Definition 3.4: For Z ={a, b}, alanguage L < =~ is called a quasi-
line language if p(L) lies on a line in &2 We call the line | as a
quasi- language line.

Example 3.2: Let L; = {ab?c}. For x = abc,
11 11

X)=| =, 5 +—,—

P(x) (2 2 2 24J

L, is a point language and P [%g%) is the language point

X+y+z=

corresponding to L;.
Example 3.3: Let L, = {ab”}. Fory =ab”

()—(l i+i+ +ooj
Pl 2'22 227

L. is a point language and P[%%) is the language point.

Theorem 3.1: The intersection of two language lines is a
language point if they intersect.

Proof: Let £1 and - be language lines. The intersection of two
lines is a point. Thus the intersection of ¢1 and ¢, gives a point
which will correspond to the GPV of the word common to line
languages corresponding to £1 and £».

Example 3.3: Let, £1: x+y =% and £»: 2y = X be two language
. - L . (11
lines. Their intersection is the point (EZ)

The line languages of £1 and ¢, are L; = {a?, b?, ab, ba} and
L, = {ab, (ab)? ..., (ab)", ...} i.e., {(ab)" / n > 1} respectively.

The point of intersection of ¢, and ¢ is (%%) which, is the GPV

of the word ab and ab is common to both L; and Ls.
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4. PLANE LANGUAGES AND QUASI-PLANE
LANGUAGES

The following are some observations about GPVs of words
over three letter alphabet.

1. GPVs of all infinite words over X = {a, b, c} lie on the
plane x + y + z = 1 and conversely for each point on the
plane x +y +z = 1, there exists a word in Z® whose GPV

is that point.
2. All words of length n over £ = {a, b, c} lie on the plane
2"-1
X+y+z= .

2I‘|
3. The number of words of length n over X = {a, b, c} lying

n

is 3".

on the plane x+y+z=

n

4. GPVs of all words over £ = {a, b, c} lie in the region

bounded by the two planes x+y +z

andx+y+z=1

and the coordinate planes.

5. GPVs of all words lie on and outside the boundary of the
cube OABCDEFx=0,y=0,2=0,x=1/2,y=1/2,2=%

[see Fig.1].
WP-region 4
z
T
X+y+z= 3
E D
X+y+z=1

£ y
O -
C Y

A B

Fig.1. GPVs of words over three letter alphabet

Throughout this paper, we consider ¥ to be a three letter
alphabet. Thatis, Z = {a, b, c}. The Generalized Parikh Vectors
of words over I lie in space. This leads to the following
definitions.

Definition 4.1: A language L — £~ is defined as a Plane language
if there exists a plane S in R3such that, L = {x eZ*: p(x) lies on
S}. Then S is said to be the Language Plane of L.

Definition 4.2: A language L < X* is defined as a quasi-Plane
language if p(L) lie on a plane in R3.

Definition 4.3: A Plane language L is said to be a finite Plane
language if it contains only finite words.

Definition 4.4: Given a plane S, if there are words over X = {a, b,
¢} such that their GPVs lie on S. we call S as a quasi-language
plane.
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Definition 4.5: A Plane language L is said to be a w-plane
language if it contains only w-words (infinite words). The
cardinality of the set L may be finite or infinite.

Definition 4.6: An infinitary Plane language contains both finite
and infinite words.

Example 4.1: Let L = {a?, b?, c?, ab, ba, ca, ac, bc, ch}. Lisa
2°-1_3
22 4

Plane language and its Language plane is X+ y+z =

This is a finite Language plane of L.

Example 4.2: £ is a w - plane language and the corresponding
Language planeisx+y +z=1.

Remark 4.1: Any plane of the form x +y + z = ¢ can be classified
into two categories with respect to Plane languages.

1. If ¢ = 1, then the plane x + y + z = 1 corresponds to the w -
plane language.

n n

. then X+y+z=

2. Ifc= corresponds to the

n 1

finite Plane language consisting of words of length n.

n

Theorem 4.1: A Language plane X+Yy+z= contains

strictly square words only ifn=2m,m=1, 2, 3,...,.

Proof: For every word w e X* of length m, the strictly square
words w? € X* are of length 2m and their GPVs lie on the
22" —1

o

Example 4.3: Strictly square words of length 2 are {a?, b?} and

Language plane x+ y+z =

they lie on x+y+z:%

Strictly square words of length 4 are {a*, b*, abab, baba, bcbc,
4

chch, acac, caca} and all these lie on the plane x+y+z =

24

n

Theorem 4.2: A Language33 plane x+y+z= contains

strictly cube words only if n = 3m for all m > 1.

Proof. For every word w € X* of length m, the strictly cube word

w® e X" is of length 3m. Clearly, these words lie on the plane
3m

X+y+2z2= . Thus any strictly cube word lies on a

23m

n

Language plane x+y+z= withn=3m,m=1,2,3,....

n

Remark 4.2: The Generalized Parikh Vectors of all words over £
lie on the boundary and inside the region of the two planes

X+Yy+1z :% and x +y + z = 1 and the coordinate planes. This

region is said to be the WP-region.

Theorem 4.3: A plane ax + by + cz = d is an infinitary language
plane if (i) it intersects x + y + z = 1 in the WP-region (ii) it
contains the GPVs of all words of a Plane language.

Theorem 4.4: The intersection of three Language planes m1, 7
and 73 is a language point if they intersect.
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Proof: If three planes intersect, they have a common point of
intersection. This point P lies on m1, 7z and 3. Since all three
planes are Language planes that contain the GPVs of words over
¥ ={a, b, c}, their point of intersection will also correspond to the
GPV of a word. Hence it is a language point.

Theorem 4.5: The intersection of two Language planes is a
language line if they intersect.

Proof: Let m; and m, be two Language planes such that ©r; and n,
are non-parallel. Then the intersection of n; and m; is the line €.

This line lies in the region %s X+y+z<1 and contains the

GPVs of all words common to the planes rt; and m,, thus satisfying
the conditions of a language line.

Example 4.4: Let m be x+y+z and mp be x — 2y — 4z = 0.

The intersection of m; and x is the line [%—2t,%+5t,—3tj.

Since the planes are in three dimensions, the equation of the line
of intersection is given in parametric form.

Definition 4.7: A language L — £~ is said to be a surface language
if there exists a surface S in R® such that
L = {x € ¥ : p(x) lies on the non-planar surface S} and S is said
to be a Language surface.

Definition 4.8: A language L < X~ is said to be a quasi-surface
language if p(L) lies on a surface in R®.

Definition 4.9: Given a surface Q, if there are words over X = {a,
b, ¢} such that their GPVs lie on Q, we call Q as a quasi- language
surface.

Definition 4.10: A language L — =* is defined as a curve
language if there exists a curve C containing non-collinear and
non-planar points such that L = {x € Z* : p(x) lies on C}. The
curve C is said to be the Language curve.
Example 4.5:
1. Consider the twisted cubic curve, x =t,y =t2, z=1t3 The
11 1 1 1 1 1 1

. 1
oints 53 | R vEPTE R T3 649 |
P (2 22 23j (22 2* 26j (23 2° 29j

(2%2—18%) corresponds to the GPV of the words abc,

0adbOc, 00adObOOc and 000adOOhOOOC.

The above four points lie on the curve and are non-planar.
Hence there is a surface S containing the curve, x =t, y =
to, z = t3, and is called the Language surface. The surface
language corresponding to S is {0"a0"b0"c / n > 0}.

2. The paraboloid y = x? is another example for Language
surface. S = {(x, y, 2)/ly = x?} is a Language surface and its
corresponding surface language is {0"2ca®" b /n > 2} U
{c"tac"bc*: n > 1}.

. The points

1
2n+1

111
16'256'8
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{(tn, (tn)? tn-1)} lie on the paraboloid y = x? and is a
Language surface, whose Surface language is L =
{0"2cad™h / n > 2} U {c"tac™hc*: n > 1}.

Remark 4.3:

1. Structures with linear expression are language points and
language lines whereas; language planes, language
surfaces and language curves are structures with non-
linear expressions.

2. Surface languages are languages of partial words over
¥ ={a, b, c}.

5. CLOSURE PROPERTIES

In this section we study some of the closure properties of
Quasi-plane languages such as union, intersection, catenation,
reversal and Kleene closure.

Theorem 5.1: Let L; and L, be two Quasi- Plane languages. The
union of Ly and L, is also a Quasi-Plane language if and only if
p(L1) and p(L) lie on the same plane.

Proof: Ly and L2 be two Quasi-Plane languages having the same
Quasi- Language plane S. p(L1) and p(L.) lie on that same Quasi-
Language plane S. Clearly L; U L, is a Quasi-Plane language.

Conversely, if Ly Lz is a Quasi-Plane language then p(L1w
Lo) lies on S. clearly, p(L1) and p(L2) lie on that same Quasi-
Language plane S.

Theorem 5.2: The intersection of two Quasi- Plane languages L1
and L, is also a Quasi-Plane language if and only if p(L1) and p(L2)
lie on the same plane.

Proof: Let L; and L, be two Quasi-Plane languages having their
corresponding Quasi-language plane S. Then p(L1), p(L2) and p(L1
N L) all lieon S. Thus Ly m Ly is a Quasi-Plane language whose
Quasi-Language plane is S.

Theorem 5.3: L; and L, be two Quasi-Plane languages. Then
LicL> is also a Quasi-Plane language if and only if their
corresponding Quasi-Language planes are either,

k m
2 -1 and x+y+z:%,k,meN

(i) x+y+z=

2k
or
(i) The same for both L; and L, and are of the form
X+y+z= 2 -1
2n

Proof: Let L1 and L, be two Quasi-Plane languages.
Case (i):

k

If L has Quasi-Language plane x+y+z= zk_l then all
elements of L, are words of length k and p(L1) lie on the above

plane.

m

If L, has Quasi-Language plane x+y+z= , then all

m

elements of L, are words of length m and p(L2) lie on
2" -1

X+y+z=
y o
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Then p(LicL2) = {p(x) +%p(L2 ): X € Li} and all are of

length k + m.

Clearly Li°L; is again a Quasi-Plane language whose elements
are words of length k + m, and their corresponding Quasi-
2(k+m) _1
Language planeis x+y+z= e
Case (ii):
If Ly and L, are two Quasi-Plane languages having the Quasi-

n

Language plane x + y+z:—_1, then both L; and L, have

elements which are words of length n. Clearly Li°L; is a Quasi-
Plane language with the corresponding Quasi-Language plane
27" 1
o
Theorem 5.4: Let L; and L, be two Plane languages. Then, LioL,

is also a Plane language only if their corresponding Language
planes are either of the form,

X+y+z=

(i) x+y+z= 2k2k—1 and x+y+z= sz_l,k, meN.
or
(i)  x+y+z :% andx +y+z=1forL; and L, respectively
Proof:
Case (i):

k —
All words lyingon x+y+z= % are of length k and those

m

on X+y+z=

are of length m. Then, p(Lie L2) = {p(x) +

m

i‘ p(L2): x € L1 } and all are of length k + m.

oM
Clearly, Li° Ly is also a Plane language.
Case (ii):
X+Yy+z :% and x +y +z =1 are Language planes for L;

and L, respectively.
Then all words of L; are of length n and those of L, are of Z®.
Lie L= X and is a Plane language.

Theorem 5.5: If L is a Plane language then LR is also a Plane
language only if its Language plane is either of the form

n

X+y+z= or the coordinate axes.

2n

Proof: Let L be a Plane language with Language plane

n

X+y+z=

— . Then all the elements of L are words of length
n. The GPVs of their reversals lie on the same plane

n

X+y+2= All words lying on the coordinate axes x = 0,

n .

y =0, z=0are respectively a", b"and c": n > 1.
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Theorem 5.6: If L is a Quasi-Plane language then LR is also a
Quasi-Plane language only if its Quasi-Language plane is of the

n

formx+y+z= or the coordinate axes.

n

Proof: Let L be a Quasi- Plane language. p(L) lies on

n

X+y+z=

Then p(LR) are all of length n and hence lie on

"

n

X+y+z= If for the Quasi-Plane language, p(L) lies on

"

the coordinate axes, then p(LF) also lies on the coordinate axes.
Example 5.1: Let L = {abc, aab, bab, cca}. Then its Language

planeis x+y+z= g L® = {aba, baa, bab, acc} also lies on the

same Language plane.

Theorem 5.7: A Quasi- Plane language L is not closed under
Kleene closure.

Proof: Let L be a Quasi- Plane language. The L = Y L', where L
=LL" fori>1nandso L*is a language that contains words over
¥ of various lengths. There is no plane that contains p(L*).

Theorem 5.8: A Plane language L is not closed under the
operation ‘complement’.

Proof: Let L be a Plane language. Then its complement, namely
L® is a language having all words over X = {a, b, c} other than
those in L. Hence it is not possible to find a Language plane
consisting of all the words of L°.

Theorem 5.9: A Quasi-Plane language L is not closed under the
operation ‘complement’.

Proof: Argument same as that of proof of Theorem 5.8.

6. CONCLUSION

In this paper we have introduced the concept of Plane
languages, Language plane, Quasi-Plane languages, Quasi-
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language planes and have studied some geometrical properties of
the same. Closure properties such as union, intersection,
catenation, reversal, complement and Kleene star of Plane
languages and Quasi- Plane languages have been discussed.

Closure properties such as union, intersection, catenation,
reversal, complement and Kleene star of Plane languages and
Quasi- Plane languages have been discussed.

All words over the three letter alphabet lie on various planes,
all within the region between the two planes x +y + z =% and x
+y + z =1 and the coordinate planes. The study of plane
languages is interesting with the discussion of their combinatorial
properties. We plan to extend the study of combinatorial
properties to Surface languages.
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