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Lu� > U�t|L4iht Tih ti**ih� 5i**iht< �|�*�|) �t �_i?|�U@* ��|� |�i�h i TiU|i_ ThL�|t�
�L?t�4iht tii! |L M�) i @U|*) L?i �?�| ThL��_�?} �| �t Lgihi_ |L |�i4 @| *itt |�@?
Lh i^�@* |L |�i�h hitih�@|�L? Th�Uic RW : f� �? @U|�L? uLh @ ti**ih �t |�i? t�4T*) @
U�L�Ui Lu @ Th�Ui� � UL?|�?��4 Lu UL?t�4iht @hi �?�?uLh4i_ @ML�| ���U� �h4t U�@h}i
���U� Th�Uit� A�i) 4�t| i?}@}i �? ULt|*) ?L?�t)t|i4@|�U ti@hU� �? Lh_ih |L LM|@�?
Th�Ui ^�L|@|�L?t�
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ì �@�i |L _itUh�Mi �L� |�i TLT�*@|�L? t|@|i % U�@?}it �? |�4i @t @ hit�*| Lu
tL4i *i@h?�?} ThLUitt t�U� @t |�i *i@h?�?} 4L_i*t �c � @?_ � _�tU�tti_ @ML�i�e A�i
�#� _)?@4�Ut �i UL?t�_ih �@�i |�i }i?ih@* uLh4

�% ' 'E%��E%�c ES�

��ihi 'E%� �t @? ?� ? 4@|h� ���U� LTih@|it L? |�i �iU|Lh �E%�� 6Lh i @4T*ic |�i
Mit|�!?L�? _)?@4�Ut Lu |�i uLh4 ES� @hi |�i hiT*�U@|Lh _)?@4�Utc ��|� 'E%� Mi�?}
�? |��t U@ti |�i 4@|h� ��|� %�E� � %�� �? i@U� _�@}L?@* TLt�|�L? @?_ �%�%� L? |�i
Lg�_�@}L?@*�

W? }i?ih@*c 'E%� 4�t| t@|�tu) tL4i hit|h�U|�L?t �? Lh_ih |�@| ES� t�L�*_ hiThiti?|
@ T*@�t�M*i *i@h?�?} _)?@4�U� +iU@** |�@|c uLh % 5 7?c |�i t�TTLh| Lu % �t |�i ti|
A E%� ' i� G %� : fjc @?_ uLh @?) t�Mti| A � i�c 2c � � � c ?jc �i _i�?i |�i uL**L��?}
t�MtT@Uit Lu U-?c U-?

A ' i+ 5 U-? G +� ' f uLh � *5 Ajc U-?
Af ' i+ 5 U-?

A G
S

� +� ' fj
@?_ U-?

A� ' i+ 5 U-? G +� ' UL?t|@?| uLh � 5 Aj� `�i? A ' i�c 2c ���c ?jc �i �h�|i U-?
f

uLh U-?
Af @?_ t�4�*@h*) uLh U-?

� � �L|i |�@| U-? 4@) Mi _iUL4TLti_ @t @? Lh|�L}L?@*
_�hiU| t�4c U-? ' U-?

Af � U-?
A�� A��t @**L�t �t |L tTiU�u) |�i uL**L��?} hit|h�U|�L?t L?

'E%��

#i�?�|�L? 2G � E_�gihi?|�@M*i� �#� LTih@|Lh L? U-? �t @? ?� ?� 4@|h� LTih@|Lh
'E+�c _i�?i_ @?_ UL?|�?�L�t*) _�gihi?|�@M*i uLh + 5 U-?c @?_ t@|�tu)�?} |�i uL**L��?}
ThLTih|�it uLh % 5 7? ��|� t�TTLh| A ' A E%�G

�� 'E%� 4@Tt U-? �?|L U-?
Af�

2� 'E%�+ ' f uLh + 5 U-?
A��

7Wkhvh ohduqlqj surfhvvhv lq idfw xqirog lq glvfuhwh wlph/ SGD g|qdplfv lq frqwlqxrxv wlph1

Krzhyhu/ uhvxowv lq wkh wkhru| ri vwrfkdvwlf dssur{lpdwlrq vkrz wkh wzr duh olqnhg1 Vhh Ixghqehuj

dqg Ohylqh +4<<;/ Fk7, iru d vxuyh| ri uhvxowv rq +vwrfkdvwlf, �fwlwlrxv sod| dqg Krsnlqv +4<<<e,
iru wkh frqqhfwlrq lq wklv frqwh{w zlwk SGD g|qdplfv1

b



�� 'E%� �t TLt�|��i _i�?�|i L? U-?
Af( ��i� + �'E%�+ : f uLh @** + 5 U-?

Af ��|� + 9' f�

e� 'E%� �t t)44i|h�U�

A�i _)?@4�Ut ES� �t U@**i_ @ E_�gihi?|�@M*i� �#� _)?@4�Ut ��|� T@)Lg u�?U|�L? �c �u
�E%� �t _i�?i_ @?_ UL?|�?�L�t*) _�gihi?|�@M*i uLh % 5 U-?c @?_ 'E%� �t @ _�gihi?|�@M*i
�#� LTih@|Lh L? U-?�

A�i *L?} *�t| Lu UL?_�|�L?t t�L�*_ ?L| ��_i |�i }i?ih@*�|) Lu |�i _)?@4�Ut tTiU��
�i_� A�i t�Mt|@?|��i UL?_�|�L?t T*@Ui_ L? ' @hi TLt�|��i _i�?�|i?itt @?_ t)44i|h)�
�Lt�|��i _i�?�|i?itt i?t�hit |�@| |�i �iU|Lh Lu U�@?}it �? t|h@|i}) uhi^�i?U�it �% �t
@| *itt |�@? @ bf� @?}*i |L |�i �iU|Lh Lu T@)Lgt �E%�� A��t �t |��t @ �ih) �i@! uLh�
4�*@|�L? Lu |�i @tt�4T|�L? |�@| t|h@|i}�it ��|� @ ��}� T@)Lg }hL� @| |�i i Ti?ti
Lu |�Lti ��|� @ *L�ih hi|�h?� 5)44i|h) �t ?@|�h@**) Thiti?| �? |�i *i@h?�?} 4L_i*t
UL?t�_ihi_ �ihi Etii OLT!�?tc �bbb@�� W| t�4T*) �4T*�it |�@| |�i _�gihi?| t|h@|i}�it
hiUi��i i^�@* |hi@|4i?|� �Lhi tTiU��U@**)c �u @? �?Uhi@ti Lu tL4i @4L�?| {� �? |�i
T@)Lg |L @ t|h@|i}) � *i@_t |L @ hi_�U|�L? Lu |�i }hL�|� h@|i Lu t|h@|i}) � Lu {2c |�i?
t)44i|h) hi^��hit |�@| @? �?Uhi@ti Lu {� �? |�i T@)Lg |L � �L�*_ *i@_ |L @ _iUhi@ti
Lu {2 �? |�i }hL�|� h@|i Lu ��D

�hLTih|) � �t Th�?U�T@**) |�ihi tL |�@| % ��** UL?|�?�i |L t�4 |L L?i� OL�i�ihc �|
@*tL �4T*�it |�@| ?L t|h@|i}) Thiti?| �? |�i �?�|�@* _�t|h�M�|�L? ��** _�t@TTi@h �? �?�|i
|�4ic ?Lh ��** @?) ?i� t|h@|i}) Mi Uhi@|i_� A��t �i ��** �@?| |L *LL! @| U@tit ��ihi
@** Th�Uit @hi Thiti?| �? |�i �?�|�@* _�t|h�M�|�L?� A��t 4@) tii4 tL4i��@| hit|h�U|��ic
M�| �| t�L�*_ Mi hi4i4Mihi_ |�@| @?) _�t|h�M�|�L?c �?U*�_�?} |�Lti ��ihi @** �h4t
U�@h}i |�i t@4i Th�Uic U@? Mi @TThL �4@|i_ @hM�|h@h�*) U*Lti*) M) @ _�t|h�M�|�L? ��|�
u�** t�TTLh|� 5iUL?_c |��t uLh4�*@|�L? _Lit ?L| Thi�i?| |�i *�4�| Lu |�i _)?@4�U
ThLUitt Mi�?} @ t|@|i *�!i |�i ?L�ti@hU� L�|UL4ic ��ihi @** ti**iht U�@h}i |�i t@4i
Th�Ui� �hLTih|) 2 4i@?t |�@| @ 4� i_ t|h@|i}) i^��*�Mh��4c |�@| �t ��ihi @** t|h@|i}�it
�@�i |�i t@4i hi|�h?c �t @? i^��*�Mh��4 uLh |�i _)?@4�U�

OL�i�ihc |�i u@U| |�@| @ �@t� i^��*�Mh��4 �t @? i^��*�Mh��4 uLh tL4i *i@h?�?}
_)?@4�U _Lit ?L| 4i@? |�@| �| ��** Mi @t)4T|L|�U@**) t|@M*i� �t @ UL?ti^�i?Ui
�i �?|hL_�Ui |�i �_i@ Lu i�L*�|�L?@h�*) t|@M*i t|h@|i}) E,55�c @ hi�?i4i?| L? �@t�
i^��*�Mh��4� A��t UL?UiT| Lh�}�?@|it �? M�L*L}) ��ihi �| �t _i�?i_ @t @ t|h@|i}) ThL�*i
|�@| �t R�?�?�@_@M*i�� �}i?|t T*@)�?} tL4i @*|ih?@|��i t|h@|i}) �L�*_ ?L| Mi @M*i
|L t�TT*@?| @}i?|t T*@)�?} |�i it|@M*�t�i_ i^��*�Mh��4 t|h@|i})� OL�i�ihc _itT�|i �|t
M�L*L}�U@* Lh�}�?tc �| |�h?t L�| |L Mi @ t��U�i?| UL?_�|�L? uLh t|@M�*�|) �?_ih 4@?)
*i@h?�?} ThLUittit� W| _�giht uhL4 �@t� i^��*�Mh��4 �? |�@| �| UL?t�_iht _i��@|�L?t
uhL4 i^��*�Mh��4 ?L| ��t| M) �?_���_�@* @}i?|t M�| @*tL M) t4@** M�| TLt�|��i 4i@t�hit
Lu |�i TLT�*@|�L?�

8Srvlwlyh gh�qlwhqhvv zlwkrxw v|pphwu| zrxog jhqhudwh g|qdplfv zklfk Iulhgpdq +4<<4, fdoov

_zhdn frpsdwleoh%1 Iulhgpdq vkrzv wkdw HVV*v pd| eh xqvwdeoh xqghu vxfk g|qdplfv dqg wkhuhiruh
Sursrvlwlrq 5 ehorz grhv qrw krog zlwkrxw v|pphwu|1

�f



A�i UL?_�|�L?t uLh @ t|@|i � |L Mi @? ,55 @hi �ht| |�@| � t�L�*_ Mi @ �@t�
i^��*�Mh��4c @?_ tiUL?_ |�@| �u |�ihi �t @? @*|ih?@|��i Mit| hiT*) |L �c |�i? � t�L�*_
_L Mi||ih @}@�?t| t�U� @? @*|ih?@|��i |�@? |�@| @*|ih?@|��i _Lit @}@�?t| �|ti*u� W?
|ih4t Lu L�h ETLtt�M*) ?L?*�?i@h� T@)Lg u�?U|�L? �c |�iti UL?_�|�L?t 4@) Mi i Thitti_
uLh4@**) @tG

� ��E�� � % � �E�� uLh @** % 5 7?c E.�

@?_ uLh @** % 5 7? uLh ���U� i^�@*�|) �L*_t �? E.�

� � �E%� : % � �E%� EH�

`�@| |��t *@t| UL?_�|�L? �4T*�it �t @ !�?_ Lu UL?U@��|) Lu |�i T@)Lg u�?U|�L?� 6Lh
i @4T*ic �u � �t *�?i@hc t�U� @t |�i T@)Lg 4@|h� uLh @ ?Lh4@* uLh4 }@4ic |�i? EH�
�4T*�it |�@| E% � �� � �E% � �� 	 f uLh @?) @*|ih?@|��i Mit| hitTL?ti % EMiU@�ti
E% � �� � �E�� ' f�� �L�c @t % @?_ � @hi ML|� �iU|Lht ��Lti UL4TL?i?|t t�4 |L
�?�|)c 5 ' % � � �t @? i*i4i?| Lu U-?

f � W| |�ihiuLhi uL**L�t uhL4 |�iti LMtih�@|�L?t
|�@| � 4�t| Mi ?i}@|��i _i�?�|i L? U-?

Af ��ihi A �t |�i t�TTLh| Lu ��

`�i? � �t ?L| *�?i@hc �i t�@**c �?t|i@_ Lu EH�c hi^��hi |�i hi*@|i_ UL?_�|�L? |�@| |�i
*�?i@h @TThL �4@|�L? @| |�i i^��*�Mh��4 TL�?|c }��i? M) |�i _ih��@|��i ��

� ' _�

_%
E��c

Mi ?i}@|��i _i�?�|i L? U-?
Af� A�@| �tc

5 � ��

�5 	 f uLh @** 5 5 U-?

Af ��|� 5 9' f� Eb�

�t �i �@�i tii?c ��i? � �t *�?i@hc EH� �4T*�it Eb�c M�| L?*) @ hit|h�U|i_ UL?�ihti �L*_tG
Eb� �4T*�it EH� L?*) uLh @*|ih?@|��i Mit| hiT*�it �@��?} t�TTLh| t�MLh_�?@|i |L A � W?
}i?ih@*c uLh ?L?*�?i@h T@)Lg u�?U|�L?tc ?i�|�ih Lu |�iti �4T*�U@|�L?t �t �@*�_� OL�i�ihc
�| U@? Mi t�L�? |�@| |�i tiUL?_ �4T*�U@|�L? �t �@*�_ *LU@**) � A�@| �tc UL?_�|�L? Eb�
�4T*�it |�@| |�ihi �t @ ?i�}�ML�h�LL_ Lu � �? 7?c t�U� |�@| EH� �L*_t uLh @?) @*|ih?@|��i
Mit| hiT*) �? |��t ?i�}�ML�h�LL_ ��|� t�TTLh| t�MLh_�?@|i |L A � W? @?) U@tic Eb� �t
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ì }L L? |L |hi@| |�i ThLM*i4 Lu UL?t�4ih _)?@4�Ut �? 5iU|�L? S�

W? |�i Thi��L�t tiU|�L?c �i �?|hL_�Ui_ |�i �_i@ Lu 4L_i**�?} *i@h?�?} _)?@4�Ut @t
@ TLt�|��i _i�?�|i |h@?tuLh4@|�L? Lu T@)Lgt� OL�i�ihc |L _i@* ��|� �L_i*t W @?_ WW
��|��? |�i UL?UiT|�@* uh@4i�Lh! Lu |�i *i@h?�?} |�iLh) �?|hL_�Ui_ �? |�i Thi��L�t
tiU|�L?c �i 4�t| UL?uhL?| |�i u@U| |�@| |�iti 4L_i*t @hi uLh4�*@|i_ uLh @ UL?|�?��4
Lu Th�Uitc ���*i L�h *i@h?�?} 4L_i*t �ihi _itUh�Mi_ L?*) uLh �?�|i t|h@|i}) ti|t� ì
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ì �L�*_ @h}�i |�@| L�h uh@4i�Lh! @**L�t �t |�i RMit| Lu ML|� �Lh*_t��

��h _)?@4�Ut @hi �?�|i _�4i?t�L?@* M�| |�i �ti Lu tL4i @tTiU|t Lu |�i O�*Mih|
tT@Ui u2 @**L�t �t |L _i|ih4�?i t|@M�*�|) Lu i^��*�Mh��4 M) |�i i�@*�@|�L? Lu @ t�?�
}*i �?|i}h@* h@|�ih |�@? |�i _@�?|�?} ThLtTiU| Lu _i|ih4�?�?} |�i i�}i?�@*�it Lu @?
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ì ?L� @__hitt |�i t|@M�*�|) Lu |�i |�iti i^��*�Mh�@� B��i? |�i hit�*|t Lu |�i *@t|
tiU|�L?c �i !?L� |�@| uLh �L_i* WW@ |�i *�?i@h�t@|�L? Lu |�i ti**iht< ThL�|t @| ML|�
i^��*�Mh�@ ��** Mi TLt�|��i _i�?�|i EMiU@�ti uLh |�iti i^��*�Mh�@ |L i �t| ^& ' fc & : 2��
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fn |�i UL?i

UL?t�t|�?} Lu |�Lti 5 5 U-?
f uLh ���U� 5� � f uLh � 	 ?�
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