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MODULI SPACES OF INSTANTONS ON
TORIC NONCOMMUTATIVE MANIFOLDS

SIMON BRAIN, GIOVANNI LANDI AND WALTER D. VAN SUIJLEKOM

ABSTRACT. We study analytic aspects of U(n) gauge theory over a toric noncommutative
manifold My. We analyse moduli spaces of solutions to the self-dual Yang-Mills equations
on U(2) vector bundles over four-manifolds My, showing that each such moduli space is
either empty or a smooth Hausdorff manifold whose dimension we explicitly compute.
In the special case of the four-sphere Sg we find that the moduli space of U(2) instantons
with fixed second Chern number k is a smooth manifold of dimension 8% — 3.
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1. INTRODUCTION

In this paper we present a major step forward in our understanding of the differential
geometry of toric noncommutative manifolds. Through a series of insightful construc-
tions which generalise a wide range of functional analytic techniques to the setting of
noncommutative geometry, we obtain an explicit description of the moduli space of gauge
equivalence classes of Hermitian connections on a given toric noncommutative manifold
My. In the special case where My is four-dimensional, we give a detailed analysis of the
manifold structure of the moduli space of instanton gauge fields.

Whilst our ‘noncommutative’ moduli space construction is very much modeled upon
that of [2] (¢f. also [21]) for classical manifolds, it is not simply a matter of repeating the
arguments given there. The vast majority of the needed analytic techniques do not carry
over directly from the classical to the noncommutative setting and a prior:i we cannot rely
upon them. In the present paper we perform a thorough dissection of the smooth structure
of toric noncommutative manifolds My, in order to ascertain precisely how the analytic
properties of gauge theories thereon are related to those of their classical counterparts.

For example, the methods of [2] rely heavily on properties of elliptic differential oper-
ators on compact manifolds, whereas on a noncommutative manifold there is currently
no general notion of elliptic theory. We are therefore led to the development of a nec-
essarily more refined analysis of the various (unbounded) linear operators appearing in
our construction. Although it is entirely possible that the concrete methods of [9] [12]
for elliptic operators on the noncommutative torus T3 might admit a generalisation to
arbitrary toric noncommutative manifolds My, herein we derive the required properties
of our linear ‘differential” operators by probing the very delicate and subtle relationships
between gauge theories on classical and noncommutative spaces.

As in previous works [3] [6], the crucial tool in the present paper will be a functorial
deformation procedure to derive the noncommutative geometry of My from the classi-
cal geometry of M in a systematic way, by deforming along an action of the N-torus
TN. This ‘quantisation functor’ constitutes the foundation upon which our construc-
tion is built, in the sense that it explains very precisely which aspects of the classical
geometry are preserved by the deformation. Using this framework, one quickly finds
that all torus-equivariant features such as the spin and metric structures are canonically
deformed. However, we stress that the construction of instantons on a toric noncommuta-
tive four-manifold My is much more subtle and not simply obtained through a functorial
quantisation of classical instantons. The reason for this is simply that not every classical
instanton is given as a torus-equivariant connection, and so cannot be deformed directly.

The paper is organised as follows. In §2] we set the stage by introducing the relevant
category theory we shall need in order to describe our functorial deformation procedure.
In §3 we apply this deformation theory to explicitly derive the differential geometry of
the toric noncommutative manifold M, obtained by functorial quantisation of a given
classical manifold M with a torus action. As already mentioned, the functorial nature
of the deformation means that it simultaneously deforms all torus-equivariant geometric
structures, including vector bundles, principal bundles and associated spin structure.

In §4] we elaborate upon the notions of U(n) gauge theory on a toric noncommutative
manifold, including the gauge group of a noncommutative vector bundle, the notion of a
connection on such a bundle and what it means for connections to be gauge equivalent.
Finally, we discuss Dirac operators on M, with coefficients in a noncommutative vector
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bundle and derive a Weitzenbock formula for toric noncommutative manifolds, relating the
square of a Dirac operator with coefficients to the curvature of the underlying connection.

In §0lthere are the functional analytic details of the moduli space construction. In anal-
ogy with [21], we introduce Sobolev norms on the affine space of connections on a given vec-
tor bundle and equip the gauge group with the structure of a Banach-Lie group. This even-
tually enables us to endow with a Banach manifold structure the (infinite-dimensional)
space of gauge equivalence classes of Hermitian connections on a given noncommutative
vector bundle over Mjy. In lieu of a suitable reference, we present the analytical details of
this construction in full detail, making our exposition somewhat self-contained.

In §6l we specialise to My being a four-dimensional noncommutative manifold and study
in detail the manifold structure of the moduli space of instantons. An index argument
expresses the dimension of the moduli space in terms of Chern classes of the underlying
vector bundles, in parallel with the classical analysis [2] although now in noncommutative
parlance. In the special example of the toric noncommutative four-sphere Sy, we find that
the moduli space of instantons on a vector bundle with fixed topological charge k € Z has
dimension 8k — 3, in agreement with the value suggested by the results of [I7] and [6].

2. CATEGORICAL PRELIMINARIES

We will obtain noncommutative manifolds from classical ones through a deformation
procedure which is categorical; the deformation itself will have the form of a functor
sending the classical geometry to the noncommutative geometry. We begin in this section
by introducing the various categories and methods that we need.

2.1. Objects with a torus action. We study the deformation of manifolds along an
isometric action of a real N-torus TV with N > 2. Thus the first category we need is the
collection of spaces (with some structure) which carry such an action of T.

Let V' be a nuclear Fréchet space whose topology is determined by a countable family
| - ||; of semi-norms. Suppose that V' is equipped with a smooth action v : TV x V — V
of the torus TV. This action is taken to be isometric with respect to the family || - ||;.
Given a pair of such nuclear Fréchet TV-modules (V,a) and (W, 3), a continuous linear
transformation 7" : V — W is said to be TV -equivariant if there is a commutative diagram

v 1w
Lol
T
V — W
that is to say, T is an intertwiner for the actions « and £.
Definition 2.1. We write Vy for the category whose objects are pairs (V,«) as above

and whose morphisms are continuous TV -equivariant linear transformations. When there
is no possibility of confusion, we shall omit the subscript N and write V = Vy.

Very important for us is the fact that the category V is monoidal. Indeed, given objects

(V,a) and (W, B) in V, the algebraic tensor product V ® W carries the diagonal action
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a ® B3 of the torus TV. One equips V ® W with the family of semi-norms]
21) |||, == inf {Zr l il = w =3 o @wr} . zeVaW

The completion V@ W of V @ W in the topology defined by these semi-norms is again
a Fréchet space (the nuclearity assumption assures that this is unambiguously defined).
The diagonal action o ® 3 extends to an action a® 8 on V & W and the resulting pair
(V W, a® B) is an object in the category V. Moreover, the category V is braided: for a
pair of objects (V, «) and (W, ) there is a continuous torus-equivariant isomorphism

(2.2) Wy VOW WV, Wy (v@w)=w®w,
for each v € V and w € W, which extends to an isomorphism WY, : V QW —-WaV.

In fact, we shall also need to deal with actions of a covering torus c : TV — TV,
We write V = Vy for the category whose objects are nuclear Fréchet TV -modules (V, )
and whose morphisms are Fréchet-continuous TV -equivariant linear maps. The following
lemma tells how to relate the actions of these two tori on a given vector space.

Lemma 2.2. Let ¢ : TV — TV bpe a covering of the torus TN. Then there is a full
embedding of monoidal categories V — V.

Proof. The functor V — V is the one which assigns to each TV-module (V,«) the TN-
module (V| c*a), which is the same Fréchet space V' equipped with the pull-back action
along the covering map c : TV — TV, A little thought shows that this functor is well-
defined and that it is a full monoidal embedding. O

Thus, if we start with the category V, when encountering a covering torus TV of TV
we can deal with it by passing to V via the above embedding. Henceforth we shall always
tacitly assume that this technical point has been dealt with and pay it no further attention.

In order to describe the deformation procedure, first of all we need to introduce some
notation. With RY the Lie algebra of TV, we may lift the torus action a to a periodic
action of R with kernel the integer lattice Z~ in RY, so that TV ~ RV /ZV.

Let (A, ) be an object in the category V. With G = RY x RY, consider the space
C*(G, A) of smooth bounded functions from G to A. Given a choice of basis (z1,...,zy)
for RN we let ), denote the operation of partial differentiation on C*(G, A) in the di-
rection of zy, for k = 1,...,2N. For a multi-index p = (p1, ..., pron) we write 9* for
the corresponding higher partial differentiation. Then C*°(G, A) is a Fréchet space with
respect to the family of semi-norms

1
(23) 1F e =iy 32, b0 (w)]

where p! := pq!. .. pn! is a normalisation factor, and the action of G on C*°(G, A) by
translation is both smooth and isometric. Take RY to be equipped with an inner product,
which we denote as a dot product, and choose a Haar measure on RY, and hence on G,

IThe fact that the families of semi-norms on V and W may always be assumed to be increasing [22]

makes it possible to define the semi-norms on the tensor product in this way.
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such that the Fourier transform is unitary. Finally, let e : R — C denote the complex-
valued function e(t) := exp(mit). Amongst other things, it is shown in [22 Ch. 1] that
for any function F' € C*(G, A) the following integral is well-defined,

(24) [ Pt -y) drdy.
a
and that, for all 7 and all F', there exists an index k and a constant ¢; such that

(2.5) /GF(x, y)e(x-y) dedy

< ekl Flj.2n -
J
Such estimates are the cornerstone of the deformation theory of [22] and they will also
prove crucial in what follows here.

2.2. The deformation functor. Having established a category of spaces comprising
the relevant classical geometry, we now describe the procedure which will give rise to the
corresponding noncommutative geometry.

Let § : RY — RY be a skew-symmetric linear transformation. Starting from the
monoidal category V we define a new monoidal category Vy as follows. The objects and
morphisms are taken to be the same as those of V, so the category Vy again consists of
nuclear Fréchet TV-modules and continuous torus-equivariant linear transformations. In
this way, there is an obvious functor

Lo: V=V
which is just the identity functor, i.e. it leaves objects and morphisms unchanged.

The crucial point, and more interesting, is the way in which we turn Ly into a monoidal
functor, leading to a monoidal structure ®, for Vy. Indeed, we define the tensor product
Lg(V) ¢ Lg(W) to be equal to Lg(V & W) as a Fréchet T-module (so, in particular, the
torus action and semi-norms are just the same as they were in the category V). However,
as vector spaces, we do not take the trivial identification but instead seek to define a map

ey Lo(V) g Lo(W) — Lo(VRW),

given on indecomposable tensors by

(2.6) cyw(vRyw) := /G(agl,(v) ® By(w)) e(z-y) dedy, forall v e (V,a), we (W,p),

with the symbol ® in the integral denoting the usual tensor product (and G = RN x RY
and the Haar measure as before). The integral is easily seen to be well-defined due to the
expression (Z4) being well-defined, taking A = V& W and F(z,y) = ag.(v) ® B,(w) for
fixed v € V and w € W, clearly a smooth bounded function in its two arguments =, y. We
next show that this map is continuous and extends to the completion Lg(V') &g Lg(W).
Although this was already pointed out in [13], we include the details here since the result
will play such an important part in the following.

Lemma 2.3. For all j there exists an index m and a constant d,, such that
leviw ()| < dl|2]lm for all z € Lg(V') ®q Lo(WW),

where || - ||; are the semi-norms on Lg(V) @y Le(W) =~V @W defined in Eq. ).
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Proof. From the inequality (Z3), again with A = V@ W and F(z,y) = ag.(v) @ B,(w),
we know that for all j there exists a k£ and a constant ¢, such that

(2.7) levw (v @o w)ll; < ekl |2
on indecomposable tensors. By differentiating the action (by translation) of G' on the
function F', for any [ =1,..., N we find that

DoF(2,y) = limyo b (grnx,) (v) — 9. (v)) ® ay(w)

= limy,_,0 Qs (h’l(ahgxl (v) — v)) ® ay(w)
— e (Zm Bmliny, o ™ (anx,, (v) — v)) ® oy (w)
= Zm O1m 5 (0 v) @ ary(w).

Here we have used the standard properties of the group action, together with its continuity
to move the limit inside the sum. Similarly, one finds

Oy F' = g, (v) ® ay (Qw).
Since « is isometric, it follows that for any ¢ there is a constant ¢ for which
1012 F]i < ¢ supy,[|Om(v)llsllwlli and |9, Flli < [[ollil|O(w)]]:-

Estimates for the higher derivatives of F' are obtained in a similar way. Thus, from the
formula (Z.3)) for the norm || - || ;2% and using boundedness of the operators ) on smooth
vectors v and w, we deduce that there exists an index m and a constant ¢/, such that

(2.8) 1F 126 < cllv]lm][w][m-

Combining the inequalities (Z7) and (2.8) and combining together the constants, we
deduce there exists an index m and a constant d,,, such that

levw (v @p w)ll; < dml[v]lm|[w]m-

Now let z € Lg(V) ®y Lo(W) be an element of the algebraic tensor product and choose
a representative z = > v" ®g w’. Just as above we find that there exists an m and a
constant d,, such that

llevar(2)ll; < d - 10"l -

Taking the infimum on the right hand side over all such representatives of z gives the
inequality stated in the lemma. O

It follows that the map cy s is continuous and so we may indeed extend it to a map
(2.9) cyw : Lg(V) @9 Lg(W) — Lo(V W),

as was our aim. It is easily seen that ¢y is invertible with continuous inverse defined by
the transformation Lg:, with #* denoting the transpose matrix, and hence an isomorphism
of Fréchet TV-modules [22| [13]. The next step uses the map cyy and its inverse to define
a natural braiding on Vy, yielding the following result.

Proposition 2.4. The functor Ly : V — Vy is an isomorphism of braided monoidal
categories.



Proof. By definition the functor Ly is an isomorphism of categories. With ¥° the braiding
on V defined in Eq. (22), we equip the category V, with the braiding defined by

(2.10) Uyw : V@ W = W&V, Wyw:=cyyy oWy o cyy,

for each pair of objects V, W in Vj,. Continuity of ¥ follows immediately from its being
the composition of continuous maps. It is then straightforward to check that Ly is an
intertwiner for the braidings (2.2)) and (ZI0) on the categories V and Vjy, respectively. [

These structures are particularly useful when examining what happens to algebras in
the category V under the functor Ly. Let A be an algebra in V so that, in particular, the
product map m : A® A — A is continuous and torus-equivariant. Via Ly the product m
becomes a map Ly(A® A) — Lg(A). Composing it with ¢ 4.4 yields a new product map

(2.11) me : LQ(A) @9 LQ(A) — LQ(A), Me := 10 Cy 4-

Since the product mg is a composition of continuous torus-equivariant maps, it also shares
these properties, making Lg(A) into a Fréchet algebra in the category Vy. In this way
we think of the functor Ly as a ‘quantisation functor’, since it gives a way of simultane-
ously deforming all algebras in V into new algebras with deformed products which are
nevertheless torus-equivariant and continuous.

More generally, let A be an algebra in V and let £ be an .A-bimodule in V (or simply a
left module or a right module). This means that £ is itself a nuclear Fréchet space such
that the left and/or right module structures

> ARE = &, 4:ERA—E,

are continuous and torus-equivariant. Then, under the deformation functor Ly, one au-
tomatically finds that Ly(E) is a (bi)module over the algebra Ly(A) in the category Vy
when equipped with the deformed left and/or right module structures

Dp :=D>OCyg, dp =<0 Cg 4,

in the sense that these maps are automatically torus-equivariant and continuous.

Given the general categorical framework described above, in ‘practical situations’ one
may use a simplified version of the deformation procedure, which we now illustrate. Recall
that the Pontryagin dual of the torus group T¥ is the additive group Z". Given an object
(V, «) of the category V, every element v € V' has a unique series decomposition

v = E U
rezN

which is rapidly convergent in the Fréchet topology on V. Here, for r € Z" | each term v,
is homogeneous of degree r € 7%, that is to say it is such that

a(t)(v,) =e(r-t)v,, for teTV.

We write V,. for the vector subspace of V' consisting of homogeneous elements of degree
r € ZV. We thus have a direct sum decomposition V = @, ;v V, and so it follows that

equipping the Fréchet space V with a smooth isometric action of TV is equivalent to
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giving a Z"-grading on V. In these terms, on homogeneous elements v, € V and w, € W
the map (2.6]) has the simple form

CV,W<Ur Xy ws) - X('f’, 3) U @ W,

where y is the bi-character on Z" x Z~ defined by x(r, s) = e(r - 0s).

2.3. A noncommutative Hopf fibration. Here we provide an instance of the defor-
mation functor in operation: we use it to deform the SU(2) Hopf fibration S7 — S%, an
example which has proved central in the study of noncommutative instantons and will
provide us with our main example at the end of the paper.

The algebra C*°(S5*) of functions on the sphere S* is the commutative unital smooth
x-algebra generated by the coordinate functions zy, xs, their conjugates z7, =4 and the
self-conjugate element xy = z{;, subject to the sphere relation

(2.12) Tiry + Thre + 28 = 1.
The algebra C°°(S%) carries a smooth action of the two-torus T? given on generators by

(2.13) T? x C*°(S*) — C™=(SY), x> MMy my e

2mit
25627 To = Zo,

where (e2™1 e2™2) € T2, This action makes C°°(S?) into an algebra in the category V.

Similarly, the algebra C'*°(S7) of smooth functions on the sphere S” is the commutative

unital smooth x-algebra generated by the coordinate functions z;, j = 1,...,4, together
with their conjugates z7, j =1,...,4, subject to the sphere relation
(2.14) 2121+ 2520 + 2323 + 2524 = 1.

This time we take a covering two-torus T2 (see below for the rationale for this choice)
with coordinates (e?™1 e?™%2) € T? and define an action T? x C*(S7) — C>(S7) by

(2.15) (21, 29, 23, 24) > (627Ti£1 2, e 2, o2t 672#1{224).
This action makes C*(S7) into an algebra in the category Vs.

If one arranges the generators of the algebra C*°(S7) into the matrix

*

2o 2
(2.16) u:= e
24 23

there is a right action of the classical group G' = SU(2) on C*°(S7) given by
(2.17) ®: O®(ST) x G — C™(57), P, (u) = ug,

with g € SU(2) in its fundamental 2 x 2 matrix representation. This action is well-defined
since it preserves the sphere relation (ZI4]). The invariant subalgebra under this action
is found to be isomorphic to C*°(S*) via the identification

* * * * * * * *
(2.18) w1 =2(z125 + 2524), X2 = 2(2025 — 2]21), Xo = 212] + 2225 — 2325 — 242,

It follows that Eqgs. (ZIX) define an inclusion of algebras C'*(S*) < C>°(S7), yielding a

‘dual’ description of the standard Hopf fibration S7 — S* with SU(2) as structure group.
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Remark 2.5. There is an obvious covering map of abelian groups given by
o ﬁ?z T2 (627rit1 627Tit2) _ (62n1(52+£1) 627ri(52751))'

This covering is compatible with the actions ([2I3]) and (215), giving an illustration of
Lemma and we may as well assume we are working exclusively in the category Vs.

We apply the deformation theory of §2.21by choosing a 2 x 2 real skew-symmetric matrix

0 60 :
@_<—9 O)’ with 0 € R,

and defining a bi-character y : Z? x Z? — C by
x(r,s) =exp(irr - Os).
Denoting the generators of Z? by
(11,79,73,74) 1= ((L 0), (—1,0),(0,1), (0, —1))7

it is clear from the formula (ZIH) that the generators zy,...z4 of C°°(S7) have homoge-
neous degree 71, ...,ry, respectively. The product on C*(S7) is deformed by applying
the deformation functor and using the formula (ZI1]) to obtain a new product

J— * * * . o
2i 2= X(rj, 1)z, zi 2 = x(rj, ]z for j7,0=1,...,4.

Introducing the deformation parameter 7;; := x~%(r;,r;) given explicitly by

L1 pop

L1 pop 0
2.1 1) = =e"
( 9) (n]l) IEL,U/l 1 Y IU/ Y

popo 11

the deformed algebra relations are computed to be (dropping the product symbol -,)
2j 2 = M2 %, zi 2 =N 4 %, for j,0l=1,...,4.

On the other hand, the torus action preserves the sphere relation (2.14]) and so the radius
element is not deformed. We denote by C*(S7) the smooth unital *-algebra generated by
{2j,27 | j=1,...,4} modulo the algebra relations above, and with the sphere relation.

Similarly, the product on the algebra C°°(S%) is twisted into a new product
Ty Ty = X (71 + T4, 7o+ T4) 71T, w1 Ty = X(r1 + 714,71+ T3)T1T5,
and products with the generator zy remain undeformed. With deformation parameter
A= p? = €™ the relations become (again dropping the product symbol -,)
T1Ty = ATy, XXy = ATal], XXy = NT1Th, Lok = AT|Ta,

with xy central. Again the radius element is not deformed, with the relation (2.12))
unchanged. We denote by C*(S3) the smooth unital x-algebra generated by zy, 72, g
and their conjugates modulo these new algebra relations, together with the sphere relation.

Since the action (ZI5) of T2 on C*°(S7) commutes with the SU(2)-action (ZI7), the
deformation of the spheres C°°(S7) and C*°(S?) preserves this action and hence there

is an algebra inclusion C*(S}) < C*(S}), once again determined by Egs. ([ZIS) on
9



generators. For later use we observe that the sphere relation ([ZI4) in C*°(Sj) implies
that u*u = 1, whence the matrix-valued function

1+ 0 x —[ s
0 14+ 9 T
2.2 = uu* = 3
(2.20) pr=ul =3z x] x5y 1—ux 0

—pT2 [Ty 0 1—-x
automatically obeys p? = p = p*, that is to say p is a projection.

We remark that a priori we could have considered a more general torus action on the
algebras C>(S7) and C'*(S*) than the one given above; but the latter is the most general
one which is compatible with the SU(2)-action and so leading to a deformed principal
bundle with classical structure group [17].

The construction above characterizes the noncommutative four-sphere S in terms of
the algebra C°°(S3) of its smooth functions. Fréchet algebras of functions on general toric
noncommutative manifolds will be the subject of the next section.

3. ToriIC NONCOMMUTATIVE MANIFOLDS

In this section we shall apply the general quantisation procedure we outlined in §2.2] to
the function algebra over any compact manifold M carrying an appropriate torus action.
Being functorial, the quantisation deforms not just the algebra itself but any associated
TN -equivariant construction on M. We use this fact to deform in particular its differential
and metric structures, together with all equivariant vector and principal bundles over M.

3.1. Torus-equivariant classical geometry. Before we come to the deformation pro-
cedure, we write all of the necessary geometric ingredients in the appropriate categorical
manner, from which their quantisation will follow naturally.

Let (M,g) be an m-dimensional compact manifold with Riemannian metric g and
assume that M is equipped with a smooth isometric action o of an N-torus TV, N > 2.
We also denote by ¢ the corresponding action of TV by *-automorphisms on the algebra
C*>°(M) of smooth functions on M obtained by pull-back:

(oo(f)(z) := f(s '), for s €TV, feC®(M), v € M.

The algebra C°(M) comes equipped with a countable family of semi-norms, defined as
usual in terms of local partial derivatives, making it into a nuclear Fréchet space whose
product is continuous with respect to the resulting topology [23]. The norm

(3.1) |- C=(M) = €, = supgen [ f(2)],

makes C*°(M) a pre-C*-algebra inside the algebra C'(M) of continuous functions on M.
Finally, there is an integration map for the Riemannian measure of the metric g,

(3.2) /M . C(M) — C.

Lemma 3.1. The algebra C*(M) is an algebra in the category V. The norm [BI) and

the integration map [B2) are morphisms in the category.
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Proof. As already mentioned, it is a standard fact that C*°(M) is a nuclear Fréchet
algebra. Since the action of TV on M is by smooth isometries, the corresponding action
o of TV on C°°(M) is smooth and isometric with respect to the family of semi-norms,
whence C°(M) is an object in the category V.

To see that C*°(M) is in the category also an algebra, it is enough to observe that its
product is such that, for each 7,7’ € Z¥ and each pair f,, g of corresponding homoge-
neous elements for the action of TV, every product f,g,» belongs to the (r + r’)-graded
subspace of C*°(M), so the product is torus-equivariant.

It is immediate that the norm || - || is invariant for the action of T on C*°(M). Viewing
the target space C as a trivial TV-module, this invariance property is equivalent to the
map || - || : C®°(M) — C being a morphism in V. Finally, since the action of TV on
M is isometric, it is measure-preserving and so the integration map f — [ yJ 1s also
torus-invariant, thus a morphism in V. O

Let E be a smooth Hermitian vector bundle over M and write ['*°(M, E) for the
C*°(M)-bimodule of smooth sections of E. The Hermitian structure is determined by a
fibre metric, about which we shall say more later on. With M being a smooth compact
manifold, the space I'*°(M, E) is nuclear Fréchet and equipped with commuting contin-
uous left and right C°°(M)-module structures [23], i.e. (M, E) is a Fréchet C'*(M)-
bimodule. We suppose the bundle F carries a torus action as well. More precisely, we
suppose there exists a covering c : TN — TV of the torus TV such that E is equipped
with an action & of TV by bundle automorphisms which covers the action o of TV on M:

(33)  G.(0f) = 5.(V)auw(f), for s€TV and ¢ € I®(M,E), f e C®(M).

If this is the case, one says that F is a g-equivariant vector bundle over M. Given a
g-equivariant vector bundle E over M, recall that a smooth section ¢, € I'*(M, FE) is
said to be homogeneous of degree r € Z~ if it has the property

Gs(1,) = 2T, for all s € TV.

Proposition 3.2. Let E be a G-equivariant vector bundle over M. Then I'°(M, E) is
an object in the category V of Fréchet TN -modules. The left and right C*(M)-module
structures on I'°(M, E) are both morphisms in the category.

Proof. As already mentioned, the space I'°(M, E') is a nuclear Fréchet C°°(M)-bimodule,
i.e. a nuclear Fréchet space equipped with commuting continuous left and right C*°(M)-
module structures. Since each section 1 € I'°(M, E) is locally the direct sum of smooth
functions, the action of TV on ['*°(M, E) is also smooth and isometric.

Just as was the case for C*°(M), every section ¢ € I'*°(M, E) has the form

(34) 'QZ) - ZT‘EZN wra

with ¢, homogeneous of degree r € Z~. This defines a Z"-grading on I'*°(M, E) and
realises it as an object in the category V. From the g-equivariance of the bundle, the
actions of TV on C*(M) and I'™*(M, E) are such that, for r,7" € Z", the products f,1),s

and 1, f,. both belong to the r 4 r’-graded subspace of I'*°(M, E), whence the result. [
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To simplify our formulee, we shall also use the notation £ := I'*°(M, E) and A =
C*(M). Then the vector space £ is finitely generated and projective as a (right, say)
A-module. Now, TV-equivariance of the A-module £ implies a crucial property of the cor-
responding projection that will prove invaluable throughout the paper (¢f. [4, Proposition
11.2.3)).

Lemma 3.3. There exists a finite-dimensional TV -module V' such that the defining pro-
jection p -V ® A — & is a morphism in the category V.

Proof. The fact that FE is a torus-equivariant vector bundle means that there exists a finite
dimensional TV-module X : TV x V' — V such that £ is TV-equivariantly isomorphic to a
direct summand of the A-bimodule V ® A equipped with the diagonal T"-action A ® o.
Thus the projection p: V @ A — p(V ® A) ~ € is TV-equivariant, as required. OJ

As mentioned, the Hermitian structure on the bundle £ — M is determined by a fibre
metric, which amounts to a C°°(M)-valued Hermitian product on I'°(M, E):

(3.5) (,):EXE— A
In light of Lemma [3.3] this is expressed as
(3.6) (0,0) =D 97,

where we write ¢ = ) i e/ @p; and p = i e/ ®1); with respect to a choice of orthonormal
basis {e’ }i—y for the n-dimensional space V' on which TV acts by unitaries.

Next we use the Hermitian structure for a collection of new norms on the space £ that,
we stress, are different from the family of Fréchet semi-norms on £ mentioned before.

Definition 3.4. For each positive integer p > 1, the p-norm || - ||, on & is defined by

1/p
B0 lleesc deh=( [ @ar?) T wrosce,
M
The C*-norm on £ is defined to be
(3.8) [-ll:€&—C, o] == [[{p, &), for p €&,

where the norm || - || on the right hand side is the C*-norm on A defined in Eq. [31]).

Of course, in this definition we have used the fact that (¢, ¢) is a positive element of
the algebra A (by which we mean that it is positive when viewed in the C*-completion)
in order to define the square root (¢, $)/2. Immediately we obtain the following result.

Lemma 3.5. The maps || - ||, : € = C and || - || : € = C are morphisms in V.

Proof. The fact that the vector bundle E is torus-equivariant is equivalent to the statement
that the inclusion of A-modules & — V ® A is torus-equivariant and hence a morphism
in the category V. Since the product and x-structure on A are also morphisms in V it
is clear that the map (-,-) : £ — A is a morphism in the category. Since the integration
map f + [, f is also a morphism in V. it follows that the norms || - |, and || - || are

constructed as compositions of such morphisms, whence the result. ([l
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These arguments conveniently place the theory of vector bundles and normed vector
spaces of sections in our categorical framework. There is a parallel theory of torus-
equivariant principal bundles over M, which we now describe in simple categorical terms.

Let G be a compact Lie group and let P — M be a smooth principal G-bundle over
M, so that P carries a smooth right G-action

(3.9) ®:PxG—P  (pg)— Qp),

with quotient space M ~ P/G. Let ¢ : TV — TV be a covering torus and assume the
action o of TV on M can be lifted to a smooth isometric action ¢ of TV on P commuting
with the action of G. Then we say that P is a ¢-equivariant principal G-bundle over M.

Lemma 3.6. The vector space C*°(P) is an algebra in the category V. The canonical
algebra inclusion C*°(M) — C*(P) is a morphism in the category.

Proof. The first claim follows in exactly the same way as Lemma 3.1l The second claim
follows from the very definition of P being ¢-equivariant. OJ

As mentioned, principal and vector bundles over M are very much ‘parallel’ theories,
since it is possible to pass rather easily from one to the other, as we shall now recall. Let
p: G — End(V) be a finite-dimensional representation of G on a complex vector space
V. Then there is a vector bundle over M associated to the representation p, defined by

E=PxgV:={(pv)€ PxV|(®4(p),v) = (p,plg” )}
It is a classical result that there is an isomorphism
(3.10) (M, E)~C*(P)X,V,
where we write
(1) C(P)E,V = {6 €C=(P)aV | (@, ®id)() = (d plg~)(0)}
for the space of smooth G-equivariant maps from P to V.

Furthermore, if P is a ¢-equivariant principal bundle, then E is equivariant as well.
Indeed, one writes [p,v] for the G-equivalence class of the point (p,v) € P x V. Then,
o-equivariance of F is provided by the action

G:TVNxE—E,  &(pv]):=[(p) 0]

This is well-defined, since the action ¢ on P commutes with the G-action, so the definition
of & does not depend on the choice of representative of the G-equivalence class.

The inverse of this construction, allowing us to pass from vector bundles back to prin-
cipal bundles, is recalled in the next result. As before, let ¢ : TV — TV be a covering of
the torus TV and let G be a compact Lie group.

Proposition 3.7. Let E be a 6-equivariant vector bundle over M with structure group G.
Then there exists a S-equivariant principal G-bundle P — M, unique up to isomorphism,

such that E is an associated vector bundle.
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Proof. By definition, the fact that E has structure group G means that there is a principal
G-bundle P — M, unique up to isomorphism, and a finite-dimensional representation
p : G — End(V), unique up to unitary equivalence, such that £ ~ P x5 V as an
associated vector bundle [T6]. Moreover, both E and P are completely determined by the
transition functions of P and the representation p : G — End(V') from which, out of &,
we obtain an action < of TN on P. It is true by definition that the respective actions ¢
and & of TV on P and E each cover the action o of TV on M. Since E is o-equivariant,
the transition functions are o-equivariant, whence P is ¢-equivariant as well. O]

3.2. Riemannian spin manifolds. Now we add some extra structure to the discussion
by taking (M, g) to be an m-dimensional Riemannian manifold as before, but now assumed
in addition to be spin. As such, this means that the manifold M comes equipped with a
spin principal bundle > — M with structure group Spin(m), the simply connected double
cover of the orthogonal group SO(m). We write

p1 :Spin(m) — End(V1) and  p; : Spin(m) — End(V})
respectively for the spinor representation and the vector representation of the group
Spin(m) on the 2["/?-dimensional space V% and the m-dimensional space V;. The spinor
bundle S and the cotangent bundle A'(M) over M are the vector bundles associated to
Y] via these two representations. Consequently, we have isomorphisms

(3.12) P®(M,S) = C%(2) K, Vi, (M) = C¥(S) K, NV,

where Q" (M) := I'*°(M,A"(M)) denotes the C*°(M)-bimodule of r-differential forms on
M, the smooth sections of the rth exterior power A"(M) of the cotangent bundle A'(M).

Since the torus TV acts on M by isometries, it lifts to an action of a covering torus
¢ : TN — TV upon the spinor bundle & and upon each of the exterior bundles A"(M),
which together translate into actions of TV on the spaces of sections I'*°(M, S) and Q" (M),
just as in Eq. (83). Proposition immediately implies that ['*°(M,S) and Q" (M) are
C*°(M)-bimodules in the category V.

A key property of the spinor bundle is that its space of sections ['*°(M,S) is a module
over the vector space of differential forms via the so-called Clifford multiplication:
(3.13) v Q' (M) @cooany (M, S) — T'™(M,S).
Indeed, writing vy : A"V] — End(V%) for the usual Clifford multiplication, we have that
v = id ® vy with respect to the identifications (B.12).

Lemma 3.8. The Clifford multiplication ~y is a morphism in the category V.

Proof. We already remarked that I'°°(M,S) and Q" (M) are objects in V. The map 7 is
TN-equivariant since the torus acts by isometries lifted to the spinor bundle. O

Next, the Levi-Civita connection of the Riemannian metric g lifts to the spin connection
on the spinor bundle S,

(3.14) Vs : I®(M,8) = QY(M) @ceon T(M,S).

Lemma 3.9. The spin connection Vs is a morphism in V.
14



Proof. This follows by combining the compatibility between the Levi-Civita connection
and the metric with the isometric action of the torus T*. O

The Dirac operator D on the space of smooth sections of the spinor bundle is defined to
be the composition of the spin connection Vs with the Clifford multiplication ~, namely

D:=~v0Vs:T*(M,S) = T>(M,S).
Immediately we see that the Dirac operator has the following property.

Lemma 3.10. The Dirac operator D is a morphism in V.
Proof. This follows from D being the composition of continuous TV -equivariant maps. [

On the Hilbert space H := L*(M,S) of square-integrable sections, the operator D
extends to an (unbounded) self-adjoint linear operator, which we continue to denote by
D. Moreover, the action of smooth functions on spinors by pointwise multiplication gives
a representation 7 : C°°(M) — B(H) as bounded operators on . The TV-action on
spinors extends to a representation of T on H by unitary operators U(s), s € TV , which
leave the Dirac operator invariant, in the sense that

(3.15) UGs)DU(s) '=D  forall seTV,
and is such that
(3.16) Us)m(f)U(s) ™t = m(oy)(f))  forall feC®(M), seTV,

The triple (A, H, D) is called the canonical spectral triple on the spin manifold (M, g).
It is a spectral triple in the sense of A. Connes [§]. With A = C*(M), the Clifford
multiplication (BI3)) yields an isomorphism between the A-bimodule Q'(M) of one-forms
over M and the A-bimodule of Connes’ one-forms QL,(A), the latter being defined as the
vector space of bounded operators on H given by

OL(A) = {Zj a;[D,b;] | a;.b; € A}.

Remark 3.11. It is worth noting that the space H is ‘too big’ to be an object in the cate-
gory V. Indeed, the space of L2-sections does not appear to have a decomposition property
as in ([B.4). Nevertheless, one can continue to make use of the categorical approach to
spin geometry by working with the dense subspace of smooth sections I'*°(M, S).

3.3. Isospectral deformations of toric manifolds. The results of the previous sec-
tions allow us to deform much of the geometry on the Riemannian spin manifold M.

Definition 3.12. We write C*°(Mjy) := Ly(C>°(M)) for the image of the algebra C*°(M)
of smooth functions on M under the deformation functor Ly.

As the notation suggests, we think of C°°(Mpy) as the algebra of smooth functions
on an underlying virtual noncommutative space My, the toric noncommutative manifold
obtained from M by the deformation functor. The algebra C*°(Mjy) can be completed in
a suitable operator norm to obtain a C*-algebra, denoted C(Mjy), which we think of as

the algebra of continuous functions on the virtual space M.
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Remark 3.13. As a word of warning we remark that, due to the close interaction between
the product in the algebra C*°(My) and its C*-norm, the latter cannot simply be equal to
the classical sup-norm on C'*°(M). Thus, in contrast with the case of the smooth function
algebra C'>°(Mpy), the C*-completion C'(Mjy) cannot be directly identified with its classical
counterpart C'(M) as a vector space and equipped with a deformed product. We refer to
[22] for a full analysis of this construction.

3.3.1. Vector bundles on My. As a consequence of Proposition for equivariant vector
bundles (with corresponding decomposition of sections as in Eq. ([84])), we may also apply
the deformation functor to any g-equivariant vector bundle F over M.

Definition 3.14. We write I'°(My, E') = Ly(I'*°(M, E)) for the image of the C*°(M)-
bimodule of sections I'*°(M, E') under the deformation functor Ly.

The vector space I'*°(My, E') is considered to be the space of smooth sections of a
noncommutative vector bundle over Mjy. As already mentioned, from the properties of Ly
it is automatic that I'°°(Mjy, E) is a Fréchet bimodule over the Fréchet algebra C>(Mj).

Proposition 3.15. Let E, F' be d-equivariant vector bundles over M. Then E® F' is a
a-equivariant vector bundle over M and there are isomorphisms of C'°°(My)-bimodules

POO(MQ, E® F) ~ POO(MQ, E) Qe (Mp) FOO(MQ, F)
>~ FOO<M9, F) ®C°°(M9) FOO<M9, E)

Proof. Let us write 6 and 6 for the actions of TV on F and F respectively. Then
E ® F becomes g-equivariant when equipped with the tensor product action g ® op.
Equivalently, the right C*°(M)-module I'*(M, E) and the left C°°(M)-module I'>* (M, F)

are objects in the category V and hence so is the tensor product C°°(M)-bimodule
(M, E) @ceoary I°(M, F). The isomorphism

I(M,E ® F) ~T(M, E) ©ce(a) T°(M, F)

is thus TV -equivariant and hence a morphism in the category V. Applying the deformation
functor Ly yields the first isomorphism as stated. The second isomorphism is given by
the braiding defined by Eq. (2I0) in the twisted category V. O

From the proof of Lemma [B.5 we know that the canonical Hermitian structure on
the undeformed bimodule I'°(M, E) is a morphism in the category V. The image of this
morphism under the deformation functor Ly is precisely the canonical Hermitian structure

on the bimodule £ := I'*°(Mp, E). It is still defined by the formula (B.6]), viz.
(317) () EXE = CX(My),  (0,0) =D djuy.

again upon writing ¢ = 3~ ¢/ ® ¢; and ¢ = 3, € ® ; for elements in &, but now using
the deformed product in the algebra C*°(My). Similarly, the norm || - ||, : € = C defined
in Eq. (87) defines a morphism in V.

Lemma 3.16. The normed vector spaces (I'°(M, E). || - ||,) and (I'°(My, E), || - ||,) are
1sometrically 1somorphic.
16



Proof. The fact that the vector spaces I'*°(M, E') and ['*°(My, E') are isomorphic follows
from the very definition of the deformation functor. The norm | - ||, on I'**(M, E) is a
morphism in the category % which, under the deformation functor, becomes a norm on
'>°(My, E) which is a morphism in the category V. O

This approach to quantisation also lends itself nicely to obtaining a differential cal-
culus over My. As before, we write Q(M) := I'*°(M, A(M)) for the (canonical) smooth
differential forms on M, with A(M) the exterior algebra of its cotangent bundle.

Proposition 3.17. The vector space QM) = @ Q" (M) is a differential graded algebra
in the category V. Its image QU My) = Lg(QUM)) under the quantisation functor is a
differential graded algebra in the category V.

Proof. As a special case of Proposition B.2] each of the vector spaces Q" (M), r > 0, is a
Fréchet C°°(M)-bimodule in V. Since the action of TV on M is by diffeomeorphisms, it
commutes with the exterior derivative d : Q" (M) — Q"F1(M), so the latter is a morphism
in the category. In this way, (M) is a differential graded algebra in the category VY and we
can apply the deformation functor Ly. We denote the resulting object by €(My), which is
a Fréchet C'*°(Mpy)-bimodule for left and right actions obtained by deforming the classical
actions using the functor Ly. The latter acts as the identity on the differential d, making
Q(Mjy) into a differential graded algebra with respect to the undeformed differential d. [

With A = C*°(Mjy), the Hermitian structure (8.I7) on an A-bimodule £ then extends
to an Q(My)-valued sesquilinear map on the product &€ ® 4 Q(My) x € @4 Q(My), by

(3.18) (p@w, @)= (1) (g, 9)¢
for each ¢,1 € £, w,( € Q(My).

Definition 3.18. The de Rham cohomology groups H/j (M) of My are defined to be
. kerd : Q" (Mpy) — Q" 1(My)

Har (My) = - S Or—1 r
for each 7 = 0,1,2, ..., where we define Q~1(M,) := 0.

Since the exterior derivative is undeformed, each cohomology group HJ (My) is canon-
ically isomorphic to its classical counterpart Hjj, (M). In particular we have Hjp (My) =0
if » > m and, in fact, spaces of forms 2" (M) = 0 for r > m, with Q™(My) being
one-dimensional and spanned by a unique volume form v.

3.3.2. Principal bundles on My. From Lemma[3.6] we can also quantise ¢-equivariant prin-
cipal bundles over M. We write C*(Fy) for the quantisation of C°°(P), the image of the
total space algebra C°°(P) under the functor Ly. The action of the group G on C*°(P)
induced by the action on P is a morphism in Y and so yields a smooth action

of G on C*°(Fy) by #-automorphisms, for which the invariant subalgebra is C'*°(Mjy), the

quantisation of the base space algebra C*°(M). Using standard Hopf algebra theory, the
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group action ([B.I9) dualises to a right coaction
(3.20) O : CX(Py) = C®(P) ©CX(G),  dr(p) =p” @p",

written in Sweedler notation. The differential d : C*(P) — Q'(P) being undeformed,
the algebra inclusion j : C°(My) — C>°(F) extends to an inclusion of differential forms
g QY (M) — QN (Py). We write

Qpor(Pp) == C>(Py) j (' (My))

for the sub-bimodule of Q'(P) of horizontal one-forms (these are the analogue of the
one-forms on P, that have been pulled-back from the base Mjy). On the other hand, the
coaction (B.20) gives rise to a canonical map which generates the vertical one-forms,

ver : Q'(Py) — C=(R) @ QN(G),  ver(pdp) == (p@ 1)(id @ d)(dr(p)),

defined for each p,p’ € C*(F,), where Q!(G) denotes the space of one-forms on the group
G. Using the maps j and ver, there is canonical sequence,

(Py) L QN(Py) 2% C(Py) ® QY(G) — 0,

which relates the horizontal one-forms to the vertical one-forms. Note that we could have

(3.21) 0— O

hor

found a version of this sequence in terms of the action of G, yet we prefer to pass to
the equivalent coaction of C'°((G) since it is in this setting that we are able to have an
explicit formula for the map ver. In order to have a quantum principal bundle, we need
the sequence ([B2I)) to be exact [1].

Lemma 3.19. The canonical sequence [B.21)) is exact.

Proof. For a classical principal G-bundle P over M there is a canonical exact sequence
0— QL (P) L QY(P) X5 0%(P)2QY(G) — 0,

by its very definition. It is clear that the kernel of the map ver, which is identified with
QL (P), is aleft TN-module with action given by restricting the TV -action on Q'(P). The
deformation functor is just the identity on the underlying vector spaces of these modules

and so it preserves exactness of the sequence. O

In this way, it makes sense to speak of ¢-equivariant quantum principal G-bundles
with total space P and base space My, using the algebra inclusion C*(My) — C*(Fp),
thought of as a quantum principal bundle in the sense of [7]. Just as was the case in §3.1]
for classical bundles, we now find that it is possible to pass between principal bundles and
vector bundles on toric noncommutative manifolds via the associated bundle construction.

Definition 3.20. Let C*(My) — C*°(Fy) be a {-equivariant principal G-bundle over
My. The noncommutative vector bundle associated to the principal bundle Py by the
representation p : G — End (V) is the C°°(Mjy)-bimodule

C¥(P) R,V i={p € C*(P) @V | (2, ®1id)(¢) = (id @ p(g~")) ()}

It is known (cf. [7]) that C*°(Fp)X,V is finitely generated and projective as a (right, say)
C>°(Mpy)-module, thus qualifying it as a module of sections. Furthermore, C*(F) X, V

is automatically a Fréchet C'*°(My)-bimodule, since the same is true in the classical case.
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Proposition 3.21. Let I'°(My, E) be a &-equivariant vector bundle over My with struc-
ture group G. Then there exists a S-equivariant quantum principal G-bundle Py over My,

unique up to isomorphism, and a finite dimensional representation p : G — End(V') such
that IT°(Mpy, E) ~ C*(Fy) X, V is an associated vector bundle.

Proof. Using the equivariance of the various bundle structures, this follows immediately
from Proposition 3.7 and the functorial properties of the deformation. O]

3.3.3. Spin geometry of My. Having dealt with the deformation of vector bundles and
principal bundles, we now use the functorial quantisation procedure to deform the canon-
ical spectral triple (C°°(M), H, D) associated to the m-dimensional Riemannian manifold
(M, g). To find a spectral triple on the toric noncommutative manifold My, we leave the
Dirac operator D and the Hilbert space H as they are and obtain a representation of the
algebra C*°(My) on H by deforming that of C*°(M) on H.

Indeed, as described at the end of §2.2] the quantisation functor Ly gives rise to a
deformed left action of C*°(Mj) upon the space I'*°(My, S), now denoted

(3.22) 7o : C°(My) — B(I'*°(Mjy,S)), mo(f) = erx(r, s)m(fr)s,

where ¢ € I'°(M,,S) and f € C>®(My) are decomposed as a sum of homogeneous
components ¢ = Y 1, and f =) f., respectively. Since the functor Ly is the identity
on objects and morphisms in V, we find by Lemma B3 that the L2-norm ||-||s on T'*°(My, S)
is unchanged, although it is now viewed as a morphism in the category Ve.

We write H = L*(My,S) for the Hilbert space completion of I'™°(My,S) in the L*-
norm || - ||l2. Indeed, Lemma shows that L?(My,S) and L?(M,S) are isometrically
isomorphic, justifying our notation. The extension of the C*°(Mjy)-module structure (3:22)
is a representation of C°(Mjy) on H by bounded operators:

T - COO(MQ) — B(H)

The same argument goes for the Dirac operator. By Lemma[3.10] the functor Ly applied
to the Dirac operator D yields a linear map from I'*°(M,, S) to itself. More precisely, one
finds via Lemma B.8 that the Clifford multiplication ([BI3]) is deformed into a map

(3.23) Yo : QM) @4 T°°(My,S) — T(My, S).
Similarly, the Levi-Civita spin connection ([B.14)) is deformed into a map
(3.24) Vs : [°(My,S) — QY My) .4 T (My, S),

although for the time being we refrain from calling it a connection, having yet to define
what this means in the deformed case. The composition 7 o Vs is easily seen to coincide
with Ly(D). Upon identifying the Hilbert spaces L*(Mjy,S) and L*(M,S), this operator
agrees with the classical operator D and so we continue to write D instead of Ly(D).

Proposition 3.22. The datum (C*(Mjy),H, D) constitutes a spectral triple over the toric
noncommutative manifold My.
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Proof. In terms of the unitaries U of Egs. (815) and (8.10), as in [I0] one can write

m(f) =) f;UGr-0).

The representation of QL(C>(M)) on I'°(M,S) (cf. Lemma B.8)) is similarly deformed,
giving an action of QL(C°(Mjy)) upon I'*°(Mj,,S). Again, this action extends in a way
which makes Q},(C*(Mp)) act upon H by bounded operators. In particular, this means
that elements of the form [D, ma(f)] for any f € C*(My) act by bounded operators. [

This construction of the triple (C*°(Mp), H, D) precisely reproduces the one of [10],
but now using a categorical framework. It is clear that the datum (C*°(My),H, D) is
an isospectral deformation of the classical Riemmanian geometry of M, in the sense that
the spectrum of the Dirac operator D on My coincides with the spectrum of the classical
Dirac operator on M. Consequently, the spectral triple is m*-summable and there is a
noncommutative integral defined on C'*(Mjy) as a Dixmier trace, namely

(3.25) 1= TumIDI ™),
where f € C(My) and my(f) denotes its image as an operator on H.

Recall from Lemma [B.1] that the classical integral on M is a morphism in the category
V. The noncommutative integral (B.20)) is precisely the image under the deformation
functor of the classical integral and is therefore a morphism in {}9. This means also that
the norms || - ||, on & = I'*°(My, E) can be written as

1/p
(3.26) |1 €=C, |r¢|rp=(]f <¢,¢>p/2)  for get.

Furthermore, for each T' € End 4(&) the C*-inequality (T'¢p, T'¢) < ||T||(¢, ¢) implies that
every such 7" acts continuously with respect to each of the p-norms || - ||,

3.3.4. Hodge structure on My. Our final addition to the geometric structure of the toric
noncommutative manifold My is the deformed analogue of a Hodge structure on the al-
gebra of differential forms. To do so, we observe that the classical spin principal bundle
Y over M is deformed by the quantisation functor into a quantum principal bundle de-
termined by the algebra inclusion C*°(Mpy) — C*(%y). We therefore have isomorphisms

(3.27) (M, S) = C* (%) &p% V%, QO (Mp) = C™(Xg) K, A"V,
in analogy with the classical case.

Proposition 3.23. In terms of the isomorphisms B210) for forms, there is a Hodge
operator xg : Q2" (My) — Q™" (My) defined by

*0 :1d®>l<

with ordinary Hodge operator = : A\"Vy — A7 "Vy on the m-dimensional vector space V.

Proof. Tt is clear that, in the classical case, the Hodge operator x is a morphism in the

category V and that it acts as id ® * on the vector space C>(¥) X, A"Vi. The result

follows by applying the deformation functor Ly to this morphism, yielding the required

morphism ¢ acting upon C*(3y) X, A"V; as stated (cf. Proposition B.2T]). O
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4. GAUGE THEORY ON TORIC NONCOMMUTATIVE MANIFOLDS

This section is devoted to a description of gauge theory on toric noncommutative man-
ifolds My. We introduce the (infinite-dimensional) group of gauge transformations of a
noncommutative vector bundle and the corresponding algebra of infinitesimal gauge trans-
formations. We then recall the notion of a (compatible) connection on a noncommutative
vector bundle and investigate the behaviour of these objects under gauge transformations.

4.1. The gauge group of a vector bundle. Recall that the group of gauge transfor-
mations of a Hermitian vector bundle E over M is defined to be the group of all vector
bundle automorphisms of £ which cover the identity on M and preserve the metric on the
fibres of E. In this section we construct the analogue of such objects for vector bundles
over toric noncommutative manifolds. For simplicity we consider vector bundles with
structure group G = U(n), since this will be the case of interest later on in the paper.

Let E be a vector bundle over My. For brevity, we continue to write A := C*(Mjy)
and &€ := I'>°(Mp, F). Suppose that E has structure group G, so that there is a principal
G-bundle P, over My to which E is associated via a finite dimensional G-representation
p: G — End(V). Definition identifies its module of sections as

E=T"(My,E)~C>*(FPy)X, V.
The algebra of (continuous) right A-module endomorphisms of € is
End(€) :={T:& =& | T(pa) =T(¢)a forall p € &, a € A}.

Since G = U(n) is compact, the vector space V' comes equipped with a canonical inner
product with respect to which the representation p is unitary.

In what follows, a distinguished role will be played by the A-module coming from the
defining representation V' = C" of U(n) and having rank n (the rank of a finite projective
A-module could be defined as its 0-th Chern number). This right A-module will be
denoted by & and the group of its unitary endomorphisms defines the U(n) gauge group.

Definition 4.1. The gauge group is defined as the group
(4.1) G(&) :={U € End(&) | U'U = UU* =idg, }

of unitary endomorphisms of &y, where the adjoint operation U — U* on End(&y) is the
one induced by the Hermitian structure (8.6]) and the canonical inner product on C™.

Recall that the dual module of £, defined as
E={n:&—= Aln(¢a) =n(¢)a, ¢ €E, a€ A},
is (anti-)isomorphic to £ via the map n — (n, - ). Moreover, there is an isomorphism
&'~ C™(Py) R, V'

of A-bimodules between the dual bundle £ and the vector bundle I'*(Fp, V') associated

to the dual representation (o', V).
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On the endomorphism algebra End(V) ~ V ® V', the adjoint action of G is just the
tensor product representation ad := p ® p’. Then, with C*(Fy) K,q End(V') the vector
bundle over M, associated to the representation ad, we have the following result.

Proposition 4.2. There is an isomorphism of right A-modules

End(€) ~ C™(P) Kaq End(V).

Proof. As a consequence of Proposition B.I3] there is an isomorphism
COO(PQ) &ad End(V) = COO(PQ) &ad (V ® V’) ~ & ®A 5,

of right A-modules. Moreover, since £ is finitely generated and projective as a right
A-module, there is an isomorphism End(€) ~ & ® 4 €', whence the result. O

In this way, the endomorphisms of the module £ can be understood as sections of
the noncommutative vector bundle End(€) = I'*°(Mjy, End(F)) associated to the adjoint
representation on End(V'), exactly as in the classical case. From the general scheme
spelled out in §3.1, the space End(€) = I'°(My, End(F)) is a Fréchet algebra. As a
consequence, the group G(&) of gauge transformations is a closed subspace of End(&).

At the infinitesimal level, the sections of the skew-Hermitian endomorphism bundle are
End*(€) := {T" € End(€) | (I'¢, ) + (¢, T) = 0},

also a closed subspace of End(£). More explicitly, for the A-module & we can identify

End®(&y) with the space CR*(Fp) Kaq u(n), where Cg°(Fp) is the space of self-adjoint

elements in C*°(F) and u(n) is the subalgebra of skew-symmetric elements in End(V)
[18, Corollary 13]. This leads to

Definition 4.3. The Lie algebra of infinitesimal gauge transformations is given by
'y (ad(Fy)) := End*(&) ~ CR°(Fy) Kag u(n),
a (Fréchet) Lie algebra whose Lie bracket is defined by the commutator in End®(&).

We also write ['*°*(ad(Fy)) := C™(Fy) Waq u(n) for the Fréchet Lie algebra whose Lie
bracket is defined by the commutator in End(&,). The C°°(Mj)-bimodule I'*°(ad(F))
will be understood as the the space of complexified sections of the adjoint bundle.

Our thinking of I'°(ad(F)) as the collection of infinitesimal gauge transformations is
justified by the use of the exponential map, which is defined in the following way.

Proposition 4.4. There is a map Exp : I'g(ad(Fp)) — G(E) with the property that,
for each X € I'g(ad(Fy)), the set {U; :== ExptX |t € R} defines a differentiable one-
parameter family of elements in G(Ey) such that X = (OU,/0t)|i—o =: U. Conversely, if
U, is such a family, then X = U is an element of T (ad Pp).

Proof. View an infinitesimal gauge transformation X in the Lie algebra Cg°(FPy) Kaq u(n)
as an element X* = —X in the space C*°(Fy) K,q M,,(C). The latter is a pre-C*-algebra
in C(Fy) Mg M,,(C) because C*(Fy) is so in C(Fy). The usual exponential map Exp
is a continuous S'-valued function on the compact spectrum of X. Accordingly, the

continuous functional calculus on the pre-C*-algebra C*°(Fy) K,q M,,(C) gives an element
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Exp X € C*(Py) K,q M, (C) whose spectrum is contained in S' C C. In other words,
Exp X is unitary and hence an element in G(&). O

We shall also need spaces of differential forms taking values in the adjoint bundle. In
order to handle such objects, we let End(€ @4 Q(Mpy)) denote the algebra of all right
Q(Mpy)-linear endomorphisms of € ® 4 Q2(My).

Lemma 4.5. There is an isomorphism of right A-modules
E @4 Q(Mp) = QM) ®a &
and hence an identification

Homu(E, € @4 Q(My)) ~ Q(Mp) ©.4 End(E).

Proof. We have already seen the vector bundle Q(Mjy) as an associated vector bundle,
whence Proposition yields the first isomorphism. The second isomorphism follows
from the first one, combined with the fact that End(£) ~ £ ® 4" as right A-modules. O

Having shown that our notation is unambiguous, we make the following definitions.
Definition 4.6. Let £ = C*(F) X, V be a vector bundle over M. We define
(4.2) Q' (P, V) :=E @4 Q" (My), with 7 >0,

for the space of r-forms with values in the bundle. In particular, when V' = u(n) and p is
the adjoint representation, we write

Q" (ad(Fp)) :=T(ad(FPy)) @4 Q" (My), with >0,

for the space of r-forms with values in the adjoint bundle.

4.2. Connections on vector bundles. Next we briefly recall the theory of connections
on vector bundles over a toric noncommutative manifold M.

Definition 4.7. Let £ = 1"°(Mjy, F) be a vector bundle over My. With A = C*(M,), a
right connection on £ is a linear map

(4.3) V:E@4Q (M) — & @4 QT (My)

defined for all » > 0 and obeying the right graded Leibniz rule

(4.4) V(w() = (Vw)¢ + (=1)"w(d])

for all w € € @4 Q" (Mp) and ¢ € Q(Mpy).

Remark 4.8. A left connection on £ is defined similarly, as a linear map
V(M) @4 E — QT M) @4 &,

now obeying a left Leibniz rule. In this section we present everything using right connec-

tions although, in the rest of the paper, we shall freely use both left and right connections.
23



From the Leibniz rule it follows that the composition
V2:=VoV:E@4N(My) — ER4Q2(M,)

is Q(My)-linear, i.e. V*(w() = (V2w)( for all w € € @4 Q" (My) and ¢ € Q(My). The
restriction F:=V?: & — £ @4 Q*(Mpy) is called the curvature of the connection V. The
curvature is A-linear, i.e. an element in Hom4(&, & @4 Q*(Mp)).

As we shall see momentarily, on a projective module & there is always a (right) con-
nection. Given any two connections Vi, Vs on &, their difference is A-linear, i.e.,

(V1= Va)(ga) = ((V1 = V2)(¢))a

for all p € £, a € A, and so V| — V is an element of Homy (&, E @4 Q(Mp)). Thus the
space of all connections on £ is an affine space modeled on the latter space.

Then, let £ be a projective module (of finite type) over A. If £ is identified as a direct
summand of the free module C¥ @ A by the projection p € My(A), so that there is an
isomorphism j : £ — p(CY ® A), one has the Grassmann connection

Vo : € — & @40 (M)
defined by the composition of maps:

(45) €L p(CN @ A) 1924 N @ 01 (M) P2 p(CN @ QM) T2 £ @, O (M,).
This is simply denoted Vo := p o (id ® d) and extended, by Leibniz rule, to a map
Vo:E @40 (M) — E @4 QT Mp). Any connection V on € can then be written as

(4.6) V=Vy+w, for some w € Homy(&, & @4 Q' (Mp)).

Lemma 4.9. Let E be a o-equivariant vector bundle over M. Then the Grassmann
connection Vo : T°(M,E) — T*(M,E) ®cemr Q' (M) on E is a morphism in the
category Vy. Its image under the deformation functor Lg is the Grassmann connection
on the noncommutative vector bundle € =T (M, E).

Proof. By Lemma B3, T>°(M, E) is TV-equivariantly isomorphic to a direct summand
of a free torus-equivariant C'*°(M)-module V @ C*°(M). Let us write j : I'°(M, E) —
p(V @ C*°(M)) for this isomorphism. The Grassmann connection Vo on I'*(M, E) is
defined by composition of maps just as in (L3 (mutatis mutandis). With V being defined
as a composition of torus-equivariant maps, we may apply the deformation functor to it.
The functor acts as the identity on objects and morphisms, so the image of V is nothing
other than the Grassmann connection on & = I'*°(Mjy, E). O

Definition 4.10. A right connection V on £ is said to be compatible with the Hermitian
structure (-, -) on & if it satisfies

4.7 (Vo) + (=), Vo) =d(p,9),  forall ¢, € E @4 QM)

We write C(€) for the collection of all compatible connections on £.
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The Grassmann connection Vj is always compatible with the canonical Hermitian struc-
ture defined in Eq. (8.6); the (affine) space C(€) is therefore always non-empty. For a
general connection (L.0), the compatibility condition (A1) reduces to the requirement that

(wo, V) + (¢, w) =0, for all ¢, € &;

equivalently that w satisfies w* = —w. Consequently, for the rank n A-module &, the
affine space C(&y) of compatible connections may be identified with the vector space
Q!(ad(Py)) of one-forms with values in the skew-adjoint endomorphism bundle of &.

Now we come to the issue of gauge theory of connections, i.e. of how connections
behave if we apply gauge transformations to noncommutative vector bundles.

Definition 4.11. The gauge group G(&) of Definition .l acts on the space C(&) by
(4.8) G(&) x C(&) — C(&), (U, V) = VY :=UVU".

Given a gauge transformation U € G(&), by differentiating the identity UU* = idg the
difference of connections V¥ — V can be written as

VvV -V =U((VU*) = —(VU)U*.
Expressing some other connection V as V =V + w for w € Q! (ad(Fp)), we get
VU = U(V 4+ w)U* =V +U(VU*) + UwU*.

Then, writing VU=V +wY, the transformation rule for the matrix-valued one-form w is
(4.9) (U,w) = WY = [V, UJU* + UwU*,

giving an explicit formula for the action of G(&y) upon C(&y) when we identify the latter
affine space with the vector space Q' (ad(F)).

The remainder of this section is dedicated to showing that any connection V € C(E)
may be lifted to a connection on the corresponding endomorphism bundle End(€) and to
consequences of this lifting.

To do so, we shall need the map
[V, ]:End(€ @4 Q(My)) = End(E @4 Q(My)),
(4.10) [V, T]=VoT —(-1)"ToV,

where |T'| denotes the degree of T' for the Z-grading of (Mpy). Using Lemma one
straightforwardly checks (cf. [19]) that the map [V, -] is right Q(Mjy)-linear,

[V, Tl(wp) = ([V,T](w)) (p) ~ forall weEnd(€@48My)), pcQ(My),
and hence well-defined. Moreover, it is a graded derivation, in the sense that
(4.11) [V,SoT]|=[V,S]oT + (=1)*1S 0 [V,T]

for all S,T € End(€ ®4 Q2(My)). We use all of this to define a connection on the endo-
morphism bundle over My.

Proposition 4.12. The formula (&I0) defines a right connection

[V, -]:End(€) @4 Q" (My) — End(&) @4 Q" (Mp)
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on the right A-module End(&). This connection has well-defined restrictions

(4.12) V,-]: Q" (ad(Py)) — Q" (ad(R)), [F,-]:Q (ad(Pp)) — Q2 (ad(Fy)),
with F' = V? being the curvature of V.

Proof. For each a € A we can take S :=a - 14, i.e. we view a € A as an endomorphism
of £® Q(Mjy) by left multiplication. Then Eq. (AI1]) becomes a graded Leibniz rule for

[V, -], viewed as a right connection on the right .A-module End(€). The well-definedness
of the restriction is easily established (c¢f. [19]). O

The connection in Proposition [£.12] will play a crucial role later in the paper.

4.3. Weitzenbock formula on My. Next we derive a Weitzenbock formula for Dirac

operators with coefficients on toric noncommutative manifolds. To do so, we shall need
the Clifford multiplication ([B.23)), i.e. the C*°(Mjy)-bimodule map

Yo : QP (My) @4 T (Mp, S) — I (Mp, S),
together with the canonical connection ([3.24)) on the spinor bundle S,
Vs : T®(Mp, S) — Q' (M) @4 T (M,,S),
whose curvature we denote by Fs. Let & = T'°(Mjy, F) be a vector bundle over My
equipped with a connection Vg : & — € @4 Q'(Mp), with curvature denoted Fg.
Definition 4.13. The Dirac operator with coefficients in £ is the composition
De : £ @4 T (My, 8) 25 £ @4 Q1 (Mp) @4 T (My, S) 222% £ © 4 (M, S),

where Vegs := Ve ®id +id ® Vg is the tensor product connection.

To obtain our result, we shall need a formula for the Hilbert adjoint Vggg of the
connection Vggs, taken with respect to the inner product on € ®4 Q! (Mpy) @4 T>°(My, S)
induced by a Hermitian structure as in (3.I8)). Indeed, since both the Hermitian structure
and the Hodge operator %4 are the images under the deformation functor of their classical
counterparts, one finds just as in the classical case that

V:‘i‘@s = (ld ®*g X ld) o v5®3 (e} (ld X *0 (9] ld)
as an operator on € @4 Q" (My) @ 4 T'°(M,, S).

In classical geometry, the Weitzenbock formula relates the square of a Dirac operator
with coefficients to the curvature of the bundle connection. The next theorem establishes
such a formula for connections on vector bundles over toric noncommutative manifolds.

Theorem 4.14. The operator Dg : E @4 T (My,S) — € @4 I'*°(My,S) has square
(4.13) (De)? = VigsVews +70(Fs) + 7(Fe).
Proof. Suppose first that V¢ is the Grassmann connection on £. In this case, all of the

maps appearing in Eq. ({I3]) coincide with their classical counterparts, whence the claim

follows from the classical Weitzenbock formula (see for example [14, Thm. 3.4.2]).
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To establish the general case, first of all we remark that the compatibility between
Clifford multiplication 7y, the spin connection Vs and the tensor product connection
Vaigs is expressed, as a map from Q! (M) @4 T (M, S) to T'>°(M,,S), by

Yo o (id ® 79) © Vaigs = 79 0 Vs 0 9.
Consequently, we can write
D: = (id ® vg) o (id ®id @ 75) 0 (Ve @ id +1d ® Vgigs) © (Ve ® id +id ® V) .
Similarly we have
Vigs = (Ve ®id +id ® Vaigs) o (Ve ® id +id ® V) .

The latter map Vi, takes values in € @4 Q' (Mp) @4 QN (Mp) @4 T®(My,S), not yet
involving the two-forms Q%(Mjy). For this, we project Q'(My) @4 Q' (M) onto the sub-
spaces which are respectively braided-symmetric and braided-anti-symmetric, i.e. the £1
eigenspaces for the braiding operator (ZI0) on the tensor product Q'(My) @4 Q' (My).
With Ly being an isomorphism of braided tensor categories, there are isomorphisms

(Q'(Mp) ®.4 Q' (My)) ~ C™(39) Mspinim) (V1 ®s V1);
(21 (Mp) ®.4 Q' (Mp)) ~ C%(29) Bspinm) (A*V1) = Q*(My).

U —sym
WU —asym

Now recall that Vg = Vy 4+ w for some connection one-form w. After projection onto
two-forms, the Levi-Civita connection Vg1 : QY (My) — QY (My) @4 Q' (My) coincides
with the exterior derivative d. This means that, as a map from & ®4 ['*°(M,,S) to
E @4 (M) @4 T>(M,,S), we have

Vigs = (Vi+Vow+wVo+w?)@id+id® VE = Fr ®id +id ® Fs.

Composing the latter expression with Clifford multipication yields the second and third
terms in the right-hand-side of the desired expression (ZI3).

Concerning the braided-symmetric part Q!'(My) @4 Q' (Mp)y—sym, we find that Clifford
multiplication coincides with taking the inner product V; ®¢ Vi — C in the typical fibre
Vi. In other words, the contribution to D is precisely Vi, sVegs. O]

5. EQUIVALENCE CLASSES OF CONNECTIONS

We have studied so far the gauge theory of connections on toric noncommutative man-
ifolds at the level of smooth sections of vector bundles. In this section we add some extra
structure, making the space C(&) of compatible connections into a Banach space. This
will allow us to apply a range of functional analytic techniques in order to determine the
manifold structure of the space C(&y)/G(&y) of gauge equivalence classes of connections.

5.1. Sobolev theory. Let My be a toric noncommutative manifold of dimension m and
let ['*°(Mpy, E) be the Fréchet C'*°(Mjy)-bimodule of ‘co-differentiable sections’ of a torus-
equivariant vector bundle over My. In fact, we can define the ‘r-differentiable sections’ as
the Fréchet C°°(Mjy)-bimodule I'"(Mpy, E), the image under the deformation functor Ly of
the C°°(M)-bimodule I'"(M, E) of r-differentiable sections of a vector bundle E over M.

We then have I'°(Mp, ) = N, I'"(My, E).
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With shorthand notation A := C*(My) and € = I'*°(Mjy, F), in order to define a
collection of Sobolev norms on the vector space &£, we fix a compatible connection V,
on £. In addition, we take a compatible connection on Q'(My), now considered as the
finitely generated projective C°°(Mp)-bimodule I'™°(My, A'), where A! := A'(M) denotes
the cotangent bundle on M. Consider the k-fold tensor product A®* = A' @ --- @ Al of
the vector bundle A'. For any k > 0, we have tensor product connections Vi

Vi : (M, E @ A®F) — T(My, E @ A®F) @4 Q1 (M) ~ T>(Mj,, E @ A®*D),
having used Proposition B. I8l By composition, we obtain maps
VF:=V_no- 0oV : (M, E) = I'™(My, E @ A®").
This should not be confused with simply taking k& powers of a connection; the latter would

vanish identically for k sufficiently large.

Definition 5.1. For each pair of integers p > 1 and k& > 0, the Sobolev (p, k)-norm || - ||,.x
on & =I'°(My, E) is defined by
1
16llp == (lolly + IVOlE+ ... +IV*IE)7 . g€k,
where || - ||, is the p-norm on I'*°*(M,, E ® A®") defined in Eq. 28] for | < k.

For p = 2 and any k£ > 0 these Sobolev norms are Hilbert norms, using the obvious
inner product giving the norm (3.26). The standard properties of the norm || - ||, s, i.e. its
being positive-definite and obeying the triangle inequality, follow from those of || - ||,. We
just need to check that these norms on the vector space £ = I'*°(M,, E) are well-defined.

Lemma 5.2. For each p > 1 and k > 0 the topology on £ defined by the Sobolev norm
| - ||, is independent of the choice of connections on T°°(My, E) and T>(M,, A').

Proof. In terms of the above prescription, any other choice of connections on I'°(M,, F)
and T'>°(M,, A') would give rise to connections

) T2(Mp, E @ A®F) — T™(My, E @ A®*) @4 Q' (My) ~ T™(My, E @ A®*D),
Consequently, the Leibniz rule implies that the difference V’(k) — V() =: () is an element
in Hom4(€ @4 (QH)%F € @4 (Q1)2*+D) Tt is not difficult to deduce from this that
(5.1) (V) = VF 40V 4 g 7 4o
for some 7¥ € Hom4(€ @4 (QV)FFD € @4 (21)F). We check by induction that the
corresponding Sobolev norms || - ||, and || - [|, x are equivalent. For & =1 we find that

IV'0ll, = Ve + a@oll < VOl + llawll ol < (1+ oDl
and hence that

(el )7 = lols + 1V'llp < (1+ (1 + lawlD?) 6l

having used the boundedness of o) in the C*-norm || - ||. Interchanging the roles of V
and V' in this calculation establishes the reverse inequality and so shows that V and V’

define equivalent Sobolev (p, 1) norms.
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Now, assume by induction that the norms || - ||} ; and || - [|,; are equivalent for all I < k.

Using Eq. (5.1)) we derive

k — k k k
17 lly < 19"l + 19095 6l + - 1P 0l < (14 10+ -+ 19 1) 1l

By the very definition of |- ||/ , and using the induction step, this implies that there exists
a constant ¢, such that

(UIll50)" = (5" + 1V I < cillglly i

Finally, interchanging V with V' gives the reverse inequality, and the result follows. [

Definition 5.3. For each p > 1 and k& > 0, the Sobolev space &, = I')x(Mp, E) is
defined to be the completion of the vector space € in the norm || - ||, k.

Of course, there is a priori no reason at all why the completions &, should bear
any relation to their classical counterparts. Although the quantisation of the space of
smooth sections of a vector bundle is defined by the deformation functor, connections
on noncommutative vector bundles over My are not torus-equivariant in general and so
cannot simply be quantised functorially. The Sobolev completions for a noncommutative
vector bundle might therefore be different from their classical counterparts. Nevertheless,
we do find the following remarkable result.

Proposition 5.4. For each p > 1 and k > 0 there are homeomorphisms of Banach spaces

T,u(M,E) = Tpu(My, E),  I"(M,E) —I"(My, E).

Proof. By Lemma 9] the Grassmann connections on I'°(M, E) and ['*°(Mp, E') coincide
as linear transformations. Moreover, by Lemma B0l the LP-norms on I'*°(M, E) and
['°(Mpy, E') are just the same. It follows that the Sobolev (p,k)-norms defined by the
Grassmann connections on ['*°(M, E) and I'°(Mjy, E) are equal. However, by Lemma[5.2]
the Sobolev norms are independent of the choice of connection, whence each of the Sobolev
norms on the quantised space ['°(Mjy, ) is equivalent to its classical counterpart on the
space ['*°(M, E). As a result, the Banach space completions in the classical and quantum
cases must be homeomorphic. The second homeomorphism above is direct from the
definition of I'"(M,, E') at the beginning of this section. O

This means we have at our disposal all of the usual Sobolev embedding theorems, but
now for our m-dimensional toric noncommutative manifold My. We state them as follows.

Theorem 5.5. Let £, = I', (Mg, E) be the Sobolev spaces as in Definition[5.3. Then:
(i) if k — (m/p) > r + 1, there is a continuous inclusion
Lpiw(Mg, E) C I"(My, E).
In particular, if ¢ € Ty, (Mg, E) for some fired p > 1 and all k > 0, then ¢ is smooth.
(ii) if k > and k — (m/p) > € — (m/q) then there is a continuous inclusion

Fp,k(Mea E) C Fq7g(M9, E)
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(iii) for allp > 1, k > 0, the inclusion map
Lp i1 (My, E) = T'p (Mo, E)

18 compact.

Proof. From classical Sobolev embedding theorems there are continuous inclusion maps
Iyx(M,E) C T"(M,E) and I') (M, E) C I'ys(M, E) whenever the indices satisfy the
stated inequalities. Due to the subtle observations made in proving Proposition 5.4 we
may now deduce that the same is true of the noncommutative Sobolev completions. In the
same way, statement (iii) is deduced from the Rellich-Kondrachov theorem for Sobolev
spaces (c¢f. [3] for full details of the classical versions of these results). O

5.2. Analytic aspects of U(n) gauge theory on M,. We specialize the above discus-
sion to U(n) gauge theories. Also, in what follows we only need to consider L?-norms on
our function spaces, rather than the more general LP-norms. Accordingly, we compress
the notation slightly, making the following definition.

Definition 5.6. Let £ :=I'*(Mjy, E) ~ C*°(F) My, V be the space of smooth sections
of a noncommutative vector bundle of rank n over My, where V is any representation of
U(n), and let Q"(Py, V) = € @4 Q" (Mp) (cf. Definition €6). We write Q. (P, V') for the
completion of 2"(FPy, V') with respect to the norm ||| - [|2.4-

In particular, we need the space Qi(ad(Pp)) = Q3(Ps,u(n)). In the remainder of the
paper, we lighten the notation and drop the subscript on & to simply write £ for the A-
module C*(F)X,C" of rank n. Denote by C := C(€) the space of compatible connections
on the bundle £, which is thus modeled on Q!(ad Pj). We extend this to a Banach space.

Definition 5.7. We write C3 for the affine space of connections V on & of the form
V =V, + a for some a € Qi(ad(F)).

In this way, the space Cs is identified with the space Q1 (ad(Pp)): the norm || - ||2,3 gives
it the structure of a Banach space. Next we show how to equip the gauge group G := G(&)
of Definition [Z]] with a Banach structure as well. Since G is a group and not a vector
space, we cannot directly apply the above argument to endow it with Sobolev norms.
However, we use the fact that G was obtained as the subset

(5.2) G ={U € End(&) | U"U = UU* = idg} C End(E).

From Proposition we know that the connection V,, induces a connection on End(&)
by the formula [V, -]. As in Definition B}, given a connection on T'(Mp, A') we can
define the Sobolev k-norm on End(€) by

(5-3) Tl = (TN + VTN + -+ IVET3) 2
for each T' € End (&), and whose completion is the Sobolev space Qf(End(£)). Note that
the latter is a Hilbert space for any k£ > 0.

Definition 5.8. We write G, for the closure of G in Q}(End(€)) (via the embedding (5.2)))

with respect to the Sobolev norm || - ||2.4.
30



From these completions we obtain the following results, placing our earlier construction
of gauge theory on noncommutative vector bundles in the context of Banach spaces.

Lemma 5.9. For every l > 3 and every k > [, there exists a constant dy such that
ST |20 < di[| Skl T[|2.
for all S € Qi(End(€)) and T € Q(End(E)).

Proof. At the level of smooth sections, there is a continuous product in the Fréchet algebra
End(€ ®4 Q(Mjy)). We need to check that this product extends to a continuous product
on the Sobolev completions in an appropriate way. Without loss of generality, we may
assume that the Sobolev norms are defined using the canonical connections on the bundles
End £ and A!, which are in particular torus-equivariant. Consequently, the Sobolev
norms coincide with their classical counterparts (c¢f. Proposition [.4]), allowing us to
reduce the proof to the classical case. Indeed, let us assume that S € Q(End(€)) and
T € Q(End(€)) are deformations of elements S and T in Q(M,End(E)). With
Proposition B2 together with the corresponding decomposition for sections as in (34,
we can decompose S and T' as a sum of homogeneous elements, and we get

15Tllo < 37 1SOTOYos < 37 SO T2

having used the classical result that 2;(M,End E) is a Banach algebra, i.e. that the
required inequality applies for k& = [ (¢f. [I, Theorem 5.2.3]). Then, with V the torus
invariant connection on End(F) ® A, we derive

HS(O)Hi,l:/ <S<o>75<o>>+...+/ RN
M

M
- / (5©,50) +... 4+ 3 / (VIS©, 950y = 3 5O,
r M r M r ’

the last equality holding by torus invariance of the integral on M. The observation that
15|20 = [|S©@]|2; completes the proof. O

Note that the infinitesimal gauge algebra I'*°(ad(F)) also has a Banach space comple-
tion Q9 (ad(Fy)) in the norm || - |[24 (in our earlier notation, it is nothing other than the
Banach space Q9(Py,u(n))). In this sense, we have also L?*(ad(P)) ~ Qf(ad(F)).

In order to introduce analytic structures, we briefly recall some of the details of dif-
ferentiable maps between Banach spaces. Let V, W be Banach spaces, let & be an open
subset of V and let ¥ : i/ — W be a continuous map. For each point x € U, the derivative
dU, : V — W of ¥ at x in the direction v € V' (if it exists) is defined to be the limit

(5.4) dv, .V — W, AW, (v) := limy_ot " (U(z + tv) — U(z)),

where t € (0,00) is always taken to be sufficiently small to arrange that x 4+ tv € U. The
function ¥ is said to be continuously differentiable on U if dW,(v) exists for all z € U and
all v € V and if the associated map

AV U xV =W, dU(z,v) :=dV,(v), ze€l, veV,

is continuous. Moreover, W is said to be of class C" if it is r times continuously differen-

tiable. Finally, we say that U is smooth if it is of class C" for all » > 0.
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We use this notion of differentiability to introduce a manifold structure on G4. Recall
that a Banach manifold is a topological space equipped with an atlas of coordinate charts
taking values in a Banach space such that the coordinate transition functions are smooth
maps [20]. By a Lie group modeled on a Banach space, we mean a Banach manifold whose
underlying set is a group such that the product and inversion operations are smooth maps.

Proposition 5.10. The Sobolev closure G, is a Lie group modeled on the Banach space
09(ad(Py)). The action of G on C in (&R) extends to a continuously differentiable action

(55) \I’ZG4X63—>C3, (U,V)'—)UVU*, for Uegzla VEC3

of G4 on the space Cs of compatible connections.

Proof. We first establish the existence of an exponential map,
EXp : Qg(ad(Pg)) — g4,

as we had in the smooth setting (cf. Proposition FE4). Indeed, for any X € QY(ad(P))
there exists a sequence (X,,) with X, € Q%(ad(F)) converging to X in the || - ||z 4-norm.
Consequently, since

A=X) =0 =X) 11+ (X - X)A = X)),
the sequence of resolvents ((A — X,,)~!) converges to (A — X)~! in the same norm. Then,
Exp(X,,) can be defined as the Dunford integral

1
Exp X, = — ¢ Exp(A\)(\ — X,,)"'d)\
X0 X = 5 § Bxp(N)(A - X,) A

which is an element in G for each n. It converges to Exp X, defined through the same
Dunford integral, which thus lies in the closure G, of G.

Just as it happens for finite-dimensional Lie groups, from the inverse function theorem
this exponential map is a homeomorphism in a neighbourhood of the origin and so it
defines a local chart at the identity element idg. Since G is dense in Gy, left translation of
this coordinate chart by elements of G provide a collection of coordinate charts covering
all of G4. For Uy, Uy € G, let Uy, Us be the coordinate charts centred at Uy, Us respectively.
The transition function on the intersection of these patches is given by left multiplication
by the element U,U;. It is straightforward to verify that this map is smooth by repeatedly
computing the limit (5.4]) and then, using Lemma[5.9] to check continuity of the derivative.
To establish the Lie group structure, it is sufficient to check that the map

Gy X Gy — Gy, (U17 U2) — U1U§

is smooth for all Uy, Uy € G4. This is also easily verified by computing the limit (5.4]) and
then using Lemma once again to check continuity of the derivative.

Finally, we turn to the group action G x C — C. Recall from Eq. (£9) that the formula

for the action of the gauge group on the connection V := V,_, + « is

(5.6) (U, a) = o¥ = —|V,, UlU* +UaU*.
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By Lemma there is a constant ds such that

[allo3 = lUQU™ — [V, UlU*|lo3 < |UU" |23 + [V, UJU* |23
< 3|3 sllellas + ds[|U |23V, U3
< &U3 5123 + dsl| U2, U124,
so that the action (5.0) is well-defined in the norm || - ||23. The space Cs is in particular a
Banach space and so it is a Banach manifold in the obvious way, with a single coordinate
patch given by the identity map. In this way, the tangent space at any point in Cs
is identified with Q! (ad(P)) itself. As mentioned above, the tangent space to a point

U € G, is identified with Q}(ad(Pp)). One thus finds that the derivative as in (5.4) at the
point (U, V,,) € G4 x C3 and in the direction (H,a) € Q4(ad(Py)) x Qi(ad(Pp)) is the map

(57) d‘;[](U,Vw)(Ha Oé) = —[VW, U()H] + «

upon expressing U = Uy Exp(tH) in some local coordinate patch Uy centred at the point
Uy € G. Continuity of the map

AW : Uy x (Q4(ad(Py)) x Q3(ad(Fp))) — Qs(ad(Fp))

is straightforward, whence the map W is continuously differentiable. O

We finish the section with a string of technical results that we shall call upon when
needing them later on. Classically they follows from the theory of elliptic operators. Since
in the noncommutative case no general theory of ellipticity is available, we use in its place
the more powerful methods of perturbation theory for linear operators on Banach spaces.

Lemma 5.11. The linear operators
V. : Q(ad(Py)) — Q1 (ad(Fy))

are Fredholm operators for allr > 0 and k = 3,4.

Proof. There exists w € Qi(ad(Pp)) such that V,, = V + w, where Vj is the Grassmann
connection on £. By Lemma 4.9 the latter is the same as its classical counterpart, which
we know defines a Fredholm operator as a map Q (ad(FPy)) — Qp 1 (ad(Fy)) for k = 3, 4.

Then, if k = 3 the map w : Q4(ad(Fp)) — Q57 (ad(Fp)) is bounded by Lemma
Thus, composing it with the compact map Q5™ (ad(Fp)) — Q5™ (ad(Fs)) (¢f Theo-
rem (5.3)) (iii)) again gives a compact map. It follows that V., : Q5 (ad(Pp)) — Q5+ (ad(Py))

is a compact perturbation of the Fredholm operator Vi and is therefore itself Fredholm.

When k£ = 4 the desired result follows upon pre-composing the bounded map w :
Qi (ad(Pp)) — Q57 (ad(Py)) with the compact embedding ;(ad(FPy)) — Q5(ad(Fp)). O

The next result hinges on the following fact [15, Theorem VII.2.4] from perturbation
theory. Let H be a Hilbert space and let A : H — H be a self-adjoint linear operator
with compact resolvent and domain ©(A). Suppose 17" : H — H is an operator such that

(A) 1Tl < h(ll¢l, IIA;;H) Vo € D(A),



for some non-negative function h(s,t) that is positive-homogeneous and monotonically
increasing in both variables (Remark VII.2.11 loc. cit.). Then, the linear operator A+27,
for x € R, is self-adjoint with domain D (A); it has compact resolvent if |x| < (h(0,1))~.

Lemma 5.12. The linear operator

A, L*(ad(Py)) — L*(ad(F)), A, :=V.V,,

w

is self-adjoint and has compact resolvent.

Proof. Take w € Qi(ad(Pp)) such that V,, = Vo +w, with V, the Grassmann connection.
Then

A, =Ny +w'Vo+ (Vy+ww,
where Ay = V;V, coincides with the classical Laplacian associated to the Grassmann

connection, which therefore has the same spectrum and hence it has compact resolvent.
Furthermore, on the domain ®(Ag) of A, one can write

(VS + w*)w = *G(VO + w) *p W = *Q[VQ,*QW] + WVO + *pWw *p W,

with %y the Hodge star operator. Note that the latter is isometric with respect to the
inner product on QP(My), so that

* * * 1/2 1/2
lw*Voslla < w* [ Voslla < llw* [l 20s]l5 18]l

and

I(Vo +whwollz < [[[Vo, xo]lll[@ll2 + @l Vodllz + llw w2
< Vo0, xow]lllgl2 + lwll [ A0@lly * 0112 + w62
We conclude that A, is a perturbation of A for which criterion (Al holds with
h(s,t) = 2l|w*|(st)"/* + (I[Vo, %] || + [l w]l) s
Since h(0,1) =0, A, is self-adjoint with domain ©(A() and has compact resolvent. [

Proposition 5.13. The kernel KerV,, consists of smooth sections and there exists a
constant ¢, such that

(5.8) [0ll26 < crllVadll2k-1
for all ¢ € QL (ad(Py)) such that ¢ L Ker V.

Proof. It V,p = 0 then V,---V,¢ = 0 for an arbitrary number of applications of V,,.
Thus ¢ € QY(ad(Fy)) for all & > 0 and ¢ is smooth by Theorem [F.5(i). Also, from the
equality |0/, = |05 + [Vu@ll5 41, the claim () is equivalent to requiring that there
is a constant ¢ > 0 for which

[0]l2 < cl| Vol
for all ¢ € Q9 (ad(Pp)) such that ¢ L Ker V,,. A suitable choice is ¢ = A7, where

A =inf{([¢]l2) [ Vudllz | ¢ L Ker Vo },
provided we show that A > 0. Since (A p,¢)2 = (Vud, Vod)a = ||Vuol3, such X is

greater than the square root of the smallest non-zero eigenvalue of A, on Qf(ad(Fp)) =~
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L?*(ad(F)). By Lemma [512] the operator A, has compact resolvent, meaning in partic-
ular that zero is not an accumulation point of its spectrum and hence that A > 0. U

5.3. Manifold structure of the quotient space. Having introduced the Sobolev com-
pletions C3 and G, of the space of compatible connections and of the gauge group, we move
to describe the quotient space C3/G, of compatible connections modulo gauge equivalence.

Let V be a compatible connection on the bundle £. The isotropy group T'V of V is the
subgroup of the gauge group G, defined by

IV.={U€G,| UVU* = V}.

As the following lemma shows, the isotropy group of any given connection is always non-
trivial: there is a certain subgroup of G4 which fixes every point V of the space Cs.

Lemma 5.14. There exists a subgroup To of Gy such that T'o C TV for all compatible
connections V in Cs.

Proof. This hinges on the observation that, at the infinitesimal level, we have the direct
sum decomposition of Q¢(ad(FP)) into

Qf(ad(Py)) = (24(Pp) By u(1)) @ (Q9(Py) Maq su(n)) .
Let us focus on the summand Q9(Pp) &3 u(1), noting that if H € Q9(FP) X; u(1) is such
that [V, H] = 0, then [V* H] =0 for all k > 1 and so H € Q(Pp) Xy u(1) for all k > 0 ,
whence H is smooth by Theorem [5.5(i). The identification
FOO(PQ) &1 C~ COO(MQ)

means that H is in fact a self-adjoint element of C'°(My) satistying [V, H| = dH = 0,
i.e. it is a constant function on My with values in the Lie algebra u(1). Exponentiating
this Lie algebra gives a subgroup I'y of G4 which is necessarily a subgroup of I'V. 0

The non-triviality of the isotropy group of each point of C3 means that, in order to
obtain a nicely-behaved space of orbits of G4 in C3, we must quotient the subgroup I'.

Definition 5.15. We write G := G4/T for the quotient of the gauge group G, by the
isotropy subgroup I'y identified in Lemma [5.14]

Of course, the isotropy group I'V of a given connection V may be larger than the
subgroup I'y, so we also need to discard the connections for which this happens and focus
on the subspace of C3 on which the action of the quotient gauge group G, is indeed free.

Definition 5.16. A connection V in Cs is said to be irreducible if the isotropy group I'V
is equal to I'g = U(C*°(My)), the unitary group of the algebra C'°°(My), otherwise it is
said to be reducible. We write C3 for the subset of C3 consisting of irreducible connections.

As shown in Proposition 5.0, the tangent space to G4 at the identity element idg may
be identified with the vector space Q}(ad(F)). Similarly, the tangent space at each point
of the quotient gauge group G, is identified with the quotient vector space

Q)(ad(Pp)) 1=3?Z(ad(Pe))/%,



where 79 = u(C*(My)) is the Lie algebra of the group I'y identified in Lemma (.14} it
can be identified with the purely imaginary elements in the algebra HSy (My) of constant
functions. Moreover, C3 being an affine vector space, the tangent space at any of its points
may be identified with the corresponding vector space Q}(ad(FP)). Since Cs is obtained
from C3 simply by deleting the reducible points, the typical tangent space of 53 is also
equal to Q}(ad(Fp)). These realisations of the tangent spaces of Cs; and G, will prove
useful in obtaining the following result.

Theorem 5.17. The space B = 53/54 1s a Banach manifold with local charts given by
m: Oy, — B, where, for € sufficiently small,

Oue = {Vu+a|aecQiad(P)) with o € Ker V;, and ||al23 < €} .

Proof. By Lemma [5.11] we know that Im V,, is a closed subspace of Q}(ad(Fp)), so there
is an orthogonal decomposition

(5.9) Qi(ad(Py)) = Im V,, @ Ker V7

(in general this is only true if Im V,, is replaced by its closure ImV,,). The subspace
Im V,, is identified with the tangent space to the orbit @(Vw) in 53 of the point V,,
under the action of the gauge group Gs. Our first step is to construct a ‘local slice’ for
the action of 64. This is done as follows.

For O, as defined above, we consider the map
U:GyxOpe—Cs, WU,V :=UVU,

that we show is a diffeomorphism in a neighbourhood of (idg, V,,). By the inverse function
theorem, this would follow were we to show that the derivative d¥ obtained in Proposi-
tion [EI0is an isomorphism at the point (idg, V,,). To this end, consider the infinitesimal
neighbourhood of (idg, V,,) given by the spaces Q(ad(Fp)) and Ql(ad(F)), so that the
derivative of ¥ is a map

AW : QY(ad(P)) x Ker V¥ — Ql(ad(F)),
with Ker V¥ C Q}(ad(F)). Using the formula (5.7) for the infinitesimal action of U on a
given connection V =V, + «, we have
d¥ag,v.)(H, a) = =[V, H] + a.

With respect to the splitting (5.9) of Q}(ad(FPp)), it is clear that the map d¥a, v, is
surjective. Thus it is an isomorphism if and only if it is injective which, by the very
definition, is the case precisely when V, is irreducible. Thus it follows from the inverse
function theorem that there is a neighbourhood V,, of V, € 53 such that, with

Ge :={U € Gy | ||U —idg]los < €},

the map ¥ induces an isomorphism from G; X Oy = V,,. In particular, this means that
whenever V,V, € O, are such that UV, U* = V; for some U € G, we have V| = V.

Finally we claim that this last conclusion is valid for any U € G, and not just for
those U € G.. Let V, =V, + «;, i = 1,2, be a pair of elements in O, for some § > 0

(to be chosen), so that ||a;|l23 < 0. Then, the condition UV ;U* = V; is equivalent to
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the condition [V, U] = Uay — aU. By Proposition B.I3] for each & > 0 there exists a
constant ¢ such that ||U —idg||2x < ¢kl|[Vw, Ul||24—1. Using this fact, we find that

|U —idgll21 < e[V, Ulll20 = a1||Uay — aaUll20 < ([Uar|20 + [|aaUll2,0)
= c1 ([laall2,0 + [laz]l2,0) < 2¢10.

Now with the estimates |[|[Ucllax < dil|Ull2.k]|cvill2,3, using a ‘bootstrapping’ argument
one finds that, for each £ =0, ..., 3, there is a constant ¢}, such that

||U — idg||27k < 025

We conclude that, if two connections Vy,Vy € O, are gauge equivalent, we can then
choose 6 > 0 to be sufficiently small that they are related by a gauge transformation in
G.. Hence we deduce that the neighbourhoods O, . give local charts for B =Cs;/G,. O

Proposition 5.18. The manifold B = 53/54 is Hausdorff.

Proof. Let V, V,, be connections in C; and (V,), (V) sequences in Cy such that:
(i) V,, = V, and V), — V' in the norm || - |23 as n — oc;
(ii) for all n there exist U,, € G, such that V, = U, V,U;.

We show there exists U € G, such that UV'U* = V. For appropriate elements o/, o/, and
ap, we write V' =V, +a, V., =V, +«a, and V,, =V, + «a,. By hypothesis o/, —
and o, — 0 as n — oo in the norm || - [|2,3, hence the sequences (||a,||23) and (||a,|2,3)
are uniformly bounded. From the proof of Theorem (.17 it follows there exists a constant
C such that [|U,|24 < C for all n, whence Theorem [.5(iii) implies that the sequence
(U,) has a subsequence (U,,,) converging to a point U € Q3(End(£)) in the norm || - ||2.3.
We compute that

1V, Un,] = [V, Unr]H2,3 = |Un,, tn,, — O‘;LmUnm — Uy, ap, + O‘;TUnr”Z?)
S ”Unmanm - Unran'r + Oé;Lm<Unr - Unm) _'_ (O/ - O/ )Unr H273

Ny N
< dyC (|lom, N2 + lan, ll2,3 + llah,, — ol ll23)

where the last step uses the inequalities in Lemma[5.9. Each of the terms on the right hand
side can be made arbitrarily small, thus the sequence ([V,,U,, ]) is Cauchy and hence
convergent to [V, U] in the norm || - ||23. Combining this with convergence of U, to U
in || - ||2,3-norm, it follows that U,,,, — U in the norm || - ||24 and we conclude that U € G4
and UV'U* = V, so that finally the connections V' and V,, are gauge equivalent. O]

6. INSTANTONS ON TORIC NONCOMMUTATIVE MANIFOLDS

In the previous section we studied the manifold structure of the space B = 53 / G,. In
this section we analyse the structure of the its subspace M of self-dual U(2) connections
on a four-dimensional toric noncommutative manifold My, modulo gauge transformations.
Our strategy is to start with the infinitesimal geometry of M: by studying the linearised
self-duality equations we obtain the tangent space of the the moduli space at some base
point V. We then show that this infinitesimal structure can be integrated to describe

the local structure of the moduli space near the base point V.
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6.1. Hodge structure on M. Of course, My being a four-manifold means that the
differential graded algebra

Q(My) = ©2,Q2" (Mp)

is such that Q"(My) = 0 for r > 4, with Q*(Mp) one-dimensional. Moreover, the Hodge
operator xg defined in Proposition .23 maps two-forms to two-forms,

*p - QQ(MQ) — QQ(MQ)
On such forms it obeys x5 = id and so has eigenvalues 1.

Definition 6.1. On a toric noncommutative four-manifold Mjy, a two-form w € Q*(M,)
is said to be self-dual if xpw = w or anti-self-dual if xpw = —w. We write Q% (M) or
02 (My), respectively, for the spaces of self-dual forms and anti-self-dual forms, and we
denote by P, the corresponding projections

P:l: : Q2<M9) — Qi(Mg), P:l: = <1d:l:*9)

1
2

Let € be a Hermitian vector bundle over My associated to a principal U(2)-bundle Py
over My. Let V € C(€) be a compatible connection on €. The curvature Fy := V? of V
is an element of End®(€ ®4 Q*(My)) ~ Q*(My) @4 End®*(£), i.e. a two-form with values
in the endomorphism bundle End®*(€), leading to the following definition.

Definition 6.2. An instanton on £ is a compatible connection V : & — £ @ 4 Q' (Mp)
whose curvature Fy = V? is a self-dual two-form for the Hodge operator

xp ®@ id : Q*(My) @4 End®(£) — Q*(My) ® 4 End®(E).

Given an irreducible compatible connection V € C with curvature Fy, we write [V] for
the equivalence class of V in the quotient space B =C/g.

Definition 6.3. The moduli space of instantons on the vector bundle £ is the set
M = {[V] € B | Fy is a self-dual two-form} .

Remark 6.4. It is quite possible that the moduli space M on a given vector bundle & is
in fact empty. In the remainder of the paper we shall assume that this is not the case.

A key property of the geometry of classical (spin) four-manifolds is their very special
spin structure. As we shall now see, the same is true for toric noncommutative four-
manifolds. In the remainder of this section, we write K := Spin(4) ~ SU(2) x SU(2) and
use the shorthand notation K = K+ x K~ with K* = SU(2). We also write VjjE for the

113

irreducible K*-module with complex dimension 2j + 1, where j = 0, L5,

Proposition 6.5. Let My be a four-dimensional toric noncommutative manifold. Then
there exists a noncommutative principal bundle C°(My) — C*°(Py) with structure group
K such that, for each r = 0,1,2,..., there is an isomorphism of C*°(Mjy)-bimodules,

O (Mp) = T(Pp, N"(V" @ V1)).
2 2
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Proof. The required noncommutative principal bundle P is the spin bundle >y, so that
the desired isomorphisms follow from the isomorphism given by the Clifford multiplication

Ty Vi — Hom(V,H, Vi)
2 2

where, in the notation of §43] we have V% ~ VF @V, and Vi the typical fibre of the
2 2
cotangent bundle. O

Since M is an even-dimensional manifold, the Z,-grading on the associated spinor
bundle S yields a decomposition S = ST @ S~ into even and odd spinors. The spaces of
smooth sections of these bundles are in turn given by I'°(M, S*) = I'°(P, V). Moreover,

2

just as in the classical case, the decomposition of K-modules
NVEeV) =MWely)e (Ve V) =W e Vs
yields an isomorphism of C'*°(My)-bimodules
(6.1) O*(My) = C(Py) B (N*(Vi" @ V1)) = (C%(Py) Riper V/) @ (C%(Py) Rpe- V77
= Q3 (My) © Q2 (Mp).
In turn, this decomposition gives rise to the following useful expressions.

Proposition 6.6. There are C(My)-bimodule isomorphisms
Ql(Me) = FOO(M978+ ® S—) = FOO(M978+) ®.A4 POO(MG’S_)’
QO(Mp) © Q2 (Mp) ~T(My,S_ @ S_) ~T(My,S_) @4 T>(My,S_).

Proof. When M carries an isometric action of the torus TY, it is assumed that this action

lifts to an action of a double cover TV on the spinor bundle § for which the Z,-grading

S = 8§, &S8_ is equivariant. Both isomorphisms now follow from Lemma B.I5 the

first is immediate from the proof of Proposition [6.5], whereas the second follows from the

Clebsch-Gordan decomposition V, @ V, ~ V@ V| . H
2 2

In g5 we analysed the local structure of the manifold B = Cs / G showing that it is a
Hausdorff Banach manifold with local charts O, as in Theorem B.I7 For an element
V =V, + a to be an instanton, its curvature Fy = Fy_,, must satisfy the condition
P_Fg = 0, where P_ is the projection onto the subspace of anti-self-dual two-forms.
Explicitly, this means that

(6.2) P_(Vy(a)+ o, a]) =0, for a€ O,,.

Moreover, there is the additional constraint that the perturbation V., — V, + « should
be orthogonal to all gauge transformations, which translates into the condition

(6.3) Via=0, for o€ O,.
The infinitesimal versions of these equations are given in the next proposition.
Proposition 6.7. The linearisation of the Eqs. (62) and (63) at the base point V,, are

(6.4) P_V,(a) =0, Vi(a) =0, for o€ O,,.
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Proof. 1t is a straightforward computation to take a one-parameter family of instantons
V: = V., + o, and substitute it into Eq. (6.2)), then differentiate with respect to ¢ and
evaluate at ¢ = 0. This gives the first equation as stated. The gauge orthogonality
equation is unchanged from Eq. (6.3]) upon linearisation. O

6.2. The moduli space of instantons on M. We are ready to study the manifold
structure of the moduli space M. We begin with the linearised versions (6.4)) of the self-
duality equations: this will provide us with a model for the tangent space to the moduli
space M. Next, we shall go on to show that this infinitesimal model can be integrated to
a local coordinate patch M N O, . for the moduli space at the base point V,,.

We think of solutions of the linearised equations (6.4]) as infinitesimal instantons modulo
infinitesimal gauge transformations. The following proposition neatly encoded them as
elements of the cohomology of a complex defined by the base point connection V..

Proposition 6.8. Solutions of the linearised equations ([64) are in a one-to-one corre-
spondence with elements of the first cohomology H' of the complex of Hilbert spaces

(6.5) 0 — Q(ad(Py)) 2% Q(ad(Fy)) L O ,(ad(Py)) — 0,

where dg := V,, and d; := P_ oV, are Fredholm operators.

Proof. The sequence (6.0)) is indeed a complex, since F,, := Fy,, is self-dual and so
dyodg=P_.V,0V,=P_F,=0.

Moreover, both dy and d; are Fredholm by virtue of Lemma [5.TTl The first cohomology
of the complex is precisely the vector space H' := Ker d;/Im dy ~ Ker dj N Ker d;. [

Proposition 6.9. The cohomology groups H' for i = 0,1,2, of the compler (6.3]) are
finite-dimensional. Moreover, the map

(6.6) di + di : Q(ad(Py)) — QY(ad(Fp)) & Q7 4(ad(Fp))

1s a Fredholm operator whose index coincides with the alternating sum of the vector space
dimensions h' = dim H*, i = 0,1, 2:

(6.7) Index(dj +d;) = —h® + h* — h2.

Proof. The cohomology H is precisely the kernel of the map dy = V. Since we are
only considering irreducible connections, Lemma [5.14] tells us that H° is nothing other
than the space Hiy (My) of constant functions on My (cf. Definition BI8). The fact that
HSx (M) and Hi (M) are isomorphic as vector spaces implies that their dimension equals
the number of connected components of M.

For the cohomologies H' and H?, note that the operator d; is Fredholm by Lemma
E.IT so that H? = Kerdj is finite dimensional. This also implies that Imdy, C Kerd; is
finite-dimensional, so that H' is also finite-dimensional. Hence, all cohomology groups of
the complex (6.3]) are finite-dimensional whose alternating sum of dimensions is precisely

computed by the index of dj + d;. O
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Most of all we are interested in the dimension of the moduli space, which is just the
dimension h! of the infinitesimal moduli space. This we would derive immediately from
the index of dj + d; were we able to compute the dimensions h° and h?.

The proof above of Proposition shows that h® = dim HS;(M,). Classically, the
vanishing of h? is deduced from a certain positive curvature assumption on M [2]. We
will follow this argument in the #-deformed case and determine ker dj by employing the
Weitzenbock formula derived in Theorem .14l Consider the operator

do +dj - Q(ad(Pp)) @ Q2 ,(ad(Fy)) — Q3(ad(F)),

the formal adjoint of the operator in Eq. (6.6]). Using Proposition [6.6] the latter can be
identified with the operator

D, :T(Mp,S- @S- ® (ad Py)) = T (My,S; @ S_ ® (ad Fp)).
Taking the sum of D, with its adjoint D := (D, )*, we obtain the twisted Dirac operator
D, : T (My,S @ S_ @ (ad Fy)) — I'*(Mp,S @ S_ ® (ad F)).
If D1 =0 then D%y = 0, so that from Theorem ET4] we find that
(6.8) (Veast, Vegsth) + (¥, vo(Fv,)v) + (¥, 70 (Fvgs)i) = 0.

Now recall that the connection V¢ has self-dual curvature, i.e. Fyg, € Q% (ad Py). More-
over, as in Proposition we have

Yo : UL (M) — T>°(Mpy, End(S,)),
whence the self-dual two-forms Q2 (My) acts as zero on the odd spinors I'°(My, S-).

Since the Levi-Civita connection is undeformed (cf. Lemma [L9]) it follows from the
classical case [2] that, in its Clifford action on Q? ,(ad(Fp)), the curvature Fyg obeys

7«9<FV5) = %Rv

where R is the scalar curvature of the classical manifold M. If R > 0 all terms in Eq. (6.8)
are positive for i) € 02 ,(ad(Fy)). It follows that if dj¢) = 0 then ¢ = 0, from which we
deduce that h* = 0 if the manifold M has scalar curvature R > 0.

As already explained, the alternating sum —h° + h' — h? coincides with the index of
the operator dj + d; defined in Eq. (6.0), or, equivalently, the index of the twisted Dirac
operator D,,. The following theorem shows how to evaulate this index.

Theorem 6.10. The index of the operator D, is independent of w and given by
Index D,, = ([My], ch(ad(Fp)) - ch(S_)),
where [My] is the K-homology class of the spectral triple
(C>(My), L*(Mj, S), D),

the map ch is the Chern-Connes character on the K-theory K(C*(My)) and (-,-) denotes
the canonical pairing between K-homology and cyclic cohomology. In particular, the value
of the index of D,, coincides with its classical analogue.
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Proof. We have already established in Proposition that, for any w € Qi(ad Pp) D, is
Fredholm . Also, we can write

D, =Dy +w" + P_w,

where Dy is expressed in terms of the canonical (and undeformed) connection V on the
bundle ad(Fy) and the Levi-Civita connection on the spinor bundle §. Now we can connect
V., to Vi by a continuous path, V,, with 0 < x < 1, of Fredholm operators. Indeed, for
non-zero z we have zw € Ql(ad P) if and only if w € Ql(ad P). By continuity of the
Fredholm index we conclude that Index D, = Index Dy. Since the latter operator coincides
with its classical counterpart, as do the corresponding Sobolev spaces, we conclude that
the index is independent of 6.

That the index can be expressed as a pairing between K-homology and cyclic cohomol-
ogy is the content of the Connes—Moscovici index formula [IT], which we may apply after
having established that D, coincides with the Dirac operator pDp with coefficients in the
vector bundle S_ ®ad(Fy). Here, p is the projection for the corresponding finite projective
module I'°(My, S_®ad(Fy)). In order to see this, we use the spin bundle isomorphisms of
Proposition [6.6] under which the operator Dy is identified with the twisted Dirac operator

(69) ﬁDﬁ : FOO<M9,S+ RS- ® ad(Pg)) — FOO<M9,S, ®S.® ad(Pg)),

acting on smooth sections. Then, upon noting that pDp as a map on L*-spaces has kernel
and cokernel consisting of smooth elements, it follows that the Index Dy can be computed
by the Connes—Moscovici index pairing [11] for the operator pDp. O

Finally it remains to check that this infinitesimal description of the moduli space can
be ‘integrated’ to give a local version of its manifold structure.

Theorem 6.11. Suppose the scalar curvature of the manifold M is positive so that h* = 0
in the complexr (GH). Let V,, be an irreducible connection on the bundle £ with self-dual
curvature. Then there is a neighbourhood O of the origin in the vector space H* such that

MNO,., is diffeomorphic to O.

Proof. First recall that we have an orthogonal decomposition
(6.10) Q3(ad(Py)) = Ker V:, @ Im V...

For brevity we write V := Ker V7. The fact that h* = 0 means that the restricted map
d, : V — Q% (ad(Py)) is surjective. So there exists an inverse d;* : Q2 (ad(Py)) — V
mapping onto the orthogonal complement to Ker d; in V. Thus we can define the map

F:V =V, F(a) =a+d;'P_([a, a)).

Its derivative dF" at the origin is the identity map and so, by the inverse function theorem,
there is a neighbourhood of the origin in V' on which F' is invertible. By choosing ¢ > 0
sufficiently small, one can arrange for F' to be invertible on the coordinate chart O, ..

Next, take the subset MNQO,, ¢ of elements in O, . that satisfy the self-duality equations

(6.11) P_(Vy(a) + [a, a]); 0, Vi(a)=0.



We claim that the image of M N O, under F' is a neighbourhood O of the origin in
H*, from which it will follow from invertibility of F that M N O..c ~ O. To this end we
observe that, for « € M N O, ., we can write a« = F~*(3) for some € V. We get:

P.V,(B)=d(F(a) =di(a) + P_([a,a]) = V() + P_([a, ) = 0.
Moreover, we have that
Va(8) = Vi(F(a)) = Vi(a) + Vid ' P-([a,a]) = 0.

By the above construction of the map d;"', the element d;'P_([a, a]) is necessarily an
element of V' = Ker V;

w?

whence it follows that V() = 0. From these arguments we
deduce that 3 € H'. Since F is in particular a linear map, the image of M N O, is a
neighbourhood of the origin in H', as claimed. O

In this way, the moduli space M of self-dual connections inherits the manifold structure
of the quotient space B = C3/G,. As a consequence, we arrive at the following theorem.

Theorem 6.12. Let My be a toric noncommutative four-manifold deforming a manifold
M with positive scalar curvature. If € =T°°(My, E) is a U(2) vector bundle over My then
the moduli space M of irreducible instantons on & is either empty or a smooth Hausdorff
manifold with local charts given by M N O, and of dimension

dim M = ([Mj], ch(ad(Pp)) - ch(S_)) + dim HY (Mp).

Proof. This is a simple consequence of Theorems [6.10/ and [6. 11, combined with the values
computed above for of h° and h2. ([l

6.3. The noncommutative sphere S;. To end the paper, we return to the basic ex-
ample of the toric noncommutative four-sphere S; discussed in §2.31

Theorem 6.13. Let £ be a torus-equivariant U(2) vector bundle over S, with second
Chern number chy(E) = k. Then the moduli space M of irreducible instantons on & is a
smooth Hausdorff manifold of dimension 8k — 3.

Proof. First we note that, for each value k € Z of the second Chern number, the corre-
sponding moduli space is always non-empty. Indeed, non-empty families of instantons on
Sy for every value of k € Z were explicitly constructed in [6]. Since the scalar curvature
of S* is positive for the round metric, we have that h? = 0 at all points of the moduli
space. Thus the dimension of the moduli space of irreducible instantons on £ is given in
terms of the index computed in Theorem with the value h° = dim H%3 (S*) = 1. The
relevant index is computed either classically or in the #-deformed case to be

Index D, = ([My], cho(S-) - cha(ad(Fy))) — ([My], cha(S-) - cho(ad(Fy))) = 2(4k) — 4.

If in doubt, the required computations for § # 0 may be found in [I7]. Substituting this

value for the index into the formula (6.7), together with the values h° = 1 and h? = 0,

yields 8k — 3 for the dimension of the moduli space. O
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