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On the dimension of divergence sets of dispersive equations
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Abstract We refine results of Carleson, Sjogren and Sjolin regarding the pointwise
convergence to the initial data of solutions to the Schrodinger equation. We bound the
Hausdorff dimension of the sets on which convergence fails. For example, with initial
data in H! (]1%3)7 the sets of divergence have dimension at most one.

1 Introduction

We consider the Schrodinger equation
i0ru+ Au=0 (1)
with initial data in H®(R™). A classical problem is to identify the exponents s for which

75lin(%J u(z,t) = u(z,0), ae xeR"™
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It is natural to consider a refinement of this question regarding the Hausdorff dimension
of the sets on which convergence fails. For previous results in this direction, see Sjogren
and Sjolin [?].

For example, in one spatial dimension, with 1/4 < s < 1/2, we will prove that
dimg { z € R : u(z,t) /A u(z,0) as t -0} <1-—2s,

where dimp denotes the Hausdorff dimension. This refines the result of Carleson [?],
who proved that, for data in H 1/ 4(]R)7 convergence takes place almost everywhere with
respect to Lesbesgue measure. Dahlberg and Kenig [?] proved that divergence can
occur on a set of nonzero Lebesgue measure when s < 1/4, so one may have expected
the existence of sets of divergence with full Hausdorff dimension when s = 1/4. We see
that this is not the case and that the sets of divergence can have Hausdorff dimension
at most 1/2 at the critical exponent.

2 Set-up and statement of results

For initial data ug belonging to the Schwartz class S(R™), the solution of (1) can be
written as

_ 1 ~ i(a-E—t]E]™)
u(e.t) = / o(€) /€M e, (2)

where m = 2. A number of our conclusions will hold for general m > 1, and we shall
also consider the case m = 1, corresponding to the wave equation.

For ug € H*(R"™) defined by
{rerz@y: [ 1FOPQ+ID e <o},
Rn

the integral in (2) does not in general exist in the sense of Lebesgue. In this broader
setting we may define u as the pointwise limit

u(-t) = lim SYug (3)
N—o0
whenever the limit exists, where the operator SItV is defined by

1) = g [ WOV DO e

Here, for convenience, we take 1) to be the Gaussian ¥(r) = e_rz. By standard argu-
ments, u(-, ) coincides with the traditional L2-limit, almost everywhere with respect to
Lebesgue measure. However, u(-,t) is also well-defined with respect to fractal measures
when s > 0.

We say that a positive Borel measure p is a-dimensional if

B(x,r
ca(p) :== sup w < 00, 0<a<n,

z€ER™, r>0



and denote by M“(B"™) the a-dimensional probability measures which are supported in
the unit ball B". Now, u(-, t) is well-defined with respect to u € M“(B") for a > n—2s,
due to the inequality1

H :{i%'sivf‘HLl(du) Sz \/m”fHHs(Rn), (4)
which holds for these exponents. We give a simple proof of (4) in Appendix A.

It is necessary to choose a preferred representation of the equivalence class ug, as
different representations can differ on sets of full Hausdorff dimension. A reasonable
choice is u(-,0), as defined in (3), as it coincides with wug, almost everywhere with
respect to Lebesgue measure. It also coincides, up to a set of Hausdorff dimension at
most n — 2s, with the usual choice given in terms of the Bessel potential. The number
n—2s is a natural threshold for the problem, as the Bessel potential representation can
be singular on sets with dimension smaller than this (see [?]). We elaborate further on
such matters in Appendix A.

As usual in such contexts, our results will follow from appropriate maximal estimates.
We denote by am,n(s) the infimum of the numbers « for which

| zl;rilsvgpl\Sﬁfl I () S Veal) £l s ) (5)

=

whenever 1 € M®(B"), f € H*(R"™) and (t;,) € RY. If there is no such a, we say that
am,n(s) does not exist.

By standard arguments combining (4), (5) and Frostman’s lemma,
dimpy { z € R" : u(w,ty) A u(@,0) as k— o0 } < amn(s), (6)

for all ug € H°(R™) and every sequence t; — 0 (see Appendix B).

We will also show in Appendix C how to “strengthen” the L!-estimate (5) to an L%
estimate.

Our positive results (i.e. upper bounds for the exponents am,n(s)) are the forthcoming
Proposition 1, Proposition 2 and Corollary 1, and form the content of Section 2. These
are followed in Section 3 by some negative results (lower bounds). For the convenience
of the reader we now summarise these results alongside those which follow from the
literature.

It is straightforward to calculate (see (21)) that am,n(s) = 0 when s > n/2, and so we
restrict our attention to s < n/2.

For m = 2, the work of Dahlberg and Kenig [?] shows that (5) cannot hold for any
a < n when s < 1/4, so that as ,(s) can only exist when s > 1/4. This is in fact the
case for am n(s) for any m > 1 (see Section 4). In one dimension we observe that

am,1(s) =1—2s, 1/4<s<1/2, m>1,

1 The expression A < B denotes A < C'B, where the value of the positive constant C' may
depend on m, n and s, but never on f or u, and will vary from line to line.



refining the work of Carleson [?], as mentioned in the introduction.

In higher dimensions, Sjégren and Sjolin [?] proved that for m > 2,

amm(s) <n+1-2s, <s< g (7)

N =

although their set-up was slightly different. We refer the reader to their paper for a
precise statement of their results. We extend (7) so that it holds for all m > 1, and
improve it when n = 2 or 3. For n > 4, we lower their bound in the range s > (n—1)/4.
In particular we will see that

o p(s) =n—2s,

3
IN
v
IN

|3

For m = 1, work of Walther [?] shows that (5) cannot hold when s < 1/2, so that
a1,n(s) can only exist when s > 1/2. Thus there is no issue for the one-dimensional
wave equation. In two dimensions, we prove that

(41 -9), 1/2 <s < 3/4,
Otl,z(s)—{g(l_g)7 3/4<s< 1.

This refines a theorem due to Cowling [?] (see also [?]), who proved the convergence
with respect to Lebesgue measure when s > 1/2. We note a discontinuity when s = 3/4.
In higher dimensions, we prove that

n+1

o1.n(s) =n—2s, <s< g

For explicit bounds on ayn,n(s) for small values of s, we refer the reader to Sections 3
and 4. A complete resolution would of course be difficult as it includes the outstanding
problem of Lebesgue measure convergence for the Schrodinger equation.

The general set-up we describe here has a number of further antecedents in Fourier

analysis; in particular the work of Beurling [?], Salem—Zygmund [?], Carbery—Soria [?],
and Montini [?] on the sets of divergence of Fourier series and integrals.

3 Positive results

In this section we obtain upper bounds on the exponents aumn,n(s) using three different
approaches.



3.1 Via the Kolmogorov—Seliverstov—Plessner method

Here we employ the Kolmogorov—Seliverstov—Plessner method, as used by Carleson [?],
and the following lemma due to Sjélin [?].2

Lemma 1 [?] Letm > 1, z,t € R, v € [1/2,1) and N > 1. Then

ei(zE—tE™)
R

|§|7 ~ et

where the implicit constant depends on m, v and the Schwartz function 7.

The higher dimensional part of the following proposition follows by iteration of the one
dimensional part, which is only possible when m = 2. This was first noted for Lebesgue
measure by Dahlberg and Kenig [?].

Proposition 1 Let m > 1 ifn =1, orm =21ifn > 2 and § < s < §. Then for
a>n—2s,

l sup sup St A L1 () S Vea () 1F 1o )

=

whenever € M*(B"), f € H5(R") and (t,) € RY; i.e. amn(s) <n— 2s.

Proof We suppose that n/4 < s < n/2, as the case s = n/2 follows as a consequence.
Recall the a-energy of u, denoted by In (1), and defined by

// Iw—y\“

By an appropriate dyadic decomposition,

jagi(n—2s)
//\x—yw 2SN/Z w2 ()
<

Scalp), a>n—2s

for p € M*(B"), so it will suffice to prove the somewhat sharper

[ Z‘;%E‘;%'Sﬁf‘ Iz gy S VIn—2s () 11l o gy (8)
Here, as usual, H*(R™) denotes the homogeneous L2-Sobolev space

{rece): [ 1fere <},

2 An n-dimensional version of this lemma for m = 2 may be obtained by scaling Lemma
1.A of [?] as in [?].



On linearising, (8) follows from the estimate

2

< Tn2s (1) |1 £ 9)

SN (@) w(e)du()

B

uniformly in the measurable functions ¢ : B* — R, N : B™ — [1,00) and w : B® — S!.

By Fubini’s theorem and the Cauchy—Schwarz inequality, the left hand side of (9) is
bounded by

2
2s i(a-&—t(z)]E]™) d¢
iR [ \ [ov@ e wle) dua)| S5

Writing the squared integral as a double integral, and applying Fubini’s theorem again,
in order to prove (8) it will suffice to show that

[y e wvt) e e @I L wyuty) du(e)dn(r)
< Lyau(n) (10)

uniformly in the functions ¢, N and w.

From now on we assume that m = 2, n > 2; the argument for m > 1, n = 1 being
simpler. Fixing x,y € B", we choose our orthogonal coordinate axes in frequency space
&= (&1,...,&n) so that the associated unit vectors ey, ..., en satisfy

e1-(x—y)=...=en-(x—y).

With respect to these axes we have

[z —yl = Vnlz1 — il = ... = Vnlon —ynl. (11)
Now, as 1 is a Gaussian and [£[** > \fl\% |§n|27b, the inner integral of (10) is
bounded by
“Le ) p(N(y) " tej) (@ —@—twne) % |
€51
and by Lemma 1, for j =1,...,n,
/w<N<x>-1£j>¢<N<y>—1£j>ei(m—Wff’—“(x)—“y”f?) .
: déj| S ———1==
&1+ g = sl

Substituting in, we see that the left hand side of (10) is bounded by a constant multi-

ple of
// o1 — g1 () |( ; — gl // |:v—y\” 25

= In_2s(p),

where in the inequality we use (11). O



Replacing the multiplier eiitlgl2 by e—it(ﬁf—§§)7 we note that the previous argument
works equally well for the two dimensional nonelliptic Schrédinger equation. Given that
in [?] it was proven that divergence can occur on a set of nonzero Lebesgue measure
when s < 1/2, it is noteworthy that at the critical exponent s = 1/2, the sets of
divergence have Hausdorff dimension at most one.

3.2 Via bilinear Fourier extension estimates

Here we obtain upper bounds on am,n(s) as a consequence of certain bilinear Fourier
extension estimates of Tao [?, Theorem 1.1 and Section 9]. Although the resulting
relation between the parameters o and s will not be sharp, it will allow us to relax
the restriction on s that was present in Section 2.1. To this end, define the extension
operators

where

$;(&) = 271277 ¢ + €o|™ — m27|&|" 60 - € — 2% |go|™.

The support of g will be restricted to [—5,5]" and so the domain of definition of ¢;
is similarly restricted. We also only consider &y € {5n < || < 10n}. After a finite
splitting (depending on m), one can decompose the ¢; so that they are elliptic (as
defined in [?]) on their restricted domains, with constants which depend on |£| and
m, and which are independent of j € N. Thus, the following estimate holds uniformly
for all &y € {5n < |€] < 10n} and j € N, with the implicit constant depending only on
m,n and q.

Theorem 3.1 [?, Section 9] Let m > 1, n > 2 and q > 2%_:_13). Then

1T 915 hll as2mnt1y S gl L2 ey 1Rl 2Ry,

whenever supp g, supp h C [—5,5]" and dist(supp g, supplAl) > 1.

The following argument is similar to one employed by Tao and Vargas [?] (see also [?]
and [?] for refinements).

Proposition 2 Letm > 1, n > 2 and o > Z—I‘;’(n —2s). Then

[ sup sup IS5 51 21 4y S V/eall) I llaze e

= >

whenever € M*(B"), f € H*(R™) and (t,) € RY; i.e. amn(s) < Z—ﬁ’(n —2s).



Proof 1t will suffice to prove that for o > Zi‘i’ (n —2s),

!Iigﬂg\stfl It (ay S Vealt) £l e n), (12)
whenever ;i € M*(B") and f € Ll(]R”) has compact support. Here S; is defined by

Sif(,t) /f @ E=tlE™) 4 de.
To see this, we note that by the Fundamental Theorem of Calculus,
sup 15111 <[]+ [ | 55w
N>1
Now, letting V' denote the inverse Fourier transform,

1 FAV
1| = s (Gor1-07) | = s (PO

so that by the triangle inequality and Minkowski’s integral inequality, it will suffice to

prove
I Sup St (¢ ﬂ | ”Ll(du) S Vea(w) [ fll s ey

which follows from (12) as || (¢(] - |)ﬂv”Hs(Rn) < | fll s rny, and

00 N TN
S s fs (F 52|

Now as ¢/(N71|-]) < k>0 272nkXB(O,2kN)7 for all € > 0,

’dN

S Vea(w) 1 fll e gny-

L' (dup

/ =1y F onk
IR ey = X e

(XB(O}\zlliify : |J?>VH

H#(R™)

1
/S Nl+e Hf||H5+E(R”)a

so that if (12) were true,

oo _1. .A
S sl (M)

o0 1
S [ Vool game 1 lizoserydN
< Vel 1| g+ ey,

from which the proposition would follow. Thus, it remains to prove (12).

dN
L1 (dp)

Using the fact that co(u) > 1 when u € M (B™), by Holder’s inequality, (12) would
follow from

I §g£|5tf| ”Lq(dp) S ca(p) | fll sy

2(n+3)
n+1

with s > § — % and ¢ arbitrarily close to

geometric series it will be enough to prove

. By summing a Littlewood—Paley

n

1
Mg@ﬂmwmgwquqWM



whenever supp f C {5nR < |£| < 10nR}, and by scaling, this problem reduces to

[5p 152 £ 2 gy Ca (i) TR fll2,
(dp)

whenever supp f C {5n < [¢] < 10n}.

In order to take advantage of bilinear estimates we square the inequality;

Hfgﬂg‘stf( )Stf |HLq/2(dp,) <Ca( )E T||f“2

After a further finite splitting, for each j € N we break up the support of finto dyadic
cubes T,g of side 277. We write Tlg ~ T]g/ if Tk and 7' have adjacent parents, but are not

adjacent. Writing f: >k ]/c]\'k, where Ek = fx_r], we have the Whitney decomposition
k

(see for example [?,7]),

Stf(RfE) Stf(R.l? 277, //f 1(RI (E4+y)—t(1E]™+]y|™)) dé‘dy

- Z _(27r)2" // fjk(g)fjk,(y)ei(RE~(€+y)—t(\f\m"r\ylm))dgdy

Jik kT~ T,

= Y Sufir(Re)Si f (Ra).

j,k,k’:‘riw ‘r,i,

Calculating the temporal Fourier transform of St fji(R - ), it is easy to see that the sup-
port is contained in an interval of length < 277. This is also true of St fji (R - ) St i (R -),
and so by Bernstein’s inequality,

—2j
§u£|5tfjk(3$) Stfiw (Re)| < 27 [|Sefin(Ra) St fiw (Ra)l| par2 g -
c ,

Thus, by the triangle inequality and Fubini’s theorem,

—2j
| sup |Sef(R May 2 27 I1Shr(B) Sufip (Bl pars (dpay-

gk kT~ T,

On the other hand, the spatlal Fourier transform of S fj5,(R-) St fj (R ) is contained
in a ball of radius 10nR™ 7 so that

1S fir(R-) Stfiwr (R )| parzapy = || (Sefin(R-) Stfiw (R-)) *mngLq/g(dm

1—2
< ||St]§]€(R : ) Stfjk' (R : )HL‘I/Z(MI\?{‘*M(Q:)dx) HUIY%HLl ! )
<

ISt fje(BR-) St fjwr (B Lasz(ny ) p(a)da)
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where np = n(R™!.) and 7 is a Schwartz function, equal to one on the ball of radius
10n. In the first inequality we use that

2 1-2
6@ < [ IFWIIG@ - )16 - )]~ 1dy
2 1-2
< (1P172 < 161) " e,
and then move the convolution onto the measure by Fubini’s theorem.

Now, letting £y denote the midpoint between the supports of f;k and J/L‘J\'k/, by the affine
change of variables z — R™!(x + tm|€o|™ 2&y), we have

2n

1St Sk (R-) St fjer (Bl Larz(ny |« p(a)dedsy = B %
1St £k (- + tmlgo|™ %€0) St fins (- + tm|§0|m‘2§0)\|m/2(w{|* (R (z+tm|€o|m—2€0))dzdt)

and by the changes of variables £ — 2_j£ + &0, x — 27z, and t — 2%9¢, this is in turn
equal to

_2n__i(o _ 2(n+2)
R (=2 )|\7}973‘h\|Lq/2(w(x7t)dwdt>’

where
w(x,t) = Ikl * p(R™2 (x + 27 tm|Go| ™ 0)),
9O =fr@7e+&)  and  h= @+ ),
Note that supp g, supp h C [—5,5]" and dist(supp g, supp TL) >1

\%

Now, 1Y is a Schwartz function, and so satisfies |n¥| < 2k>02 n B(O’Qk). This

enables us to calculate an upper bound for w in terms of cq (/,L)

w(e,) = B [ '|(RET' (@ + P emlol 260 ~ 9) ) duy)

< R" Z 2_2nk,u<B(R_12j(a: T thm|§o|m_2§()),R_12k))
k>0

S RTL Z 27271](300((’“) Rfazka S R’nfaca(lu)'
k>0

Putting things together, we see that

2 2a _*2 _ )
HSUP\Stf ‘HLq(du ca(p) 1 Z R aoin K )HTngj hHLq/2(dzdt)7
J _7
k

7.k,k":

and we are in a position to apply Theorem 3.1. Applying the theorem and rescaling
yields

2(n+41)
q

509186 £ R gy S calwt ™5 37 275 gl vl

; o J
g,k ki~ Tht



11

Now as the sum in &’ is finite and the supports of both Ek and Jgk/ are contained in
77, by almost orthogonality,

S Afkll2lfrllz S I1£13.

k']~ 'r;,

Finally, the sum in j converges as q¢ > w, so that

2a
q

2 2 9
[ sup Ses (B Loy S cal) R 1515,

as required. a

3.3 Via weighted Fourier extension estimates

The exponents am,n(s) are closely related to certain other exponents arising in geo-
metric measure theory. Let Bn(a) denote the supremum of the numbers (§ for which

AR )| z2n—1) S BV ea ()l (13)

holds, for all R > 1 and p € M (B™), where we include measures which have not been
normalised for the moment. The problem of identifying the precise value of 8n(«) has
been considered by several authors, beginning with Mattila [?]. Further references will
follow.

Writing h = hy — ha + i(hs — h4), where the components are positive, we have

\/Ca(h“LL)th,LL” < \/COZ(IU‘)H:U‘H ”hiHL”(d,u)v t=1,...,4,

so that by the triangle inequality, (13) yields

(R 21y S BV ea() el 1Pl L ()

Thus, by duality, 8n(«) is the supremum of the numbers 8 for which

lgdo (R £1(apy S B Vealw)lul lgll L2 @n-1y (14)

holds, for all R > 1, g € L*(S"!) and u € M*(B"). Here do denotes the Lebesgue
measure on the unit sphere S" 1. By similar arguments to those contained in Ap-
pendix C, one can show that 8y (a) is also the supremum of the numbers 3 for which

lgdo (R )| 22y < B Vea(w) gl p2sn-1y

holds, however (14) will suffice for our purposes.

Weighted Fourier extension estimates of this type played a central role in [?] and [?],
and their use in the context of almost everywhere convergence problems for dispersive
equations goes back to Vega [?].
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In two dimensions, combining results of Mattila [?] and Wolff [?], the sharp decay rates
are known;
a/2,0<a<1/2,
Ba(a) =4 1/4, 1/2< a <1,
a/4, 1< a<2.

In higher dimensions, combining the partial results due to Mattila [?], Sjolin [?,?], and
Erdogan [?], it is known that

%,1 a € (0, 717_1]7
nl ae(ngt 7]
5 a) > 4 77 2 2D
n( )/ n+2a 2,06[%,”;2],
O‘T_l, a € ["'2"2,11].

On the other hand, using the so-called ‘Knapp examples’ one can calculate that

a € (0,n— 2],

(&4
<< 2
Bn(a) X {%‘*Q,ae [n—2,n].

Worse counterexamples have been constructed when the averages are taken over a piece
of paraboloid rather than the sphere [?], or for signed measures with finite Fourier

energy [7].

Note that the upper and lower bounds coincide when « € (0, "T_l], so that fn(a) = /2
in that range.

The following is a simple generalisation of a result of Sjolin [?] and Vega [?], and, unlike
the previous propositions, also holds for the wave equation.

Proposition 3 Letm > 1, n > 2 and s > § — Bn(a). Then

I sup sup Ensi Lt (ap S Vealw) 11l e gn)

=

whenever € M*(B"), f € H¥(R™) and (t;,) € RY.

Proof Using polar coordinates we may write

¥ @)l = [ oy Froy =t ag

/Oo w(N_lr) prlgmitr™ / f(rw) eim‘wda(w) dr
0

Sn—1

< /00 Pl / f(rw) e do(w)| dr.
0 sn—1
Thus, by Fubini’s theorem,
oo y
| igrilsvglsiifl 2 ey </OT [ (F(r)do) " ()| 1 gy - (15)



Now, by (14) we have

13

~

1(Fr)do)” )| 1 gy S Veal) T 2 1F ) pa@n-r)
for all 8 < Bn(a), so that (15) is bounded by

S Vaal) [ Py
by

Finally, by an application of the Cauchy—Schwarz inequality, this in turn is bounded

oo . .n—1-20 1/2 o 1/2
s </o <1+>) () 0 gy 2 )
S Vealw) 1f s @y

where the first integral converges by choosing 3 sufficiently close to Bn(a).
Combining the previous proposition with the best known lower bounds for 8y (), we
obtain the following corollary.

Corollary 1 Letm>1,n> 2 and

n+1—2s, se(%,%],
a> 3 41— 4s, s € (2, 2L,
+1
n — 2s, se ("=, 5]
Then

[ sup sup IS5 11 4y S V/ealb) M llpze s

whenever € M*(B"), f € H*(R"™) and (t;,) € RY; i.e.

n+1-—2s, sG(%%],
am,n(s)g 37n+1748786(%7n11]5
n — 2s, se("j{l,%].

n>4ands e (3,271

In the next section we will see that this is sharp for the wave equation when n = 2.
It is also an improvement on the previous results for the Schrodinger equation when
2071 )-

4 Negative results

In this section we obtain some lower bounds on the exponents om,» via some examples.
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Example 1

Consider fz x4 and du(z) = N"xg(z)dz, where
A=B(0,N), E=B(O,N"),
so that

1
@m)"

f(a) = /B oy PN g

Taking t = N~ "™, we see that the phase is close to zero for all x € E, so that

| sup 15811 s gy 2 NIAIE] = N7

On the other hand,
Veaw) 1 flls S N2TN°T2,

which, letting N — oo, yields the necessary condition

am,n(s) = n—2s.

Example 2

Consider f = y4 and dup(z) = N X (z)dz, where
A=[N,N+n N2 x [0,n N2,

E=1[0,(2(m+ 1)) x [0, (2N)~ /21,

By a change of variables, we see that

-1 -1 i(@-E—t|Ner+¢|™)
@ = g | [, PO N+ 8l) e e
= e | [ pller+ N7 g il e et ) g
77 A—Ney

where e; = (1,0,...,0). Now

V(I[Nep +£™ —mN™ '¢)
=m|Nep +£\m_2(Ne1 +&) —mN™ ey
=mN(|Nex +€™7% = N™ 2)e1 +m|Ney + €™ 7%,

so that, by the mean value theorem, for |£| < Nl/z,
m m—1 m—3/2
IV(|Ne1 + & —mN™ &) < m(m+ 1)N .
Taking t = m~'N'"™z; we see that

[t(|Ney + €)™ —mN™ t¢) —m ™ Nay| < 1/2



15

when |€] < N2 and |z1| < (2(m + 1))~ . Moreover, when z € E,
l(z — mN™ ey) - €] = |mabo + ... + | < 1/2,
so, for each z € F, the phase is effectively constant, so that

n-1 n
H()i];I<)1|Sin| HLl(d#) 2 Nz |AHE| =Nz

On the other hand, by calculating,

Vea(p) || fllas SN

We see that s > 1/4 is necessary for all values of a. Furthermore, we see that when
s < mn/4, it is necessary that

max{u 1, }Ns+%

am,n(s) = n+1—4s.

Example 3

Finally, with m = 1, we consider f: xa and du(z) = N X (x)dx, where

_ {g ER™ : |0c.,| < N2 and |¢] < N} ,

E= {x ER" : [0pe,| < N"V? and |z| < 1/10}.

Here 0¢ ., denotes the angle between £ and e1. Taking t = |z| cos Oz,e, ,

|z - & —t¢]]

[€]|z[[ cos b, — cOS O e |

N
15105 =0l B+

N

N y-1/25-1/2 %7

N

so that
n—1 n+1
sup |SY >N 2 |A||[E|=N 2 .
HO<tI<)1| tf‘ HLl(dl_L) ~ | H ‘

On the other hand,

ax{oc 1,0}

m. n41
Vea@) Iflle SN NI

"'H, yields the necessary condition

which, when s <

a1,n(s) = n+2—4s.
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5 Concluding remarks

The results as stated in the introduction are obtained by comparing the upper and
lower bounds for aum . In particular, the upper bounds for o2 are contained in
Corollary 1. In higher dimensions, the precise decay rates for the Fourier transform
averaged over spheres are not known. The possibility remains that a positive resolution
of this question would yield sharp estimates for the wave equation in higher dimensions.

Theorem 5.1 Let n > 3. If it is true that Bn(a) = min {5, ”+Z‘_2} , then

a1 n(s) = n+2—4s,1/2<s <1,
LnAS) = n — 2s, 1< s<n/2

As mentioned in Section 3, evidence was provided in [?] to suggest that

—2 -1
Bn(a) < min{%,n_‘—%}, when nT <a<mn, (16)

so perhaps the previous theorem is somewhat optimistic. For the pessimists, (16) would

follow if one could improve the lower bounds on oy ,(s) for s € (%, "T'H)

Finally, we note that if s »,(s) existed in the range 1/4 < s < 1/2, then by Example 2
of the previous section, it would satisfy

azn(s)2n+1—4s, n>=2

Thus, a2, (1/4) would have to equal n. This contrasts with the case n = 1 since
a2,1(1/4) =1/2 (see Proposition 1 and Example 1).

Appendix A: Proof of (4)

Here we consider the maximal operator M defined by

1
Mf(z) = U Bl )| ’ /B(m> f(y) dy|.

This is dominated by the Hardy-Littlewood maximal operator. The following lemma is well-
known (see for example [?, pp. 159]). We include a proof, avoiding interpolation of weak
estimates, from which we will also deduce (4).

Lemma 2 Let 0 < s <n/2 and o > n —2s. Then

”Mf”Ll(dM) < \/Ca(u) ”f”Hs(]R”)

whenever p € M*(B™) and f € H*(R"™).
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We remark that by the proof of Lemma 3 below, the L!(du)-norm in the previous lemma can
be replaced by the L?(du)-norm.

We note in passing that Lemma 2 implies that for all f € H*(R"),

1

dimg<{ z€R” : ————
{ Bl /o

f(y)dy diverges as r — 0 } <n-—2s.

This refines (but does not recover) the L2-Lebesgue differentiation theorem.

Proof of Lemma 2 We suppose that 0 < s < n/2, as the case s = n/2 follows as a consequence.
As in the proof of Proposition 1, it will suffice to prove the somewhat sharper

”MfHLl(d,u) S \/I'fl72s(:u') HfHHs(Rn)

Defining 7 to be the Fourier transform of \T11)|XB(071)’ by linearising the operator, it will

B(
suffice to prove

2

’/ / n(r(@)€) (&) e dg w(a) du(@)| S In—z2e (1) 1%

whenever 7 : B" — (0,00) and w : B” — S! are measurable functions. Now, by Fubini’s
theorem and the Cauchy—Schwarz inequality, the left hand side is bounded by
2 ge

j€J2s

Writing the squared integral as a double integral, and applying Fubini’s theorem again, it will
suffice to show that

[1F@ e [ ' [ n(r@8) = Suta) dutz)

/// n(r(x)€) n(r(y)g) e'==v)< %w(x)w(y) dp(@)dpu(y) < In—as(p).

Thus, it remains to prove that for 0 < s < n/2,

1
~ o -y

‘/ n(r(@)&)n(r(y)¢) =¥ %

uniformly for all choices of 7(z),7(y) > 0. Now the Fourier transform of | - |~2% is equal to a
constant multiple of | - |2*~™, so, by the change of variables z = x — ¥, this would follow from
the inequality

1 1 dy

sup |———— _
‘B(zaTQ)‘ B(z,r2) |B(17T1)| B(z,r1) |y‘n725

r1,r2>0

~ |Z|n725 :

This in turn would follow from the inequality

1 d 1
BT o TF S TE an
|B(1377‘)| B(xz,r) ‘y|n7 s |$‘n7 s
uniformly for € R™ and r > 0. By scaling this reduces to proving
d 1
/ Yo S o (1)
JB(x,1) y["28 7 |z|nm2s

which can be shown by direct calculation. 0O
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Now (4) follows from the previous proof. Using the fact that |£(£) e HEI™ | = |£(€)], the only
other change comes in the last line where instead of proving (18) we are required to show that

[ota-n s

|y‘n725 ~ |I|n72s'

However this follows using (17), as

dy —2nk dy 1
/w(z Y S > 2 /XBw,zk)(l" TV S s
k>0

and so we are done.

By standard arguments, similar to those in the next section, (4) implies that for all g € L2(R"™),
dimH{ z €R™ : SY(Gs * g)(x) A Gs xg(x) as N — oo } <n-—2s,

where Gs denotes the Bessel potential of order s defined via the Fourier transform by Gs &) =
(1 4+ |€]?)75/2. The proof of this requires the additional ingredient

IGs *g”Ll(du) S \/Ca(#) ”gHLz(R"):
which holds under the hypotheses of Lemma 2.

Appendix B: Proof of (6)

Consider g € S(R") such that |luo — gl|gs®n) < €, and note that

|SYuo — SQuo| < [SYuo — S¥g| + S¥g — Syl + 559 — SHuol.
We have,

p{z : limsuplimsup Sy uo — SNug| > A} < p{x : sup sup \S{g\;(uo —g)|>X/3}
k—oo N-—oo k>1N>1

+p{x

lim lim |
k—oo N—oo

Syg—Sogl > A/3}+ pfw : Isvlgallsg(g—w)l >A/3}.

Now, if {5 — 0, the second term on the right hand side of the inequality is zero, so by the
maximal inequalities (4) and (5),

plo s lim i [S¥uo — SYuol > A} S A Vel lluo — gl any

SAWealp) e
Letting € tend to zero, then X tend to zero, we see that
w{z : u(z, &) A u(z,0) as k—o00} =0
whenever p € M*(B") with a > am,n(s). Thus by Frostman’s lemma (see for example [?]),
H¥{zeB” : u(x,t) A u(z,0) as k—00} =0, a>amn(s),

where H® denotes the a-Hausdorff measure. By translation invariance and the countable ad-
ditivity of Hausdorff measure, we obtain (6). O

Appendix C: L2-estimates

Consider the estimate

Isup sup IS5 F11| 1 (g S Vealin) £l n) (L1)
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whenever p € M*(B™) and f € H*(R"), and the estimate
sup sup |SY c s(R™ L
st 0 1S3 11124 S V20 1oy (L2)
whenever p € M*(B™) and f € H5(R").

In the following lemma we see that these estimates are essentially equivalent. This is reminis-
cent of the Nikisin-Stein maximal principle which allows one to deduce a weak LZ2-estimate
for the maximal operator from an L!-estimate via the almost everywhere convergence that the
Ll-estimate implies (see [?]).

Lemma 3 (Ly) holds for all s > sg < (L2) holds for all s > sq.

Proof By Hoélder’s inequality, (L1) follows from (Lz2), so one direction of the equivalence is
clear. For the reverse direction, we suppose that (L1) holds for all s > s, so that by the
Fourier inversion formula,

N 7 —
sup sup |Sy, f <+e R\ fllr2, s> 50, 19
| E>1 N>1| o 121 apy Vea(w) B°|| £l (19)

whenever f € L?(Bg) and p € M*(B").

Considering p € M*(B™) defined by

xE(z)dv(z)

du(zx) =
w(z) oE)

where v is any a-dimensional measure supported in the unit ball B™, this yields

/iglzlsviplslv F(@) xp(x) \/(E

SVeaW)RE | fll 2.

Setting £ = {z : supy>; Supn>1 |S]t\§C F(@)| > A}, we deduce the weak type (2,2) estimate
v({e : sup sup |53, F@) > A}) Sea@)R*A|fII7. (20)
On the other hand, it is trivial to observe that
N 7 n/2
sup sup |Sy, f - < If ny SR f 21
| 200 509 13 1wy < 30 11122 (21)

whenever f € L?(Bg). Using real interpolation between (20) and (21), we obtain

- 2 2\ n
N < 1/p ps “ A\
| sup sup IS5 F1 | cogary S ca®) /PRI Nzes s> Zsot (1= 2) 50 @22)

whenever f € L2(Bg) and p € M%(B"), for all p > 2.
Using complex interpolation between (19) and (22), we obtain

I'sup sup S5 T L2 (apy S Vealw) RoIIf N2, s> so,

whenever f € L?(Bgr) and u € M%(B"). Here we have used the fact that ca(u) > 1. Finally,
we apply the Fourier inversion formula and sum a geometric series to obtain (Lz2) for all s > sg.
O
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We thus see that the positive results of Section 3 can be strengthened to L2-estimates. In
Proposition 1 however, we are obliged to restrict attention to the range n/4 < s < n/2.
Thus, we do not refine, or even recover, the result of Kenig and Ruiz [?] which gave a strong
L2(|—1, 1])-version of Carleson’s estimate directly.





