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CARLESON MEASURES, RIEMANN-STIELTJES AND MULTIPLICATION
OPERATORS ON A GENERAL FAMILY OF FUNCTION SPACES

JORDI PAU AND RUHAN ZHAO

ABSTRACT. Let p be a nonnegative Borel measure on the unit disk of the complex plane.
‘We characterize those measures p such that the general family of spaces of analytic func-
tions, F'(p, ¢, s), which contain many classical function spaces, including the Bloch space,
BMOA and the Qs spaces, are embedded boundedly or compactly into the tent-type
spaces Tp% (). The results are applied to characterize boundedness and compactness of
Riemann-Stieltjes operators and multiplication operators on F'(p, g, s).

1. INTRODUCTION

The Carleson measure was introduced by Carleson [9] for studying the problem of inter-
polation by bounded analytic functions and for solving the famous corona problem. Later
on variations of the Carleson measure have been also introduced and studied. It was found
that Carleson type measures are usually closely related to certain function spaces. For ex-
ample, the original Carleson measure is closely related to Hardy spaces HP. This feature
makes Carleson type measures important tools for the modern function theory and operator
theory.

In this paper we study Carleson measures related to the general analytic function space
F(p, q, s) on the unit disk of the complex plane, introduced by the second author in [27].
Basically, we are going to characterize those nonnegative Borel measures p such that the
embedding from F'(p, ¢, s) to a certain tent-type space is bounded or compact. The results
will be applied to get characterizations for the bounded and compact Riemann-Stieltjes
operators and pointwise multiplication operators on F'(p, g, s).

Our work involves several spaces of analytic functions. Let us first review these spaces.
Let D be the unit disk on the complex plane. Let H(D) be the space of all analytic
functions on D. For &« > —1 and p > 0, the weighted Bergman space A2 consists of all
functions f € H(D) such that

1fllag = ( / f(z)|pdAa(z)>1/p -

Here dA,(2) = (o + 1)(1 — |2|*)* dA(2), and dA is the normalized area measure on D.
The weighted Dirichlet space DP, consists of all functions f € H (D) such that

1fllpz = 1f(0)] + (/D (=) dAa(Z))l/p < oo.
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tors, multiplication operators.
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It is well-known that D7 = H?, the Hardy space, and for « > p — 1, DE, = A? _ with
equivalence of norms.

Next, we recall the Bloch type spaces (also called a-Bloch spaces) B*. Let o > 0. The
a-Bloch space B consists of all analytic functions f on D such that

£l 3 = sup [f'(2)|(1 = |2]*)* < 0.
zeD
The little a-Bloch space B’ consists of all analytic functions f on D for which
T (/)]0 |=P)° =
It is known that B® is a Banach space under the norm

£z = [£O)] + [ fll 5=,

and By is a closed subspace of BY. As a = 1, B' = B, the Bloch space.

Here are some related facts about B*. When 0 < a < 1, B* = Lip,_,,, the Lipschitz
type space, which contains analytic functions f on D for which there is a constant C' > 0
such that

f(2) = f(w)] < Clz —w|'™*
for all z,w € D. As a simple consequence, we know that, when 0 < o < 1, B* C H®°,
the space of all bounded analytic functions f on D with

| fllme = sup |f(2)| < oo.
z€D

When o > 1, an analytic function f € B® if and only if
sup |f(2)[(1 = [2[*)* 7" < oo,
ze€D

and the above supremum is comparable to ||| f||| g«. For all these results, see [31].

Next, we introduce the spaces F'(p, g, s). For a point a € D, let p,(z) = (a — 2)/(1 —
az) denote the Mobius transformation of D that interchanges 0 and a. An easy calculation
shows al?

, 1—a

QDa(Z)— (1—@2’)2.
For0 < p < 00, =2 < g < 00, 0 < s < co. The space F'(p, g, s) is defined as the space
of all functions f € H (D) such that

1 = 530 [ 1P~ 21901 = o)) dAG) < o

It is known that, for p > 1, F'(p, ¢, s) is a Banach space under the norm

|Hf|||F(p7q,s) = ‘f(0)| + Hf”F(p,q,s)

For 0 < p < 1, the space F(p, q, s) is a complete metric space with the metric given by

d(f,9) = [IIf = 9lllpep.q.6)-

In other words, it is an F'-space, in the terminology introduced by Banach [6]. The family
of spaces F'(p, q, s) was introduced in [27]. It contains, as special cases, many classical
function spaces, such as the analytic Besov spaces, weighted Bergman spaces, weighted
Dirichlet spaces, the a-Bloch spaces, BMOA and the recently introduced () spaces.

For convenience, we will write ¢ = pa — 2, where o > 0. It is known that, for any
a >0, F(p,pa—2, s) are subspaces of B%, the a-Bloch space. As s > 1, we actually have
F(p,pa—2,s) = B®. Also, it is known that F'(p, q, s) contains only constant functions if
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s+q < —lors+pa < 1when g = pa—2 (see Proposition 2.12 in [27]). Therefore, later
on we will assume that s + par > 1, which guarantees that F'(p, paw — 2, s) is nontrivial.

Among these F'(p, pa — 2, s) spaces, the case o = 1 is particularly interesting, since
the spaces F'(p,p — 2, s) are Mobius invariant, in the sense that for any function f €
F(p,p—2,s)and any a € D, one has

||fo<pa||F(p,p—2,s) = Hf||F(p,p—2,s)~

As mentioned above, when s > 1 we have that F/(p,p — 2,s) = B, the Bloch space. As
p =2, F(p,p — 2,8) = Qs, the Q4 spaces, introduced in [4]. Asp = 2 and s = 1,
F(p,p — 2,s) = BMOA, the space of analytic functions of bounded mean oscillation.
See [27] for details of all of the above facts about F'(p, g, s) spaces.

The tent-type spaces used in this paper are defined as follows. Let I be an arc on the
unit circle D. Denote by |I| the normalized arc length of I so that |0D| = 1. Let S(I)
be the Carleson box defined by

SI)=A{z:1—-I| < |2| <1, z/|z| € I}.

Let0 < s < 0coand 0 < p < oo. For a nonnegative Borel measure y on the unit disk D,
we define 7)) (11) as the space of all -measurable functions f on D satisfying

0 = s 117 [ 1P du) < .
X 1COD S(1)

By a standard argument we can show that for p > 1, 77 () is a Banach space.

Next, we introduce the Carleson measures needed in this paper. We say that a nonneg-
ative Borel measure p on D is a (p, s)-logarithmic Carleson measure if there is a constant
C > 0 such that

1 2\"
sup — [log— | w(S(I))<C.
rcop I|° 1]
We will denote the class of all (p, s)-logarithmic Carleson measures on D by LC'M,, 4, and

denote by

1 2\?
lullzen,, = sup —— <10g ) pw(S(I))-
rcop 1| 1]

When p = 0, the (0, s)-logarithmic Carleson measures are called s-Carleson measures, and
we will denote by CM, = LCMy s and ||pl|car, = ||pllzons, - We say s a vanishing
(p, s)-logarithmic Carleson measure if

lim — (1 2 )p (S(1)) =0
1m og — = U.
o 71 \ % 1))

A vanishing (0, s)-logarithmic Carleson measure is also called a vanishing s-Carleson
measure.

Logarithmic Carleson measures were first introduced by the second author in [29]. In
this paper, we are going to characterize the measures p such that the identity operator
I: F(p,q,s) — Tg5(n) is bounded or compact. The results will be applied to give
characterizations for the bounded and compact Riemann-Stieltjes operators and pointwise
multiplication operators on the F'(p, g, s) spaces. Our results generalize some recent results
by Xiao in [26] and by Pau and Peldez in [18].

The paper is organized as follows. Section 2 is devoted to some preliminary results. In
section 3 we characterize boundedness and compactness of I : F'(p, p—2,5) — T (1) In
section 4 we characterize boundedness and compactness of I : F'(p,pa — 2, s) — 15 (1)
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for v # 1. In section 5 we use these results to characterize bounded and compact Riemann-
Stieltjes operators on F'(p, ¢, s), and in section 6 we characterize bounded and compact
pointwise multiplication operators on F'(p, g, s).

2. PRELIMINARY RESULTS

In this Section we state and prove some preliminary results needed for the rest of the
paper. Some of them may have independent interest. We begin with the following lemma.

Lemma 2.1. Let 0 < p < 00, =2 < ¢ < 00, 0 < 5 < oo satisfy ¢ +s > —L
Let 1w be a nonnegative Borel measure on D such that the point evaluation is a bounded
functional on TS, (p). Then I : F(p,q,s) — T;% (1) is a compact operator if and only if
[ frllTee (1) — O whenever { f,} is a bounded sequence in F(p, q, s) that converges to 0
uniformly on every compact subset of D.

Using the fact that the point evaluations on F'(p, ¢, s) and 7% (x) are bounded func-
tionals (see Proposition 2.17 of [27] for the case of F(p, g, s)) , the proof of Lemma 2.1 is
standard. See, for example, the proof of Proposition 3.11 in [10]. We omit the details here.

We also need the following equivalent description of (p, s)-logarithmic Carleson mea-
sures proved by O. Blasco (see Lemma 4.1 and Proposition 1.2 in [7]).

Lemma 2.2. Let s,t > 0 and p > 0. Let i be a nonnegative Borel measure on D. Then i
is a (p, s)-logarithmic Carleson measure if and only if

2\ [ (Q—]a*)*
1 d < 0.
sy (e =) [ ) <
Further, we have

2\ [ (Q—]a?)
~ I d .
Wses.  sop 10w 77 ) f =g 2

We also need the following equivalent definition for 7,5 ().

Proposition 2.3. Let p be a nonnegative Borel measure on D. Let p > 0, s > 0, and
t > 0. Then an analytic function f on D belongs to T;<, () if and only if

L |aP)’ p z s
sup/‘ PP du(z) < oo,

a€D 1- az‘s+t

and
(1= la?)’

p |1 —az|stt

|f ()P dp(2).

||fHToc (1) ~ bup

Proof. Letdus(z) = |f(2)? du(z). Then

1 py (1))
718 [ 1P dute) = sup A
117 ) = reop TP s<1)| (I dulz) rcop  |1I°
Applying Lemma 2.2 to dy s (z) we immediately get the result. ]

The following lemma is from [17].
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Lemma 2.4. Fors > —1,r,t > Qwithr +t — s — 2 > 0, there is a constant C' > 0 such

that
_ 2\s
[ OB
p |1 —az|"|1 — bz|t

¢
|1 _ db‘r-&-t—s—Q ’

if r,t <2+ s,

=\ 0= el — @l preztesr
C c

(@ JaPy =2 —abl’ (T~ [bP) 21— ab]"”

ifr,t >2+s.

Corollary 2.5. Fors > —1, r,t > 0with0 <r+1t—s—2 <r, we have

(L —[=[)° c

I(a,b) = _ ,
0= Tz b A = T fapyre

Proof. From the condition 0 < 7+t —s—2 < rweknow thatt <2+ s. If r <2+ sor
r > 2 4 s then the result follows directly from Lemma 2.4.

For the remaining case » = 2 + s, we cannot directly use Lemma 2.4. However, since
s+1>0andt > 0, we can choose a number § such that 0 < § < min(¢, s + 1). Thus

1— 2\s—§ 1— 2\d
p |1 —az|"|1 —bz|t=% |1 —bz|°
(L—[z)°
- p |1 —az|"|1 — bz|t—?

dA(z).

Itisobviousthats—¢ > —1,r > 0,t—6 > 0,7+ (t—0)—(s—0)—2=r+t—s—2 > 0.
Since t < 2 + sand r = 2 + s we also have

t—0<24+(s—d0)=r—d<r.
Hence we can use the second inequality of Lemma 2.4 to get

C

I(a,b) < < .
(a, ) = (1 _ |a|2)r—(s—6)—2‘1 _ &b|t_5 - (1 _ ‘a|2>r+t—s—2

The proof is complete. O

Using this corollary, we are able to prove the following result.

Lemma 2.6. Let0 < p < o0, 0< a<ooand( < s < oo satisfy s+ pa > 1. Let

1 _
T (1=b)7" el
fo,a(z) = ) —a2 . 1
Ogl—l;z’ fo=1.

Then

Sup [ fo,all #(p po—2,5) < 00-
beD

Proof. A simple computation using the well-known identity

1= Jpa(2)]* = (1= |21)]wa(2)]
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shows
p

b
p _ . . _ 2\pa—2 _ 2\s A
||fb,a||F(p7pa_27s) - :1611% (1 bz )a (1 |Z| )p (1 |90a(z)| ) d (Z)

1 _ ‘Z| s+pa72
= sup [b]P(1 — |a]?) dA(z).
a€D p |1 —az[?*|1 — bz[pe

Since s + pa — 2 > —1, pa > 0, 2s > 0, and

0<2s+pa—(s+pa—2)—2=s<2s,
we can use Corollary 2.5 to get

(1 _ ‘Z|2)s+pa—2 ( ) - C
= z — .
p |1 —az[*[1 —bz|re ~ (L= a?)?

Therefore,

sup ||fb,a|‘%(p’pa,2’s) < C < .
a€D
The proof is complete. O

Lemma 2.7. Let 0 < p < oo, and v > —1 withy > p — 2. Forany f € D?, and any
a€D,

_ P
yim [LDZTOF (_ppaae) < ¢ [ 1£GIPa - A,
p |l—az]P D
Proof. If p > 1, the result follows from Lemma 2.1 of [8]. If 0 < p < 1 we use the

atomic decomposition for D{’/ (see [30, Theorem 32]): there is a sequence {ax} in D and
a sequence of numbers {\,} € ¢? such that

(1-— (2+~v-p)/p ) _
g(z) = f Z)\ lax )" R Pkt et 4

(1 —agz)® p
and
S I < Clallhy = € [ 17 G- 1R dAc).
k
Note that Dg = A’;fp in the notation of [30]. Now, since 0 < p < 1, we obtain

(1 — =)

p |1 —arz[Pb|1 — az|p

a) <Y [MefP(1 = Jag PP dA(2)
k

<O
k

The last inequality holds by Corollary 2.5. The proof is complete. (]

Proposition 2.8. Let0 < p < 0o, s > 0, and o > 1 withap+s > 1. Lett = s+2p(a—1).
Forany f € F(p,pa — 2,s) and any a € D,

[f(z) = f(@)?

J(a) = (1 — |af?)! e (- |212)* 7024 A(2) < Ol Iy pass)

p 1



CARLESON MEASURES ON FUNCTION SPACES 7

Proof. Changing the variable z = ¢, (w), we get by Lemma 2.7,
a a 0 p 5 —
J(a) — ( (a 1)/ |f0 80 foop ( )| (1 o |w|2)s+pa ZdA(w)

1 faw|1’

< 0=y [ (o @) - ) 2daw)

= O(1—lafteV / /@)L= 2P 72 (1 = lpa(2)P) PV dA(2)

(p,pa—2,s)"

= ya |Z‘ AR 4y < ol
= — laf?)* If )| o (2) < ClIfII%
The proof is complete. U

Proposition 2.9. Let 0 < p < oo and s > 1. Let yu be a vanishing (p, s)-logarithmic
Carleson measure on D. Then

lim sup |Il| <log |§|) ~(S(I)) =0.

r=1rcop
Proof. Let 0 < p < oo and s > 1. Since p is a vanishing (p, s)-logarithmic Carleson
measure, for any € > 0, there is an r, 0 < r < 1, such that
! (log 2 >1’ (S(I)) <e
|1 1]

for any arc I with |I| < 1 — 7. Now fix the above r. Consider any arc I on the unit circle
OD. Leta = 1 —r,and n = [|I|/a]. Then naw < |I| < (n + 1)a. Clearly, we can
cover I by n + 1 arcs Iy, In, ..., Inpq with |[Ig] =1 —r =afork =1,2,....n + 1. Let
tr = pt| p\D,.- Then

1 2\” g 2\”
= (1og I) AS) < 3o (mgm) W(S ()

n+1 1 2 —p
< S
< (log |I|> i (l"g |1|>
n+1 P —p
1 2 2
< log =) a®(log 2
= 5§<na>s(°gna) : ("ga)
<

ere(o:2) (s 2)] <

uniformly on I, when s > 1. Hence, as s > 1 we have

lim sup ! <log2)p (S(I)=0
r—=1r1c6D |I| |I| Hr '

3. EMBEDDING FROM F'(p,p — 2, 5) TO TS, (1)

In this section we describe the boundedness and compactness of the embedding from
the Mobius invariant space F'(p,p — 2, s) to the tent-type space 7,55, (). The main result
in this section is the following.

Theorem 3.1. Let s > 0 and 0 < p < oo satisfy s +p > 1, and let |1 be a nonnegative
Borel measure on D. Then



8 J. PAU AND R. ZHAO

(i) I: F(p,p—2,s) — T3%(p) is bounded if and only if p is a (p, s)-logarithmic
Carleson measure.
(i) The following two conditions are equivalent:
(a) For any bounded sequence { f,,} in F(p, q, 8) satisfying fn(z) — 0 uniformly
on every compact subset of D,
lim ”f”HTpO,Cs(F‘) = 0.

(b) p is a vanishing (p, s)-logarithmic Carleson measure.
Remark. When p = 2, the result is obtained by Xiao in [26] using techniques from [18].

In order to prove Theorem 3.1, we need some results on Carleson measures for weighted
Dirichlet spaces D?. A nonnegative Borel measure o on D is said to be a Carleson measure
for D? if there is a constant C' > 0 such that for every f € D2,

| 15@P du) < i,

and is called a compact Carleson measure for D?, if lim,, || f,||z»(,) = 0 whenever {f,,}
is a bounded sequence in D?, converging to zero uniformly on compact subsets of D.
Carleson measures for the weighted Bergman spaces A2 = D? . with « > —1 and

a+p?
p > 0 are described as those positive Borel measures on D such that
w(S(1))
1cop |I]*Te

This result was proved by several authors, including Oleinik and Pavlov [16] (for p > 1),
Stegenga [24] (for a = 0), and Hastings [12]. One can also find a proof in [14]. The next
result will be essential in order to prove Theorem 3.1.

Lemma 3.2. Letp > 0, s > 0 satisfy s+ p > 1. Let i be a nonnegative Borel measure on
D.

(@) If p € LCM,, s then yu is a Carleson measure for D%, , 5. Moreover

|1:D%,, 5 — LP(w)|” < Cllpllen,..-

(b) If v is a vanishing (p, s)-logarithmic Carleson measure, then i is a compact Car-
leson measure for D§+p72.

Proof. The case p = 2 with 0 < s < 1 of part (a) was proved in [18] using the description
of Carleson measures for DY +p—2 given in [5]. Here we will prove the result directly from
the definition of Carleson measures for DY, .
We first consider the case p > 1. Let p’ denote the conjugate exponent of p. Since

p’ > 11s easy to see that
/ dA(w) <C
D |1 —wz|?(log —21)"

1—|w|?

for some constant C' independent of w € D. Let« = s+ p — 2, and f € D? with
f(0) = 0. Using the reproducing formula for the Bergman space A? (see p.80 of [32]),
and then integrating along the segment [0, z] it follows that

ﬂ@=CAﬂWMMm@ﬂﬂMVMWL
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where

1— (1 —wz)te
Ka(w,z) = “o(l —wz)lte

It is easy to check that

1— (1 - wz)'*e
sup |——————
z,weD

for some constant C' > 0. Then

P <C ( /D f’(ﬁ})_l (;Z_P@Q)a dA(w)>p

% 2 —P/ A
| (w — w[?)P 2 /(logl_w|2) dA(w)
<
o [ ety o ) e | [ =S

of @ O~y

|1 — wz|pat2—r

p—1

= |w|2) dA(w).

This inequality together with Fubini’s theorem and Lemma 2.2 yields

[ 1r@rau:)
<o [irwpa-ture (o =) [ s

gC||/L||LCMW/D\f’(w)\P(l—|w|2)p“( jw|?)~ PV dA(w)
Flipe

< Clpllrem,.

Hence 4 is a Carleson measure for DY, .

Now we consider the case 0 < p < 1. For r > 0, fix an r-lattice {a,, } in the Bergman
metric. This means that the hyperbolic disks D(a,,r) = {z : 8(z,a,) < r} cover the unit
disk D and ((a;,a;) > r/2 for all  and j with ¢ # j. Here 3(z, w) denotes the Bergman
or hyperbolic metric. If {ay} is an r-lattice in D, then it also has the following property:
for any R > 0 there exists a positive integer N (depending on r and R) such that every
point in D belongs to at most N sets in {D(a, R)}. There are elementary constructions
of r-lattices in D. See [32, Chapter 4] for example. Note that by subharmonicity we have

1/p
! Cw aj,T _ @l
sup{|f'(w)| : w € D(a;, >}s0<(1|aj2)2 /D A dA<<>>
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for all j = 1,2,... Let 3 be a sufficiently large number so that 5 > s + p — 2 and
Bp > s — p. It follows that

"(w — |w|?)8 P
sorsc( [ PR dw)

|f'(w)] (1 — |w[*)?
; /D(aj,'r‘) |1 - ’lDZ|1+B dA(w)

1/p\ P
oy S N
< P A
=¢ Z 11— a;z[H8 \ (1= |a;?)2 D(aj72r)|f QP dA(C)
(1 — |ay[2)20-2+6p

CZ T a, 2[5 /D(aj,mlf’(C)lpdA(C)

Now, if 1 € LCMpys, then clearly € C M, with ||p||car, < C|lullLom,,,. Therefore,
since 1 — |a;|? is comparable to 1 — |¢|? if ¢ € D(ay, 2r), an application of Lemma 2.2
gives

2)|P P a; 2p 2+Bp / P
[ 11 du >sc;(< e [ |M},)/D(%M|Jf (O dA)
< Clulew. 321l / PO dA)

D(aj,2r)

< Cllullon, Z / P (1= (2P 2 dA(C)

D(aj,2r)

< ON lplen, 1A

IN

where N is a positive integer such that each point of D belongs to at most /N of the sets
D(a;,2r). This finishes the proof of (a).

To prove (b), we must show that if { f,,} is a bounded sequence in D? 4p—2 converging
to zero uniformly on compact subsets of D, then || f,, || »(,,) — 0. Suppose first that p > 1.
Let « = s + p — 2. Since p is a vanishing (p, s)-logarithmic Carleson measure on D, for
any € > 0, there is an r, 0 < r < 1, such that

2
log ———— )p-Da <eP.
Z“i’r<°g1—|w|2) (= fuf) / |1—wz|w+2 <€

Since { f,,} converges to zero uniformly on compact sets, the same is true for the sequence
of its derivatives { f;, }, and hence there is a positive integer ng such that for all n > ng

sup |f,,(w)] <e.
lw|<r

Now, we have

Il oy < /(/ |f/|1_;;|1|ﬂ|2)a dA(w))pdu(z)
“of (L L) e
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For the first term, we have

pdu(z)<€p %d/l(w) " du(z) < Cev.
D \Jw|<r p \Jp |1 —wz|

For the second term, proceeding as in the proof of part (a), we have

p

L)

2 P du(z)
< / P(1— lwl2Pe(1 / A
<cf inr -y (s ) [ i dAm
P Pp < D
< Ce ||anDS+p_2 < Ce

This finishes the proof of (b) for p > 1. For 0 < p < 1, we observe first that the condition
on £ implies that g is a vanishing s-Carleson measure. Therefore, given € > 0, there is an
ro with 0 < r¢ < 1 such that

(1= Jaf?)r+o—
() sup / S du(z) <e,
la|>ro J D ‘1 - az‘p-l‘ﬁp
where [ is a sufficiently large number so that 3 > s+ p — 2 and Op > s — p.
Let {f,} be a bounded sequence in DY 4p—o converging to zero uniformly on compact
subsets of D, and for r > 0 fix an r-lattice {ay } in the Bergman metric. Since |ag| — 1,
there are only kg points ay, with |ag| < ro. Now, the same argument used in part (a) gives

ko

. P o ) 2\s+p—2 ! PdA
Il < € iloss, 3200 sl Amwﬂn@| ©
_ 2p72+ﬁp du(z)) / p
" Oakz>7_0 ( 1 |ak| D |1 - dkz‘p—i_ﬂp /D(ak,2r)|fn(C)| dA(C)
= (I) + (II).

Since { f,,} converges to zero uniformly on compact sets, the same is true for the sequence
of its derivatives { f/ }, and hence there is a positive integer ng such that for all n > ng

sup {| /5, ()7 : CEDak,2r}< 1<k <k
()

This gives
(D) < Cllullen, e

Also, using (1), the same proof given in part (a) yields

(II) <CNellfalfyr < CNe,
s+p—2

where NN is a positive integer such that each point of the unit disk belongs to at most IV of
the sets D(ayg, 2r). This finishes the proof of the lemma. O

Now we are ready to prove our main result in this section.
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3.1. Proof of Theorem 3.1. We first prove (i). Suppose  is a (p, s)-logarithmic Carleson
measure. Let s > 0 and p > 0 satisfy s + p > 1. By Lemma 3.2, i is a Carleson measure
for DY, .

Given any subarc [ of 9D, let w = (1 — |I|)¢ and ¢ be the center on I. An easy
computation shows that, for any z € S(I),

1—|wf =~ |1 —wz| =~ |1

Take any function f € F(p,p — 2, s). By Corollary 2.8 in [27], F(p,p — 2,s) C B. Thus,
from a well-known estimate of Bloch functions (see, for example [32]),

2
FC)l < 1Al log 3—

This, together with the fact that o € LC'M,, ,, gives

1 -
T /S  FEP e

C ) )
< W (/S(I) [f(z) = fw)|Pdu(z) + | f(w)] M(S(I))>
) /D ‘ (1 —wz)2s/p
On the other hand, if we let

fu(z) = (1=

2
< Cl”f”‘F(p,prs) IOg m

2
< CllIf1Fpp2.5) log 1—|wl?

dp(2) + Cll I ppp-2. 14l LOM, .-

|,w| )S/p f( )_f(w)

(1 —wz)?s/p’

2= [ 1P duts)

< Clpllrem,.

then, applying Lemma 3.2, we get

f(z) = f(w)

pl(1— wz)2S/P

(1= |wf?)*

Full2,

s+p—2

fH]]D?(p,pfgys)v

since || fu ||')» < C|IfII% F(p.p—2,s)> With C being a positive constant independent of w.
+ 9. b
Indeed, notice ﬁrst that

2
(1= |w)* |f (w)=F O < C I flpepp-2,) (1=]w]*)* (log W)p < Clfllp@p-2.s)

< CllpllLem,,

and this, together with Proposition 2.8, yields
1Fallty, = 1Fal@)F + / F@P (L~ o) dA(z)
< (1= |w]?)* | f(w) = £(0 )Ip
Lcn / |1f D= 2aae)
+o@-popy [ HEZHOR 0 pyr-2aac)

|1 — wz|?stP
P
=C Hf”F(p,p—Z,S)'



CARLESON MEASURES ON FUNCTION SPACES 13
This shows that the identity operator I : F'(p,p—2,s) — T, (1) is a bounded operator.
Conversely, suppose that the identity operator I : F'(p, p — 2, ) — T, (4) is bounded.

Given any arc I C 9D, let a = (1 — |I|)¢, where ( is the center of I, and consider the
function

falz) = log =
Then by Lemma 2.6, there is a constant C' > 0 such that ||| fa||p(pp—2,5) < C. Since
I:F(p,p—2,s) — Tg% () is bounded, we get
1
T o elIP () < Ol < ©

It is easy to see that

2
f()Nlog'I|

for any z € S(I). Combining the above two inequalities we get
= (1os 2) sy <
|7 ] T

Thus p is a (p, s)-logarithmic Carleson measure, completing the proof of (i).

To prove (ii), first let 11 be a vanishing (p, s)-logarithmic Carleson measure and { f,, } be
a bounded sequence in F'(p, p — 2, s) with f,,(z) — 0 uniformly on every compact subset
of D. We need to prove that || f, [ 7.5 (,.) — 0.

The case s > 1is easier. Let D, = {z € D : |z| < r}, and pu, = p|p\p, be the
restriction of x on D \ D,.. By Proposition 2.9, if » — 1 then

! (1 2>p (S(1)) — 0
su og — . — 0.
i TR TID

Now, by part (i), the fact that the limit || f,[|7s (1) — 0 follows from

p p p o 2 3
[ B OP ) <C [P (O (b 17 ) (SO

For 0 < s < 1 we don’t have Proposmon 2.9 at our disposal, so that the proof must follow
a different route that also works for s > 1. For any arc I, let w = w; = (1 — |I])¢, with ¢
being the center of /. Then we have

! P ¢ — fo(w) P du(z w)|?
7 [ 1 dnte) < o (/ 1u(2) = S )P dua(z) + 1) u(su))>.

Since p is a vanishing (p, s)-logarithmic Carleson measure on D, for any ¢ > 0, there is
anr,0 < r < 1, such that

sup <e.

[I|<1—7r

(log 2 )p n(S(I))
1| 17]°
This, together with the facts that {f,,} is a bounded sequence in F'(p,p — 2, s) and the

inequality | o ()] < C1llfulllp(pp2.0) 108 & gives

su w piu(S(I))
o M)

< Ce.
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If [I| > 1 — r then |w| < r, and since {f,} converges to zero uniformly on compact
subsets of D, there is a positive integer ng such that

wp | D)

S Tk <e for n > ng.

For the other term, we have
1

T /S MECRFARIRIC
<oty [ [P

=C [ Ul o)
D
where
(1—w2)7
Fix a sufficiently large number 3 so that 5 > s + p — 2 and p(1 + 8) > 2s. The proof of
part (b) in Lemma 3.2 gives

fn,’w(z) =

/ 1— 2\ P
sl < ClenuOP D) C [ ( /|<|< 'f"*“ﬁ ézwf') dA(Q)) a2)

p
+Ce sl

Since { f,,} is a bounded sequence in F'(p, p—2, s), it follows from the proof of the bound-
edness part that

| frwllDP <Ol fullppp—2,5 < C,

s+p—2
with C' independent of n and w.
It is clear that

Fnaw(0) = (1= [w0")? (£ (0) = fu(w)).
It is well-known F'(p,p — 2, s) C B, the Bloch space. Hence { f,, } is a bounded sequence
in B and so there is a constant K > 0 such that || f,,||g < K. Thus

S S 2 b
FnwlOF = (0= [P 11a00) = fulw)? < K201 ) (1o 12 )
and so for any £ > 0 and any n € N there is an r € (0, 1) such that
| frw(0)]” <e

whenever < |w| < 1. On the other hand, since f,(w) — 0 uniformly on compact
subsets of D, we know that there is an N > 0 such that if n > N then

| faw(0)F = (1 = [w]*)*|£2(0) = fu(w)|P <

for all |w| < r. Combining the above arguments we know that sup,,cp | fn,w(0)? < € if
n is sufficiently large.
It remains only to deal with the term

B £ (O (L= [¢1)° !
A /D </<|gr~ 1= Gzt dA(C)) e
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We have that
A(n,w) < max(1,2P~ 1) (Al(n, w) + Aa(n, w))

with

— (1= uy 14011 = ¢’ e
Al(n7u}) = (1 | ‘ ) /D </CST ‘1*{-Z|1+B|1* T % dA(C)) d/J( )7
and

o) = (1_‘w|2)s/ (/ 1/ (©) = fulw >\<1—|<|3 <<>> du(),

cl<r |1 =GP 1 —w¢| "7

Since { f],} converges to zero uniformly on compact subsets of D, it is clear that

sup A;(n,w) < e
weD

for n big enough. Similarly, if 0 < 7o < 1 is fixed, it follows from the fact that { f,,}
converges uniformly to zero on compact subsets that

lim sup As(n,w)=0.

70 w|<rg

Since p is a vanishing (p, s)-logarithmic Carleson measure, we can choose 7 so that

2 P wP)e
sup | log ) / Ty du(z) < e.
|w>7-0( L—|wl?/) Jp [1—wz[?

This together with Lemma 2.4 gives

ol £ ()P (1 [¢2)? o
s (1= ) o) /D</D|1_Czw|1_ dA(o) u(z)

< C sup (1 - ‘w| |fn / |1 ’LUZ|2‘S

|’w‘>’l"[]

1 — |w]?)®
s = ) RS e
Juw| 1= fw| D

w|>ro |1_wz|2s

< Ce.
Now it is easy to deduce that

lim sup Az(n,w)=0

nﬂoolw|>ro

completing this part of the proof.

Conversely, suppose that for any bounded sequence { f,,} in F'(p, p—2, s) with f,,(z) —
0 uniformly on every compact subset of D we have || fn||T;os( w — 0. Let {I,} be a
sequence of subarcs of 9D such that |I,,| — 0. Let ¢, be the center of I,,, w, = (1 —

|1.])¢n, and
-1 2
2 2
n(z) = [ log ——— log — | .
fa(2) (0g1_|wn|2> <0g1_wnz>

Arguing as in Lemma 2.6, we easily see that { f,, } is a bounded sequence on F'(p,p—2, s),
and f,,(z) — 0 uniformly on every compact subset of D. Thus

1 2 \? 1
— < p < —
TG (1og |In|) W(S() < C s /S oy G () < Ol 1y = O
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proving that y is a vanishing (p, s)-logarithmic Carleson measure. The proof is complete.
O

Using Lemma 2.1 we immediately get the following corollary of Theorem 3.1.

Corollary 3.3. Let s > 0 and p > 0 satisfy s + p > 1, and let 1 be a nonnegative Borel
measure on D. Suppose that the point evaluation is a bounded functional on T, (). Then
I:F(p,p—2,8) — Ty%(p) is compact if and only if y is a vanishing (p, s)-logarithmic
Carleson measure.

4. EMBEDDINGS FROM F'(p, pav — 2, 8) INTO T2, (1) WITH v # 1

In the previous section we studied the embedding I : F(p,p — 2,s) — 175 (). In this
section we consider the embedding I : F'(p, pa — 2,s) — T2 (1) when o # 1. First, we
look at the case 0 < o < 1. We need first the following lemma from [15].

Lemma 4.1. Let 0 < o < 1 and let T be a bounded linear operator from B into a
normed linear space Y. Then: T is compact if and only if | T f, ||y — 0, whenever { f,}
is a bounded sequence in B* that converges to 0 uniformly on D, the closure of D.

Remark. 1t is clear from the proof given in [15] that the above lemma also holds for
Y = Tp5(n) inthe case 0 < p < 1.

Theorem 4.2. Let 0 < o < 1, s > 0and p > 0 satisfy s + pa > 1, and let 1 be a
nonnegative Borel measure on D. Then the following conditions are equivalent:
(i) I: F(p,pa—2,s) — T35 () is bounded.
(i) I: F(p,pa—2,5) — T5 (1) is compact.
(iii) p is an s-Carleson measure.
Proof. (i)==(iii). Suppose I : F(p,pa — 2,s) — T35 (n) is a bounded operator. Let
f(2) = 1. Then obviously f € F(p,pa — 2, s). Hence,

1 1
S0 = 7 [P ) < Ol s < C

Thus g is an s-Carleson measure.

(iii)==-(i). Suppose that 1 is an s-Carleson measure. By Corollary 2.8 in [27], F'(p, pa—
2,s) C B*. If we can prove that [ : B* — T2 (u) is bounded then we are done. Since
B* C H* for 0 < a < 1, a standard application of the Closed Graph Theorem shows
that || f|| g < C||| f]|| = Hence,

o [ P du) < 11 o(SW) < il

1* Jsn 1]
Thus I : BY — T35 (p) is bounded. Consequently, I : F(p,pa — 2,s) — TS () is
bounded.

(ili)==(ii). We further prove that (iii) implies (ii). Since F(p,pa — 2,s) C B (see
Corollary 2.8 in [27]), it is enough to prove that [ : BY — T]ffg(u) is compact. Since
we just proved that [ : B — T;‘;(u) is bounded, by Lemma 4.1, we need only prove
that || fo[|l75< () — O, whenever {f,} is a bounded sequence in B that converges to 0

uniformly on D. Since {f,} converges to 0 uniformly on D. for any given ¢ > 0, there
exists a positive integer N such that |f,,(z)| < ¢ for any n > N. Hence, for any n > N
we have

up

1 1
ol o = S0P o / Fal)P du(z) < = sup i / du(z) < Ce.
P rcop % Jsn rcop 1|5 Jsr
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Therefore lim,,_, o an||’7",ﬁ(u) =0,andso I : F(p,pa —2,s) — T2 () is compact.
(i1))==-(i). This is obvious. The proof is complete. [l
Next, we consider the case o > 1.

Theorem 4.3. Letp > 0, s > 0 and o > 1 with s + pa > 1. Let p be a finite positive
Borel measure on D. If i is a Carleson measure for DY then the embedding I :
F(p,pa —2,5) — 1% (1) is bounded.

s+pa—2°

Proof. Let § = s+ p(a — 1) so that s + pa — 2 = 5 + p — 2. We prove first that x must
be a §-Carleson measure. For each a € D, consider the test functions

(1 la2)7
(1—-az)

Then sup || fo| pr,. < C, and since p is a Carleson measure for Dg 2> ONE Obtains
a€D P

(1—a?)” B )
/Dmdﬂ(@—/lea(z)l du(z) < C.

Hence 1 is a 3-Carleson measure. Now, by Proposition 2.3, we have that || f]|%... () is

, z€D.

@ =@

fa(2) =

=

comparable to the quantity

wp [ A1
slelg D |1—az|s+t‘f(z)| d/,[,(z)

forallt > 0. Fixa € D,and lett = s+ 2p(a— 1), and f € F(p,pa — 2, s). Then

/ = JZLH F(@)P dp(z) < max(1,2°71) (L (a) + Tz(a)),

where
— |af?)*
)P
—1rtar [ S e,

_ [ @—]aP)
Ir(a) = L=zt |f(z) = f(a)[” du(z).

Since F(p,pa — 2,8) C B, and a > 1, one has

@) F@P < ClIE G pas.s) (L~ lal?) 7.

This, together with the fact that p is an [s +pla— 1)} -Carleson measure and Lemma 2.2,
gives

and

—p(a— du(z)
1) < CU Iy (1 = )70 [ i

_ D _ s+pa 1 (Z)
C’|||f||| ppo/ 2 9)(1 |(Z| / ‘1 _ 0,2‘2‘5-"_2[)(@ 1)

< ClIfIE

(p,p—2,s)"

It remains to deal with the term I5(a). Set
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p
s+pa—2°

I(a) =(1 - [af2) /D a2 du(z)

Since p is a Carleson measure for D we obtain

<C(1— |al*)'|fa(0)P + C(1 — [a*)" /D |(fa) ()] (1 = |2?)° 7272 dA(2).
By (2), one has
(1= lal*)"fa(0)[" = (1 — |a]*)[f(a) — F(O)7
< O~ 1aP) PO
< Ol ppa2.s-

On the other hand, by Lemma 2.2 and Proposition 2.8,

(1 _ ‘a|2)t /D |(fa)/(z)|p(1 _ |Z|2)s+pa72 dA(Z)
1— 2\s+pa—2
<ct-lapy [ 1rerS e
1/(z) = fa)”
D |1 — ZLZ‘S'HH_])
< Clf e pa2.s)-

+C(1—a*)’ (1= |2*)" P "2dA(z)

All together gives
Iy(a) < Cllf 5 ppa—2.s)
finishing the proof of the theorem. O

Theorem 4.4. Let o« > 1, s > 0, and p > 0 with s + pa > 1, and let u be a nonnegative
Borel measure on D. If 0 <p < 1;orp > 1lwiths+pla—1) > 1;0orl < p < 2 with
s+pla—1)=1, then
(i) The identity operator I : F(p,pa — 2, 5) — T (1) is bounded if and only if i is
an [s + p(a — 1)]-Carleson measure.
(ii) The following two conditions are equivalent:
(a) For any bounded sequence {f,} in F(p,pa — 2,s) satisfying fn(z) — 0
uniformly on every compact subset of D,

lim || fp 7 () = 0.

n—oo

(b) wis avanishing [s + p(a — 1)]-Carleson measure.

Proof. (i) Suppose first that  is an [s + p(a — 1)]-Carleson measure. In all the cases
considered, this is equivalent to x being a Carleson measure for DY, (see [25]. Note
that for 0 < p < 1, the implication needed here is proved in our proof of Lemma 3.2).
Thus, by Theorem 4.3 it follows that I : F'(p, pa — 2, s) — T5<,(u) is bounded.

Conversely, let I : F'(p, pa — 2, s) — T (1) be bounded. Given any arc I C 9D, let
a = (1 — |I])¢, where ( is the center of I. Let

falz) = (1 —az)'—>.
By Lemma 2.6, there is a constant C' > 0 such that ||| fol/|p(p,pa—2,s) < C. Since I :
F(p,pa — 2,5) — T (1) is bounded, we get

1 9
1[5 /5(1) [fa(2)” dpu(z) < Clllfalllp o pa—2,s) < C-
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It is easy to see that
falz) = I

for any z € S(I). Combining the above two inequalities we get
1

Wﬂ(s(”) <C.

Thus p is an [s + p(a — 1)]-Carleson measure.

Next, we prove (ii). Let u be a vanishing [s + p(« — 1)]-Carleson measure and { f,, }
be a bounded sequence in F'(p,pa — 2, s) with f,,(z) — 0 uniformly on every compact
subset of D. We first deal with the cases considered with s + p(aw — 1) > 1. Let D, =
{z € D: |z| <r},and p, = plp\p, be the restriction of 1z on D\ D,.. By Proposition
2.9,if r — 1 then

pr (S(1))

1cop |I]stple=1)
Recall that, in the introduction we have seen that, when o > 1, if ¢ € B then there is a
constant C' > 0, independent of g, such that

l9(2)| < Clllgll|p« (1 —|2[*)' .
By Corollary 2.8 in [27], F(p, pa — 2,8) C B®. Thus, if f € F(p, pa — 2, s) then
[F)] < Ol fllsa (1= 2% < Cl Nl pp.pa—2, (1 = 1213174

Hence, given any arc I C 0D with w = (1—|I|)¢ and ¢ is the center of I, for our sequence
{fn} we can find a uniform constant C' > 0 such that

— 0.

CH|an|F(ppa—2 s) C|||fn|HF(ppa—2 s)
< ) S) ) 8)
N e T -1

The fact that the limit || f,[|7s (1) — 0 now follows from part (i) and

e (S(D)
/ P <€ / o VoI i, 2) + Ol iy

The proof for 0 < p < 1 follows a similar argument as the corresponding one in Theorem
3.1. We left the details to the interested reader.

Conversely, suppose that for any bounded sequence { f,, } in F(p, pa—2, s) with f,,(z) —
0 uniformly on every compact subset of D we have || f,[|7s (1) — 0. Let {1} be a se-
quence of subarcs of 9D such that |I,,| — 0. Let ¢, be the center of I,,, w,, = (1—|I,,]){n,
and | ‘2
1— |wy,

fn(z) = m
By a proof similar to that of Lemma 2.6, we can easily see that { f,, } is a bounded sequence
on F(p,pa — 2,s), and f,,(z) — 0 uniformly on every compact subset of D. Clearly, for
any z € S(I),
a2 = L

Thus
1(S(1n)) 1 /
< n Pd < n e oo .
LoD = O Jo, nEF i) < C IS [ iy = 0
Hence p is a vanishing [s + p(« — 1)]-Carleson measure. The proof is complete. O

Using Lemma 2.1 we immediately get the following corollary of Theorem 4.4.
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Corollary 4.5. Let o > 1, s > 0 and p > 0 satisfy s+ ap > 1, and let i be a nonnegative
Borel measure on D. Suppose that the point evaluation is a bounded functional on T, (1)
Ifo<p<l;orp>1lwiths+pla—1)>1;0rl <p<2withs+pla—1)=1, then
I: F(p,pa —2,5) — T35 (1) is compact if and only if p is a vanishing [s + p(a — 1)]-
Carleson measure.

5. RIEMANN-STIELTJES OPERATORS ON F'(p, g, 8)

In this section we look at applications of our main theorems to Riemann-Stieltjes inte-
gral operators. Recall that, for g € H(D), the Riemann-Stieltjes integral operator J, is
defined by

J,f(2) = / O de

for f € H(D). The operators .J, were first used by Ch. Pommerenke in [20] to char-
acterize BMOA functions. They were first systematically studied by A. Aleman and A.
G. Siskakis in [2]. They proved that J, is bounded on the Hardy space HP” if and only
if g € BMOA. Thereafter there have been many works on these operators. See, [1],
[3], [13], [19], and [22] for a few examples. Here we are considering boundedness and
compactness of these operators on F'(p, g, s).

For0 < p < o0, -2 < g < 00,0 < s < oosuchthat g + s > —1, we define the space
Fr(p,q,s), called logarithmic F (p, q, s) space, as the space of analytic functions f on D
satisfying

2 p
sup (1og 1) [ 1P~ R0 o)) dA) < .
We also say f € Fr0(p,q, s), if
2 p
tim (1og ) [ £GP0 20 - ) dAe) <o

The following result establishes the boundedness of J, on F'(p, g, s).
Theorem 5.1. Let o > 0, s > 0and p > 0 satisfy s+pa > 1. Then we have the following
results.

(i) As0 < a < 1, Jg is bounded on F (p,pa—2, s) ifand only if g € F(p, pa—2, s).
(ii) Jg is bounded on F(p,p —2,s) ifand only if g € Fr(p,p — 2, s).
(iii) Letaw > 1and vy = s+ p(a—1). Forthe cases0 <p < 1;orp > land~y > 1;
orl < p<2and~y =1, we have that J, is bounded on F(p,po — 2, s) if and
only if g € F(p,p —2,7).

Proof. Since (J,f) = fg', the operator J,, is bounded on F'(p, pa — 2, s) if and only if
/D [FPlY ()P (L= [2*)P272(1 = |pa(2)]*)* dA(2) < Ol fllpppa—2.s)-
Since 1 — |pa(2)]? = (1 — |2|?)|¢’,(2)|, the above inequality is equivalent to

®) /D [f(2)Plea ()] dug(2) < ClIFIFppa—2.s),

where
dpg(2) = |g'(2)[P(1 = |2[*)" P72 dA(2).
By Proposition 2.3, (3) means that I : F(p,pa —2,s) — TS (u,) is a bounded operator.
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(1) As 0 < a < 1, by Theorem 4.2, (3) is equivalent to that 1, is an s-Carleson measure.
By Lemma 2.2, this means that

sup [ [ (2)I duy(2) < oo,
acD JD
which is the same as
Sup/ 9" (2)IP(1 = [2[1)P272(1 — |pa(2)]?)* dA(2) < oo.
a€eD JD
Thus g € F(p, pa — 2, s).
(i) As o = 1, by Theorem 3.1, (3) is equivalent to that x4 is a (p, s)-logarithmic
Carleson measure. By Lemma 2.2 (or also by Theorem 2 in [29]), this is equivalent to

2 P ,
sup (1o 12 ) [ 1@ ) < .

a€D

or

2 ? "AP — 122)P-2(1 — 2)[2)8 ) < 00
sup (1o 12 ) [ I GIP (= BP0~ ()P 4G <

a€D
which means g € Fr(p,p — 2, s).
(iii). Let o > 1. By Theorem 4.4, in all the cases considered, (3) means that j1, is an
[s + p(a — 1)]-Carleson measure. By Lemma 2.2, this is equivalent to

neh /D Il (2)|7 D dpy (2) < oo,

a€D
or
p/ 9 ()P = [2P)P (1 = [pa(2)?) TP dA(2) < oc.
a€eD JD
which means g € F(p,p — 2, s+ p(a — 1)). The proof is complete. O

Remark. Parts of the above results have been proved before. When p = 2, « = 1 and
s = 1, it is known that F'(2,0,1) = BMOA, the space of analytic functions of bounded
mean oscillation. In this case, the above result was proved by Siskakis and the second
author in [22]. Whenp = 2, « = 1,0 < s < 1, we know that F(p, pac — 2,8) = Q5.
In this case, the result was proved by Xiao in [26]. Note also that in the case o > 1 and
v=s+p(a—1) > 1, by Theorem I in [28] (also see Theorem 1.3 in [27]), we know that
F(p,p— 2,7v) = B, the Bloch space.

We can also use our previous results to characterize compactness of .J, on F'(p, g, s).

Theorem 5.2. Let o > 0, s > 0and p > 0 satisfy s+pa > 1. Then we have the following
results.
(i) As0 < a < 1, Jg is compact on F(p,pa—2,s) ifand only if g € F(p, poc—2, s).
(ii) Jg is compact on F(p,p — 2, s) ifand only if g € Fr,o(p,p — 2, s).
(iii) Letaw > 1and vy = s+ p(a—1). Forthe cases0 <p < 1;orp > land~y > 1;
orl < p<2and~y =1, we have that J, is compact on F(p,pco — 2, s) if and
only if g € Fo(p,p — 2,7).

Proof. As in the proof of Theorem 5.1, we know that the operator .J; is compact on
F(p,pa — 2, s) if and only if for any bounded sequence {f,} in F(p, pa — 2, s) with
fn(z) — 0 uniformly on compact subsets of D, we have

nh—>n;o g (fu)ll P(p,pa—2,s) = O.
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Thus we can apply Theorem 3.1, Theorem 4.2 and Theorem 4.4 to complete the proof. The
proof goes in the same way as the proof of Theorem 5.1, so we omit the details here. [

Remark. Recall that a function f analytic on D belongs to Fy(p, q, s) if f € F(p,q, s)
and

lim / PP = 291 = [ga(2)]2)* dA(2) = 0.
D

la|—1~
When o > 1and v = s+ p(aw — 1) > 1, one has Fy(p,p — 2,7) = By, the little Bloch
space.

6. POINTWISE MULTIPLICATION OPERATORS ON F(p, g, s)

For an F-space X of analytic functions, we denote by M (X ) the space of all pointwise
multipliers on X, that is,

M(X)={g€ H(D): fge X forall f e X}.
Let M, denote the pointwise multiplication operator, given by M,f = fg. Since the
Closed Graph Theorem is still available for F'-spaces (see [11, Chap. II]), we know that
g € M(X) if and only if M, is bounded on X. We also denote

My(X)={9 € H(D): Myis compacton X }.

In this section, we give characterizations of M (F(p, q, s)) and My (F(p, q, s)). To this
end, we first study another integral operator. Let g be an analytic function on D. Define

1,f(z) = / CPgtyd, e HD).

Proposition 6.1. Let o > 0, s > 0 and p > 0 satisfy s + pa > 1. Then

() I, is bounded on F(p,pa — 2, s) if and only if g € H™.

(ii) I, is compact on F(p,po — 2, s) if and only if g = 0.
Proof. (i) Let g € H®. Since (I,f)" = f’g, it is obvious that I, is bounded on F'(p, por —
2,s).

Conversely, suppose I, is bounded on F'(p, poc — 2, s). Let a € D, and let
1—|af®
he(2) = ————.
(2) a(l —az)

By a computation similar to the proof of Lemma 2.6, we can see that

sup HhaHF(p,pa*?,S) < 0.
a€eD

Since F(p,pa — 2,5) C B®, we know that I, is bounded from F(p,pa — 2, s) to B®.
Thus,
[LghallB> < Cllhallpppa—2,s) < C-

Since (I,h,)" = hl,g, the above inequality is the same as

4) sup [y (2)]19(2)| (1 — |2*)* < C.
zeD

Since 1/, (z) = a(1 — |a|?)(1 —az)~*"1, we get b/, (a) = a(1 — |a|?)~. Letting z = a in
(4) we get
lallg(a)] < C.
Since g is analytic on D, this implies that g € H®°.
(ii) Let g = 0, then trivially, I, is compact on F'(p, pov — 2, s).
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Conversely, suppose I, is compact on F'(p, pa—2, s). Then I, is bounded on F'(p, poar—
2,s), and so by (i), g € H*. Since F(p,pa — 2,s) C B*, we know that I, is compact
from F'(p, pa — 2, s) to B*. Let {a,, } be any sequence of points in D such that |a,,| — 1,
and let

1-— |an|2
hp(z) = ——MM—.
(2) a(l —ayz)®

As in the proof of (i), we know that

sup || an || 7 (p,pa—2,s) < 00
n>1

Obviously, h,, converges to 0 uniformly on compact subsets of D. Hence
lim ||I4hy,||Be =0,

which is equivalent to
lim_sup |7, (2)]|g(2)[(1 — |2[*)* = 0.
n—oo ZED
Let 2z = a,, we see
i [ (an)lg(an)] (1~ |an|)* = 0.
Since h/,(a,) = @n(1 — |a,|?*)~, the above equation becomes
Since g € H*°, we must have g = 0. The proof is complete. (I

Theorem 6.2. Let o > 0, s > 0and p > 0 satisfy s+pa > 1. Then we have the following
results.
() If0 < a< 1, then M(F(p,pa — 2,8)) = F(p,pa — 2, 5).
(i) As a = 1, we have that
M(F(p,p - 235)) =H>*nN FL(p7p - 2a3)'
(iii) Let v > 1 and v = s + p(a — 1). Then
(a) If0 <p <1, then M(F(p,pa —2,5)) = F(p,p—2,7).
(b) Ifp > land~y > 1, then M(F(p,pa — 2,8)) = H* N B = H™.
(©) Ifl<p<2and~y =1, then M(F(p,pa — 2,8)) = F(p,p—2,7) N H™®.
Proof. () If 0 < a < 1, then F(p,ap — 2,s) C H, and it is easy to see that the space
F(p,ap — 2, s) is an algebra.
In order to prove (ii) and (iii), notice that

(5) My f(z) = f(2)g(2) = f(0)g(0) + Iy f(2) + Jg f (2)-
Hence, if I, and J, are both bounded on F(p,pa — 2, s), then M, is also bounded on
F(p,pa — 2, s). So the inclusions
H*NFL(p,p—2,8) C M(F(p,p—2,5)), foraa=1,
and, in all the cases considered,
H*NF(p,p—2,7) C M(F(p,pa —2,8)), fora > 1,

are direct consequences of Theorem 5.1 and (i) of Proposition 6.1.
Now we are proving the inverse inclusions. Let « > 0 and g € M (F (p, pa — 2, 5)).
Fora € D, let
_ (—la)?  1-]af?
Val2) = 1—az)e+l  (1—az)o
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By a computation similar to the proof of Lemma 2.6, we get that
sup ||Vl pp.pa—2,s) < C < 0.
a€D

It is also easy to check that
Ya(a) =0, g(a) =a(l—|a|*)™".

Since M, is bounded on F'(p, pa — 2,s) and F(p,pa — 2,5) C B*, we get that M, is
bounded from F'(p, pa. — s, s) to B*. Hence, there is a constant C' > 0 such that

OHwa”F(p,pan,s) > sup HZ\4gwa||B‘y
a€D

= sup sup |¢'(2)ta(2) + ()05 (2)|(1 = |2*)*
a€eD zeD

> |g'(a)va(a) + g(a)g(a)|(1 — |af*)*

= |g(a)llal(1 —[al*)~*(1 — |a[*)*

= lg(a)llal.
Hence g € H>. By Proposition 6.1, I, is bounded on F'(p, pa — 2, s). Hence, from
(5) we know that J,, is also bounded on F'(p, pa — 2, s). The results now follow from
Theorem 2.3 and the fact that g € H°°. When o > 1, in all the cases considered, we obtain
M(F(p,ap—2,s)) = H* N F(p,p — 2,7), and the statements of (iii) are consequences
of F(p,p—2,v) C H*® for0 < p < 1, and the fact that H>° C B and F'(p,p—2,7) = B
for v > 1. The proof is complete. (]

Remark. The above result for BMOA = F(2,0,1) was obtained first by Stegenga in [23]
(see also [17] and [29]). Whenp = 2, « = 1,0 < s < 1, we know F'(2,0,s) = Qs with
0 < s < 1. In this case the result was proved by Pau and Peldez in [18].

Theorem 6.3. Let o > 0, s > 0and p > 0 satisfy s+pa > 1. Then My(F(p, pa—2,5s)) =
{0}.

Proof. Let g € My(F(p,pa — 2,8)). Then obviously, g € M(F(p,pa — 2,s)). By
Theorem 6.2 we know that g € H*. Let {a,, } be any sequence in D such that |a,| — 1

asn — oo. Let o )
1-|a, 1-la,
SR e o i B 4

(1 —apz)*tt (1 —a,2)*’
Then, as in the proof of Theorem 6.2, we know

Slili ||1/)nHF(p,paf2,S) <0< oo, Yn(an) =0, I/J;L(an) =an(1— |an‘2)_a-

Since M, is compact on F'(p,pa — 2, s) and F(p,pa — 2,s) C B, we get that M is
compact from F'(p, pae — s, s) to B*. Thus

0 < HILH;0||M9¢"”B°‘

= lim sup |9 (2)¥n(2) + 9(2)Un (2)(1 — [2*)°

T |g/(@)n(a) + g(@)¥) (a)](1 — [al?)®

= lim [g(an)[lan|(1 = |an*) ™ (1 = |an|*)"

= lim |g(an)||an|.
n—oo

Y
g
=

Since g € H*>°, we must have g = 0. The proof is complete. O



CARLESON MEASURES ON FUNCTION SPACES 25

7. AN OPEN QUESTION

Finally, we want to mention a natural question that remains open. The question concerns
the embedding I : F(p,pa — 2,s) — T75(p) in the case a > 1. From Theorem 4.3
we know that 4 being a Carleson measure for DY, ., is a sufficient condition for the
boundedness. On the other hand, it is easy to see that if the embedding is bounded, then g
must be an [s 4 p(a — 1)]-Carleson measure. In the cases 0 < p < l;ors+p(a—1) > 1;
orl < p<2ands+p(a—1)=1itis well known that the two conditions are equivalent,
allowing to obtain a complete description in that case (see Theorem 4.4). However, it is
known that the two conditions are no longer equivalent in the remaining cases. So, what is
the criterion for the boundedness and compactness of the embedding I : F(p,pa—2,s) —
175 (1) in these cases? Is the converse of Theorem 4.3 true? How about the boundedness
of the Riemann-Stieltjes operator .J, and the multiplication operator M, on F'(p, pa—2, s)
for this case?
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