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ABSTRACT

This work deals with the performances of a refined shell model for modelizing cylindrical multilayered deep or
shallow, thin or thick shells. To this end, new 3D analytical solutions are built from the well known Ren cylindrical
shell panel and stand for reference solutions. Next, a parametric study varying the shell geometry (radius of
curvature, thickness, curve side length of the panel) and the number of layers is carried out numerically using a C'
finite element based on the present shell model. Numerical results are then compared to the new set of reference
solutions established for laminates of 1, 2, 3 and 5 layers. Finally, use restrictions according to the shell geometry
can be done. Moreover, indications about shell curvature can be obtained considering the ratio between radius and
curve length.

Keywords: multilayered shells, reference solutions, refined shell model, geometrical, parametric study, interlayer
continuity conditions, C' finite element.

1. INTRODUCTION

Due to their exceptional specific stiffness and strength, composite materials are being increasingly used in advanced
structural applications. Numerous computational models dedicated to multilayered plates and shells analysis have
been developed; see [1-4]. A large part of models is dedicated to high-order theories [5—8] and zig-zag theories see
the historical review paper [9], allowing suitable transverse shear effects representation. Based on previous models,
finite elements have been elaborated to assess accurate displacement, strain and stress values for an efficient
structural design; the following papers can be consulted for plate and shell finite element [10—15] but also hybrid
solid-shell or 3D finite element [16—19].

In the present work, a refined shell model called sinus model is considered. A cosine transverse shear distribution
satisfying both displacements and transverse shear stress continuities at interlayer and at free faces is assumed in this
model. The associated C' finite element [15,20] is used to perform the parametric study about thick-ness (from thin
to thick), curvature (from shallow to deep), see Fig. 1, and lamination scheme of cylindrical panels. The main
objective is to evaluate the range of validity for this high order model when geometrical Love [21,22] and Donnell
[23,24] assumptions are introduced in the strain field. To this end, new ‘3D’ reference solutions are proposed based
on Ren’s work [25].

After some geometrical considerations on shells, the refined sinus model is recalled and simplified strain expressions
taking into account the geometrical hypotheses are presented. Secondly, cylindrical panel test configuration is
reminded pointing out geo-metrical parameters kept for this study. New reference solutions for different geometrical
parameters and stacking sequence are then obtained. In the following section, the parametric study is performed
using the C' 6-node triangular shell finite element [15]. A homogeneous cylindrical panel is first considered. Results
issued from different simplified strain field are compared with the new reference solutions so to select the most
reliable model suitable for shallow to deep and thin to thick cylindrical shells. Multilayered cylindrical panels are
then simulated using the selected model. Comparisons with reference solutions but also with Classical Shell Theory
(CST) and First-order Shear Deformation Theory (FSDT) are then given, deducing the relevance of geometrical
hypotheses for this refined shell model. Concluding remarks are finally proposed in the last section.
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2. GEOMETRIC CONSIDERATIONSON SHELL
A shell Cwith a middle surface Sand a constant thickness eis defined by, see [26]:

e . o r . 1
C = {_-U ERPOM(E, 2 =63 =r(£1,62,2) = ®(£) 4+ zas: £ € H;—..).(’chj <z< ..TPLEJ}

where the middle surface is described by a map ® from a parametric bi dimensional domain Q as:

d QR - ScR?

fe-1 =y PRy { 1)
£=(£.¢%) — ®(§)
For example, a cylindrical panel is obtained from the parametric space (¢!, &) using Eq. (2) and the map is
represented on Fig. 2.
1 &2 “{ '
X(£", &%) = Rsin=
(&8 I
<1 #2 r N ot .
(¢1,¢%) — qY(Ehe) =¢ )
el

Z"}Tll =2 — R ; L
(£, 87) fO‘:R

For a point on the shell middle surface, covariant base vectors are usually obtained as follows:

iy > o

r el 2 .
a, =P, %) 1 as ts

~lay xag||

In Eq.(3)and further on, latin indices ij,... take their values in the set {1, 2, 3} while greek indices a, f3,...take their
values in the set {1, 2}. The summation convention on repeated indices and the classic notation ( ),a = 6( )/ 0 * are
used. For any point of the shell, covariant base vectors are now deduced as:

rel ¢2 (5B LY 3
go =7T(£,6%. 2) =0, — 2b))ag =p as; and gz =ag (4)

The mixed tensor nf,, must be also introduced:

; ; 1 . - ;
. P by 3 18 o8 <
My = (1), = ﬁ—i{-ﬁ:ﬂ + 2(by — 2HO,) } 5
where = det(pl) =1 2Hz + (2)2K : H=3tr(b) ; K =det(bi).

Therefore, the covariant metric tensor &, , covariant b,; and mixte V., curvature tensors can be deduced. These
tensors and some relations between them are recalled hereafter:

o = lUgg = Qq.4g Ay = ﬂa,’:?a'ﬁ \
' ' ' a = det{agg) (6)
bcr;i - b_.ﬂa = —Qqy.03 3 E)EE = ﬂ-’ljﬂ"'lfin:.a

Finally, the elementary surface and volume, respectively dSand dV are classically given by:

S = /a dgt de? _
) ] (7)
dV = pdSs dz
All these classic relations as well as more details for obtaining the Christoffel symbols and other differential
geometrical entities can be found in Bernadou [26].
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3. THE REFINED SHELL MODEL AND STRAIN FIELD SIMPLIFICATIONS

3.1 The displacement field

The refined displacement field is based on an assumed transverse shear stress distribution (as introduced in
Whitney’s work [27]) developed in [11] and extended in [20,15]. The classical plate/shell assumptions o33 = 0 is
used. Continuity requirements for both displacements and transverse shear stresses at inter layers and at free faces
are satisfied. The main steps of the procedure are summarized in Appendix A. For a layer (k), the displacement field
components are expressed in the & contravariant basis by:

up (4,62 2,t) = pf v (84,62, t) — 2 va (81,2, 1) + Fr)(2) 40(gt, €%, 1)

u%" 1.2 20t) = pu§ va(E1, 6%, 1) — 2 'l’grgllél.\tz.l"}—l—FzC“‘MIl.TJ et g2t (8)
uy (€4, 62, 2,t) = vs (€L, £2,1)

where tis the time and classical summation on repeated indices is used. In Eq. (8),

— v; are the displacements of a point on the middle surface;
— . is the transverse shear strain at z= 0 defined by

Ve = Pu T + 14,

where ﬂl 6, and 5, = —6,, being 6, and 6, the positive material fiber rotations about the aand & axis,
res(}zectwe y.

)(2) are functions of the normal transverse co-ordinate z defining the distribution of the transverse shear
stresses through the thickness. They are expressed by:

FE(2) = f1(2) + g™ (2) ; FEF)(2) = g% (2)

. . - . (©)
FrE) () = g3 (2) ; FF¥(2) = fa(2) + 4™ (2)
In Eq. (9), the thickness functions fi, £, gl(k), e, g4(k) depend on the coefficients %, d®, by, bss and on the
trigonometric functions as follows:

F?
F_Elr'rf IL _,I
]

fi(z) = f(z2) -
falz) = flz) — —5144f’l-'f,l (10)

9 (2) = af -“-l-fl"l'l i=1,2,34and k£ =1,2,3,..., N.

where f(z)=e/m sin (nz/e)and N represents the number of layers. Fig. 3 illustrates the multilayered shell.

The coefficients a ), d,-( on the one hand and by, bss on the other hand, are determined from the boundary
conditions on the top and bottom faces of the shell and from both displacements and tranverse shear stresses
continuity at interlayers, see Appendix A.

The refined displacement field, see Eq. (8), can be seen as a high order development with respect to the transversal z
co-ordinate. Classical shell models can be retrieved using f;, f, gl( ,. g4 functions as follows:

- K1rchhoff Love Koiter model (KL-K), called Classical Shell Theory (CST), is obtained with fi(2) = £(2 = 0 and
a“@=o:

U311

[

a3
Uy = pyvg —

L]
Uy = [l — 2 U39 (11)
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— Reissner-Mindlin Nagdhi model (RM-N), called First Order Shear Deformation Theory (FSDT), is obtained by
setting f,(2) = £(2) = zand g¥(2 = 0:

uy =14+ 2 -"jl
Uy = vg + 2 By (12)
Ug = VU3

Hereafter, the superscript (K) for " is omitted in order to lighten the strain field expressions and the finite element
description of the model.

3.2 Thegeneral strain field

The general strain field directly issued from Eq. (8) is first presented using the total Green-Lagrange formulation.
Simplified strain models based on specific geometrical assumptions are subsequently proposed. The resulting
models will be assessed in Section 5.

The linear strain components can be expressed in the covariant g basis as:

2Ep =g, U+ ggtia (13)

26 =g, U3+ gau,

where U is the displacement vector. Using differential geometrical considerations see Section 2, and after some
algebraic calculations, the covariant strain tensor components are obtained in the local contravariant basis & as
follows:

€= ¢y(a' @al)  with

1 ) ; ny .
250.3:]“( e+€3o+pft JF +F3".a,'€m+0it JFM“‘GEK ) €2,

+ {(a-,-_f.; — 2H5}) (€9, + FU(2) el + Gu(2) e2,) +
(14)
(0 — 2HBY) (€3, + F5(2) ey + G(2) 2,)})

]' A ’ X R
Vepg = m (F; (z) 9 4+ {P;-:*L.?J — 2FP g.":;) ",-g

+z(b — 2HY) {F,l Jrq—l-fry(F?(_}—“'F?l_J) })

where G'(2 = F,' (2 -4, z
For convenience, the following notation has been introduced in Eq. (14) to separate the characteristic contributions :

membrane strain : e, = Va|g — bagta

bending strain 1 : el =17,
J i;r =) t afd i C'|.'3 (15)

bending strain 2 : = b S Un|g + '5._».| gUN + V3jag

c;'i‘

transverse shear strain : V0 =3, + b s+ v,

where symbol |4 stands for the covariant derlvatlve w1}h respect to tgg curv1lme r co-ordinate & .
Furthermore, 1t is noted the}} the CST mo ives F, (=0and G (9 =z 5 with bending strain reduced to & of -
The FSDT model yields F,” (2 = zand =0 and the bending stram is represented by & 45 .
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3.3 The strain field ssimplifications

The general strain field Eq. (14) is now simplified taking into account geometrical properties of the shell. The
simplifications are shown to mainly affect the expression for the membrane-bending strains ¢,4 . For transverse shear
strain expressions ,3 only the first term F,” (2y,’ is retained according to the continuity requirements, see Appendix
A.

The following three strain models can be directly derived from the general one:

SIN-C model (SINus model with Continuity): the membrane-bending strains are not changed while the transverse
shear strains are reduced to the first order term, so:

1 i 2 N
2€as = E( op T €5a + Fl(2)e0s + FE(2)60 + Gol2)els + G(2)el
+.:*{|ZE)£§.—2H5§HE§A + FY(2)ely + GU(2)e,) +
(i — gﬂfsg)( e+ F5(2)ey +G?§ﬂ'f‘i€3x)})

2603 = FY ()]

i

(16)

SIN-C/L. model (SNus model with Continuity and Love hypothesis): this model is associated with the shallow shell
hypothesis introduced by Love [21] using the fol-lowing geometrical assumption:

b el = 1+ ~ 1
Therefore, the membrane-bending strains become:

Zepa = E-.I:'l:._? + ED:-Q —I—F‘_,':It/JIEIl,:-—l—F:.I ze |-'-.1+ G'ﬂ ;:IE' :-—l—G:.I /:I&'Ij__.t a7
26,3 = F¥'(2)7°

Furthermore, the bending strain 2 expression becomes:

@

€ = U3las

SN-C/L-D model (SINus model with Continuity and Love-Donnell hypothesis): in this model, Donnell’s
assumptions for which the membrane coupling effects in the transverse shear strain at the middle surface are
neglected, are introduced into the SIN-C/L model. The following plate transverse shear strain components are then
used:

0 _
- :Ba + V3,a
A synthesis of the strain expressions for the three models is given in Table 1.

4. REN CYLINDRICAL PANEL: new 3D reference solutions

The cylindrical panel test configuration of Ren is recalled in Fig. 4. Reference elastic solutions, see [25], are given
for a homogeneous and a three layers shells with R/a= 3/= and S= Re= 4, 10, 50, 100. In this work, reference
elastic solutions are extended to other shells with different ratios R/a, R/e (see Fig. 5) and for other lamination
schemes.

The configurations of the shell panel considered in this study are described below.

Shell geometry (see Fig. 5):

— &' €0, R®] and the panel is assumed to be infinite along the & direction. Three values of ® angle are

considered: ®=30°, 60°, 120;
— middle radius Ris equal to 10;
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— the curvature of the shell is controlled by the ratio R/a= 1/ ® where ais the length of the curve side. The smaller F/a
ratio is, the deeper is the shell. For the parametric study, the ratio R/a takes the values 6/z, 3/x, 3/27x, corresponding
to an angle @ equal to 30°, 60°, 120°, respectively;

— the thickness eof the shell is controlled by the ratio S= R/g the shell is all the thinner as Sratio is high. Ratios S=
Re= 4,10, 50, 100 are considered for this study.

Material properties.
one layer 0°, two layers (0°, 90°), three layers (0°, 90", 0*) and five layers
(0°,90°,0°,90°, 0°) of equal thickness are considered with the Pagano material properties [28]:

E1 = 25E2 5 Gl2 = Gl3 = 05E2 5 623 = 02E2 s Vi = 0.25

Loading and boundary conditions:

A sinusoidal pressure with respect to ¢ ' is applied: q(&') = g, sin(z&' /R ®) where @, is the maximum pressure value.
The cylindrical panel is simply supported along its straight edges.

The methodology to obtain analytical solutions based on the plane strain hypothesis is detailed in Appendix B.
These analytical solutions, mentioned in bold character in tables 2 to 5, are taken as reference for the parametric
study presented in the following section.

5. THE PARAMETRIC STUDY

The different approximations for the strain field introduced in Section 3 are evaluated by means of a six node
triangular FE. The main characteristics of this finite element, see [20,29], are briefly recalled Using a conforming
finite element approach, the displacement field given by Eq. (8) indicates that v;" must be a C'-continuous function.
The other generalized dis 0placements v," and 6, have to be defined in the Sobolev space

H'(Q,) and be at least C’-continuous.

Therefore, we choose the Argyris interpolation [30] for the deflection and the Ganev 1nterpolat10n [31] for the other
generalized displacements. Note that the Argyrls interpolation is exactly of contlnulty C' and the Ganev
interpolation involves a semi-C' contlnulty which is not needed here. The long expressions for these interpolations
are omitted here, and the reader is referred to either the original papers [30] and [31] or to the book of Bernadou
[26].

The degrees of freedom (dof) associated with one finite element in the local curvilinear basis are given as:
— for a corner node:

Uy ¥ V12 U2 Uz) U2z

Uz V3] Uaz Vil Vszz Valz (18)

|5I1 I91.1 '91.2 '92 '92.1 '92.2

— while, for a mid-side node:
Ul ta Uz Vzn
v (19)
th Orn Oy 0,

where () , indicates the derivative with respect to the normal direction along element edge.

First, simulations on homogeneous case involving different shell geometries (R/a; R/e) are performed. The aim is to
evaluate present SN model including Love and Donnell assumptions with respect to analytical reference solutions.
Then, the most reliable model for shallow to deep and thin to thick shells is retained. Secondly, multilayered shell
panels with 2, 3 and 5-plies are simulated using the selected model. Transverse displacement and stresses are
compared with analytical solutions. CST and FSDT solutions, deduced respectively from Eq. (11) and Eq. (12), are
also mentioned.

For any case, only a quarter of the panel is modelized and the N= 4 mesh is retained, see Fig. 7. Non-
dimensional absolute values V' 3, ™ ; and ¢™ |5 are defined by:
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73 = vaF310/(g1eSY)
g = ou/(qps?%) (20)

_ Iy
d13 = 013,-"‘9'15)

V3, 0 1) and ¢ 13 are respectively evaluated at (9/2,L/2,0), (®/2, L/2," ¢/2) and (®,L/2,0) and summarized in
tables 2 to 5. Relative errors between numerical values and reference solutions are finally given in Fig. 10 to
Fig. 15 and Fig. 18. The stresses are computed from the constitutive law. Alternatively, a post-processing
computation integrating the 3D equilibrium equations along the thickness has been used.

5.1 Homogeneous case
Results are summarized in Table 2. In this table, the geometry of the shell varies as follows:

— from left to right, the angle ® is increasing: the shell changes from shallow to deep; — from top to bottom, the
thickness eis decreasing: the shell changes from thick to thin.

5.1.1 Discussion on models pertinence according to S = R/e and R/a ratios

The pertinence of the presented models for a shallow shell (R/a= 6/r), a deep shell (R/a= 3/2x)) and a shell
with intermediate curvature (R/a= 3/z) can be assessed by means of the results reported in Fig. 10, Fig. 11 and
Fig. 12. Several remarks can be done:

— for Ra = 6/, see Fig. 10, all the models give comparable results. Relative errors on ¢ |; and 6™ |3 are
respectively lower than 10% and 5% for all Svalues. Relative errors on V 3 are significant but acceptable
(between 12% and 19%) when the shell becomes thick (ratio S = 4);

— for Rla= 3/2x, see Fig. 12, some differences can be noticed on both stresses and transverse displacement:

- SIN/L-D model is not suitable.

- SIN/L model presents significant discrepancy on transverse displacement V 5 varying from 29% for ratios (S=
50, S= 100) to 41% for smaller Sratio and also on the transverse shear stress o ;3 which is about 16% for
ratios (S= 50, S=100) .

- SIN model gives best results.

— for intermediate ratio R/a= 3/x, see Fig. 11, interesting constatations can be done:

V 3,0 1 and o 13 estimated values using SIN model are good, whatever ratio Smay be.

- SIN/L model gives smaller discrepancy than those observed for R/a = 32z : less than 17% on the
transverse displacement V3, less than 7% on transverse shear
O 13.

- for SIN/L-D model, V ;, 0" |; and ¢ |3 obtained are far from the reference solution. Donnell assumption
becomes very penalyzing for v ;.

Moreover, results issued from SIN model are presented in Fig. 13 in order to show the homogeneity of its

behaviour for all R/aratios and for S= R/e greater than 4.

5.1.2 SYynthesis from parametric study on the homogeneous case
From the previous remarks, we can keep in mind:

— SIN model clearly appears as the best one providing reliable results for all shell geometries;

— indication about shell curvature can be obtained considering ratio R/a. Ratio R/a ~ 1 seems to correspond
to the limit between a shallow and a deep shell. In that way, ratio A/a < 1 rather characterizes a deep shell
whereas ratio A/a > 1 is character-istic of a shallow shell;

— for shallow shell, good results are obtained by all models when the shell is thin or thick. Love hypothesis, 1
+2f, ~1, and Donnell one, yao =f,+ W54, can suit in this case.

— Love and Donnell hypothesis cannot be used for deep shells.

In the following, SIN model is conserved including continuity requirements for multilayered case: it is now
called SIN-C.
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5.2 Multilayered case

521 Twolayerscase

Results are summarized in Table 3 and plotted on Fig. 14 for ratios R/a= 6/x, 3/x, 3/2x. For this two-layer case,
o 13 is evaluated at (@, L2, e/4) position and not at (@, L2, 0)
one like for others cases. Relative errors on V 3 and ¢ {; remain satisfactory whereas o 5 relative error does
not appear acceptable. In this particular case where the maximum transverse shear stress ¢ |3 occurs on the
middle of the bottom layer but not on the middle shell surface, the prediction of the transverse shear stress
by a cosine function through the shell thickness is not very good. Improvements are significant integrating
equilibrium equations at post processing level, see Fig. 8.

522 Threelayerscase

Comparisons with classical CST and FSDT shell models in Table 4 and on plots Fig. 15 show reliable results
obtained using SIN-C model. Relative errors are logically more significant for thick shell (S= 4) when the shell
draws near to a 3D solid.

o 11 and o |3 through the thickness distributions are plotted on Fig. 16, Fig. 9, Fig. 17 for ratio R/a = 3/ and
different ratios S A good behavior is obtained excepted for S= 4 where distribution of o3 is sensitive to 3D effect,
while Sinus model gives always symmetric ¢ ;3 distribution. As seen before, this point can be advantageously
improved by integrating the equilibrium equations.

523 Fivelayerscase

Results are summarized in Table 5 and plotted on Fig. 18. Same constatations as for three-layer case can be done
and the homogeneity of the results can also be observed for all ratios R/a. Relative errors obtained remain very
acceptable for all tested geometries.

6. CONCLUSION

In this paper, a refined shell model to analyze cylindrical multilayer deep or shallow, thin or thick shells have been
evaluated. The effects of the well known Love and Donnell shell hypotheses were particularly looked at in order to
evaluate the range of validity of such high order model. To this end, the shell geometry has been restricted to Ren’s
cylindrical shell panel for which new ‘3D’reference solutions have been established varying the thickness R/ the
curvature f/a and the number of layers for laminates. Next, a parametric study has been performed numerically
using a C' 6-node triangular finite element based on the present refined shell model and numerical results have been
compared to reference solutions.

The parametric study on homogeneous case has revealed that:

— the shell curvature can be measured by the ratio A/a. The R/a= 3/r ~ 1 seems to be representative of the limit
between a shallow and a deep shell;

— Donnell assumption is acceptable only for shallow shells;
— Love assumption 1 =2, ~ 1 is not suitable for semi-thick shells and for deep shells;
— the Sinus model provides reliable results for all considered shell geometries.

Furthermore, numerical simulations on multilayered cases have proved that:

— the SIN-C model gives good results for both semi-thick shells (S> 4) and deep shells (R/a < 1);

— an accurate transverse shear stresses distribution is obtained. In the case of the two layers shell, the use of the
equilibrium equations is efficient to recover the distribution but the maximal value of the transverse shear stress
is well evaluated using the constitutive law.
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Fig 1. Different geometries for the shell panel

Fig. 2. The bidimensional domain and the shell panel using a geometrical map.
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Fig. 3. Laminations and deformed normal material fiber in homogeneous case.
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Fig. 4. The Ren laminated cylindrical shell panel - Reference configuration.
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M odel Strain componentsin contravariant ai basis

0 0 Vv Vv v
SIN-C 2415 - l/u(gaﬂ T &g +F, (2 gvﬂl +Fﬂv (2 gval'l' Gi (2 SvﬁZ + Gﬁ 2 8va2
o o0 . 1 v 2
+Z((bﬂ - 2H5ﬂ JEw, TF (D ey +G (D &)t

(b —2H0) (e5°+ F5' (2 &' + Gf (D) &)

, 0
2843 = Fav Dy

. 0 .
with eoa/;, ela/;, eQa/; et y, defined in Eq.(15)

SIN-C/L 2e4p = goaﬂ + EOﬂa + Fav (2 51\15’ + Fﬂv (2 31va + Gva(z) 52vﬁ + Gvﬁ (2 gzva
, 0
2603 = Fo' (D

. 0 1 0
with szaﬁz Vijop and € 48, € gp, v unchanged

0 0 v 1 1 v 2 % 2
SIN-C/L-D | 2¢4p =€ op t€ pq +F, (D¢ B +F,Bv(z)8 vo TG oD vp +Gﬁ(2)8 va

, 0
2e43 = Fav (yv

0 2
with v =p Wy , ¢4 = Vg and soa,;, gla/; unchanged

Table 1 Strains expressions for simplified models.
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R/a

6/

3/

Dau & al. e Solutions & Parametric Study for M ultilayered Cylindrical Shell

32n

R/e Models

V3 71 713

V3 71 713

V3 g1l 713

Ref.
Sol.

SIN
SIN/L
SIN/L-D

0.048 0.4270.4500.231
0.042 0.5260.4090.228
0.041 0.4740.4650.225
0.039 0.4540.4550.221

0.312 1.3311.0790.572
0.277 1.2480.9710.557
0.260 1.1401.096 0.537
0.219 0.9860.9870.495

6.216 6.928 5.397 1.943
5.199 6.081 4.715 1.838
3.6715.2794 5.012 1.518
1.604 3.001 2.992 1.021

Ref. Sal.
SIN
SIN/L
SIN/L-D

10

0.0112 0.2380.221 0.253
0.0108 0.2360.2140.258
0.0106 0.2270.2230.256
0.0101 0.2180.2190.251

0.115 0.8900.807 0.579
0.108 0.8490.7690.576
0.102 0.8130.7950.560
0.085 0.7190.7200.512

3.643 5.415 4.900 1.877
3.409 5.142 4.653 1.854
2.431 4.596 4.493 1.549
1.052 2.720 2.720 1.030

Ref. Sol.
SIN
SIN/L
SIN/L-D

50

0.0042 0.1770.1740.259
0.0042 0.1750.1720.265
0.0041 0.1730.1720.263
0.0039 0.1680.1690.257

0.0770 0.7680.752 0.568
0.0762 0.7570.747 0.580
0.0720 0.743 0.744 0.563
0.0602 0.6660.6700.516

3.111 4.901 4.804 1.818
3.078 4.846 4.765 1.857
2.198 :4.437 4.427
0.950 2.667 2.672

1.555
1.032

Ref. Sol.
SIN
SIN/L
SIN/L-D

100

0.0040 0.1740.1720.2580.0755 0.7580.751 0.565
0.0039 0.1720.1710.265]0.0751 0.7490.752 0.580
0.0039 0.1710.1710.263]0.0711 0.7380.746 0.563
0.0037 0.1670.1670.258]0.0594 0.6630.671 0.516

3.083 4.849 4.801
3.068 4.815 4.793
2.191 4.426 4.434
0.947 2.665 2.673

1.809
1.857
1.555
1.032

Table 2: Results for homogeneous Ren cylindrical panel — Adimensionned displacements and stresses for ratios
R/a=6/r, 3/ 7, 3/27 and S=R/e=4,10,50, 100.

155



IJRRAS 4 (2) e August 2010 Dau & al. e Solutions & Parametric Study for M ultilayered Cylindrical Shell

R/a 6/7 3/ 3/2r

S= . | Model v, 11 713 v, 711 “13 v, “11 “13

Ref. Sol.[ 0.0929 0.1086 0.7490 0.1406 | 0.8535 0.3840 2.5110 0.3022 [ 24.7960 2.2156 15.0096 0.9350

SIN-C 10.0676 0.0476 0.7703 0.1836 [ 0.6889 0.2632 2.4038 0.4411 [|21.1539 1.7863 13.6450 1.4458

4 FSDT [0.0873 0.0641 0.4427 0.2423 |[ 0.7546 0.2806 1.9361 0.5291 ||21.4741 1.7981 12.3912 1.6919

CST 0.0237 0.0640 0.4409 0.4512 0.2800 1.9299 18.3712 1.7973 12.3669

Ref. Sol. | 0.0336 0.0688 0.5371 0.1211 [ 0.4931 0.2772 2.2452 0.2559 | 18.6367 1.7303 14.2125 0.8097

SIN-C 10.0299 0.0547 0.5372 0.2017 [| 0.4607 0.2498 2.1676 0.4479 ||17.6764 1.6172 13.5900 1.4397

10 FSDT [0.0323 0.0575 0.4713 0.2420 | 0.4690 0.2519 2.0632 0.5289 [ 16.1384 1.6147 13.2200 1.6935

CST 0.0221 0.0575 0.4711 0.4204 0.2519 2.0622 17.1506 1.6149 13.2150

Ref. Sol. | 0.0217 0.0552 0.4959 0.1076 | 0.4087 0.2404 2.1655 0.2349 | 16.6814 1.5368 13.8531 0.7511
SIN-C 10.0214 0.0543 0.4928 0.2061 || 0.4057 0.2376 2.1474 0.4509 [ 16.5672 1.5202 13.7632 1.4444
50 FSDT [0.0215 0.0544 0.4885 0.2434 |[ 0.4055 0.2375 2.1362 0.5320 || 16.5434 1.5190 13.7036 1.7032

CST 0.0211 0.0544 0.4886 0.4035 0.2375 2.1363 16.5230 1.5190 13.7036

Ref. Sol. | 0.0211 0.0542 0.4936 0.1064 | 0.4031 0.2369 2.1583 0.2326 | 16.4967 1.5156 13.8117 0.7443
SIN-C ]10.0210 0.0540 0.4923 0.2062 | 0.4023 0.2357 2.1503 0.4506 || 16.4648 1.5077 13.8270 1.4498
100 FSDT [0.0211 0.0540 0.4907 0.2435 | 0.4020 0.2357 2.1454 0.5319 || 16.4517 1.5070 13.7980 1.7079

CST 0.0209 0.0540 0.4907 0.4015 0.2356 2.1454 16.4461 1.5070 13.7980

Table 3: Two layers case — Comparisons of SIN-C, FSDT and CST models. Ratios R/a=6/x, 3/ x, 3/2z and
S=R/e=4,10,50,100.

156



IJRRAS 4 (2) e August 2010 Dau & al. e Solutions & Parametric Study for M ultilayered Cylindrical Shell

R/a 6/7 3/ 3/2r

S= Re Model V-g 0'_11 0'-13 V-3 0'-11 0'-13 Vs 01 03

Ref. Sol. | 0.0693 0.6125 0.5875 0.1654 || 0.4581 1.7715 1.3671 0.4757 || 8.0750 8.0003 6.1251 1.7452

SIN-C [ 0.0601 0.6974 0.5424 0.1479 || 0.4009 1.6504 1.2827 0.4617 || 6.8803 7.0056 5.4240 1.6583

4 FSDT [0.0511 0.2116 0.1462 0.0877 || 0.3478  0.9247 0.6381 0.1913 || 5.9578 5.9422 4.0823 0.6136

CST 0.0420 0.2117 0.1463 0.0781 09189 0.6346 3.2325 5.9359 4.0700

Ref. Sol. | 0.0163 0.3020 0.2736 0.2176 || 0.1440 0.9949 0.8972 0.5251 || 4.0411 5.7250 5.1919 1.7296
SIN-C [ 0.0156 0.2983 0.2699 0.2229 || 0.1377 0.9458 0.8552 0.5247 || 3.8036 5.4437 4.9190 1.7186
10 FSDT [0.0132 0.1907 0.1646 0.0877 || 0.1221 0.8330 0.7184 0.1913 || 3.6355 5.3523 4.6120 0.6146

CST 0.0042  0.1909 0.1648 0.0777 0.8321 0.7178 3.1993 5.3523 4.6130

Ref. Sol. | 0.0046 0.1860 0.1824 0.2390 | 0.0808 0.7982 0.7831 0.5253 || 3.2361 5.0836 4.9880 1.6831

SIN-C [ 0.0046 0.1840 0.1805 0.2461 || 0.0804 0.7902 0.7753 0.5404 || 3.2129 5.0284 4.9444 1.7317

50 FSDT [0.0045 0.1801 0.1750 0.0878 || 0.0798 0.7887 0.7666 0.1922 [ 3.2060 5.0436 4.9128 0.6153

CST 0.0041 0.1801 0.1751 0.0776  0.0089 0.0066 3.1885 5.0436 4.9128

Ref. Sol. | 0.0042 0.1807 0.1789 0.2390 | 0.0786 0.7866 0.7791 0.5234 | 3.1996 5.0278 4.9804 1.6754
SIN-C [0.0042 0.1796 0.1781 0.2471 || 0.0785 0.7824 0.7758 0.5407 || 3.1937 4.9915 4.9709 1.7306
100 FSDT [0.0042 0.1789 0.1765 0.0878 || 0.0783  0.7829 0.7726 0.1919 [ 3.1919 5.0011 4.9569 0.6147

CST 0.0041 0.1787 0.1765 0.0779  0.7828 0.7727 3.1876 5.0010 4.9572

Table 4: Three layers case — Comparisons of SIN-C, FSDT and CST models. Ratios R/a=6/%, 3/, 3/2x and
S=R/E=4,10,50,100.
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R/a 6/7 3/ 3/2r

S= Re Model V-3 o 11 0'-13 V-3 0'-11 0'-13 V-3 0'-11 0'-13

Ref. Sol. | 0.0763 0.6444 0.5904 0.2608 | 0.4834 1.7808 1.3920 0.5512 || 8.6511 8.7093 6.7994 1.7406

SIN-C [0.0672 0.6964 0.5417 0.2051 || 0.4306 1.6147 1.2555 0.5053 || 7.3945 7.6825 5.9626 1.6718

4 FSDT [0.0637 0.2538 0.1772 0.2239 || 0.3760 1.1103 0.7742 0.4893 [ 6.7438 7.1206 4.9536 1.5675

CST 0.0050 0.2533 0.1768 0.0959 1.1041 0.7698 3.8795 7.1181 4.9420

Ref. Sol. | 0.0171 0.3110 0.2839 0.2359 || 0.1579 1.1214 1.0170 0.5118 || 4.6838 6.7602 6.1371 1.6341
SIN-C [0.0164 0.3022 0.2735 0.2345 || 0.1505 1.0688 0.9659 0.5233 || 4.4188 6.4436 5.8157 1.6879
10 FSDT [0.0144 0.2292 0.1986 0.2236 || 0.1398 1.0028 0.8676 0.4886 || 4.3093 6.4407 5.5637 1.5684

CST 0.0050 0.2291 0.1986 0.0950 1.0012 0.8662 3.8509 6.4424 5.5610

Ref. Sol. | 0.0054 0.2214 0.2172 0.2249 || 0.0967 0.9590 0.9406 0.4918 | 3.8923 6.1218 6.0005 1.5737

SIN-C [ 0.0054 0.2190 0.2148 0.2411 || 0.0962 0.9494 0.9312 0.5285 || 3.8641 6.0544 5.9524 1.6912

50 FSDT [0.0053 0.2168 0.2108 0.2239 || 0.0958 0.9500 0.9238 0.4905 [ 3.8597 6.0748 5.9220 1.5705

CST 0.0050 0.2169 0.2108 0.0940  0.9500 0.9239 3.8413 6.0748 5.9220

Ref. Sol. | 0.0050 0.2171 0.2150 0.2237 || 0.0945 0.9472 0.9381 0.4894 | 3.8539 6.0581 6.0000 1.5659
SIN-C [ 0.0050 0.2158 0.2138 0.2415 || 0.0944 0.9421 0.9338 0.5285 || 3.8463 6.0136 5.9878 1.6928
100 FSDT [0.0050 0.2155 0.2126 0.2241 || 0.0943  0.9433 0.9310 0.4906 | 3.8452 6.0251 5.9737 1.5717

CST 0.0049 0.2155 0.2126 0.0938 0.9432 0.9310 3.8406 6.0251 5.9738

Table 5: Five layers case — Comparisons of SIN-C, FSDT and CST models. Ratios R/a=6/%, 3/ =, 3/2x and
S=R/e=4,10,50,100.

A. Detailsabout the refined shell model

* For a layer (K), transverse shear stresses versus strains are expressed by:

513':k:'|1~°‘:1~5‘:2~ z,t) = ({:«‘ssiil:'ff':Z:' + t‘-'«ss':k:') 1" (&1, &z, t)+
( _.45':‘“:'}"2‘(2) + 54 IU) ’“FEDEEI-. CEZa ﬂ
a3 (£, &, 2, 1) = ({:»‘45':;":711':2:' + t‘-us':k:') 1" (&1, &2, 1)+

(Caa® f3(2) + a0a®) 12°(61, &2, 1)

(A1)

\

Where,
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1(2) = f(2) — =bss f(2)
(A.2)
fi(2) = £'(2) = =buf"(2)

with f+(2) = df (2/dzet f+(2) = d*f (2/dZ, first and second derivatives of Sinus shear function f(2). 7, and y,°
standing for the two transverse shear strains on the middle surface of the shell.

Eeduced elastic coefficients Ii:-’:-j (%) including o.. = 0 hypothesis are given by:

Er:-j(;":' = (__.r:.j ) _ C.rz.gli"":' (__'::3':"' .-"IIC'rBEI:k:I pouri,j=1;2;6 (A3)
L3
Er:'jl:';'l:l = C‘r:'_.:i (k) pour f..__:l' = -'-1-,. ]

where G ® are 3D elastic coefficients before including o33 = 0. Symmetric or un-symmetric monoclinic layers can
be considered in Eq. (A.1) and Eq. (A.3).

On the other hand, a4, &s, a4, ass and by, bss coefficients in Eq. (A.1) and Eq. (A.2) are introduced to satisfy
transverse shear stresses 0,3 continuity at inter layers and on top and bottom faces of the shell.

. The next step consists in considering the transverse strains Z; given in [32,11] for shallow shells:
(ke (ke
25'53:' = vag + 'i'.-!-_'j"!l'gjl (A.4)

Using flexibility material coefficients Sj , for (/, j)=(4,5), a3 can be written as:

2e13%) = S5sM B 4 545 B gy )

. o (A5)
Zezz" ) = 545':’“"513" )4 5{44':""523" )
* From Eq. (A.4) and Eq. (A.5) and by respect of oa3(K) distribution given in Eq.
(A.1), it can be easily deduced:
ur3t¥) = —vgq +(f(2) + SesWag® + 54sFa; ™)y
H(S5sMas® + S®ay®)y?
) 4 4 4" ) (A6)

g a®) = — vy 5 + (S May® + 5 Fag M )94

(falz) + Spa®l B 4 gy Fgg, ) jﬁ-g

or
s = —vsa + (£i(2) + @)l + (W) A7
up 3™ = —waz + ':ﬂalik:':"?'? + (falz) + ﬂd':k:':"?'g
putting down,
a, " = S Mg ) 4 5, Blg B g 8 = g Kl 8 4 g Kl R
(A.8)
az®) = S, " g ®) 4 g k) g, = g, Kg, K L g (K g (k)
. Finally, bending and transverse shear components of displacement can be obtained by integration of Eq.

(A.7) according to Zco-ordinate.

159



IJRRAS 4 (2) ® August 2010 Dau & al. e Solutions & Parametric Study for M ultilayered Cylindrical Shell

Adding /favﬂ so that classical Koiter model could be retrieved, the final displacement field can be achieved:

i oy i o % oY % i a2 %
up (€, 62,2, 8)%) = pf ug (&, €%, 1) — zusa (€Y, €%, 8) + Fpi(2) 42(€%, €%, 1)

i i) i 2 3 AT i 3 %
uz(€1, 6%, 2, 8)%) = pg v (€Y, 6%,1) — zusa(€), €%, 8) + FeMi(2) 40(£1, €% 1)
HSEEI'- Ez'- zrﬂl:”'l = EIE(EIr‘EEEt:l

(A9)
with
Flllzh"":;ﬁj = filz)+ ;'™ (z); Ff':”"':Z:' = Qz"ﬂ"}izj
(A 10)

F}0(z) = g™(2) ; Fi®(z) = fo(2) + 0M(2)
Thickness functions g(K) 1 (2, . . . ,9(K) 4 (2) are linear functions defined by:
" (2 )=aMe+d™ :=1,2,3,4 and k=1,2,3,...,n

depending on dP, d{ coefficients. d ¥ allows to ensure displacements continuity at interlayer and on the middle
surface of the shell.

Trigonometric functions

filz) = f(z) — =bssf'(z) and  faz) = f(2) — =buf'(2)

defined through the shell thickness edepend on by, and bss constant.

e Previous coefficients a(,-"), 0‘,-k) on one hand and by, and bss on the other hand, are respectively determined from
boundary conditions on top and bottom faces of the shell and from both displacements and tranverse shear
stresses continuity at inter-layer. The identification method is detailed in [11].

B. Detailsabout the reference solution

In this part, the Ren approach is briefly recalled using its own notations.
Step 1: Using (7, 0) as in plane cylindrical coordinates, Fig. 6, constitutive equations are given by:

£re = Anow + Ri2oa
fgo = Fiaow + Ramag (B.1)

QEfﬁl = Rﬂﬁﬂ'ﬂl}

where Rj;, R, Rn, Ry are reduced flexibility coefficients obtained putting down z,= 0 (Iglane strain hypothesis).
They are defined by R;= §; —§:5:/S; for i, j=1, 2, 6 where §; are flexibility coefficients of material.
Step 2: Equilibrium equations without body forces are:

aﬂ'rf' ld’-"rﬂ Tpp — T8
o rOf r

=0
(B.2)

d,g +l@ﬂee 20,9

: : =10
o r oo T
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and strain relations are defined by:

i
E = —
" r
1dv  u
— 4= B3
e rdd v B-3)
9, — 1duw dw  wv
“=TE T EH T

u and v are respectively the displacements in the r-direction and #-direction. Furthermore, the in-plane strain state
expressed by z, = 0 involves the additional stresses relation:

1
Tzz = __(513{?-1"?' + SEEJE'E' :I (34)
Saa
Step 3: The F(r, 6) function is then introduced satisfying Eq.(B.2) and it follows:
1OF 1 & F
[ p T — ——
T rar ot o8t
P F .
- (B.5)
7o or?
o [F ]
[ p = — - —
" 08 T

Step 4: Issued from Eq. (B.3), the compatibility equation can be written as:

8 a2 e e LGP e
O 72%wm)y T | o0 | 2Tt  Ocm (B.6)
o (i) oz o e o
From Eq. (B.6) and constitutive relations Eq. (B.1), the following differential equation must be satisfied by F:
MF 1 MHF 1 #HF
Raz— (2FR12 + Hes) =5 5705 —
227 41;;;—- 12 + fL]TE d?‘fdﬁ'_fz+ ng d'ffdsz
+2Ry=—— — (2R3 4+ Reg)———— — Rj1——— (B.7)
-2?. e (2F12 ) 5:-;3 C}f.dﬁzl I;}F“ -2 Al
- C
+(2R); + 2R + Ry ) —m——+ Ay —— =10
(2Hp 12 ﬂﬁ:'?d E S
step 5: Following step consists in finding F function satisfying:
— differential equation Eq. (B.7),
— boundary conditions on the top and bottom surfaces
TpplT0, ) = &)
(70s ) q( B2

G-v:r'l:?‘:'u B:I = U‘R"E'I:T:'?ﬁ:l = G’i’ﬁ'l:?‘\}'lé:l =0

where r; and r, are respectively inner and outer radius for the cylindrical panel. — simply supported boundary
conditions

apa(r,0) = apa(r,¢) = 0
) i (B.9)

wir,0) = ulr,é) =0
— interface continuity conditions such that orr, o7, u and vare equal at each interface. The stress function Fis
searched under the form:

Fir,8) = f(r)sin(k&)

assuming a pressure loading on the Fourier series form

g(8) = 3 gusin(k6)

n=1

withk= — n=12, ...

q&h introdﬁced in Section 4 can be easily related to gy putting down &, = R and n= 1.
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