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Abstract

We introduce a restricted hard dimer model on a random causal triangulation
that is exactly solvable and generalizes a model recently proposed by Atkin and
Zohren [16]. We show that the latter model exhibits unusual behaviour at its
multicritical point; in particular, its Hausdorff dimension equals 3 and not 3/2
as would be expected from general scaling arguments. When viewed as a special
case of the generalized model introduced here we show that this behaviour is not
generic and therefore is not likely to represent the true behaviour of the full dimer
model on a random causal triangulation.
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1 Introduction

The study of statistical theories of fluctuating geometries is important for a num-
ber of reasons. Regularized via appropriate lattices, so-called Dynamical Trian-
gulations (DT)E[), they may serve as rigorous definitions of the path integral of
bosonic string theories [2], or quantum gravity [3]. The DT formalism has been
immensely successful in the study of two-dimensional quantum gravity coupled
to conformal field theories with central change ¢ < 1, also known as non-critical
string theory or Liouville quantum gravity, but it has been less successful serving
as a regularization of a putative higher dimensional quantum gravity theory [4].
In an attempt to improve the situation a modified lattice regularization, called
the Causal Dynamical Triangulation (CDT), was proposed in which a foliation
structure is imposed on the lattices representing space-time (which we here will
assume has Eucliean signature) [5 [6]). Such a foliation structure is also imposed
in the so-called Hofava-Lifshitz gravity theory [7]. Some interesting results re-
lated to higher dimensional quantum gravity have been obtained using the CDT
regularization (see [§] for a review). Here we will discuss the two-dimensional
CDT theory, which in principle should be simpler than the corresponding two-
dimensional DT theory. Indeed, the scaling limit of CDT not coupled to matter
is simple [5, @], and it can be shown to correspond to two-dimensional Hotava-
Lifshitz quantum gravity [10]. However, in contrast to the case of two-dimensional
DT, it has been difficult to obtain solvable models of two-dimensional CDT cou-
pled to field theories. The only analytically solvable example of an explicit field
theory system coupled to gravity is provided by CDT coupled to gauge fields [I1],
but two-dimensional gauge field theories are mainly topological, so the systems
obtained are very simple from a matter perspective.

Computer simulations indicate that for unitary conformal field theories with
central charge ¢ < 1 the coupling between matter and geometry is weak [12]
13] with the critical exponents of both the matter theories and the geometry
apparently unchanged. This is in sharp contrast to the DT situation, where both
matter and geometric exponents are shifted relative to the matter exponents
in flat spacetime and the geometric exponents in 2d Liouville gravity without
matter. According to the computer simulations the situation changes when the
central charge ¢ of the matter fields coupled to CDT is larger than one indicating
that the coupling to geometry then becomes strong [14] [15].

Thus it was interesting and surprising when it was shown that restricted
dimer systems coupled to CDT could be solved analytically and seemingly led to a
change of the critical exponents of the geometry [16, 17]. It is well known that the
hard dimer model on a regular two-dimensional lattice exhibits critical behaviour

IThere are other ways to provide lattice regularizations of bosonic string theory, e.g. using
hypercubic lattices [I].



for a certain negative value of the fugacity, and that this critical system can
be associated with a (2,5) minimal non-unitary field theory having central charge
¢ = —22/5. In fact, it can be identified via the high temperature expansion of the
Ising model in an imaginary magnetic field with the Lee-Yang edge singularity.
In [22] it was shown that a similar identification of a critical hard dimer model
with the Lee-Yang edge singularity can be made in the DT case and the critical
exponents can be calculated. One finds again a non-trivial interaction between
geometry and matter, but it is weaker than the interaction between the unitary
models and geometry. This is in accordance with the expectation that when
¢ — —oo matter and gravity decouple. Thus the change in critical geometric
properties found in [I6 [17] when coupling the CDT model to some classes of
restricted dimers is puzzling: for unitary models with 0 < ¢ < 1 we have a
weak coupling and no change in critical geometric properties of the geometry, as
mentioned above. Naively we would expect the dimer systems at criticality to
correspond to non-unitary field theories with central charge ¢ < 0 and thus an
even weaker coupling, by analogy to the DT systems. This has motivated us to
take a closer look at the model proposed in [16] (hereafter called the AZ model).
As we will report below the model is more subtle than anticipated in [16].

The rest of this article is organized as follows. In Sec. 2 we define a gen-
eralized AZ model and discuss its basic properties. In Sec. 3 we consider the
two-point function in the AZ model in a grand canonical setting and we use it
to calculate the global Hausdorftf dimension dy. Sec. 4 addresses the calculation
of the so-called local Hausdorff dimension d;, in a microcanonical setting. We
find somewhat surprisingly that d, = dg = 3. In Sec. 5 we show that this result
is very special and probably not representative for an unrestricted hard dimer
model coupled to CDT. We do this by analyzing in some detail the extended
AZ model which allows more general dimer configurations while remaining solv-
able. The AZ model corresponds to one particular point in the phase boundary
of this generalized model and we show that it is the only point at which the
Hausdorff dimensions assume the value 3, while the values at other points are
either dg = 3/2 and d, = 1 or dy = d;, = 2. Sec. 6 contains a discussion of
the results and arguments in favour of viewing dy = 3/2 as correct also for the
unrestricted dimer model coupled to CDT, i.e. for a ¢ = —22/5 conformal field
theory coupled to 2d Horava-Lifshitz gravity. Finally, the Appendix discusses the
general conditions responsible for the special features of the AZ model.

2 A restricted dimer model, basic properties

We consider an extension of the dimer system on random causal triangulations
first introduced in [I6]. A finite causal triangulation 7" of the planar disc D, is



Figure 1: A causal triangulation.

constructed as shown in Fig|l} T is the union of a central disc ¥y having central
vertez vy and boundary circle Sy, and a sequence of annuli (or time slices) ¥, k >
1, such that ¥y is bounded by circles S,_; and Si. For k > 1, ¥ is triangulated
by a circular array of triangles each of which contains either one vertex in Si_;
and two vertices in Sg, called a backward directed triangle, or two vertices in Sy_4
and one vertex in Sy, called a forward directed triangle. ¥y is triangulated by a
sequence of triangles sharing the central vertex, which we define to be backward
directed. Edges contained in one Sy are called horizontal edges. By convention
we adjoin a forward directed triangle to each of the outermost horizontal edges
(see Fig|l]) so that all horizontal edges are shared by a forward and a backward
directed triangle. We assume in the following that the edges/vertices in Sy and
triangles in ; are ordered clockwise, and it is convenient to assume also that
one of the edges emanating from the central vertex is marked.

Given a vertex v # vy in Sy we denote by e(v) the horizontal edge in T
emanating in positive clockwise direction from v, by A(v) the forward directed
triangle containing e(v) in its boundary, and by f(v) the non-horizontal edge in
A(v) emanating from v, see Fig . Moreover, the forward degree os(v) and the
backward degree o,(v) of v are defined as the number of neighbours of v in Sy
and Sj_1, respectively. Note that o¢(v),op(v) > 1 and that of(v) = 1 if and only
if e(v) separates two forward directed triangles.

Given a causal triangulation 7', let T denote its dual graph. A restricted dimer
configuration D on T is a set of edges in T fulfilling

a) no pair of edges in D share a vertex in T

b) edges in T dual to edges in T that separate two backward directed triangles
are not admissible in D;
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Figure 2: Labelling the edges of a forward directed triangle. The arrows indicate
the clockwise direction on the time slices.

c) if v € Si, k > 0, is a vertex with of(v) = 1, then f(v) is not dual to a
dimer if either o,(v) > 1 or if o,(v) = 1 and the successor w to v in Sy has
ab(w) > 1.

Here, condition a) is the standard requirement specifying a dimer configuration,
while b) and c) represent further technical conditions allowing an exact solution
by utilizing a mapping onto labelled trees as demonstrated below.

The possible dimer types are illustrated in Fig[3| Dimers dual to horizontal
edges we call type 1, while those shared by a forward and a backward directed
triangle in the same time slice we call types 2 and 2’ respectively depending
on whether or not the backward triangle precedes the forward triangle w.r.t.
clockwise ordering. Type 3 dimers are those dual to edges shared by two forward
directed triangles. Finally we denote by D; the set of edges of type ¢ in D so that
D:DIUDQUDQ/UD3.

The grand canonical ensemble we are interested in consists of elements (T, D)
specified by a causal triangulation 7" and an admissible dimer configuration D on
T. With the three types of dimers we associate fugacities &1, &, &, & and define
the partition function

Z(&1,6, &, 619) = D g2 PP Pr el (1)

(7,D)

where |A| denotes the number of elements in a set A. It is easy to show that
Z(&1,&, 8, &3; g) is well defined for any fixed values of &, &, &, &3 provided that
|g| is sufficiently small.

It is straightforward to see [16] that Z is a function of & + & for fixed g and
&1,&3. Therefore, we shall henceforth set & = 0, i.e. we further restrict dimer
configurations such that Dy = (), and drop & from the notation and write E =
(&1,&2,&3). Note that for & = & = 0 we have Z(&;,0,0;9) = Z(0,0,0; g(1 + &)),
since the number of triangles in a causal triangulation equals twice the number
of horizontal edges and because horizontal dimers are mutually independent in
the absence of non-horizontal dimers.
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Figure 3: Dimer Types. The arrow indicates the clockwise direction on a time
slice.

In order to determine the analyticity properties of Z we shall, as mentioned,
exploit a correspondence between admissible pairs (7, D) and certain labelled
trees which we now explain by slightly generalising a construction given in [16].
From a causal triangulation 7" one obtains a planar rooted tree 7 = (7") in the
following way:

i) delete all boundary edges (those belonging to the outmost forward directed
triangles);

ii) delete all horizontal edges e(v) and all non-horizontal edges of the form f(v)
forv e T;

iii) attach a new root edge to vy such that the marked edge in 7" is the rightmost
edge emanating from vy in (7).

It was shown in [I8] that 5 yields a bijective correspondence between causal
triangulations with 2n triangles and rooted planar trees with n+2 vertices and
root of order 1. Note that the vertices of 5(T) different from the root are also
vertices of T" and that from now on when referring to a tree we will denote the
vertex next to the root by vy and call it the first verter of the tree. A dimer
configuration D on T induces the following labelling ¢ of the vertices of the tree

T=p6(T):
1) if e(v) is dual to a dimer in D, set ¢(v) = 1;
2) if f(v) is dual to a dimer in D and oy(v) > 1, set £(v) = 2;
f f(v) is dual to a dimer in D and of(v) = 1, set £(v) = 3;

4) the root is unlabelled;

)

)
3) i
)
5) otherwise, set ¢(v) = 0.

The restrictions imposed on D are equivalent to the following constraints on ¢:

6



a) if a leaf of B(T') has label 3 then its preceding neighbour at same height has
label 0 and its successor at same height has label 0 or 1;

b) if a vertex in 5(7') that is not a leaf has label 2, then its rightmost decendant
does not have label 1;

c¢) a leaf of B(T') that is the leftmost or the rightmost decendant of its prede-
cessor does not have label 3.

Noting that all edges in T" dual to dimers in D are deleted when constructing
B(T), it is straightforward to show that the correspondence between pairs (7', D)
and pairs (7,¢) with £(vo(7)) = 0 is bijective. Note also that the number ¢; of
vertices in (T') with label i equals |D;| for i = 1,2, 3.

Consider now a labelled tree (7,¢) as above and assume the vertex vy next
to the root has order s + 1, i.e. 7 has s branches 7q,..., 7, rooted at vy. Since
l(vo(T)) = 0 the labellings of the 7; induced by the labelling of 7 are independent
and the labelling of the first vertex is unrestricted. However, the labellings of the
different branches rooted at the vertex vg(7;) may, depending on its label, not be
independent due to the constraints a) and b). Now define the partition function
for trees whose first vertex has label ¢ to be

Wil&g)= Y gTlereres, =012 2)
(1,6):£(vo)=1

where |7| denotes the number of edges in 7. Then decomposing trees into the
root edge and their branches rooted at vy shows that the W; satisfy the equations

Wi = F,(Wo, Wi, Wa; € g) (3)
where
Fy = g(1—g&Wo)H
Fy = g&(1—g&Wo)H
Fy = g&(WoA+ (1 —g&Wo)Wa) H
with
H={1—(1+g&)Wo— W, — (1 — g&sWo)Wo} " . (4)
It follows from the discussion above that
Z(&9) = g Wo(&g) — 1, (5)

and that non-analytic behaviour of Z (E, g) as a function of g at a critical point

—

ge(§), of the form

—

ZC_Z<£79> ~ (gc_g>a7

7



for some 0 < a < 1, occurs if and only if W, exhibits the same behaviour
Woe = Wo(&: g) ~ (90 — 9)° (6)

Here and in the following the notation a ~ b is used to indicate that there exist
constants ¢y, co > 0 such that ¢c;a < b < ¢ya. By eliminating Wy, W5 from
we obtain

(& +96)WE — (1+ &+ &+ g8+ g°6EG)We + (L+ gl + g°&)Wo—g = 0 (T7)

which, for fixed 5, determines W, as the unique root vanishing and analytic at
g = 0. For &, &, & > 0 the Taylor expansion of W, obtained from ([2) has positive
coefficients and hence its radius of convergence g. > 0 is a singularity of W;. This
is a property of Wy that persists, as we shall see, in a larger range .S of couplings
&1, &, &5 that are not necessarily positive. For generic 5 in this range, Wy, is a
double root of @ at ¢ = ¢g. and g. is a square root branch point of W, as a
function of ¢g. If E € S is such that Wy, is a triple root of at g = g. , le.
o =1/3 in (6], then (€ g.) is a multicritical point which we denote by (£.; ge).
The condition that g. be a double root is obtained by differentiating (7)) w.r.t
W, so that the critical coupling g. and the corresponding value Wy, of W, satisfy

3(&+9e€3)E(Woe)? —2(1+ & + &+ 9:&s + 07608 ) Woe + (1 + gl + 92&3) = 0. (8)
Using this in yields
(L+& + &+ 98 + 9268) (Woe)® — 2(1 + ge&a + 92&3)Woe + 3g. = 0. 9)

and g. and W, are determined as functions of E by and @)
Multicritical points additionally satisfy

3(510 + 90530)620W00 - (1 + glc + 520 + gc£3c + 93520530) = 0 . (10)

The existence of such multicritical points can be established by e.g. setting & = &,
& = k€ and & = 0, where k > 0. The value kK = 2 corresponds to the AZ model
considered in [16]. However the results are universal for £ > 0 and we will denote
all these models as AZ models, and explicitly perform the calculations for kK = 1
(except in footnote [2| where we discuss the situation of an arbitrary real value of
k). For k =1 we use , @D and to obtain the equation

E+242 +36.—1=0 (11)

for the critical value of £. This polynomial has one positive root and two negative
roots and a closer analysis shows that the largest negative root &. ~ —0.278 cor-
responds to a multicritical point (&, &, 0; g.), while g. is a square root singularity
of Wy for & > &, (for a discussion of the situation for a general value of k see
footnote [2)).
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Figure 4: Graphical illustration of G(¢, g;7);.

3 The two-point function for & =& =¢6,& =0

We now consider the fractal behaviour of triangulations and the corresponding
labelled trees close to the critical point for the AZ model. The Hausdorff dimen-
sion in the grand canonical ensemble is determined by the decay rate of the two
point function [19].

Concentrating first on trees define a marked labelled tree to be a triple (v, 7, £)
where (7, /) is a labelled tree as above and v is a vertex in 7 different from the
root and the first vertex vg. By d(v) we denote the graph distance from the root
to v. The two-point function G(&, g;r) is defined by

(G(&,gir))y = W, 3 grigaree

(v,1,£):£(vo)=1,0(v)=5,d(v)=r+1

fori,7 € {0,1,2} and r > 1. A schematic illustration of the two-point function is
shown in Fig. 4] from which it follows by standard arguments and considerations
similar to those leading to (3]) that

G(& g;m) =T(&,9)", (12)
where OF
(T(&, 9))i; = o, (13)
which after some simplification gives
1 1 1
T(&.g) = gV § § § - (14)

(1 —EWo) EWo(1 — W)™t (1 — EWh)



Clearly, the matrix T has one eigenvalue A3 = 0. The two other eigenvalues,
A1 and )\, are solutions of the characteristic equation

W 2W3
)\2—<—1+(1+£g)—0>x\+€ 0 —0. (15)
g
which we rewrite as
EWg Wy 9g
—1 — 1— — =0. 1
(r-1)(x ; ) A1 =€) S i =0 (16)

On the critical line (Wy.(€), 9.(§)), € > &, the last term vanishes and

_ €2WOC(£)3
9c(§)

In particular, for £ = 0 we have Wy, = 1/2, g. = 1/4 and Ay = 0. As £ decreases
from zero to £ ~ —0.278 we find that Ay increases monotonically to Ao, = 1,
where the value 1 is a simple consequence of and .

For fixed £ > £, the two eigenvalues are real for Ag = g — g. small enough
and the dominant eigenvalue is A\; approaching 1 as ¢ — g.. Hence, we get in
this case

M=1 A for € > . (17)

G(&. gir) = el

as r — oo, where

At the critical line for £ > &, we have ¢'(W,) = 0 and ¢" (W) # 0, ie. « =1/2in
eq. (). Thus we obtain from (L6

69 1
L~ g~ A (18)

Hence, the two-point functions decay exponentially with rate
1
m(g) ~ |Aglz .

This shows that for the labelled trees with & > &, the global Hausdorff dimension,
defined as the inverse of the critical exponent of m(g) (see e.g. [19]), is dg = 2.

At the multicritical point (&, g.), on the other hand, we have ¢'(Wy) =
¢"(Wp) =0 and @ = 1/3 in (6]). Using this and gives

dg
oW,

(1 — EWo) 7 = BEZ(AW,)? + & Ay, (19)

10



where AWy = Wy—Wj.. Inserting this expression into and setting A\ = 1—X\
now givesﬂ

3 3

AN)? ANAWy + ——— (AW,)? = O(AW? 20
( ) + WOc 0+ (WOC)2 ( 0) ( 0)7 ( )
and hence 3
AN = oo [AW|(1 & i/V3) + O(AW?). (21)
Oc

In particular, \; = )y is complex for ¢ < g, in this case and we conclude that
G(&, g;r) decays exponentially (dressed with oscillating factors) with decay rate

m(g) ~ Re AX ~ |AW| ~ |Ag]s .

This yields the value dy = 3 for the global Hausdorff dimension at £ = &,.
Returning to the dimer model on causal dynamical triangulations the two-

point function G(&, g;r) is defined in the same manner as for trees by marking

a vertex v at distance d(r) from the central vertex of the triangulation 7" and

setting
G(&gr)= Y  g"Peiiel
(v, T,D):d(v)=r

Using the mapping  between the dimer model and the labelled tree model we
obtain

G gir)=g" ZGOJ'(&Q;T)WJ(Q)‘

In particular, G(&, g;r) has the same exponential decay rate as the two-point
functions G(¢, g;7);;, and hence the global Hausdorff dimension of the dimer
model coincides with that of the labelled tree model, i.e. dg = 2 for £ > £, and
dy = 3 for £ =€,

2 One can repeat the calculations leading to for the general assignment & = &, & = k&,
& =0, kK > 0, and find that is independent of k. However the values of Wy, g. and &,
depend on k. What is important is the existence of a multicritical point £.. For x = 1 this was
ensured by eq. . The equation for a general k is

0P +3(9—b?)E2 —3bE. —1=0, K=Db+2.

For x > 0 the largest real negative root corresponds to the multicritical point, precisely as in
. Interestingly, for the original AZ value b = 0 the equation simplifies to a trivial second
order equation (it is the point where the equation changes from having two negative and one
positive solution to one negative and two positive solutions, the third root moving to —oo
for b — 0~ and to co for b — 01). However, this has no consequences for the discussion of
multicriticality. For x < 0 there is no negative real solution.

11



4 The infinite size limit

In this section we consider an alternative notion of Hausdorff dimension for the
labelled tree model by considering only critical trees, i.e. we shall evaluate the
infinite size limit first and express the Hausdorff dimension in terms of volume
growth on infinite trees. In order to make this precise, let us introduce the finite
size partition functions V[@N({) by restricting the sum in to trees 7 of fixed
size N, so that

Wi&g) =D g Win(§).

The distributions pu;x of labelled trees of fixed size N are obtained by normalizing
the weights defining W;y, i.e.

_ 1 ¢y ol3
/MN(T?@ W, (5—) 16263 -

Obviously, poxn is non-negative whenever &1, &, &3 > 0 and hence defines a prob-
ability distribution. For & = & = £ and &5 = 0 it is not difficult to see that this
even holds true for £ > —i, but not for £, < € < —%L. Similar remarks apply to
iy up to a sign factor. Our aim is to consider limits of the expectations (-);x
with respect to the (signed) distributions p;n as N — oo, for arbitrary values of
£es.

As a consequence of () and standard transfer theorems (see e.g. [20]) the

—

following asymptotic behaviour of W;y (&) for large N holds:

—

(€

—

Win
Win (€

—

= N2, () V(1 +0(x)) ifa=1/2, (22)
= QN ) N1+0(%) ifa=1/3, (23)

~—t

where the constants €); depend on 5 We note that the relations imply

0 = & (24)
2 — & Woe — 95 Woc

Oy = E&Wo,

N AN El(EPYATAE

Using and it follows by a straight-forward generalization of argu-
ments given in [21) 18] that for any local quantity A(7,¢) depending only on the
structure of (7, ¢) within a finite distance R from the root of 7, such as the volume
of the ball Br(7) of radius R centered at the root, the limiting expectation values

Q. (25)

(A); = lim (A);n

N—oo

exist.

12



Figure 5: Finite trees attached to the first few vertices on the spine of an infinite
tree.

We next briefly describe how to calculate the limiting expectation values (A);
in terms of infinite labelled trees, further details can be found in [21], [I8]. Here
an infinite labelled tree means an infinite rooted planar tree with root of order
1 with a labelling respecting the same conditions a)- ¢) as previously. Moreover,
only trees with a single spine, that is an infinite self-avoiding path starting at
the root, contribute to (A);, see Fig. [5 The spine vertices of an infinite labelled
tree L will be denoted by 7, uq, us, us, . . ., ordered by increasing distance from the
root r. Thus L is obtained by grafting finite labelled trees with root of order 1,
called branches, at the spine vertices u; on both sides of the spine. Considering
only the finite part r, uy, uo, . .., un of the spine one of the branches rooted at uy
is infinite and all other branches are finite. We denote by L(/N) the finite labelled
tree obtained by removing the infinite branch at uy except the edge unyuni1
and consider L(N) as a finite labelled tree with a finite spine r, uy, ug, ..., uyn41
both of whose end vertices have order 1. By A(Lg) we denote the set of all
infinite labelled trees such that L(N) equals a fixed finite labelled tree Ly with a
distinguished spine 7, uy, us, ..., uyy;. With this notation the limiting weight of
the set A(Lg) equals

H(A(Lo)) = 7 Q1 pi(Lo) (26)

where p;(Lg) is the grand canonical weight of Lg = (79, ) at the critical point
(& 9e) given by

pi(T0,bo) = 5£o(u1),z‘g|cm|_1§f01_%(w+1)’1 502_%0@]”1)’2 L8, (27)
The information contained in and suffices to calculate (A); for any
local quantity A. We now proceed to calculate (| Bg|);, where | Bg(L)| denotes the
size of Bgr(L), i.e. the number of edges in 7 whose vertices are at graph distance
at most R from the root. The local Hausdorff dimension dj of the random tree

defined by pu; is defined by
(|Brl)i ~ R™ (28)

13



as R — 0o. The purpose of the next two subsections is to evaluate dj in the case
&3 = 0 and demonstrate that its value coincides with dy as found in Section 3.

4.1 Volume of a finite tree for & =& =&, & =0

We let H}? denote the (unnormalized) expectation value of the number of vertices
hr(7) at distance R from the root of a finite tree 7 with label 7 on its vertex vy
at the critical value g.(§) of the coupling g, that is

Hf = Y ha(r)glente. (29)

(15£):4(vo)=1

Applying arguments similar to those leading to one obtains, for : = 0,1, 2,

Hil = I/Vz'ca
2

HE = > T(9.8))H", R>2, (30)
j=0

where T is given by (14). T. = T(&, g.(¢)) has eigenvalues

€2W06(€)3
A=0, =1 A=2>—22 31
0 1 2 2o (©) (31)
and right eigenvectors corresponding to the non-zero eigenvalues
2 1 2 1
o® — = Woe ¢ e = W ¢ . (32)
e \gWol —1-¢ e \dageW.? =1 - ¢
Here
M = Qil(QOa Ql; QZ) )
where

such that . M; = 1.
There are now two cases to consider:

& > &, The eigenvalue Ay < 1, T, is diagonalizable and it is straightforward to
show that

H = (1-X) 7' [(1 = (Mo 4+ D)gWo Y M + N1 29, W, — 1) e?] . (33)

14



& =&, The eigenvalue Ay = 1 and we see from that its eigenvector coincides
with M so T, has non-trivial Jordan normal form and a new vector

0
e=10 (34)
1
emerges satisfying
T.e=M+e. (35)
Setting
W = (W07 W17 WQ)
and noting that
W, = chOjM + (1 - QQCW(;1>€ (36)
then gives
HY=W_.+(R—-1)(1 -29.W;;) M, R>1. (37)

4.2 Volume of an infinite tree for & =& =&, & =0

We let K denote the (unnormalized) expectation value with respect to the mea-
sure p; of the number ki (7) of vertices at distance R from the root of an infinite
tree 7 up to a normalization factor. Specifically,

KR =7 Q; (kg .

By decomposing the tree into its branches at the vertex u; next to the root one
finds that K7t satisfies

2
Kl = g—v]%z(fl + M, —Wi gwk HE? (38)
or
K? =T K"*!' +TH ! (39)
where 2
Ty, = Mjm = M;A; ji. (40)

The first term in is the contribution of the infinite branch and the second
term that of the finite branches. As each tree has only a single vertex at height
L,

K'=M. (41)
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The equation is easily iterated to get

R-1
K% = M+) TO'rTHY (42)

(=1

There are again two cases to consider:

& > ¢, Combining and and noting that

I'M = 2g; 'Wo. M (43)
gives

(WOngl - )\2 - 1)
1= X

K = 2 RM +0O(1) (44)

from which we get

(WOCgc_l - /\2 - 1)

T R+ O(R). (45)

R
(Bahi=9;'0 Y Kr =0

n=1

It is straightforward to check that the coefficient of the R? term is positive
for all £ > £, so we have shown that d;, = 2 in this regime. Note also that
the coefficient diverges at £ = ., where Ay — 1, indicating that d; changes
there.

Combining and we have

R—1

Kf=M + Y TO'T((1-20W,. ) (e — M) + g W' M)
/=1
R—1

+ Y T ((R=0)(1 - 29.W,," )M) (46)

=1
It is straightforward to check that at the tricritical point

1
[e =2g, ' W (M + 53) : (47)

Using this identity and then gives

KR:S(I;I;OC—l) R*M + O(R). (48)
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It is worth noting that one might have supposed from , and
that K? would be O(R3); however the coefficient of this leading term van-
ishes as a consequence of the tri-criticality condition. It follows now that

R
L fl no__ Oc o 3 2
(1Bal)i= ' QY KP =0 ('2'gc 1) R® + O(R?) (49)

n=1

The coefficient of the R? term evaluates to a positive number so we have
shown that d;, = 3 at £ = &£, in the AZ model.

5 The extended model &3 # 0

In [16] it was argued that the AZ model with the CDT coupled to a reduced
set of dimers is not likely to differ significantly from the full CDT-with-dimers
system (hereafter called CDT-D). We claim here that this is probably not correct
by considering what happens when &3 # 0; this perturbation is arguably closer to
the CDT-D model as it incorporates more of the possible dimer types than the
AZ model.

In the most general case T is given by

g(1 + g&Wi)H W Wo(1 — g&3sWho)
T(&g) =H 961 (1 + g&Wh)H Wi Wi(1 — g&Wo) . (50)
g&a(1 = Wi(1 — g&sWo))H Wy EWo(l — Wy — g€3Wo)

It is straightforward although tedious to show that on the critical surface g.(&1, &2, &3)

) 1
M = 0 (11 )W - ge) &
Je 9:Woek = (1+ &) (1 — g&Wo)?

(51)
is always a right eigenvector with eigenvalue 1 and that the other eigenvalues are
0 (corresponding to the fact that F; = & Fp) and

§&WE

A pr—
27 g(1— g&Wp)?

= 95152W0H2, (52)

where we have used

Wo
H=——7—-——.
9(1 — g&sWo)
For definiteness we will first discuss the model with & = & = & = £ which,

at least naively, is the closest we can get to CDT-D. For £ > £, ~ —0.228 we

find that g. is a square root singularity of Wy, so @ = %, and Ay < 1 at g = g..
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Consequently m(g) ~ |Ag|% and dy = 2 following the discussion of Section .
The infinite graph calculation of the local Hausdorff dimension follows the same
lines as the £ > &, case in Section [4]leading to dj, = 2. In this region of parameter
space, where the dimer system is not critical, the model has exactly the same
properties as the AZ model.

However at & = &, there is a tricritical point at which T, is diagonalisable,
Ao ~ 0.445 < 1 and m(g) ~ |Ag|5 (the absence of a |Ag|s term is a consequence
of the tricriticality condition). Thus dy = % but, as shown in the Appendix,
dp = 1. It is interesting to compare this result with the simpler multicritical tree
model of rooted binary trees with dimers placed on the edges, including the root
edge, in such a way that no more than one dimer can end at any vertex [I7].
Letting W, and Wy be the partition functions for trees with and without a dimer
on the root edge respectively we see that they satisfy equations of the same form

as but with

Fy = gW§+2WW, +1)
Fi = g¢W§+1). (53)

This model also has a tricritical point with £, = —%, exponent o = % and Ao, < 1.

One finds that
ANy ~ e~ (AW)? ~ |Agl*/?. (54)

which implies that dy = 3/2 for £ = £.. On the other hand, using the results
of the Appendix, d;, = 1 as there is once again only one unit eigenvalue of T..
The & = & = &3 line of our model thus exhibits exactly the same behaviour as a
standard multi-critical tree model.

These calculations appear to show that the degenerate tri-critical point with
d, = 3 found in the AZ model is very special and not at all characteristic of CDT
dimer models in general. It is instructive to examine the phase diagram in the
(&1 = & = &, &) plane, see Fig |§| There is a line of cubic degeneracies in Wy
that takes in the point (—0.278...,0) and extends both above and below the £
axis. Using and the identity

GEH = g (1 + O&GH? = 1=0

which holds at tricritical points as a consequence of ,@ and it follows
that

Ao =1+ g:&(1+ &~ EWo)H?.
Since the expression in parenthesis, H and g, are all positive it follows that on the

tricritical line Ay < 1 for &3 < 0 but that Ay > 1 for & > 0. The latter behaviour
is a little strange; it would in fact be a contradiction for a purely real eigenvalue

18
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Figure 6: The phase diagram in the (§ = & = &, &) plane. The solid line is the
line of cubic degeneracies in Wy. For &5 > 0 the physical region S defined in Sec.
lies to the right of the long dashed line, which is the line where A = 1. For
&3 < 0 the first part of the boundary of S is the lower part of the solid line of
cubic degeneracies in W,. The dotted line makes up the rest of the lower part of
the boundary of S. Along this part W is only quadratic degenerate.

of T to go through 1 before criticality is reached (see the Appendix for example).
Closer inspection shows that at small ¢ < ¢, the eigenvalues are complex and
as g increases they flow as shown in Fig[7] However exponential growth of the
two-point function is a symptom that the series in & and g < g, for Z is not
absolutely convergent and the effect of the negative weights is sufficiently strong
that the conventional statistical mechanical interpretation of the model fails. We
conclude that the physical region for ¢35 > 0 extends only as far as the line where
Ay = 1 at g.. It can be checked that inside the region and along this line there are
only quadratic degeneracies in W, and that T. is diagonalisable so d;, = dg = 2.
On the other hand for &5 < 0 there is a genuine line of tricriticality which includes
the & = &3 point analysed above and ends at (—0.162...,—0.582...). Beyond
this point the tricriticality disappears and even on the boundary of the physical
region o = % and d, = dyg = 2.

6 Concluding remarks

At the critical value of the dimer fugacity we expect that CDT-D, the full dimer
model on CDT, represents a lattice regularization of projectable Horava-Lifshitz
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N
N

Figure 7: The flow in the complex plane of the non-zero eigenvalues of T; the
arrow heads show how they move as g increases; A\; ends at 1, Ay at a value > 1.

quantum gravity coupled to a (2,5) minimal conformal field theory. In the absence
of a solution to CDT-D we have obtained the solution of a restricted dimer model
and mapped out its phase diagram. In particular, we have seen that the geometric
features of the AZ model [16] are very special and not robust under perturbations.
At generic points of the phase boundary we have found the values of the Hausdorff
dimensions are either dy = 3/2 and d;, = 1, coinciding with the values for the
simplest multicritical tree [23, [19], or dy = d}, = 2.

One may speculate on the implications of our results for the CDT-D model.
While we do not have any rigorous results in this direction it is worth noting that
the full dimer model on a generalized CDT [24] has been solved exactly in [17]
using a matrix model representation yielding the value dy = 3/2. The generalized
causal triangulations of this model can be defined combinatorially [25] or by using
a special scaling limit of matrix models [24]. This slightly more general set of
triangulations has many of the characteristics of CDT, e.g. dy = d;, = 2. Hence
it is tempting on the basis of this result to conjecture that dg = 3/2 and dj, = 1
are indeed the correct values for the full dimer model on a CDT.

It is natural to extend the above considerations further. One can define mul-
ticritical generalized CDT models [26], which most likely correspond to specific
fine-tuned scaling limits of matrix models, generalizing the considerations in [17].
Recall that the standard multicritical matrix models from DT provide representa-
tions of 2d Euclidean quantum gravity coupled to certain conformal field theories.
They also have the interpretation of (increasingly complicated) fine-tuned multi-
dimers systems on the DT-set of random graphs. Thus it is possible that the
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multicritical behavior found in [26] represents the effect of fine-tuned multi-dimer
models on the generalized CDT-set of random graphs, and has the continuum
interpretation of certain conformal field theories coupled to 2d Hotrava-Lifshitz
gravity.

This leave us with the interpretation of the AZ model. Although this model is
special, it is not that special. As we have seen there is a least a one-parameter set
of coupling constants leading to the same scaling. Thus we believe there should
also be a continuum interpretation of this class of models.
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Appendix: d; and the multi-critical condition

We discuss here how the condition for multi-criticality affects d; in general. We
consider a set of generalised trees with first vertex label ¢(vy) = ¢ whose partition
functions W; satisfy

W, = F;(W;&yg), i=1...N. (55)

The approach to criticality in the grand canonical ensemble (GCE) is governed
by (repeated indices are summed over)

F; 1
where
OF, O*F;
T, = Aji)i = A ji. (57)

ij atrr Ai7’k:—a (
7T oW, oW oW,

Re-arranging
1
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so criticality is reached as g 1 g. where the largest real eigenvalue of T first reaches
1.

Now, setting g = g. and working in the critical ensemble, consider the infinite
single spine trees with first vertex labelled by ¢(u;) = i. Decomposing these trees
at their first vertex u; into an infinite component and finite components we see
that their measures M; satisfy

OF;
1/ ¢

We will assume that they are normalised so that the total measure is 1,
1=, (60)

We see that T directly relates the infinite spine trees and the GCE. At criticality
it must have at least one eigenvalue which is one and this must be the first real
eigenvalue to reach one, otherwise the system would have reached criticality at
some smaller value of g.

Turning to the local Hausdorff dimension we note from , and
that K%, the expectation value with respect to the measure p; of the number of
vertices at distance R from the root of an infinite tree, is given by

R—1
Kf = M+> T'ITA W, (61)
/=1
where 5 s
Ty = M;—— L) = MiA; . 62
k ]0Wk <8VV]) jiyigk ( )

The implications in general of for the Hausdorff dimension depend very
much upon the Jordan decomposition of T = SJS~! where J is of Jordan Block
form Diag(J<, J'); the block J! corresponds to r unit eigenvalues and J< to the
N — r eigenvalues which are less than 1. If J! is diagonal then

J* = Diag(0,...0,1,...1) + O(a") (63)

where « is the largest eigenvalue smaller than 1.
We first consider the case where there is a single unit eigenvalue so J! = 1.
Introduce the orthonormal basis (e’); = §;; so that

SW = S(ue™ + e, W = S(Ae" + B%e?) (64)

where a,b =1...N —1. A # 0 and B* are constants and up to normalisation
the measure vector is

M = SeV. (65)
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Substituting in (58) we obtain
1
(1—J0%" = (AeN + B%e")dg + §u25_1FSeN + u* SIS e

1
+§Vaub5'_1Ajk(S e);(Se’)y. (66)

NI

Since 1— J< is invertible we see that, provided (S™'T'S)yy is non-zero, pu ~ (dg)
and criticality is quadratic. The multi-critical condition is

(STII'S)yn = 0. (67)
Now returning to (61))
R—1
K = M+) S/ s'rsst st w (68)
=1
whence, using (63),
Kf = M+ RS(ST'TS)yn(S™' W)y +0(1) (69)

where S; = S;y. We see from and that the linear term linear in R
automatically vanishes at the multi-critical point where, therefore, d;, = 1. This
is completely standard multi-criticality and the result is identical to that for
the single component multi-critical tree. It is straightforward to generalise this
analysis to models where J* is of higher rank but still diagonal and find the same
conclusion that d;, = 1. Note that it is always necessary to compute the actual
coefficient of the remaining leading term in a particular model to check that it is
positive otherwise the result is meaningless.

The situation is different if J! is non-diagonal. We will analyse the simplest
case where there are two unit eigenvalues and we have the simplest non-diagonal

Jordan block
11
Jt = ( 0 1 ) : (70)

We then have that
(Jg)ij = 0;N—10;N—1 + 0; NOj N + £0; N—10; N + O(o/). (71)
M is the ordinary eigenvector with eigenvalue 1,

M = Se/V ! (72)
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but now there is a vector belonging to the second eigenvalue 1
e = SeV (73)

with the property
Te=M+e. (74)

Now we have
W = S(ue¥ 4+ xeh +1v%e), W=S8(AeN +Ce" 14 B, (75)

where a,b=1... N —2. A +# 0 and B are constants and substituting in (58| we
find

(1—J%" + eVt = (AN +CeN ' + B%e")dg +
+%SlAﬂc (LM + Shel + 125 e%); x
S(ueM ™t + XN M + vbe?), + hoo.t. (76)
and closing with e",
0 = Adg+ %uQ(S‘lFS)NN_l +... (77)
showing that
(ST'TS)yn-1 =0 (78)

is a necessary condition for multi-criticality. Note that because of the Jordan
block structure \ appears linearly on the lL.h.s. of so the leading singularity
can only be associated with M, and not with €. Using and we get

R-1
K" = M+ Siy(dyn-1055-1+ 8 nGn + (€= 1)djn-18,n)
(=1

(STITS) jn(SnN-10mN-1 + O NOmn + (R =€ —1)8, N 10mn) (ST W), + O(1)

= M, + é(R — 1)(R — 2)(R — 3)S¢N_1(S_1F S)NN_l(S_l W)N

+%(R —1)(R—2) :ZN_ [Sin1(STTS)Np (ST W)L + Sin(STTS) v—1(S™ W) ]

L 1

+O(R)

We see from that the multi-critical condition automatically suppresses the
(R—1)(R—2)(R—3) in K? but that the quadratic (R —1)(R —2) term survives.
Hence d;, = 3, again provided that the numerical coefficient, which has to be
computed in a particular model, is positive.
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