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This thesis is comprised of two main parts: Monotonicity results on discrete
fractional operators and discrete fractional rheological constitutive equations. In the
first part of the thesis, we introduce and prove new monotonicity concepts in discrete
fractional calculus. In the remainder, we carry previous results about fractional
rheological models to the discrete fractional case. The discrete method is expected
to provide a better understanding of the concept than the continuous case as this
has been the case in the past. In the first chapter, we give brief information about
the main results. In the second chapter, we present some fundamental definitions
and formulas in discrete fractional calculus. In the third chapter, we introduce
two new monotonicity concepts for nonnegative or nonpositive valued functions
defined on discrete domains, and then we prove some monotonicity criteria based
on the sign of the fractional difference operator of a function. In the fourth chapter,
we emphasize the rheological models: We start by giving a brief introduction to
rheological models such as Maxwell and Kelvin-Voigt, and then we construct and
solve discrete fractional rheological constitutive equations. Finally, we finish this

thesis by describing the conclusion and future work.
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CHAPTER 1

INTRODUCTION

In recent decades the field of discrete fractional calculus has attracted the
interest of researchers from several areas including mathematics, biology, physics,
chemistry, engineering and even finance and social sciences [15], [16], [18], [19].
Particularly, in the area of viscoelasticity, a significant effort has been made in
describing more closely the behavior of materials by using fractional mathematical

model.

The concept of monotonicity is very important in mathematics. Unfortunately,
in theory and applications of fractional calculus, researchers faced a lack of mono-
tonicity results for fractional operators. Dahal and Goodrich in [10] and Goodrich
in [12] initiated monotonicity analyse of the discrete fractional operators. However,
they did not consider monotonicity results for fractional orders between zero and
one. Therefore, in the first part of this thesis we concentrate on non-integer orders

which lead us to introduce new definitions of monotonicity concepts.

The mechanical properties of biomaterials are often represented by linear dif-
ferential equations developed from physical models of springs and dashpots. How-
ever, it was recognized that biological tissues exhibit more complex behavior such
as hysteresis, fatigue, and memory that could not be accounted for by using com-
binations of ideal springs and dashpots [16]. Since the tissues within the human
body are viscoelastic in nature, it is important to apply proper viscoelastic relations

when investigating the mechanics of deformation [13]. Testing and modeling of the



mechanical properties of biological soft tissues presents a unique set of challenges.
Fractional calculus is used to construct stress-strain relationships for viscoelastic

materials.

It has been recognized that rheological constitutive equations with fractional
derivatives have long played an important role in the description of the properties of
viscoelastic materials [19]. In the rheological constitutive equations this requires the
replacement of the first-order derivatives by fractional order derivatives. Because
the fractional derivative of a function depends on its whole time history and not on
its instantaneous behavior, they are perfectly suited for the description of materials
with memory, such as polymers or tissues [8]. The above given reasons led us
to construct discrete fractional rheological models. Discrete models characterize a

material by a finite number of springs and dashpots.



CHAPTER 2

PRELIMINARIES

The main purpose of this chapter is presenting some fundamental definitions

and formulas in discrete fractional calculus so that the thesis is self-contained.

The forward difference operator (A), for a function f:N, — R is defined by

Af()=ft+1) - f(1),

where N, ={a,a+1,a+2,...}.

If the function f is defined on a product space, X x Y, where X is a discrete space,

then the definition of forward difference operator becomes

Aef(t,s) = f(t+1,8) - f(t,s).

2.1. Falling and Rising Factorial Power Functions

In this section, we focus on the falling factorial power function since the def-
inition of the discrete fractional difference and sum operators involve them. In
addition to that, we give the definition and some properties of the rising factorial
power function which plays an important role in the monotonicity results of the

following chapter.

2.1.1. Falling Factorial. The falling factorial power function is defined by
[14], which is
tO =t(t-1)(t-2)...(t-r+1),reN.

3



Let I" denote the usual special Gamma function and let ¢t > 1. For € R, the falling

factorial power function is

o o L+
C(t+1-p)
Throughout, we assume that if t +1 - €{0,-1,...,~k, ...}, then t( =0.

We consider a map ¢ — ¢ from the set {t € R: ¢ and ¢+v do not belong to Z-u{0}}

to the set of real numbers R.

THEOREM 2.1.1. [1] Let pe R andte R—-{...,-2,-1,0}. Then
(Z) At = mg(,u—l)7
(ii) p#) =T (p+1).
2.1.2. Rising Factorial. The rising factorial power function is defined by [?,

5], which is

tr=t(t+1)(t+2)...(t+r-1),reN

and 0 = 1.

Let v be any real number. Then the rising factorial power function is

> L(t+v)
R0

We note that the Gamma function is not defined at zero and negative integers.
Therefore we consider a map t — ¢ from the set {t ¢ R: ¢ and ¢ + v do not belong to

Z-u{0}} to the set of real numbers R.



LEMMA 2.1.2. [3] Let « and 8 be any real numbers and t e R-{...,-2,-1,0}.

Then

(i) t°(t + @)5 = 1

~ (t+1)k
(it) Z r(n+1) “T(he1)

2.2. Fractional Sum and Difference Operators

The fractional sum operator of a function f(t¢) is denoted by A.¥ f(t) and the
fractional difference operator of a function f(t) is denoted by A¥ f(t) with arbitrary

positive real order v, starting at a. We consider the forward fractional sum as

defined by Miller and Ross [17]

a(s))¥-1

A () - Z“Tﬂs), (2.1)

where v >0, a € R, and o(s) = s+ 1. Define Ny, = {to,t9+1,¢p+2,...} and note that
Az¥ maps functions defined on N, to functions defined on N,,,. Further, we shall

consider the Riemann-Liouville fractional difference
ARf(t) = A7V f(t) = A™(A f(1)),

where >0, m—1< p<m, m denotes a positive integer, and —v =y —m.

There are several ways to establish (2.1). Here we exemplify a simple process of
defining the fractional summation as indicated in [19].

5



Let T be a time scale, which is an arbitrary nonempty closed subset of the real

numbers. For t € T the backward jump operator p: T — T is defined by

p(t) == sup{seT:s<t}.

We say that ¢ is left-scattered if p(t) < ¢. The set T* is derived from the time scale

T as follows:
T-{M}, M istheleft- scattered maximum

T, Otherwise.

THEOREM 2.2.1. [7] Let a € T%, and assume f: T x T* - R is continuous at
(a,t), where t € T witht > a. Also assume that f2(t,.) is rd-continuous on [a,o(t)],

where f2 denotes the derivative of f with respect to the first variable. Then
t t
g(t) = / f(t, T)AT implies g~ (t) = f A, T)AT + f(o(t),1). (2.2)
As a special case, taking T =7Z in Theorem 2.2.1 we have,

THEOREM 2.2.2. Let a € Z, and assume f : Zx7Z — R is a function, where t € Z

with t > a. Then

t-1
g(t) =3 f(t.s)
implies
t-1
Ag(t) = ) Acf(t,s) + f(L+1,1).
PROOF. By definition of the forward difference operator, we have
t t-1
Awg(t) =3 f(t+1,8) =D f(t,s)

6



=Y [f(t+1,8) = f(t,8)]+ f(t+1,t)

~
[uy

~ »
]
= e

=Y Auf(t,s)+ f(t+1,1).

a

V)
]

Let F} and F3 be defined on Z and a,t € Z with ¢t > a. Then, by Theorem 2.2.2 we

have

Ay (ti Fi(t- 0(8))F2(8)) = ti AFy(t-0(s))Fo(s) + Fi(a)Fa(t). (2.3)

S=a S=a

To find a general rule for the summation procedure of (2.3) we take the difference
(n—1) times and the function F} is chosen in such a manner that the function itself
and its first (n—1) differences vanishe at ¢t = a (i.e., A" Fj(a) = 0). Now, apply the

difference on both sides of (2.3), we get

Af (ti Fy(t- U(S))F2(S)) = Ay (tzj AF(t - 0(8))F2(s)) + AF(a)Fy(t)

- § A?F(t-0(3))Fy(s) + 2AF (a)Fy(t).

S=a

If we apply the difference on both sides to the above equation one more time, we

obtain

A3 (tgl Fi(t- 0(3))F2(5)) - A, @A?Fl(t — o (s)) Fy(s) + 2AF1(a)F2(t))

= § A3F (t - 0(5))Fy(s) + 3A%Fy(a) Fy(t).

7



In order to obtain the n — th difference, we follow the above procedure. Therefore

we have

A (tZ Fy(t- U(S))F2(S)) = tZ A"F (t - 0(5)) Fy(s) + nA 1 Fy (a) Fy(t)

S=a

t—1

= 2 AR (t-0(s))Fa(s),

t(n)
where n € Ny. Choose Fi(t) = — Hence, the above equality becomes
n!

Ar (tzl MF (s)) Z A (ﬂ) Fy(s) = :Z;Fg(s). (2.4)

S=a

-1
Now, if we choose f(t) =4, (Z Fg(s)) and apply the difference on both sides of

s=a

(2.4) we obtain
Anﬂ(z (t 0(3) F(s)):At(SFQ(S)):f(t).

Next, taking the (n + 1)-fold summation of f(¢) we have

o~

S8 S ) - tzl %f))(n)pg(s) - F(1).

S$=a s=a s=a

n+l term

Therefore,

F(t) = A" f () = ———— S (t-0(s)) ™M Fy(s).

F( +1) & Z
Now, it is possible to define an operator A= even when the positive number v is

not necessarily an integer, namely by the expression (2.1).

We would like to close this section by giving a geometric illustration of discrete

fractional derivatives. In order to do that we use given data, then plot it for different

8



« values between zero and one in mathematica (see in Appendix). Therefore, we

obtain

o
o
° . .
o o y(t0)
y(t, 0.2)
e y(t, 0.4)
e y(t, 0.6)
o e y(t, 0.8)
T ¢ o o g(t+1)-g(t)
®
o
® ) * K.

D

®
&
oo

..‘.

FIGURE 2.2.1. A geometric illustration of discrete fractional derivatives.

By looking at this graph, one observes that

o As o approaches to 1, the discrete fractional derivative “Agg(t)” gets closer
to the difference operator “Ag(t)”,
e As a approaches to 0, the discrete fractional derivative “A§g(t)” gets closer

to the function “g(¢)”.



2.3. A Discrete Transform Method of Solution

In this section we will define the discrete transform (R-transform) by

RO =3 () O (2.5)

i \s+1
R;,(f(t))(s) is the Laplace transform on the time scale of integers [7, 11].

The R-transform plays an important role by solving discrete fractional differ-
ence equations. We will need this method to be able to solve discrete rheological
models. Therefore, we will state some properties of the R-transform for the conve-

nience of the reader.

LEMMA 2.3.1. [1] For any ve R~ {...-2,-1,0},

(i) R (100 () = &)
. v-1) .t _ Oéyilr(y)
(i1) Ry, (1 Mat)(s) = Griicay

We shall also need to make use of a convolution theorem given in [1]. Let

h(t) =t=1 and g(t) = at. Define the convolution

(h+ g)(t) = 2@ o (5))“Dg(s).
where v e R~ {...-2,-1,0}.

Now we obtain a standard property for R, (h(t))(s)Ro(g(t))(s).

LEMMA 2.3.2. [1] For any v e R~ {...-2,-1,0}, we have

R, ((h+g)(t))(s) = Ru-1(h(t))(s) Ro(g(t))(s)- (2.6)

10



The above lemma was proven for ¢g(t) = a! in [1]. One can easily notice that the

proof can be carried to where g is any function for ¢ € Nj.

We introduce a few more properties of the R-transform. Treat AYf(t) as a

convolution and apply Lemma 2.3.2 to obtain

Ra (A7 f (1)) (5) = s Ra(f () (5)- (2.7)

LEMMA 2.3.3. [1] For 0 <v <1 and the function [ defined forv-1,v,v+1,...,

we have

Ro(A"f(1))(s) = s"Ry-1 (f(£)) - f(v - 1). (2.8)

11



CHAPTER 3

MONOTONICITY RESULTS ON DISCRETE
FRACTIONAL OPERATORS

In the papers [10, 12], the authors obtained the following monotonicity and
convexity results based on the sign of the fractional difference operator of a nonneg-

ative real valued function defined on Ny, where Ny = {0,1,2,...}.

THEOREM 3.0.4. [10] Let y : Ny - R be a nonnegative function satisfying
y(0) = 0. Fiz v e (1,2) and suppose that Afy(t) >0 for each t € No_,. Then y is

increasing on Ny.

THEOREM 3.0.5. [12] Fiz pe (N-1,N), for N € N3 given, and lety : Ng - R be
a given function satisfying Aly(0) =0 for each j €{0,1,2,..., N =3}, AN=2¢4(0) > 0,

and Ajy(t) >0 for each t € Ny_,,. Then AN-1y(t) >0, for each t € Ny.

We note that the above two results do not include the case where v is between

zero and one.

The main purpose of this thesis is to obtain monotonicity results for v € (0, 1).
First we introduce v-increasing and v-decreasing functions for any positive real
number v. We give some restrictions on v to compare these new monotonicity
concepts with the traditional ones. We restate the following monotonicity criterion

of the discrete calculus in the discrete fractional calculus:
Let f:Ny - R.

f is monotone increasing on Ny if and only if Af(¢) >0 for all ¢ € Nj.

12



For this purpose we consider a forward fractional difference operator of Riemann-
Liouville type as in the papers [2 - 7]. We then prove some monotonicity criteria
for a function f which is defined on Ny and has a sign (positive or negative) for A¥ f

when v is between 0 and 1.

We introduce two new monotonicity concepts. Let v be any positive real num-

ber.

DEFINITION 3.0.6. Let y: Ny - R be a function satisfying y(0) > 0. y is called

a v-increasing function on Ny, if

y(a+1)>2vy(a) for all aeNj.

Note that if y is increasing on Ny and 0 < v < 1, then y is v-increasing on Nj. Also,

if y is v-increasing on Ny and v > 1, then y is increasing on Ny. If v =1, then y is

increasing on Ny if and only if y is v-increasing on Nj.

DEFINITION 3.0.7. Let y: Ny = R be a function satisfying y(0) <0. y is called

a v-decreasing function on Ny, if

y(a+1) <vy(a) for all a € Ny.

Note that if y is decreasing on Ny and 0 < v < 1, then y is v-decreasing on Nj. Also,

if y is v-decreasing on Ny and v > 1, then y is decreasing on Ny. If v =1, then y is

decreasing on Nj if and only if y is v-decreasing on Nj.

13



ExAMPLE 3.0.8. We note that any increasing function on Ny with positive

wnitial point is v-increasing.

ExaMPLE 3.0.9. Consider g(t) = et on Ng. We claim that the function g
is v-increasing when v € (0,1/e]. This can be easily verified. In fact, we multiply
each side of the inequality 0 < v < 1/e by e~t. This implies that 0 < ve=t < e~(1+),

Therefore, by Definition 3.0.6, g(t) = e7t is v-increasing on Ny.

3.1. v-Increasing Functions

THEOREM 3.1.1. Let y: Ny — R be a function satisfying y(0) > 0. Fizv e (0,1)

and suppose that

Afy(t) >0 for each t e Ny_,.

Then, y is v-increasing on Ny.

Proor. We will prove that y is v-increasing by mathematical induction. First,

we observe that

1 t—(l—l/)

u(t) = AM(8) = A s B (= 0() M y(s) | 20

14



t—(1-v)
F(ll ) Y (t- a(5))y(s). Since As(t) > 0, s(t) is an increasing
s=0

function on N;_,. This implies that

Let s(t) =

T(1-v) I'(1-v)
:P(ll— v) [A(=2)y(0) + (-1)y(1)]

o1 ra-v) ra-v)
Ta-n | Te YO T y(l)]zo

1
- v)

s(2-v)=s(1-v) (1-)y(0) + (=) y(1) - I (=) y(0)

Therefore, we have

y(1) 2 vy(0).

Now, let us assume that the induction hypothesis is valid up to n = k- 1. Hence we
have

y(k) 2vy(k-1)>1%y(k-2)>...>v"y(0) > 0. (3.1)

We want to prove that for n = k, the inequality

y(k+1) >vy(k) (3.2)

is valid. To prove (3.2) we first calculate,

s(k+1-v)= Z(k:+1 v—0o(s))y(s)

1—>

and

s(k+2-1) - F(ll— > zo(k; +2- 0= 0(s))y(s).

Since s(t) is increasing, we have

15



s(k+2-v)-s(k+1-v)

1 k+1

F(l— )Z(k+1 v—35)y(s)

k- (-v) > 0.
e 9 )
Performing the sum operations above, we have

Fi | (10 (=) )
+(k=1-0)92)+ ...+ (2-)y(k = 1) + (1 - ) y(k) + () y(k +1)

1
T I(1-v)

[w—u%ww«»+uﬁw—urﬂwu>+%—2—urﬂw@>

o+ (=) y(k-1) + (—V)("’)y(k:)] > 0.
Then grouping the like terms we obtain the following inequality:

F(11— > [(k+1-v)) — (k- v) ]y (0) + [(k - v) ) = (k- 1-v)]y(1)
=10 = (k= 2-1) ]y (2)

+ ..+ [(2 - 1/)(”’) -(1- V)(’”)]y(k -1)+ [(1 - 1/)(”’) - (—V)(’”)]y(k) + (—V)(’”)y(k + 1)] > 0.

Next we rewrite the coefficients of y(0),y(1),...y(k+1) with A operator as follows

1

A0+ Al 1)) + A -2-0)y(2)

oA AL =)y (k= 1) + A(=) y(k) + (—v) Ty (k + 1)] > 0.

16



After performing the A operator using the power rule in Theorem 2.1.1 (i), we

obtain

F(ll— v) (-v)(k -=v) 7 Dy(0) + () (k=1 - )" Dy(1) + (-v) (k-2 - )" Dy(2)

.+ () A=) Dy -1) + (—0) (=) Dy (k) + (~) y(k+1) | > 0.

Then using the definition of falling factorial power, we have

1 ['(k-v+1) N(k-1-v+1)
D] R T TS LA S v (s pvan s p ALY

’ <—”>r(kr_(’§:31ﬁi)+ DA (_”)r(f-(;ﬁil [y =1
+ (—y)r(_l;(_zi I i)+ 1)y(k:) +T(-v+Dy(k+1)[>0.

Next we simplify the above expression as the following

+ F(I?(;)V)y(k -1)+ F(Fl(;)y)y(k:)] > 0.

So, we have

y(]f+ 1) + F((l_i)y)[(k_y)(k_ 1 _V)F(k(fz_)y)(l _V)F(l — V)y(())
(k-1-v)(k-2-v)...2-v)(1-v)I'(1-v)
’ ['(k+1) y(1)
. (k-2-v)(k-3- V)I;.(k()Q—V)(l -v)I'(1- I/)y(2)
(1-v)I'(1-v) ra-v)
+..+ TG) y(k-1)+ ) y(k:)]ZO.

17



Only by one simple algebraic step we obtain

(k-v)(k-1-v)...2-v)(1-v)v

w(k+1) > e y(0)
(k-1-v)(k-2-v)...2-v)(1-v)v (k-2-v)(k-3-v)...2-v)(1-v)v
v T(k+1) w{)+ I (k) v2)
+ St = 1) + b

By the induction assumption (3.1), we have

(k-v)(k-1-v)...2-v)(1-v)v

y(k+1) —vy(k) 2 Tk ) y(0)
(k-1-v)(k-2-v)...2-v)(1-v)v (k-2-v)(k-3-v)...2-v)(1-v)v
’ T(k+1) v+ I (k) v2)
(1P_(;))Vy(k -1)>0.

Hence, we conclude that for each k € N,

y(k+1)-vy(k) >0.

In the proof of the next theorem, the rising factorial power function plays an

important role.

THEOREM 3.1.2. Let y: Ny - R be a function satisfying y(0) >0. Fizv e (0,1)

and assume that y is an increasing function on Ng. Then,

Aby(t) >0 for each t eNy_,.

18



PrRoOOF. We want to show that

t—(1-v)
Mju(1) = A (D) = A gy 2 (- o) ()| 20

Similarly, let

s(t) = 1 t(ly)t a(s)))
W=y 2 o))

To complete the proof, we need to show that s(t) is increasing on Ny_,,.

For any natural number k with & > 1 we show that

s(k+1-v)-s(k-v) >0,
is valid. In fact, we have

s(k+1-v)-s(k-v)

o Sk L e () () y(s)
iy 5 Bk =) () + s (1) ()
o =) ) )

() =y =1) + s S ) (v o () )

) = 1) s S v o () 1) - )

et ;(—uxk —v=0(s) Dy - 1)

>y(k) -vy(k-1)+ (k 1)2( V)(k-v—-o(s)) D
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y(k 1

(k) y(k 1)+y(k 1) Z( I/(k? v— 0‘(8))(1/1)

1 k-1
>y(k-) |1+ =——= ) (-v)(k-v- S
20D (10 g v o) )
Then using Theorem 2.1.1 (ii) and the definitions of falling and rising factorial power

functions, we have

s(tk+1-v)-sk-v)2ylk-1)=——— Z( V)(k-v—-o(s)) D

r(1

<>zu

1-p)*
By Theorem 2.1.2 (ii), we have Z (-v)° ( V)

X Therefore, we obtain
= sl !

(1-v)*

s(k+1-v)-s(k-v)2y(k-1) k!

Choosing =k -1 and =1 in Theorem 2.1.2 (i), we rewrite the notation

(1-v)k (1—y)ﬁ(1—u+k—1)T_

K (E-1)! k
.. . . . (1-p)k-1
By the definition of the rising factorial power function, we say W > (0. Hence,
we have
k—
s(k:+1—y)—s(k:—u)2y(k:—1)%20
This completes the proof. 0

As a conclusion of the above obtained results, with y(0) >0 and for 0 < v < 1

we have the following list of statements:

e If y is increasing function on Ny if and only if Ay(¢) >0 for all ¢ € Ny.
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e If y is increasing function on Ny then y is v-increasing function on Nj.

If y is increasing function on Ny then Afy(t) >0 for each t e Ny_,.

If Aby(t) >0 for each ¢t € N;_,, then y is v-increasing function on Ny.

If Ay(t) >0 for all ¢ € Ny then y is v-increasing function on Nj.

If Ay(t) >0 for all t € Ny then Afy(t) >0 for each t e Ny_,.

We can summarize all these statements by using the diagram below for 0 < v <

y(t) is increasing4 sAy(t) >0

Aby(t) > 0—————y(t) is'v —increasing

The above proof can be easily carried over to the proof of the following result.

THEOREM 3.1.3. Let y: Ng — R be a function satisfying y(0) >0. Fizv e (0,1)

and assume that y is a strictly increasing function on Ny. Then,

Afy(t) >0 for each t e Ny_,.

COROLLARY 3.1.4. Let h : [1,400)y x R - R be a nonnegative, continuous
function, and let A be a nonnegative real number. Then the unique solution of the

discrete fractional IV P

Aby(t)=h(t+v-1y(t+v-1)), teNy_,

y(0) = A,
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y 18 v-increasing and nonnegative.

3.2. v-Decreasing Functions

In a similar way, the above results can be obtained for the function which takes
a negative value at the initial point of its domain. For the convenience of the reader

we would like to include the proof of the next theorem.

THEOREM 3.2.1. Let y: Ng — R be a function satisfying y(0) <0. Fizv e (0,1)

and suppose that

Afy(t) <0 for each t e Ny_,.

Then, y is v-decreasing on Ny.

Proor. We will prove that y is a v-decreasing function on Ny by mathematical

induction. We observe that

—(1-v 1 t— (1 l/)
Agy(t) = A0 y(0) = A gy X (E-o() My(s)| <0,
5=0
1 t—(l—ll)
Let s(t) = T-v) S (t-0(s))™My(s). Since As(t) < 0, s(t) is a decreasing
s=0

function on N;_,. This implies that

(2-0)=5(1-0) = £ 326D ) - iy v =) (o)
= T (O + s () = s (1) ()
- ST A0 + (1) ()]

R I C IR ()
T | T YO Ty (1))]“)
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This implies that

y(1) <vy(0).

Now, we assume that the induction hypothesis is valid up to n = £ — 1. Thus we
have

y(k) <vy(k-1)<vy(k-2)<...<v*y(0) <0. (3.3)

We want to show that for n = k, the inequality

y(k+1) <vy(k) (3.4)

is valid. Now, in order to prove (3.4) we calculate

s(k+1-v)= F(l ” Z(k v—5)y(s)
and
k+1
s(k+2—1/)—r(1_ )Z(k+1 v—5)y(s).

Since s(t) is decreasing, we have

s(k+2-v)-s(k+1-v)

1 k+1
= F(l——’/ Z(k; +1-v-35)y(s)
Sy 2= () <o
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By performing the sum operations above, we obtain

ﬁl(lﬂ +1=1)y(0) + (k- )y (1)

+ (k=1-0)y2) + ...+ (2-)Py(k-1) + (1 - ) y(k) + (-v)Py(k + 1)

1
T(1-v)

[(k _D)Y(0) + (k= 1= )1+ (k-2 1)y (2)

o+ (=) y(k-1) + (—y)(‘”)y(k)] <0.

Then by grouping the terms we get the following inequality:

1

() [k +1-2) ) = (k= ) ]y(0) + [(k = ) = (k-1 - 1)) ]y(1)

+ [(k -1- V)(‘”) -(k-2- u)(‘”)]y(Z)

o4 [@2-) = (=) y(k - 1) + [(1= ) = (=) ]y (k) + () y(k+1) | <0.

Now, we rewrite the coefficients of y(0),y(1),...y(k+1) with A operator as follows

1

T-0) Ak =) y(0) + A(k-1- u)(‘”)y(l) + A(k-2-v)y(2)

o A A=) y(k=1) + A=) Py (k) + (~v) My(k+1) [ <0.
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After performing the A operator using the power rule in Theorem 2.1.1 (i) and the

definition of the falling factorial power, we obtain

F(ll— v) [(—V)(k: ) Dy (0) + (—) (k=1 -v) 7 Dy(1) + (-v) (k-2 -v) T Dy(2)

ot () (A=) Yk = 1) + () () Dy (k) + () Ty (k + 1)
1 ['(k-v+1) Mk-1-v+1)
- F(l—u)[(_y)l‘(k—y+1+1/+1)y(0)+(_V)F(k:—l—y+1+y+1)y(1)

MNk-2-v+1) rl-v+1)
MRSl vy s wen s (G AR ) v P ps s LA G

'(-v+1)
" (_V)F(—z/+ l+v+1)

y(B)+T(-v+Dy(k+1)|<0.

Next we simplify the above expression, then we have

y(k+1)+ F((l_i)y) (k_y)(k_1_V)I;'(}C(f;)y)(l_V)F(l_y)y(o)
. (k-1- V)(k:—Q—?)(.k: +(12)— v)(1-v)I'(1- I/)y(l)
. (k—2—y)(k—3—y)1;.(}€()2—y)(1 -)I(1 —l/)y(2)
(1-v)I'(1-v) ra-v)
+ T3) y(k-1)+ @) y(k)] <0.

By a simple algebraic step and the induction assumption (3.3), we have

(k-v)(k-1-v)...2-v)(1-v)v

(k1) - (k) < e ()
. (k-1 —1/)(/{;—2I‘Eky4)-1) 2-v)(1 —V)Vy(l) s (k—Q—V)(k—S—F?]z)...(Q—J/)(l - V)Vy(2)
n (1F_(§))Vy(k—1) <0.
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Therefore, we conclude that for each k € N,

y(k+1) <wvy(k)

which means that y is a v-decreasing function for all n on Nj. ([l

Since following theorem can be proved in a similar way as in Theorem 3.1.2,

so we omit the proof.

THEOREM 3.2.2. Let y: Ny —> R be a function satisfying y(0) <0. Fizv e (0,1)

and assume that y is decreasing function on Ng. Then,

Afy(t) <0 for each t e Ny_,.

COROLLARY 3.2.3. Let h : [1,400)y x R = R be a nonpositive, continuous

function, and let A be a nonpositive real number. Then the unique solution of the

discrete fractional IV P

Ajy(t)=h(t+v-1y(t+v-1)), teNy_,

y(0) = A,

Yy s v-decreasing and nonpositive.
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CHAPTER 4

DISCRETE FRACTIONAL RHEOLOGICAL MODELS

The plan of this chapter is the following. We recall the essential notions of
linear viscoelasticity in order to present our notations for the mechanical models.
We limit our attention to the basic mechanical models, characterized by two and

four parameters.

We will consider a range of approaches to the linear theory of viscoelasticity

from integer-order models to discrete fractional calculus models.

4.1. Integer-Order Rheological Models

¢

The word viscoelastic is derived from the words “ viscous ” and “ elastic ”; a
viscoelastic material exhibits both viscous and elastic behavior— a bit like a fluid and
a bit like a solid. One can build up a model of linear viscoelasticity by considering

combinations of the linear elastic spring and the linear viscous dash-pot. These are

known as rheological models.

4.1.1. The Linear Elastic Spring and Viscous Dash-Pot. The springs are
assumed to obey Hooke’s Law, which responds as a linear elastic spring of constant

stiffness E as:

o(t) = Ee(t) (4.1)

where o is the stress and e is the strain that occurs under the given stress.
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The dash-pots are assumed to obey Newton’s Fluid Law, which responds with

a strain-rate proportional to stress:

de(t)

o(t)=n—, (4.2)

where 7 is the constant coefficient of viscosity.

E Ui

S e
g L o

FIGURE 4.1.1. The linear FIGURE 4.1.2. The linear

elastic spring. viscous dash-pot.

Hooke’s Law represents the rheological constitutive equation of an ideal solid, whereas
Newton’s Law corresponds to an ideal fluid. Therefore, relations (4.1) and (4.2) are
not universal laws, but only mathematical models for an ideal solid material and
for an ideal fluid, neither of which exists in the real world. In fact, real materials
combine properties of those two limit cases and lie somewhere between ideal solids

and ideal fluids, if materials are sorted with respect to their firmness [18].

In order to derive the rheological constitutive equations for viscoelastic mate-
rials, one starts by combining a small number of springs and dashpots in series or

parallel.
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4.1.2. The Maxwell Model. The serial connection of the two basic elements
gives Maxwell’s Model of viscoelasticity. Therefore, the sum of the strain of spring
(€1) and dash-pot (eg) is equal to the total strain (e). Also, equilibrium requires
that the stress (o) be the same in both elements. One thus has the following three

equations in four unknowns:

de;it) - %a(t), (1) = ex(1) + ex(t)

er(t) = %a(t),

To eliminate €; and €5, differentiate the first and third equations, and put the first
and second into the third. We obtain the continuous Maxwell model which is written

as

do(t) 1 ~
% + ;a(t) =F

de(t)

= (4.3)

where 7 = % has the units of time. This constitute equation has been put in what
is known as the standard form— stress on left, strain on right.

In this model, the stress relaxes or decays with time constant 7 following a unit
step function in applied strain. This stress relaxation behavior is characteristic of a

viscoelastic material.
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O =01=09
€1 o1

€l Q

. L.

o
€E=€1+6 \l/a

FIGURE 4.1.3. The Maxwell model.

4.1.3. The Kelvin-Voigt Model. The parallel connection of the two basic
elements gives Kelvin-Voigt’s Model. This model assumes that there is no bending
in this type of parallel arrangement, so that the strain experienced by the spring is

the same as that experienced by the dash-pot. Therefore, we have

de(t) 1

(1) = %al(t), R ONEIORLIORENG

where o0y is the stress in the spring and o is the stress in the dash-pot.
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Eliminating o1 and o5 leaves the constitutive law of the Kelvin-Voigt model, which

1s written as

o(t) = Be(t) + nd;(tt). (4.4)
/
g
o
A
) 01
v
€=€] =€y O 0O =01+09
g
\

F1GURE 4.1.4. The Kelvin-Voigt model.

4.2. The Discrete Fractional Order Elements in Constitutive Models of

Viscoelasticity

The next step in developing fractional viscoelasticity models is to combine a
fractional order element with other mechanical components. The behavior of these
systems can be described by fractional order differential constitutive equations. In
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order to show how the fractional order models behave in a number of usual dynamic
experiments on viscoelastic solids, Smith and Vries in [19] used various conventional
experiments, such as constant-rate-of-deformation test, relaxation test, creep test,
hysteresis experiment and oscillatory experiment to compare fractional models with

integer-order models.

The goal is to develop models whose solutions are more appropriate for de-

scribing complex physical or physiological systems, as in [16].

This fractional order element is characterized by the fractional order differential

equation
dve(t)
dtv

o(t)=ETY (4.5)

and includes three parameters (v, F, 7).

Since our purpose is constructing discrete fractional models, instead of using
(4.5) we need discrete fractional order elements, which give the fractional difference
equation

o(t) = ET7AVe(t), (4.6)

where 0 <~y < 1.
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E \::‘ n l(”y,E,T)

o o)
Elastic Viscous Fractional Order
Element

FIGURE 4.2.1. Elastic, viscous, and fractional order viscoelastic mod-
els for ideal elastic (7 = 0,7 = 1), viscous (v = 1, ET = 1), and fractional

order (v, F,T) elements.

Before we define discrete fractional models, we state and prove a theorem which

will help us to solve the equations of these new models.

THEOREM 4.2.1. Assume 0 < v <1 and f is defined on N,_; for t € Ng. The

discrete fractional difference equation

A(t) + Ae(t+a-1) = f(t+a—1) (4.7)
has the general solution
2() = 2(a = 1) E(t M) + [f(t+a—1) = B(t, -\, )], (4.8)
where E(t,-), o) = 2i(t +n(a—1))(me-D),

= '((n+1)a)
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PROOF. Applying the R-transform on both sides of (4.7), we obtain

Ro (A%z(1)) (s) + ARy (2(t +a=1)) (s) = Ro (f(t +a = 1)) (s).

By Lemma (2.3.3), we have

$%Ro1(2(t)) - 2z(a=1)+ ARo (2(t+a=1))(s) = Ry (f(t+a-1)).

Also, by (2.5) we have

1

Ro(2(t+a-1)) = (m)l_a Ry (2(1)).

Therefore, we obtain

s*Ro-1(2(t)) —2z(a-1) + Ro1(2(t))=Ro(f(t+a-1)).

Only by one simple algebraic step we obtain

A

R,-1(2(1)) [sa + W] =Ry (f(t+a-1))+z(a-1).

We solve this equation for R, (2(t)), we get

1
Ro1 (2(1) = ———[Ro (f(t+a-1)) +2(a-1)]. (4.9)
§Y + —Sr%
(s+1)l-«
1
Now, we need to arrange —————— as

(6%
STt Gt

1 1 1 1 1

X T e A(s+1)a-1
sinra O 1+ =—F—

. X T a
59+ e ST
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In fact, we have the following series expansion

a-1 2 200-2 3 3a-3
1 1(1_/\(s+1) +)\(s+1) CA(s+1) +)

s 5201 SBa

1 A(s+1)at A2(s+1)202  A3(541)3a3
—_— = + - +
s« 82a S3a 84a

Now, we take this equality and plug into (4.9), we obtain

I A(s+1)2t A2(s+1)2072 A3(s+1)3a3
R, 1(2(t)) = F(s) (S—a— 5204) + ( o A 5404) +)

a-1 2 22 3 3a-3
v2(a-1) 1 As+1) +)\(s+1) A (s+1) L),
s 52a SSa S4a

where F(s) = Ry (f(t+a-1))(s).

1 (s+1)*t (s+1)2a2
Before going further, we need to rewrite the notations —, ( ) , ( )
S

52 g3 [
by using the R-transform.
To do that we need to use Lemma 2.3.1 (i), first we have
1 1
— = —— Ry (D). 4.10
s T'(a) ! ( ) (4.10)
We write the second term as
1 1
—— = ——— Ry (t?D). 4.11
s T (2a) 2a-1 ( ) ( )

Therefore, by the definition of the R-transform we have

t+1
) t(20¢—1).
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Let t > t+«a -1, then we have

1
s+1

t+a—1+1
) (t+a— 1)

o (200 (9= 5

(s+1)“ ! Z (s+1)t+1(t+o‘_1)(2a_l)

t=a—1

=(s+ 1) Roy ((t+a-1)F D) (s).
Therefore, (4.11) becomes

(s+1)>t 1

2o = (g He ((Era= D) (s). (4.12)

Similarly, we can write

1 3a-1
s T(a )RM(“ ) (5): (4.13)

Now, we have

00 1 t+1
R3a_1 (t(?)a—l)) (S) — Z ( ) t(3o¢—1)'

t=3a-1 \9S +1

Let t - t+ 2 — 2, then we obtain

0 1 t+2a-2+1
Ru ((0) ()= 3 (15)  (r2a-2)@

trari \ s+ 1

1 1
- (s+1)2a2 t:;l (3 +1

t+1
) (t + 20— 2)Bo),

since for t = o and t = a — 1, the summand is zero. By the definition of the R-

transform we have

Raoq (t(?’o‘_l)) (s)=(s+1)* 2R, ((t +2a - 2)(36‘_1)) (s).
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Therefore, (4.13) becomes

(s+1)22 1
= R
g3 I'(3a)

et ((t+2a=2)B7D) (). (4.14)

1 A(s+1)21 N2(s+1)2%2  X3(s+1)3-3
_— + —
s« 82a S3a 84a

Now, to find F(s) ( +... ), we need
to use convolution product. By the definitions of the R-transform and the falling

factorial, we see that R, o(f(t))(s) = Ra-1(f(t))(s). Therefore, we rewrite the

equations (4.10), (4.12), and (4.14) we obtain

Rot (2(£)) = F(s)Rus (r (1a)t<a-1> _ ﬁ(t Fa-1)C 4 é;) (t+20-2)B0D _ )
+z(a—1)Rq-1 (F(la)t(a_l) T (t+a-1)%D 4 F(32a) (t+2a-2)GD ) :

Since there is a pattern among these terms, we rewrite them by using the summation

operator. Therefore, we have
Ro1(2(t)) = F(s)Raa (E(t,-\, ) (8) + z(a—=1)Ro1 (E(t, -\, @) (s), (4.15)

where E(t,-\, «) = i (=)

N (¢t -1 ((n+1)a-1) t Ny— )
2 T ((n+ Dy D) PeNa

Now, choosing v = & — 1 in Lemma 2.3.2, equation (4.15) becomes

Ro1 (2(t)) = Roa [f(t+a-1) = E(t,-\,a) + z(a=1)E(t,-\,a)] (s).  (4.16)

Finally, we apply the inverse R-transform to equation (4.16), then we obtain the

general solution of Theorem 4.2.1. ([l
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4.2.1. Generalized Discrete Maxwell Model with Single Fractional Or-
der Element. By choosing a discrete time domain, we convert the derivative op-
erator to a difference operator in equation (4.3). Therefore, we would obtain the

discrete Maxwell model, which is

Ao(t) + %a(t) _ BAC(D). (4.17)

If we replace the spring in the Maxwell model with a generalized fractional order
element, we can establish the appropriate constitutive relationship in the following

manner.

L)

(&7Ea71)

FIGURE 4.2.2. The fractional Maxwell model.
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Thus, the stresses o; and o, for the individual elements are given by

2dvei(t)

des(
o1(t) = Eri dta 2{t)

d t) = )
and o9(t) =no o

Our purpose is to write these above equations in a discrete domain instead of a

continuos domain.

We replace the spring in the discrete Maxwell model with a generalized fractional

element (4.6), then we have

0'1(?5) = ElTlaAaﬁl(t) and Ug(t) = 772A€2(t).
For 0 < < 1, we have

a
ElTl

AEl(t) = Al—a [Aa€1 (t)] = Al_a lgl—(w] .

Since €1(t) + ex(t) = €(t) and o(t) = 01(t) = 09(t), we have

A€ (t) + Aey(t) = Ae(t).

We can rewrite the strain relationship as the following fractional order difference

equation
1 o 1
~A"%(t) + —o(t - a) = Ae(t).
E17—1 12
a-1 ElTla Tla . . . .
If we let 77" = —— and E' = F}—, we obtain the discrete fractional order equation
2 T

of the Maxwell model for t=0,1,2,...,

Ao(t) + 77 o (t - o) = ET*Ac(t) (4.18)
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where o(t) is defined on {-o,1-a,2-a,...}.
To solve (4.18), we will apply the R- transform to the equation. Then, we obtain

1

Tafl

Ry (Al_aa(t)) +Ry(o(t—a)) = ETRy (Ae(t)). (4.19)

Now, we choose v =1 -« in Lemma 2.3.3 and apply it to (4.19). We get

1

7—a—1

L o(ca)+ By (0(t - ) = BrRy (Ac(t)).

7—a—1

SR, (o(t)) -

If we apply the equality in [11], which is

Ry (Ae(t)) = —€(0) + sRy (e(t)),

then we obtain

5 R (0(0) = o (-a) + Ro (ot - ) = B7 (=6(0) + sRo (e(1))).

Ta—l
Assume that the initial conditions are zero, then we have

L g (0(t)) + Ro(0(t - @) = ErsRo (e(1)). (4.20)

Ta—l

Now, let I(t) =t —-a and (00 I)(t) = o(t — ), then by definition of the discrete

R-transform we obtain

Ry((oo D) ()= (1) oD

t

- i (ﬁ)tﬂa(t—a).

t=0
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Choose u =t — «, then we have

Ry(o) ()= 5 () ot

Uu=—x

Hence, we write

1
s+1

Ro(o(t-0)) ()= (=15 ) R (o).

Take this above equality and plug into (4.20), we get

T +1

L seR, (0(t) + (SL)Q Reu (0(t)) = BrsRo (e(1)).
Therefore, we have

R . (o(t)) [(TS)I_a +(s+ 1)‘“] = ETsRy (e(t)). (4.21)

Now, we solve (4.21) for R_, (o(t)). Then we have

ErsRy (e(t Erro-l Ere
R,a (O'(t)) _ 0( ( )) — _ (5+1)_a

(rs)l-o+ (s+ 1)@ [i__j + (S+11)a:|7.a71 Cgl-a g

B Ere _ kBT 1
B Sl_a+)\(8+ 1)—a - gl-a 14+ A(s+1)—«

sl-«a

rl-o

1 1
where Ry (e(t)) =~ and A= ——.
s

In fact, we have the following series expansion

1 _q A(s+1)™ A(s+1)2¢ A(s+1)3> A(s+1)e
1 4 s+ S + 52-20 - 43-30x + gh—da T
Sl—a
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Therefore, we obtain

LM+ D) s+ 1) N(s+ 1) N+ D) )

Slfa 8272a S3—3a S4f4a S5f5a

R . (o(t)) = ET® (

Now, applying the inverse R-transform we have

o(t) = B0 [R;,} (S%) AR (M) FAZR! (M) . ] C(4.22)

S2—2a 83—3a

The equation (4.22) is a special case of Theorem 4.2.1. Therefore, applying the same

process, we find the solution of the discrete fractional Maxwell model as

00 A"
2T D(I=a)]

o(t) = ET¢ (t+n(l-a-1))H0-a)-1)

which is known as the Mittag-Leffler function in [2].

4.2.2. Generalized Discrete Kelvin-Voigt Model with Single Fractional

Order Element. The discrete Kelvin-Voigt model is

o(t) = Fe(t) + nAe(t). (4.23)

Adding a spring in parallel with the dash-pot unit allows for the relaxation plateau
to be observed experimentally. This is the Kelvin-Voigt Fractional model given by

9], which is

dee(t)
dte -’

o(t) = Ege(t) + B4 (4.24)
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and consisting of elastic and viscoelastic terms. Fy and F; may have different values;

however 7 can be modified so that

dve(t)

o(t) = Ege(t) + Eqm™ T

(4.25)

This form is convenient when expressing the time-domain behavior in response to a

step stimulus.

(@7E1a7_1) E

FI1GURE 4.2.3. The Kelvin-Voigt fractional model.
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Similarly, we rewrite the Kelvin-Voigt model by using a discrete time domain. There-

fore, the equation (4.25) becomes

o(t) = Epe(t+a—1) + By A%(t) (4.26)

which can be solved by using similar methods that we used before.

4.2.3. The Four-Parameter Model. In addition to the discrete fractional
Maxwell and Kelvin-Voigt models, we give the following model based on four pa-
rameters, a continuous version of which was given in [15], as the most adequate for
representing the viscoelastic behavior of certain materials from a rheological point

of view:

bA%c(t) +o(t+a—-1) = E1A%(t) + Epe(t + a— 1), (4.27)

where 0 < <1, with >0, Ey >0, By >0, b < g—; For a known tension o(t), we

find that (4.27) can be represented as follows:
Az(t)+ Xz(t+a-1)=f(t+a-1) (4.28)

E Ey-FE
oA_bo 1

200 4= and
B 2 , an

b
with z(t+a-1) = Ea(t+a—1)—e(t+a—1), A=
1
ft+a-1)=Ao(t+a-1), where t =0,1,2,..., and 2(t) is defined on N,_;.
By Theorem 4.2.1, the solution of the equation (4.28) is
2(t)=z(a-1)E(t,-\a)+[f(t+a-1)x E(t,-)\,a)],
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where E(t, -\, a) = i ()"

_ CN" (= 1))+ Da-1)
2 (s Dy D)

Therefore, the solution of the equation (4.27) is

bEy - F

e(t) = Eila(t)—[Eila(a—l)—e(a—l)]E(t, —)\,a)—[ B Lo(t+a-1) % E(t,-\a)|.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

The fields of fractional calculus and discrete fractional calculus have attracted
the interest of researchers from several areas. The theory of discrete fractional calcu-
lus and the theory of fractional calculus are parallel to each other in many directions.
In these fields, there are still many open questions waiting to be answered. In this
thesis, we closed some of the gaps in the analysis of discrete fractional operators and
we constructed discrete fractional rheological constitutive equations. In the second
chapter, we presented fundamental definitions and formulas in discrete fractional
calculus for the convenience of the reader. In the third chapter, we introduced two
new monotonicity concepts for a nonnegative or nonpositive valued function defined
on a discrete domain. We gave examples to illustrate connections between these new
monotonicity concepts and the traditional ones. We then proved some monotonicity
criteria based on the sign of the fractional difference operator of a function f, Avf
with 0 < v < 1. In the fourth chapter, we carried previous results about fractional
rheological models to the discrete fractional case. We started this chapter by giving
a brief introduction to Maxwell and Kelvin-Voigt models, and then we constructed

and solved discrete fractional rheological constitutive equations.

For future work, we would like to see applications of monotonicity results on
discrete fractional operators. Moreover, because discrete fractional rheological mod-
els are relatively new and undeveloped, some experimental data will be analyzed in

terms of the proposed model containing discrete fractional derivatives. We also will
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pay some attention to the relationship between fractional rheological models and

discrete fractional rheological models of the theory of linear viscoelasticity:.
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APPENDIX

An Illustration of Discrete Fractional Derivatives

The following Mathematica codes were used to compute and plot the graph in Figure

2.2.1.

o g[0]:=0.53,g[1] = 0.56, g[2] = 0.65, g[3] = 0.79, g[4] = 0.92, g[5] = 0.99,

g[6] := 1.05, g[7] := 1.05, g[8] := 1.05, g[9] := 1.05, g[10] = 0.98, g[11] = 0.92,
g[12] = 0.88, g[13] := 0.84, g[14] = 0.77,

e y[t alp; = 1/Gamma[l-alp]Sum[(Gamma[t+1-s—alp]*g[s])/Gamma[t+
1-s],s,0,t]-1/Gamma[l1-alp]Sum[(Gamma[t-s—alp]*g[s])|Gammal[t-
s],8,0,t-1];

e DiscretePlot[y[t,0],y[t,0.2],y[t,0.4],y[t,0.6],y[t,0.8], g[t + 1] — g[t],t,0, 14,

PlotLegends— > Expressions”].
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