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The impact of eddy potential vorticity fluxes on the dynamical evolution of the flow is obscured by the pres-
ence of large and dynamically-inert rotational fluxes. However, the decomposition of eddy potential vorticity
fluxes into rotational and divergent components is non-unique in a bounded domain and requires the impo-
sition of an additional boundary condition. Here it is proposed to invoke a one-to-one correspondence be-
tween divergent eddy potential vorticity fluxes and non-divergent eddy momentum tendencies in the quasi-
geostrophic residual-mean equations in order to select a unique divergent eddy potential vorticity flux. The
divergent eddy potential vorticity flux satisfies a zero tangential component boundary condition. In a simply
connected domain, the resulting divergent eddy potential vorticity flux satisfies a powerful optimality condi-
tion: it is the horizontally oriented divergent flux with minimum L? norm. Hence there is a well-defined sense
in which this approach removes as much of the dynamically inactive eddy potential vorticity flux as possible,
and extracts an underlying dynamically active divergent eddy potential vorticity flux. It is shown that this
approach leads to a divergent eddy potential vorticity flux which has an intuitive physical interpretation, via

a direct relationship to the resulting forcing of the mean circulation.

© 2015 The Authors. Published by Elsevier Ltd.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The fundamental dynamical equations for the ocean can typi-
cally be cast into a flux form in which changes to physical quan-
tities depend upon the divergence of their flux. This reflects the
existence of integral conservation laws and yields a natural phys-
ical interpretation in terms of the transport of properties such as
heat, salinity, or potential vorticity from one region of the ocean to
another. However, in practice, the direct analysis of the dynamical
impact of oceanic fluxes is often obscured by the existence of large
non-divergent flux components, which necessarily have no direct dy-
namical effect. The general resolution of this issue is through the ap-
plication a Helmholtz decomposition, separating the flux into a diver-
gent component, which is dynamically active, and a non-divergent
component, which is dynamically inert. Unfortunately, this decom-
position is inherently non-unique in bounded domains, and is depen-
dent upon a choice of boundary conditions (Fox-Kemper et al., 2003).

This issue is of particular concern in the analysis and compar-
ison of eddy parameterisations, which typically specify parame-
terised eddy fluxes. For example, the existence of locally up-gradient
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fluxes does not necessarily rule out the application of down-gradient
flux parameterisations — an appropriately defined divergent eddy
flux may be more closely aligned counter to the mean gradients
(e.g. Marshall and Shutts, 1981). Similarly, down-gradient poten-
tial vorticity closures violate momentum conservation constraints in
general (Bretherton, 1966; Marshall et al., 2012), but momentum con-
servation can be restored via the introduction of an appropriate non-
divergent eddy potential vorticity flux (Eden, 2010).

In a domain average sense, eddy potential vorticity fluxes must
be oriented down the mean gradient in order to ensure net genera-
tion of eddy enstrophy, itself required in order to balance small-scale
enstrophy dissipation. However it has long been recognised that this
principle need not hold locally (Harrison, 1978; Holland and Rhines,
1980). Local fluxes of eddy enstrophy permit the eddy potential vor-
ticity flux to be oriented in any direction. In Marshall and Shutts
(1981) eddy fluxes are separated into a component balancing the
mean advection and a residual component. In the barotropic vortic-
ity model of Marshall (1984) it is found that the residual eddy po-
tential vorticity flux thus defined is more strongly aligned with the
mean potential vorticity gradient. The methodology is directly gen-
eralised in Nakamura (1998) and Nakamura and Chao (2002). A re-
lated approach is described in Greatbatch (2001) and Medvedev and
Greatbatch (2004), whereby the eddy fluxes are separated into ad-
vective, diffusive, and rotational fluxes, which are then related to the

1463-5003/© 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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components of the total (mean plus eddy) advective eddy variance
flux in the along and across mean gradient directions. This results in
a decomposition similar to the Temporal Residual Mean I formula-
tion of McDougall and McIntosh (1996) (with the latter replacing the
use of the total advective eddy variance flux with the mean advective
eddy variance flux - see Maddison and Marshall (2013, Appendix B)
for further details). The decomposition of Medvedev and Greatbatch
(2004) is itself generalised in Eden et al. (2007) via the consideration
of higher order eddy budgets.

An alternative approach is to decompose eddy potential vortic-
ity fluxes into rotational and divergent components via the use of
a Helmholtz decomposition (e.g. Lau and Wallace, 1979). In Roberts
and Marshall (2000) ocean eddy fluxes, diagnosed from a primitive
equation model, are decomposed into rotational and divergent com-
ponents via the application of a Helmholtz decomposition, subject to
zero normal divergent flux boundary conditions. The resulting diver-
gent eddy fluxes are in this case found to be rather poorly correlated
with corresponding mean gradients.

Non-uniquness of the Helmholtz decomposition in bounded do-
mains, and consequences for the decomposition of eddy fluxes, is dis-
cussed at length in Fox-Kemper et al. (2003). The zero normal diver-
gent flux boundary condition is only one of countless valid options.
Subject to an alternative choice of boundary conditions it is possible,
in a bounded domain, to extract an eddy flux which has a minimum
norm, or a minimum deviation from the mean gradient (Fox-Kemper
et al., 2003). Without any additional constraints on the problem there
is no way to select a boundary condition from amongst these options.

This article discusses a physically motivated approach for resolv-
ing this ambiguity in the Helmholtz decomposition of eddy poten-
tial vorticity fluxes. Specifically the quasi-geostrophic residual-mean
equations allow the identification of a one-to-one correspondence
between divergent eddy potential vorticity fluxes and non-divergent
eddy momentum tendencies. The definition of the latter leads to an
unambiguous definition of the former, which leads to a unique di-
vergent eddy potential vorticity flux which satisfies a zero tangen-
tial component boundary condition. In a simply connected domain
the resulting divergent eddy potential vorticity flux satisfies a pow-
erful optimality condition: it is the (horizontally oriented) divergent
flux with minimum L? norm. Hence there is a well-defined sense in
which this approach removes as much of the dynamically inactive
non-divergent eddy potential vorticity flux as possible, and extracts
an underlying dynamically active divergent eddy potential vorticity
flux. It is shown that this approach leads to a divergent eddy poten-
tial vorticity flux which has an intuitive physical interpretation, via a
direct relationship to the resulting forcing of the mean circulation.

The paper proceeds as follows. Section 2 describes the mathe-
matical formulation. The quasi-geostrophic residual-mean equations
are outlined, and the relationship between divergent potential vor-
ticity fluxes and non-divergent momentum tendencies is described.
A stream function tendency, or “force function”, is used to define the
divergent potential vorticity fluxes, and it is shown that in a simply
connected domain the resulting divergent potential vorticity flux
satisfies an optimality property. Resulting divergent eddy potential
vorticity fluxes are diagnosed from a three layer quasi-geostrophic
model in Section 3. The decomposition is compared against the more
conventional use of zero normal divergent potential vorticity flux
boundary conditions, and the utility for the assessment of eddy pa-
rameterisations is considered. The paper concludes in Section 4.

2. Formulation

This section describes the Helmholtz decomposition of arbitrary
potential vorticity fluxes into divergent and non-divergent compo-
nents. Section 2.1 describes the horizontal Helmholtz decomposition,
and discusses the origin of ambiguity in decomposing vector fields
into divergent and rotational components. Section 2.2 introduces the

quasi-geostrophic residual-mean equations, and uses these to the re-
late divergent potential vorticity fluxes to non-divergent momentum
tendencies. In Section 2.3 this relation is used to define a horizon-
tal Helmholtz decomposition for potential vorticity fluxes, by relat-
ing the divergent component of potential vorticity fluxes to stream
function tendencies, or “force functions”, associated with momentum
tendencies. The assertion that the decomposition should be linear de-
fines a unique horizontal Helmholtz decomposition for the eddy po-
tential vorticity flux. Finally in Section 2.4 it is shown that, in a simply
connected domain, the resulting divergent eddy potential vorticity
flux is optimal, in that it is the unique (horizontally aligned) divergent
eddy potential vorticity flux with minimal L2 norm. The resulting di-
agnostic equations for force functions are summarised in Section 2.5.

2.1. Horizontal Helmholtz decomposition

The Helmholtz decomposition of a vector field splits the field into
three components: a divergent component (with zero curl), a rota-
tional component (with zero divergence), and a harmonic component
(with both zero curl and zero divergence). This article considers the
horizontal Helmholtz decomposition which, for a vector field F, takes
the form:

F:VH¢F+2XVH\I]F+HF, (1)

where ®r and W are two scalar potentials, the divergent component
is V®p, the rotational component is'Z x VW, and the harmonic
component is Hg. Hr has both zero divergence and zero horizontal
curl, Vi -Hp = (Z x V) -Hp = 0. Vi = (9, 9y, 0)7 is the horizontal
gradient operator, and (Z x V) - (...) is the horizontal curl operator.

A horizontal Helmholtz decomposition of F can in principle be
performed by solving for the two potentials ®r and W, and then
using these to compute the harmonic residual Hg. Taking the diver-
gence and horizontal curl of F leads to two elliptic problems for the
potentials:

Vidp =Vy - F (2a)

The critical issue here is that no boundary conditions have been
imposed on these problems. The selection of alternative boundary
conditions allows harmonic fields to be exchanged between the di-
vergent, rotational, and harmonic components of the decomposition.
Without the specification of appropriate boundary conditions (e.g. as
discussed in Denaro (2003)) the Helmholtz decomposition of a vector
field is, in a bounded domain, not unique.

2.2. The quasi-geostrophic residual-mean equations

We now explicitly limit consideration to the quasi-geostrophic
equations. A quantity @ is decomposed into a mean component 6 and
an eddy component 6’ = 6 — .2 The mean quasi-geostrophic mo-
mentum and buoyancy equations are then:

Uiy + Ug - Vllg + foZ x Ugg + BYZ x g
‘1 - _ -
= 7p—VHpag+S—ufg~VHufg, (3a)
0
O+ Vi - (Ugh) + WegN3 =B — V- ugh’, (3b)

where ug is the geostrophic velocity, uge is the horizontal compo-
nent of the ageostrophic velocity, and wgg is the vertical component

T Here the horizontal skew-gradient is equivalent to a three-dimensional curl via
Zx V¥ = -V x (VZ) = -V x (VZ), where V is the three-dimensional gradient
operator.

2 It is assumed that (...) is a linear projection operator which commutes with the
Zx operator and with derivatives with respect to space and time. It is further assumed
that fo, BY, po, and Ny have zero eddy component.
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of the ageostrophic velocity. In the quasi-geostrophic limit the mean
geostrophic and ageostrophic velocities are each non-divergent:

VH~@=VH~@+BZW@=O. (4)

Pag is the ageostrophic pressure, b is the buoyancy, f = fy + By is the
Coriolis parameter, pg is the reference density, Ny is the buoyancy
frequency, and S = (S, Sy, 0)T and B include additional forcing and
dissipation.

As is described below the quasi-geostrophic residual-mean equa-
tions are reached by noting that there is a dynamical equivalence be-
tween horizontal fluxes of buoyancy and vertical fluxes of momen-
tum. This can be used to remove the eddy buoyancy flux from the
buoyancy equation, subject to the addition of a compensating term in
the momentum equation (Andrews and McIntyre, 1976; 1978; Nurser
and Lee, 2004), (Marshall et al., 2012, appendix). See Maddison and
Marshall (2013) for an overview of such transformations for the
quasi-geostrophic equations.

Consider the following residual-mean ageostrophic velocity:

Loyeb

1 hip

W, + WioZ = Ugg + WegZ + EV x —N—%ugb
1232 _ 92
ang D% — Uz — Vg

where V is the three-dimensional gradient operator. Substitution
leads to:

. “ 1 P
0ty +Z x Ugq + foZ x ug, = —p—VHpag+S—z X Uy, (5a)
0
b+ wi,N3 =B, (5b)

where q is the quasi-geostrophic potential vorticity (QGPV):

0

No mean or eddy buoyancy fluxes appear in the residual-mean buoy-
ancy Eq. (5b), and these are instead replaced by the appearance of
mean and eddy potential vorticity fluxes in the residual-mean mo-
mentum Eq. (5a).

The residual-mean momentum Eq. (5a) can be expressed:

Btfg = —2 X F, (7)
with:
. — 1. . =
F=ugq +ugq’ + foug, — p—ZX VD +Z xS. (8)
0

Since the mean geostrophic velocity is non-divergent it follows that:

Vi (3l = Vi - (~2xF) =0, 9

and hence —Z x F is the non-divergent momentum tendency. The
divergent component of momentum tendencies project onto the
ageostrophic terms in the momentum equation, so that the total mo-
mentum tendency is horizontally non-divergent.

Taking the horizontal curl of Eq. (7), the z-derivative of Eq. (5b),
and using (4), leads to the mean QGPV equation:

0:q=—-Vy - (F- fouz,) + &({;B). (10)
0

Hence F can now be explicitly identified as a potential vorticity flux.

Moreover its horizontal curl vanishes by Eq. (9):

ZxVy) - F=Vy.(-ZxF)=0. (11)

Hence the momentum equation defines the non-divergent momen-
tum tendency, which then defines a unique horizontally curl free po-
tential vorticity flux F.

2.3. The force function and divergent potential vorticity fluxes

It is typical that, given a non-divergent velocity field, one intro-
duce an appropriate corresponding stream function. For example,
given the non-divergent mean geostrophic velocity U, the mean
quasi-geostrophic stream function v is defined so that U;=12x
Vy¥. Marshall and Pillar (2011) extend this principle to momen-
tum tendencies via the introduction of a corresponding force func-
tion.? For example, given the non-divergent mean geostrophic veloc-
ity tendency 0;ug, a corresponding force function W is defined so that
0t = Z x V. The mean stream function tendency and force func-
tion are thus equal up to an arbitrary function of z and t:

U =3 +c(z t). (12)

We now limit consideration to a simply connected domain with no-
normal-flow boundary conditions for ug, which leads to Dirichlet
boundary conditions for . In this case it suffices to choose c(z, t) such
that W = 0 on all lateral boundaries - that is homogeneous Dirichlet
boundary conditions may be applied to the force function W. Note
that the quasi-geostrophic stream function defines both the horizon-
tal momentum tendency and a buoyancy tendency, and hence the
vertical derivative (which depends upon the values on the boundary)
is of dynamical significance, and is set by mass and momentum con-
straints (McWilliams, 1977), (Pedlosky, 1987, section 3.25). The force
function defines a horizontal momentum tendency only, and hence
such constraints are not applied (that is, the c(z, t) gauge vanishes
under the horizontal gradient).
Substitution of the force function definition into Eq. (7) leads to:

Uy =-ZxF=2Zx VU, (13)

which defines a horizontal Helmholtz decomposition for the mo-
mentum tendency —Z x F, with zero divergent and harmonic com-
ponents. It immediately follows (by applying the Z x (...) opera-
tor) that the corresponding potential vorticity flux has a horizontal
Helmholtz decomposition:

F=-Vyv, (14)

and hence the potential vorticity flux F has zero rotational or har-
monic component, and is uniquely defined in terms of the force
function W.

The force function defines a horizontal Helmholtz decomposition
of the total momentum tendency —Z x F, and equivalently of the po-
tential vorticity flux F. Since the eddy potential vorticity flux, ugq’, is
only one term in the full potential vorticity flux, a unique definition
for the horizontal Helmholtz decomposition of an arbitrary poten-
tial vorticity flux is required. This is achieved by asserting that the
force function for the sum of two momentum tendencies must equal
the sum of their respective force functions. That is, a potential vortic-
ity flux and its associated force function must be related via a linear
operator or, equivalently, a potential vorticity flux and its divergent
component must be related via a linear operator. This ensures that
the elliptic problems for the force functions associated with differing
momentum tendencies are decoupled.

More precisely, let the operator IT map an arbitrary momentum
tendency G to its force function ¥ = I1(G), where:

GZVHCDG-{—iX VH\IJG-i-HG. (15)
Then given two momentum tendencies G; and G, and arbitrary con-
stants a; and a, linearity requires that:

I"I(alGl +(12G2) :(111_[((;1) +(12H(Gz). (16)

This linearity principle, combined with the use of homogeneous
Dirichlet boundary conditions for the total force function W, implies

3 See also Lau and Wallace (1979), where the term “flux streamfunction” is used in
the definition of rotational eddy fluxes.
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that the force function for any momentum tendency is also subject to
homogeneous Dirichlet boundary conditions. Moreover this implies
that the divergent components of potential vorticity fluxes satisfy a
zero tangential component boundary condition.

In particular, the horizontal Helmholtz decomposition for the
eddy potential vorticity flux becomes:

uéq’:—VH‘I’e—i—ix VHCI)e-i-iXHe (17&)
and the eddy force function W, is then the solution of:

ViVe=-Vy - uq (18a)
Y, =0 on 0%, (18b)

where 02 is the boundary of the horizontal domain 2. The applica-
tion of a horizontal Helmholtz decomposition, its relation to an eddy
force function, and the assertion that the decomposition is linear, are
sufficient to define a unique divergent eddy potential vorticity flux.

2.4. Optimality

The aim of performing a Helmholtz decomposition of the eddy
potential vorticity flux is to remove a rotational and harmonic com-
ponent, which may be large (Griesel et al., 2009; Jayne and Marotzke,
2002; Marshall and Shutts, 1981), so that an underlying dynamically
active divergent component can be exposed. It is therefore mean-
ingful to consider the Helmholtz decomposition which filters out as
much of the eddy potential vorticity flux as possible - that is, the de-
composition which yields the divergent component that is as small
as possible. The eddy force function satisfies exactly this property in
a simply connected domain. That is, among all scalar potentials which
define a divergent component of the eddy potential vorticity flux,
the force function yields the unique divergent flux —V 5 W, whose L2
norm /[ VyWe - VW, is minimised. See Appendix A for a proof of
this property.

2.5. Diagnostic equations

In summary, writing the residual-mean momentum Eq. (5a) as:
dllg =Y G (19)
i

then in a simply connected domain the force function associated with
an arbitrary momentum tendency G; is defined via:

ViVe = (2Zx Vy) G,

Wi, =0 on 0%, (20b)

which defines a horizontally rotational component of the momentum
tendency Z x VW, The eddy force function is then defined via (18),
yielding a horizontally divergent comment of the eddy potential vor-
ticity flux via (17).

For the quasi-geostrophic equations there is an equivalence be-
tween the vertical derivative of buoyancy tendencies (multiplied by
fo /N(Z)) and the horizontal curl of momentum tendencies. That is, any
buoyancy tendency may be transformed into a horizontal momen-
tum tendency (which is defined up to the addition of a horizontally
non-divergent gauge). Hence if the mean QGPV Eq. (10) is written as:

(20a)

A=Y Q (21)

then a force function associated with each potential vorticity ten-
dency Q; can be defined via:

ViVo = Q
Wo, =0 on 0€2. (22b)

This, for example, allows for the calculation of a full force function
budget, accounting for any residual arising from a non-zero 9;¢q, and
for terms defined directly in terms of a potential vorticity tendency
(such as the wind forcing (26) in the numerical example to follow).

(22a)

3. Numerical example

In this section eddy fluxes are diagnosed from a three layer quasi-
geostrophic model. The eddy fluxes are decomposed using a hori-
zontal Helmholtz decomposition, with the dynamically active diver-
gent component defined using the eddy force function described in
the previous section. The model equations and configuration are out-
lined in Section 3.1. The decomposition of mean potential vortic-
ity fluxes is briefly described in Section 3.2. The decomposition of
eddy fluxes is described in Section 3.3, and this is compared against
a decomposition with zero normal divergent flux boundary condi-
tions in Section 3.4. Finally the utility of the eddy force function
for assessment of mesoscale eddy parameterisations is considered in
Section 3.5, by considering a basic down-gradient potential vorticity
parameterisation.

3.1. Multi-layer quasi-geostrophic model

The multi-layer quasi-geostrophic equations are (Pedlosky, 1987;
Vallis, 2006):

3G + Vi - (Ugq;) = vViw; — réyw; + 8i1Quw, (23)

where ug; =2 x Vi, w;= V2, and where g; and ; are the
QGPV and stream function for layer i respectively. i = 1 corresponds
to the top layer, and i = n corresponds to the bottom layer. v is the
Laplacian viscosity coefficient, r is the bottom friction coefficient, and
Qu is a term arising from an upper layer wind forcing.* 8 is the Kro-
necker delta. The multi-layer QGPV is given by:

q1 = Vi + By +sT (Y2 — ¥n) (24a)
G = Vivi+ By +s; (Vi1 — V)

+5F (Wi =) for2<i<n-1 (24b)
qn = vfﬂﬁn + BY + 55 (Y1 — Yn). (24c¢)

where n > 1 has been assumed. The stratification parameters are
given by:
ST = s ,

Higis1)2
where H; is the thickness of layer i and where g;. 4, is the reduced
gravity at the interface between layers i and i+ 1. Zero buoyancy
boundary conditions have been applied on the upper and lower in-
terfaces, corresponding to the potential vorticity §-sheet boundary
condition treatment described in Bretherton (1966).

The double gyre configuration described in Marshall et al. (2012)
is used (see also Berloff et al. (2007) and Karabasov et al. (2009) for
similar configurations). This is a three layer configuration in a square
domain of size L = 3840 km, with wind forcing corresponding to:

_T0 27 4in n%+y" if Yy <Vm
po HiL L yym
Qw = 2 . (26)

To 2w 1 . — .
02T 2 in (Y= dm otherwise

,O()H]LA %—ym

wherex,y €[0,L],yy = (y — L/2), and y;m = B(x — L/2). A = 0.9 yields
relatively increased wind forcing strength in the northern gyre, and
B = 0.2 leads to a north-easterly tilt of the latitude of zero wind stress
curl. A partial slip boundary condition (Haidvogel et al., 1992) is ap-
plied, V2, = =V - i/ on 9€2, where i is an outward unit nor-
mal on the boundary 92 of the horizontal domain €2, with a par-
tial slip length scale of 1/o = 120 km. The stratification parame-
ters are chosen so as to yield baroclinic deformation radii of 40 km
and 23 km. Other parameters are as listed in Table 1. These pa-
rameters correspond to a Munk width of 8y; = (v/B)/3 = 17.1 km

(25)

4 Qu is related to the Ekman upwelling via wg, = H;Qu/ fo.
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Fig. 1. The instantaneous potential vorticity for the upper layer (left), middle layer (centre), and lower layer (right) for the double gyre configuration after a 25,000 day integration
from rest. Unless otherwise stated the colour bar limits in this and the following figures indicate the data range.

Table 1
Physical parameters for the double gyre configuration, as per Marshall et al. (2012).
Quantity Symbol Value(s)
Domain size L 3840 km
Meridional planetary vorticity gradient 8 2x107 " m~1s7!
Wind stress coefficient To 0.08 Nm~2
Viscosity coefficient v 100 m? 5!
Bottom friction coefficient r 4x10°8s7!
Partial slip length scale 1/ 120 km
Layer thickness H, 0.25 km
H, 0.75 km
Hs 3 km
Stratification parameters STHy =s;H,  2.965 x 1077 m™!
siH, =s;H;  5.603 x 107 m~!
Reference density Lo 1000 kg m—3

and a Reynolds number relative to the Sverdrup velocity scale of
Re = 1p/(poVvH; B) = 160.

The equations are discretised in space using a finite element
discretisation, with a conforming triangle mesh equipped with
piecewise linear continuous basis functions for all fields (P1 discrete
function spaces). A structured uniform grid with x- and y-direction
vertex spacing of Ax =7.5 km is used. The equations are discre-
tised in time using third order Adams-Bashforth with a timestep size
of At =20 min. The model is implemented using the FEniCS sys-
tem (Alnas et al., 2009; 2014; Kirby, 2004; Kirby and Logg, 2006;
Logg et al., 2012; Logg and Wells, 2010; @lgaard and Wells, 2010)
with the time discretisation handled using the approach described
in Maddison and Farrell (2014). The model is described in further de-
tail in Appendix B. In particular the model is constructed so that a
discrete variant of the Taylor-Bretherton identity (Bretherton, 1966;
Dritschel and McIntyre, 2008; Maddison and Marshall, 2013; Plumb,
1986; Taylor, 1915; Young, 2012) exists, thus ensuring the existence of
a discrete flux-divergence relationship between eddy potential vor-
ticity flux and eddy momentum stress.

The equations are integrated for a spinup period of 20,000 days,
and diagnostics are computed over a further integration of 5,000
days. The mean is defined via a time mean over this latter 5,000 day
window, and mean quantities are computed via the summation al-
gorithm of Kahan (1965) (see also Higham (1993)). Fig. 1 shows the
final potential vorticity, and Fig. 2 shows the mean stream function.
The flow consists of a double-gyre, separated by a baroclinic jet which
separates from the western boundary, and is populated by an active
eddy field.

3.2. Force function budget

While this article is principally concerned with the force function
associated with the eddy potential vorticity flux, it is possible never-
thess to define a force function for all terms in the QGPV equation, as
described in Section 2.5. This is illustrated in Fig. 3, which shows the
barotropic force functions associated with the upper layer wind forc-
ing, the advection of planetary vorticity, and the advection of mean
momentum. Sverdrup balance in the interior and inertial balance in
the upstream jet are evident. The full force function budget was thus
computed, and it was verified that the diagnosed budget was numer-
ically closed.

3.3. Eddy force function

The eddy force function is shown in Fig. 4. The eddy force function
due to the eddy Reynolds stress and eddy buoyancy flux are shown
in Figs. 5 and 6 respectively’. The eddy Reynolds stress force func-
tion exhibits a dipole structure on either side of the downstream jet,
with the sign indicating a positive forcing of the downstream mean
jet in all layers. In the upstream region and in the upper and mid-
dle layers the dipole sign reverses, indicating a negative forcing of
the upstream mean jet in these layers. The upper layer eddy buoy-
ancy flux force function exhibits a quadrapole structure. Towards the
northern boundary there is an anti-cyclonic forcing of the upper layer,
balanced by a cyclonic forcing of the middle layer, while on the north-
ern side of the downstream jet there is a cyclonic forcing of the up-
per layer, balanced by an anti-cyclonic forcing of the lower layer.
This pattern is mirrored in the southern gyre. This structure indi-
cates that the upper layer mean flow is decelerated by the eddy buoy-
ancy fluxes towards the northern and southern boundaries (a down-
ward flux of momentum input by the wind), but that the upper layer
downstream mean jet is accelerated by the eddy buoyancy flux. The
depth integrated buoyancy flux force function vanishes, reflecting the
conservation of depth integrated momentum by the eddy buoyancy
flux.

It follows directly from the definition (12) that a non-zero mean
flow is accelerated by a force function if its gradient is oriented in the
direction of the mean stream function gradient, and conversely that a

5 There is an additional contribution to the eddy force function due to the eddy po-
tential energy term arising from averaging of (B.2). This contribution is a small numer-
ical artefact (which vanishes in the continuous case), with force function magnitude
less than 0.0042 Sv yr— in all layers.
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Fig. 2. The mean stream function for the upper layer (left), middle layer (centre), and lower layer (right), for the double gyre configuration, defined using a 5,000 day time mean
after a 20,000 day spinup.
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Fig. 3. The barotropic force function associated with the wind forcing (left), advection of planetary vorticity (centre), and advection of mean momentum (right), in units of
Sverdrups per (Julian) year. A contour for the mean upper layer stream function is shown, with value equal to the upper layer stream function boundary value, to indicate the
approximate location of the separating jet. These figures share a common colour scale.
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Fig. 4. The eddy force function in the upper layer (left), middle layer (centre), and lower layer (right). The mean stream function contour is as described in Fig. 3.
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Fig. 5. The eddy force function due to eddy Reynolds stress in the upper layer (left), middle layer (centre), and lower layer (right). The mean stream function contour is as described

in Fig. 3.

-267 0 200 400

HiVg, (Svyr™)

600 884 -539

-400

-300

-200

100 0
HyU ey (Svyr™)

100 200 290 -783 -600 -400 -200 0

HyW, 5 (Svyr)

200 420

Fig. 6. The eddy force function due to eddy buoyancy flux in the upper layer (left), middle layer (centre), and lower layer (right). The mean stream function contour is as described

in Fig. 3.

non-zero mean flow is decelerated by a force function if its gradient is
oriented against the direction of the mean stream function gradient.
This is reflected in the associated mean energy generation - given
a potential vorticity flux F with an associated force function W, the
implied local mean energy generation per unit volume per unit time
due to the divergent component of the flux is poVy¥ - V. The
local mean energy generation due to the eddy Reynolds stress and
eddy buoyancy flux force functions are shown in Figs. 7 and 8, and
integrated energy generation is listed in Table 2.

In the domain integral the eddy Reynolds stress decreases the
mean energy, with a total mean energy dissipation of 35 MW.
This is consistent with global barotropic instability. However the
eddy Reynolds stress force function indicates a significant gener-
ation of mean energy in the region of the downstream jet and,
moreover, dissipation on the jet flanks. This suggests that the eddy
Reynolds stress both accelerates and sharpens the jet, and is con-
sistent with the action of up-gradient momentum fluxes in this
region.

In the domain integral the eddy buoyancy flux also decreases the
mean energy, with a total mean energy dissipation of 0.66 MW.
The eddy buoyancy flux results in a dissipation of mean
energy in the upper layer with a power of 5.7 MW, and a gener-
ation of mean energy in the middle and lower layers with powers of
2.9 MW and 2.1 MW respectively. This is consistent with the action of

a downward flux of momentum, input by the wind, due to baroclinic
instability. However the eddy buoyancy flux force function indicates
a local generation of mean energy in the region of the downstream
jet, particularly in the upper layer. This suggests that the downstream
mean jet is forced both the eddy Reynolds stress (local barotropic
stability) and through the eddy buoyancy flux (local baroclinic
stability).

3.4. Zero normal divergent flux boundary conditions

An alternative horizontal Helmholtz decomposition for the eddy
potential vorticity fluxes is considered:
ug =-VyWy+2x Vyd; +Z x Hj, (27)
where now zero normal flux boundary conditions are applied for the
divergent component:

—Vy¥i =0, (28)

where fi is an outward unit normal on the lateral boundaries of the
domain.® The divergent eddy potential vorticity flux thus defined

6 For the purposes of numerical calculations this boundary condition may lead to an
ill posed problem. Instead the alternative boundary condition (- VyW; —u,q') - fi =
0 is used. While the additional term vanishes identically for the continuous case, it is
generally non-zero for a discrete model solution.




176 J.R. Maddison et al./ Ocean Modelling 92 (2015) 169-182

-1.930 -0.800 0.000 0.800 1.930
T —2
lez\I/em,l B 27/11 (W m )

-0.110 -0.080  -0.040

pHZz\chm,Q . Z’l/l_z (W m _2)

0.040 0.080 0.110 -0.018 -0.008 0.000 0.008 0.018
T -2
leiz\Ijem.K - ZI/JJ (W m )

Fig. 7. The mean energy generation due to the divergent potential vorticity flux arising from the eddy Reynolds stress in the upper layer (left), middle layer (centre), and lower
layer (right). The mean stream function contour is as described in Fig. 3. Symmetric colour scale bounds are used in these figures.
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Fig. 8. The mean energy generation due to the divergent potential vorticity flux arising from the eddy buoyancy flux in the upper layer (left), middle layer (centre), and lower layer
(right). The mean stream function contour is as described in Fig. 3. Symmetric colour scale bounds are used in these figures.

Table 2

Mean kinetic and potential energy, and the mean energy generation due to the diver-
gent potential vorticity flux defined by the eddy Reynolds stress and eddy buoyancy
flux force functions.

Layer Mean kinetic Mean potential Eddy Reynolds Eddy buoyancy

energy (P])  energy (P]) stress forcing (MW) flux forcing (MW)
Upper 52 1,226 -31.9 -5.7
Middle 14 1,310 =23 +2.9
Lower 12 84 -0.4 +2.1
Total 77 2,619 -34.6 -0.7

therefore has the same (i.e. zero) normal component on the bound-
aries as the total eddy potential vorticity flux.” The resulting scalar
potentials are shown in Fig. 9.

Let D, = — VW, refer to the divergent eddy potential vorticity
flux defined by the eddy force function, and D} = —V W} refer to
the divergent eddy potential vorticity flux which satisfies zero normal
flux boundary conditions. As discussed in Section 2.4 the eddy force
function yields the (horizontally oriented) divergent eddy potential
vorticity flux which has a minimal L2 norm. It can be seen from the
values in Table 3 that D} has a significantly larger L2 norm than D,

7 This boundary condition defines W} up to an arbitrary function of z and t (which
does not affect the implied divergent flux), and this additional freedom is removed by
imposing Wy =0atx=0andy =0.

in all layers and hence is, by this definition, significantly sub-optimal.
That is, D} includes a harmonic component which is successfully re-
moved in the definition of De.

The consequences of the additional harmonic component can be
seen in Fig. 10, which shows the two divergent potential vorticity
fluxes in the middle layer. D, , indicates a clear eddy potential vortic-
ity flux convergence in the northern gyre and eddy potential vorticity
flux divergence in the southern gyre. This pattern is evident in D;,.
but is obscured, particularly on the eastern side of the domain.

3.5. Potential vorticity mixing

A mesoscale eddy parameterision typically specifies (or at least
implies) a parameterised approximation for the eddy potential vor-
ticity flux ugq’. However, as only the divergence of this flux appears
in the prognostic QGPV Eq. (10), a direct comparison of parameterised
and diagnosed eddy potential vorticity fluxes cannot be used to mea-
sure the performance of a parameterisation. While the parameterised
eddy potential vorticity flux may differ from that measured diagnos-
tically, the parameterisation may still perform well if the potential
vorticity flux divergence is well approximated. Equivalently, it is pos-
sible to re-interpret any given parameterised eddy potential vorticity
flux as a parameterisation not for the full eddy potential vorticity flux,
but an appropriate divergent component.
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Fig. 9. The scalar potential W} for the divergent eddy potential vorticity flux, defined using zero normal flux boundary conditions, in the upper layer (left), middle layer (centre),
and lower layer (right). The mean stream function contour is as described in Fig. 3.

Fig. 10. Middle layer potential vorticity flux vectors. Left: full eddy potential vorticity flux. Centre: divergent eddy potential vorticity flux defined using a horizontal Helmholtz
decomposition with zero normal divergent flux boundary conditions. Right: divergent eddy potential vorticity flux defined using the eddy force function. Every tenth value (in each
direction) of the vector fields are shown, with the red vector indicating a magnitude of 10~ cm s~2. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

Table 3

Normalised L? norm of the eddy potential vorticity flux in each layer, and of divergent compo-
nents of the eddy potential vorticity flux defined using zero normal flux boundary conditions
—V Wy, and using the eddy force function —V W,. The percentages in brackets indicate the ra-
tio of a divergent potential vorticity flux norm to the total potential vorticity flux norm in a given
layer. The normalised L? norm is, for a vector field v, given by ||v|| = /[ V- V/,/[q 1. Where Q2 is

the horizontal domain.

e [ (ems )

[Dz]| = | Vawg, | (ems=2)

[IDeill = | Vi We,il| (cm s=2)

Upper 2.86 x 1074
Middle 8.75 x 106
Lower 3.02x 1076

421 % 105 (14.7%)
2.46 x 105 (28.1%)
1.22 x 106 (40.6%)

2.24 % 1075 (7.8%)
1.82 x 106 (20.8%)
7.08 x 107 (23.5%)

This issue can be resolved by comparing parameterised and diag-
nosed eddy potential vorticity flux divergences directly. However the
eddy potential vorticity flux divergence is typically a noisy field, re-
sulting from the differentiation required for its calculation. The eddy
force function depends only upon the eddy potential vorticity flux
divergence, but the inverse elliptic operator inherent in its definition
ensures that this is a much smoother field. Moreover the optimal-
ity property discussed in Section 2.4 and Appendix A ensures that,
among all possible scalar potentials (defined using alternative bound-
ary conditions), there is a well defined sense in which the eddy force
function is the smoothest - it yields the scalar potential with mini-
mum gradient (specifically the eddy force function is a scalar poten-
tial with minimum H& semi-norm). Hence the eddy force function

provides a natural means of comparing parameterised and diagnosed
eddy potential vorticity fluxes.

A down-gradient potential vorticity mixing parameterisation is
considered:

@ = —KVHa, (29)

where « is the eddy potential vorticity diffusivity®. The utility of
the force function is illustrated for a basic potential vorticity mix-
ing parameterisation, with a layer-wise constant eddy diffusivity

8 Note that even with a constant diffusivity this does not imply that the divergent
part of the flux, defined using the force function, is equal to —« V4, as q is not equal
to a constant on the boundary.
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Fig. 11. Parameterised eddy force functions resulting from a down-gradient potential vorticity mixing parameterisation with a constant eddy potential vorticity diffusivity in each
layer. The diffusivities are chosen so as to minimise the L mismatch between the parameterised and diagnosed eddy force functions in each layer. The mean stream function

contour is as described in Fig. 3.

Table 4

L? optimal constant eddy potential vorticity diffusivies, which minimise the L? mismatch between parameterised
and diagnosed eddy force functions in each layer. The normalised L? norm is, for a vector field v, given by ||v|| =

VIqV-v/y/[o 1, where Q is the horizontal domain.

Eddy diffusivity «; Normalised L2 error Relative L? error
Layer ~ (m?s7!) [T1(2 % 6V uG;) — ei|| (Svyr™) [T1(2 % 6V 4G:) — e | /1 Wl
Upper 46 263 99.8%
Middle 481 78 54.2%
Lower —789 160 84.5%

considered. The parameterisation is not expected to perform well
without allowing for some spatial variation of the diffusivity, but this
enables the straightforward derivation of optimal constant diffusivi-
ties in each layer which minimise the L2 mismatch between the pa-
rameterised and diagnosed eddy force functions.

The resulting parameterised eddy force functions are shown in
Fig. 11, and the diffusivities are listed in Table 4. The middle layer
parameterised eddy force function is able to represent the diagnosed
eddy force function with a relative L? error of 54.2%. This is rather en-
couraging - even a basic constant eddy diffusivity is able to achieve
a partial representation of the eddy force function. However the up-
per layer parameterised eddy force function matches the diagnosed
eddy force function poorly, with a relative L% error of 99.8%. That
is, in the upper layer the parameterised eddy force function is very
nearly L2 orthogonal to the diagnosed eddy force function, and the
mean potential vorticity gradient is providing little information on
the structure of the eddy force function here. The lower layer L2 mis-
match has an intermediate value of 84.5%, although the diffusivity is
negative.

4. Conclusions

The consideration of the dynamical influence of eddy fluxes in the
ocean and atmosphere is always complicated by the need to consider
the possible presence of rotational fluxes, which in practice can be
large and obscure any underlying divergent component. A meaning-
ful decomposition into divergent and rotational components, while
intuitively desirable, is in general difficult to achieve - it must neces-
sarily involve a choice among a family of valid decompositions, which
differ through a choice of boundary conditions.

In this article this issue has been addressed by relating non-
divergent momentum tendencies to eddy potential vorticity fluxes.
The momentum equation comes ready equipped with a Helmholtz

decomposition, including a unique choice of boundary condition, ei-
ther through the definition of the non-divergent velocity or through
the definition of the pressure. Since potential vorticity fluxes are
derived from the momentum and thermodynamic equations, the
Helmholtz decomposition provided by the momentum equation, in-
cluding the associated boundary condition, can be carried through to
the potential vorticity equation, yielding a decomposition of potential
vorticity fluxes.

This procedure has been applied to the quasi-geostrophic equa-
tions. The definition of the quasi-geostrophic stream function pro-
vides a boundary condition for the horizontal Helmholtz decom-
position of the total momentum tendency in the quasi-geostrophic
residual-mean equation. This can be used to define a stream func-
tion tendency, or “force function”, which in turn defines the non-
divergent component of the total momentum tendency. The ten-
dency can be directly related to a potential vorticity flux, and the
force function then defines the divergent component of this flux. A
unique decomposition for individual potential vorticity fluxes is ar-
rived at by asserting that the decomposition should be linear - in
particular this asserts that one should be able to resolve force func-
tions (or equivalently non-divergent momentum tendencies) via di-
rect summing. The divergent component of the eddy potential vortic-
ity flux thus defined satisfies a zero tangential component boundary
condition.

This results in a unique Helmholtz decomposition for eddy po-
tential vorticity fluxes, with an explicit relation between the diver-
gent eddy potential vorticity flux and the eddy momentum forcing.
There is therefore an immediate intuitive link between the dynami-
cally active divergent component of the eddy potential vorticity flux
and the local forcing of the mean flow. In a simply connected domain
this approach results in the unique (horizontally oriented) divergent
eddy potential vorticity flux with minimum L? norm, and hence there
is a well-defined sense in which the decomposition is optimal, and
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extracts the smallest possible underlying divergent eddy potential
vorticity flux.

The decomposition has been applied to eddy potential vortic-
ity fluxes diagnosed from a three-layer quasi-geostrophic model.
Expected features of the eddy-mean-flow interaction were identi-
fied. The eddy Reynolds stress force function indicated a forcing of
the mean jet, consistent with the action of up-gradient momentum
fluxes. In some parts of the domain the eddy buoyancy flux force
function indicated a downward flux of momentum input by the wind,
although local forcing of the upper layer downstream mean jet was
observed. These diagnostics suggested that the mean jet was forced
through both local barotropic and baroclinic stability, although the
system was found to be globally both barotropically and baroclini-
cally unstable.

The decomposition has been compared against an alternative
Helmholtz decomposition of potential vorticity fluxes, with zero
normal divergent flux boundary conditions. This latter decomposi-
tion lacks a direct relationship between divergent potential vorticity
fluxes and local mean momentum forcing, obscuring the interpreta-
tion. In a simply connected domain it also necessarily defines a larger
divergent component (in an [? sense) than that defined using the
eddy force function, obscuring structure in the resulting divergent
potential vorticity fluxes.

Finally it has been proposed that the eddy force function is suit-
able for assessment and comparison of eddy parameterisations. The
need to consider rotational flux components means that it is not ap-
propriate to compare parameterised and diagnosed eddy potential
vorticity fluxes directly, but rather some comparison based upon po-
tential vorticity flux divergences must be considered. The potential
vorticity flux divergence itself is a noisy field, due to the differen-
tiation inherent in its definition. However the eddy force function,
which is directly related to the eddy potential vorticity flux diver-
gence through a linear operator, is a much smoother field. Indeed in a
simply connected domain it is, among all possible scalar potentials
defining a divergent eddy potential vorticity flux, a potential with
minimum H(l, semi-norm, and hence in this sense is the smoothest.

Parameterised and diagnosed eddy force functions were com-
pared for a basic down-gradient potential vorticity flux closure with
a constant eddy diffusivity. The results were very encouraging in the
middle layer, where even the use of a constant diffusivity yielded par-
tial agreement. However in the upper layer the parameterised and di-
agnosed eddy force functions were very nearly orthogonal (in an L2
sense), suggesting that, in a down-gradient potential vorticity flux pa-
rameterisation in this layer, much of the structure of the eddy fluxes
must be represented not by the mean potential vorticity gradient, but
by the eddy diffusivity. A detailed analysis which considers spatially
varying diffusivities is the subject of an in-preparation article.

While it is suggested that H(} optimality of the eddy force func-
tion is useful from the perspective of parameterisation assessment, it
should be noted that the corresponding local divergent eddy fluxes
cannot be used directly to infer a local potential vorticity diffusivity.
Specifically, the eddy enstrophy equation is (assuming @, can be de-
fined so that the harmonic component He = 0):

dA+V-(ugA) = —wpq' - Vyg+R
= VH\IJ9~VH6—(2XVCD5)~VHG+R, (30)
where A = ¢q’q’/2 and where R includes forcing and dissipation. Inte-

gration and application of no-normal-flow boundary conditions leads
to:

at/K=/ VH\ye.Vquf a(zXche).mfR. (31)
Q Q o Q

The second right-hand-side term need not vanish, and
hence in a statistically steady state there is no require-
ment for the first and third terms on the right-hand-side
to balance. An alternative, and appropriately invariant,

form is:

at/ X:/ avﬁ,qfeJr/ “R (32)
Q Q Q

although this does not suggest a local method for diagnosing a diffu-
sivity. Note that for the decomposition subject to zero normal diver-
gent flux boundary conditions the corresponding boundary integral
does vanish:

at/ K:/ VH\p:.VHaJr/ R (33)
Q Q Q

The approach described in this article can be generalised to the
hydrostatic primitive equations via application of the decomposition
of Marshall and Pillar (2011). In this case vector force functions are
defined and, carrying the corresponding non-divergent momentum
tendencies through to the Ertel potential vorticity equation, this de-
fines filtered Ertel potential vorticity fluxes. While in the general this
does not define a Helmholtz decomposition of the potential vorticity
fluxes (the resulting filtered potential vorticity fluxes are not gener-
ally curl free) this nevertheless yields dynamically consistent filtered
potential vorticity fluxes with a simple intuitive relation to local mo-
mentum forcing.

Note that, as pointed about by Fox-Kemper (pers. comms.), we
have here considered only the dynamically active divergent compo-
nent of fluxes of potential vorticity. For the very special case of the
quasi-geostrophic equations subject to zero buoyancy boundary con-
ditions on the upper and lower surfaces, an intuitive divergent com-
ponent of the eddy buoyancy fluxes can be defined (see Appendix C).
For more general cases, as discussed in Bachman and Fox-Kemper
(2013), the non-uniqueness of divergent eddy fluxes remains, and the
approach described in this article does not appear to provide much
guidance.

Since eddy enstrophy is dissipated on small scales it is known that
the eddy potential vorticity flux and mean potential vorticity gradi-
ent must on average be anti-correlated (that is, their L2 inner product
is negative). In this sense eddy fluxes must be down-gradient on aver-
age, and hence must mix potential vorticity on average. Considerable
effort has previously been invested in studying the degree to which
the eddy potential vorticity flux is locally oriented down-gradient,
but the inherent freedom to remove arbitrary dynamically inactive
rotational fluxes means that this analysis is fraught with ambiguity.
This issue affects the study of eddy parameterisations more generally
- if only divergent fluxes are to be parameterised, then it must first
be decided which divergent flux is relevant. Here it is proposed that
the divergent flux be defined in a manner consistent with the link be-
tween the momentum and potential vorticity dynamics. This yields a
smooth eddy force function which it is further proposed is suitable
for assessment of parameterised eddy potential vorticity flux diver-
gences.
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Appendix A. The L2 minimal divergent eddy potential vorticity
flux

Consider a horizontal Helmholtz decomposition of the eddy po-
tential vorticity flux

Wq = —VyW; +2x Vy®; +2x H;, (A1)

The divergent potential vorticity flux, —VyWz, is defined by the
scalar potential W, which is a solution of the Poisson equation

VAW = -V uyg. (A2)

Consider weak solutions W; e H!(2) which satisfy
/VHg-Vngz—/ Vui -wyq Vi e H(RQ). (A3)
Q Q

where 2 is the horizontal domain. In this appendix it is proved that,
among all such weak solutions, homogeneous Dirichlet boundary
conditions in the problem for W} yield the unique divergent poten-
tial vorticity flux —VyW# which has minimal L2 norm. That is, up the
addition of an arbitrary function of z and t (which has zero horizon-
tal gradient), there exists a unique solution to (A.3) which minimises
VJo VuWe - VWi and moreover this optimal solution is equal to a
constant on all boundaries. This optimality property follows from the
following:

Lemma. Let Q@ c RY, F e [L2(Q)]¢, and consider a real Hilbert space
UCH'(Q). Define the following:

V:{qbeU:/Qq&:O} (Ada)
Vo =UNH(R) (A.4b)
v1:{¢eu:/QVg.V¢:o v;evo} (Adc)
W={¢ev:/QV§-V¢=/QV§-F vgevo}l (A4d)

Then there exists a unique ¢ € W which minimises the functional
J: W — R where:

2
1@) = I8l = 1V91E = [ Vo-Vo. (A5)
Moreover there exists a unique ¢ € R such that ¢ + c € Vj.

Proof. All ¢ € W can be separated into particular and homogeneous
parts, ¢ = ¢g + ¢, where ¢ € Vy and ¢ € V4. Then

/Qvg.Vqs:/QVH Ve eV
— /QVg-VqSoJr/QV{-Vd)l:/QVg.F Ve eV
— /QV;.V%:/QW.F Ve e Vo,

where the final line follows from the definition of V;. By the Lax-
Milgram lemma this is satisfied by a unique ¢o € V. Now define a
functional J : V; — R where

J61) = [V (#0+ 1)V (#0+ ). (16)

This functional is minimised if and only if the Gateaux derivative van-
ishes in all directions n € V;

df(pi:n) =0 VneV

— /Vn.v¢0+fvn.v¢g:o Vi eV,
Q Q
— [Vn.wg:o Vi eV,
Q
— /V¢;.V¢g:o.
Q

where the penultimate line follows from the definition of V. Hence
the ¢; which minimise [ are 12 equivalent to constant functions.
¢ = ¢o + ¢1 € W implies that ] is minimised by ¢1 = — [, ¢o. Hence
a unique ¢ € W minimises J, and moreover ¢ + [ ¢ € Vp. O

Appendix B. Multi-layer quasi-geostrophic model

The Taylor-Bretherton identity relates eddy potential vorticity
flux to eddy momentum stress (Bretherton, 1966; Dritschel and
Mclntyre, 2008; Maddison and Marshall, 2013; Plumb, 1986; Taylor,
1915; Young, 2012). Unaveraged (relative) potential vorticity flux and
momentum stress can be similarly related, allowing the multi-layer
QGPV equation to be written in the following form:

3qi + Vi - (i + ugify) = vViw; — 18inw; + 81 Qu, (B.1)

where symbols are as defined in Section 3.1 and where the potential
vorticity flux f; has x- and y-components

Ri_1,—R;
fx,i — axNi + 8y(Mi + Pz) + M

B.2
i (B.22)
Si—12 = Sit12
fyi = 0u(M; = P) = B N; + Z= 2 =2 (B.2b)
1

with advective momentum flux components

1
M; = i(vé" - uéi) (B.3a)
Ni = ug,l"l)gj, (B3b)
potential energy

1
P = ZST(WZ — ) (B4a)

P = %[SI(WH — )’ +5F (Y —Yp)?] for2<isn-1

(B.4b)
1 _ 2
b= an (llfn—l - 1/fn) ’ (B.4c)
and advective buoyancy flux components:
Ri2 =Ruy12 =512 =Sn112=0 (B.5a)

1 .
Rij1p = E(Ug,i + ug,i+1)Hi5,‘+(1//i —Yiyq) forl<i<n-1 (B5b)

1 .
Sivip2 = j(Ug,i +Vgi)HisT (Vi = Yiq)  for1<i<n—1. (B5c)

Uy ; and vg ; are the x- and y- components of ug ;, respectively. The
potential vorticity flux f; thus defined is a (vertically discrete) di-
vergence of a (vertically discrete) rank two momentum stress ten-
sor. Averaging of these equations leads to a vertically discrete Taylor-
Bretherton identity.

Given discrete function spaces VcH!(2) and Vy = V N H} (€2), and
considering times t € [0, t], the equations are discretised in space via
the following semi-discrete formulation:

Find g; € V x C'(]0, 7]) such that
/Sz¢oarQi - fﬂ Vo - (fi + ugiBy)

= —/ VH¢0‘VVHCUI’_/ Podinrw;
Q Q

+f¢05i]QW V¢0€V0,i€{1,...,n} (B.6a)
Q

Find Y e (v eV xC°([0.T]) :v—ci e Vg
xC2([0, T])}, ¢; € C°([0, T]) such that:
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- [ Vido- Vit + f bost (V2 — )
Q Q

= /;2¢0(Q] — ﬂy) V¢0 € VQ (B6b)

- / Vido- Vit + / dols; (Wit — ) +5F (Wiar — )]
Q Q

=/§2¢o<qi—ﬂy) Vo e Vo.ie (2.....n—1) (B.6¢)
~ [ Vudo- Vv + [ oy Wi = )
Q Q

- /Q bo(@n — BY) Yo € Vo (B.6d)
Xn:Hiwi e Vo xC([0, 7)) (B.6e)
i=1

2(Wi — Vi) .
/QWZO Vie{l,...n—1) (B.6f)

Find w; € V x C°(]0, T]) such that

1 .
fsz¢wi+£)9¢awi:_/ssz¢.vai VéeVie{l, .. n)
(B.6g)

where 92 is the boundary of the horizontal domain €. A discrete
potential vorticity flux and discrete momentum stress are defined via
continuous Galerkin discretisations of (B.2)-(B.5).

The partial slip boundary condition (Haidvogel et al., 1992) is ap-
plied weakly on w; in (B.6g). The partial slip boundary condition
is implicitly imposed weakly on g; via (B.6a), (24), and (B.6g) (see
Barrett (1978); Campion-Renson and Crochet (1978), Gresho and Sani
(2000, section 3.12.4) for related discussions on boundary condi-
tions for the weak form 2D stream function-vorticity equations). The
no-normal-flow boundary condition is applied strongly in (B.6b)-
(B.6d), and a homogeneous Dirichlet boundary condition is applied
strongly on the barotropic stream function via (B.6e). Mass conser-
vation (McWilliams, 1977); (Pedlosky, 1987, section 3.25) is imposed
via (B.6f).

The equations are discretised in time using third order Adams-
Bashforth, started with a forward Euler step and a second order
Adams-Bashforth step, yielding second order accuracy in time. The
partial slip boundary condition is treated by first computing q;f'm eV,
which do not satisfy the partial slip boundary condition, via:

Find G'™ € V such that:
[ o6~ [ Vug- (€ +upy) = - [ Vud - vVuof
—/Qd)a,-nrw{"Jr/quaﬂQw Vo eV,ie{l,...,n} (B.7a)
M-1

g™ =g+ ALY G Vie {1, n},
j=0

(B.7b)

where a superscript m indicates a field at discrete time level m, At is
the timestep size, and the y; are coefficients of an M-step Adams-
Bashforth scheme. The q,?**m“ are used to compute the w;"“ and
w1, Corrected ¢! are then computed from the ¢! and /™!
via (24). The procedure is equivalent, except for errors associated
with finite numerical precision, to a full solve for all fields, and hence
the weak partial-slip boundary condition is correctly applied without
the expense of a large coupled solve.

The model is implemented using the FEniCS system (Alnes et al.,
2009; 2014; Kirby, 2004; Kirby and Logg, 2006; Logg et al., 2012; Logg
and Wells, 2010; @lgaard and Wells, 2010) with the time discretisa-
tion optimised using the approach described in Maddison and Farrell
(2014). The elliptic problem for the wi’”“ is treated via projection
onto discrete baroclinic modes, which leads to n decoupled elliptic
problems. All linear systems are solved with LU decomposition using
UMFPACK (Davis, 2004) via PETSc Balay et al. (2015a, 2015b, 1997).

Appendix C. Eddy buoyancy stress function

Consider a horizontal Helmholtz decomposition of the quasi-
geostrophic eddy buoyancy fluxes in the form
I%lléb/ = _VHXeb + Zx VH%‘eb + Z x Eebv (C])
with V- B,y = (Zx Vy) - B, = 0. As for the eddy force function,
the requirement that the elliptic problem for y ., defines a linear op-
erator is imposed. The application of zero buoyancy boundary condi-
tions, as per Bretherton (1966), combined with this linearity property,
implies that ., = 0 on the upper and lower surfaces.

It follows from (22) that in a simply connected domain the force
function associated with the eddy buoyancy fluxes is given by

VI?I\IJeb = —anH . ([{l-%ll‘,gb/) (CZa)

Y,, =0 on 992. (C.2b)
In particular:

VfZI"Ijeb = szlaZXelr (C3)

It is thus natural to define

Xeb = / \ljebd‘Z (C~4)

with x,, = 0 at the upper and lower surfaces. x ., is then a stress func-
tion, in the sense that the vertical derivative of the stress function
yields a force function, whose horizontal curl yields an associated ro-
tational momentum tendency.

For the multi-layer quasi-geostrophic equations this leads to

i
Xebiv12 = — Z HjWep j
P

n
= > HjW;. (C.5)
j=it+1

With this definition the left panel of Fig. (6) is equal to the negative
eddy buoyancy stress function on the interface between the upper
and middle layers, and the right panel of Fig. (6) is equal to the eddy
buoyancy stress function on the interface between the middle and
lower layers.
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